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Abstract

Fractional heat conduction models extend classical formulations by incorporating frac-
tional differential operators that capture multiscale relaxation effects. In this work, we
introduce an electrical analogy that represents the action of these operators via generalized
longitudinal impedance and admittance elements, thereby clarifying their physical role in
energy transfer: fractional derivatives account for the redistribution of heat accumulation
and dissipation within micro-scale heterogeneous structures. This analogy unifies different
classes of fractional models—diffusive, wave-like, and mixed—as well as distinct fractional
operator types, including the Caputo and Atangana—Baleanu forms. It also provides a gen-
eral computational methodology for solving heat conduction problems through the concept
of thermal impedance, defined as the ratio of surface temperature variations (relative to
ambient equilibrium) to the applied heat flux. The approach is illustrated for a semi-infinite
sample, where different models and operators are shown to generate characteristic spectral
patterns in thermal impedance. By linking these spectral signatures of microstructural
relaxation to experimentally measurable quantities, the framework not only establishes a
unified theoretical foundation but also offers a practical computational tool for identifying
relaxation mechanisms through impedance analysis in microscale thermal transport.

Keywords: fractional heat conduction; subdiffusion; wave-like heat transfer; electro-thermal
analogy; complex heat capacity; complex thermal conductivity

1. Introduction

The classical theory of heat conduction, formulated in the early 19th century, is one of
the most widely used models in physics and engineering [1]. For more than 150 years, it
has been successfully applied in various domains—from civil engineering and geophysics
to electronics, biomedicine, and the development of modern experimental techniques based
on the photothermal (PT) effect [2-6]. This theory is based on the principle of energy conser-
vation and on Fourier’s constitutive relation between the temperature gradient and the heat
flux, a phenomenological relation consistent with the Second Law of Thermodynamics [1].
This formulation leads to a diffusion-type partial differential equation (a parabolic PDE),
which describes the temporal and spatial distribution of temperature variations (relative to
the ambient temperature) in a system [1,7].

Despite its wide applicability, the classical model exhibits significant limitations in
explaining heat transfer in media with complex internal structures such as polymeric [8-12]
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or glassy materials [13-15] and biological tissues [16-20], where anomalous diffusion
and wave-like effects emerge as a consequence of the complex dynamics of internal de-
grees of freedom. To overcome this shortcoming, various fractional models have been
developed [21-25].

The literature generally distinguishes several classes of fractional models of heat con-
duction. Some are derived from probabilistic approaches, most notably the Continuous
Time Random Walk (CTRW) framework [25-29], which describes subdiffusion type of
anomalous diffusion through a nonlinear dependence of the mean-square displacement
on time, t*, 0 < a < 1. Most fractional models, however, are based on phenomenolog-
ical considerations. Among them there are formulations that introduce the concept of
inertia in heat flow via fractional time-delayed heat flux [23,30,31], enabling the descrip-
tion of wave-like features of heat transfer. Besides, there are fractional dual phase lag
models [32-34] that introduce the influence of the thermal displacement in time-delayed
heat flux, enabling description of wave-like and anomalous diffusive effects. Another im-
portant group consists of time-fractional telegraph models, often referred to as Generalized
Cattaneo equations [27], which capture both subdiffusive and superdiffusive anomalous
effects as well as wave-like propagation of thermal disturbances by replacing the integer
time differential operator with fractional operators [35-39]. Finally, some formulations are
derived from Hamilton-Jacobi-type formalisms [40,41], offering alternative perspectives
on fractional thermal transport.

However, to the best of our knowledge, the literature still lacks a unified framework for
fractional heat-conduction models that would enable systematic comparison and evaluation
of their thermodynamic consistency, treatment of irreversibility and dissipation, and their
macroscopic, experimentally measurable consequences. Establishing such a framework
would be highly valuable, both for advancing the fundamental understanding of internal
relaxation processes in complex materials and for interpreting experimentally observed
phenomena—such as anomalous diffusion or wave-like effects.

In this work, we demonstrate that identifying two distinct types of memory effects,
kinetic memory and inertial memory in energy balance, provides a framework that explains
the thermodynamic consistency of fractional models by introducing concept of complex
heat capacity and complex thermal conductivity. This motivates the use of analogical
methods, in particular electrical analogies [42—46], which provide both a powerful and
intuitive framework to clarify the role of fractional differential operators and to enable
systematic comparison of different fractional models. We further show that this analogy
establishes a general platform for solving spatiotemporal temperature distributions in
media where heat conduction is governed by time-fractional models. The framework not
only yields deeper physical insight into how different internal relaxation processes related
to material memory affect energy storage and dissipation, but also facilitates analytical and
numerical solutions through the definition of thermal impedance concept.

Within this framework, we analyze the boundary value problem of a photothermally
excited sample using three groups of fractional theories with time-fractional differential
operators. The derived expressions allow the determination of surface temperature vari-
ations, which are particularly relevant for the interpretation of experimental results in
photothermal techniques and other methods based on thermal wave propagation. Special
attention is devoted to the role of different fractional operators, with the Caputo [47] and
Atangana—-Baleanu (in the Caputo sense) [48,49] operators analyzed in detail, emphasizing
their distinct implications for the evolution of surface temperature variations. We focused
on the Caputo and Atangana—Baleanu—Caputo (ABC) operators because they are most
commonly used in interpreting experimental results for materials with complex internal
structures and naturally incorporate physically meaningful initial conditions [50-54].
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Although the present analysis focuses on Caputo and Atangana-Baleanu—Caputo
operators, the framework itself is general and applies to other fractional operators as well.
The primary aim is to demonstrate that both the type of memory (kinetic vs. inertial) and
the choice of fractional operator crucially affect the thermal impedance and, consequently,
the measurable system response to thermal excitation. This highlights the role of ther-
mal impedance as a unifying tool for developing fractional heat conduction models and
comparing them with experimental results.

The structure of the paper is as follows. After this introductory section, Section 2 briefly
reviews the mathematical properties of the Caputo (C) and Atangana—Baleanu in the Ca-
puto sense (ABC) operators. Section 3 introduces the heat conduction model in the Laplace
domain, which, by incorporating two new parameters—complex heat capacity and com-
plex thermal conductivity that depend on the choice of fractional operators—encompasses
all fractional heat conduction models with time-fractional differential operators. The anal-
ogy with current and voltage propagation in transmission lines is then discussed, and
the concept of thermal impedance as a transfer function is defined, describing thermal
disturbance propagation in direct relation to complex heat capacity and thermal conduc-
tivity. In Section 4, the thermal impedance of a semi-infinite sample is analyzed to avoid
boundary condition effects, and spectral analysis is performed to separate the system’s
intrinsic response from the temporal shape of the excitation. This illustrates how the
presented approach enables a systematic investigation of how kinetic and inertial mem-
ory effects, represented by different fractional operators, influence the response. Finally,
Section 5 summarizes the main conclusions and discusses the implications of the results
for interpreting photothermal experiments and for the further development of fractional
heat conduction theories.

2. Fractional Differential Operators Caputo and Atangana-Balenau

Fractional calculus extends the classical notions of differentiation and integration to
non-integer orders [55-59] and has proven especially powerful for describing systems with
long-term memory and temporal nonlocality [24]. These features are important when
modeling anomalous transport of mass, energy, or charge, which cannot be fully captured
by integer-order equations.

In this work, we focus on two types of time-fractional operators. The first is the Caputo
operator [47,56,57], widely used in physical applications because it incorporates initial
conditions in a straightforward manner. The second is the Atangana—Baleanu operator
in the Caputo sense (ABC) [48,49], which employs nonsingular kernels and provides a
smoother representation of memory effects across multiple time scales.

Physically, the Caputo operator is suited for processes with long-lasting memory,
while the ABC operator can capture transient responses with gradually fading memory.
Both operators are relevant for transport in complex systems, such as glassy materials,
polymers, neural tissue, cell membranes, and disordered porous media.

2.1. Caputo Fractional Derivative

The Caputo fractional derivative of order o € (0, 1) for a sufficiently smooth function
f(t) on the interval [0, T] is defined as

210 = g e e

where I'( ) denotes the Gamma function [60].
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This operator introduces a power-law memory with a singular kernel, meaning that
the present state of the system depends on its entire history, weighted by a slowly decaying
function of the form (t — 7)~*. This long-tailed memory describes subdiffusive processes
and slow relaxation of subsystems (internal degree og freedom) in complex systems.

An important advantage of the Caputo derivative is that it allows the formulation of
initial conditions in terms of integer-order derivatives of f(t), which is consistent with phys-
ical intuition and simplifies both numerical implementation and analytical interpretation.
In the limiting cases,

timCf£(t) = LU imCDi£() = £(6) - £(0) @

a—1

The Laplace transform of the Caputo derivative is given by

L{CDEf() }(s) = $*F(s) — 1 £(0) ©)

where
F(s) = L{f(1)}(s) (4)

Since the Laplace transform of the Caputo operator is expressed in terms of the
function value and its integer-order derivatives at the initial time—quantities that are
typically known or can be determined from physical arguments—this formalism enables
an efficient analysis of frequency-domain characteristics and provides a convenient tool
for solving fractional differential and partial differential equations in which Caputo-type
operators appear.

2.2. Atangana—Baleanu (AB) Fractional Operator

The Atangana—-Baleanu (AB) operator is a more recent approach to fractional modeling
of dynamical systems with memory. Unlike the Caputo operator, it employs a non-singular
kernel based on the Mittag—Leffler (ML) function [61-63]. This avoids singularities at t = 0
and describes intermediate relaxation regimes not captured by power-law memory.

To allow the use of classical initial conditions expressed in terms of integer-order
derivatives, the AB operator is used here in the Caputo sense (the so-called ABC operator),
which represents a significant practical advantage for solving real-world problems.

For a sufficiently smooth function f(t), the AB and ABC fractional derivatives of order
a € (0, 1) are defined as

ottt = £ b~ - o) L ®
0

11—«

where E«(+) is the one parmeter Mittag—Leffler function and B(«x) is a normalization coeffi-
cient [61-63].

The kernel of this operator is a smooth function, which implies that the system pos-
sesses exponentially tempered memory—in contrast to the long-tailed power-law memory
of the Caputo operator. This property makes it particularly suitable for describing systems
with multiple characteristic time scales and intermediate relaxation regimes, phenomena
often encountered in biological tissues, polymers, and amorphous materials.

In the limiting cases, the AB operator reduces to the same integer-order forms as the
Caputo operator:

im A5 Def(e) = Y0, im A5 Dt (1) = £(1) ~ £(0) ©
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The Laplace transform of the ABC operator is given by

B(a)s*F(s) — B(a)s*"1£(0) 7)

s+ 1%

L{APCDEf (1) }(s) =

which highlights a relaxation dynamics with a spectral response modified by an exponential-
type factor, in contrast to the pure power-law spectrum of Caputo-type models.

2.3. Comparative Remarks: Caputo vs. Atangana—Baleanu Operators

Both operators generalize classical derivatives to non-integer orders, but differ in
memory type and physical applicability (Table 1).

Table 1. Systematic overview of properties of Caputo and ABC types of operators.

Feature Caputo Operator Atangana-Baleanu (ABC) Operator
Kernel tvpe Singular kernel with power-law decay Non-singular kernel based on
yp t—1m)™* one-parameter Mittag—Leffler function
Long-tailed (slowly decaying) memory: Exponentially tempered memory:
Memory structure strong influence of the distant past smooth fading of past influence

Physical meaning

Suitable for systems with multiple

Suitable for systems with slow relaxation :
relaxation scales

Initial conditions

Require classical initial conditions Same treatment of initial conditions as
(integer-order derivatives), physically Caputo, but extended to nonsingular
intuitive and practically applicable memory kernels

Spectral response

Modified spectral response with

Pure power-law frequency response exponential damping

Examples of applications

Tansport of mass, energy or chargein = Transport in heterogeneous media with
glassy and polymeric systems, biological hierarchical structure; neural and cardiac
tissues, amorphous porous materials; tissue modeling

In summary, the Caputo operator provides a framework for describing systems with
persistent long-term memory and anomalous subdiffusive dynamics, while the ABC op-
erator offers additional flexibility for modeling materials and processes characterized by
tempered memory effects and multiple characteristic time scales.

3. Generalized Fractional Heat Conduction Theories and Analogy with
Voltage and Current Propagation in a Transmission Line

The electro-thermal analogies presented in this paper unify almost all linear heat
conduction models, from the classical Fourier law, through generalized non-fractional
models (such as second sound, the hyperbolic Cattaneo model, and dual-phase-lag theory),
to various fractional models with time-fractional operators. The same principle could,
in theory, be extended to nonlinear or nonlinear-fractional models or to spatially non-
uniform linear problems at larger scales (e.g., with position-dependent conductivity or
heat capacity, similar to the multilayer approach used in non-fractional theories [64]).
However, such cases fall outside the present scope. Likewise, linear fractional models
involving spatial-fractional operators—such as those based on the fractional Laplacian
(superdiffusive transport) [65,66]—would require further development of the analogy,
potentially building on approaches applied in the treatment of turbulence [67,68]. These
extensions lie beyond the scope of the current work.
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3.1. Theoretical Framework of Classical Heat Conduction via Constitutive Relations and
Energy Conservation

From a thermodynamic perspective, the first law of thermodynamics (energy balance)
for a system excited by an external energy source can be written as [69,70]:

o+ M = st K

together with the constitutive relations:

u(x,t) = fi(d(x 1)) ©)
q(x,t) = fo <al9g;t>> (10)

Here, §(x) denotes the Dirac delta function, f(t) is a dimensionless temporal profile of
the heat flux source of intensity So [W/m?], u(x,t) [J/m?] represents the change in internal
energy density associated with temperature variations ¢(x, t) [K], g(x,t) [W/m?] is the
heat flux. Temperature variation is defined by ¢(x,t) = T(x,t) — T,,,;, where T,,,;, is the
initial temperature of the system in equilibrium with ambient and ambiental temperature
(before the action of thermal source).

In classical heat conduction, both constitutive relations are linear and temporally local:

u(x,t) = Cyd(x, t) (11)
q(x,t) = —kaﬁgi’t) (12)

where C, = pC, is volumetric heat capacity [J/ (K-m3)], o is mass density [kg/ md], Cpis
specific heat at constant pressure [J/(K-kg)], and k is thermal conductivity [W/(m-K)].

Substituting Equations (11) and (12) into Equation (8) yields the classical diffu-
sion equation:

09(x, 929 (x,
c, 2208 Tl _ i p(wye(x) (13)

Equation (13) predicts that temperature disturbances propagate instantaneously across

the system, implying infinite speed of heat propagation [71-75]. This unphysical result
arises from the temporal locality of the constitutive relation in Equation (12), which assumes
that the heat flux at a given point depends only on the temperature gradient at the same
point and time, neglecting any effects from previous times—i.e., the inertial memory of
energy carriers in the system [71,73-75].

Mathematically, accounting for these memory effects leads to wave-like or damped
wave models instead of the parabolic diffusion description of classical theory, allowing for
finite-speed propagation [71-74]. However, temporal nonlocality in the heat flux relation
alone does not resolve another limitation of classical theory: it still treats system evolution
as an ergodic process in phase space [9,76,77].

From a thermodynamic viewpoint, with the first law (Equation (8)) and a local con-
stitutive link between internal energy and temperature (Equation (11)), the temperature
gradient acts as the sole affinity driving the system toward global equilibrium, regardless of
energy carrier inertia [9]. It means that hyperbolic theories, like the classical diffusion equa-
tion, assume that infinitesimal system volumes instantaneously reach local equilibrium. In
other words, temporal locality of constitutive relation between density of internal energy
and scalar temperature field (Equation (11)) neglects the kinetic memory of the system.

From these considerations, two types of memory emerge: (i) inertial memory: associ-
ated with temporal nonlocality in the relation between heat flux and temperature gradient,
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giving rise to wave-like propagation and (ii) kinetic memory associated with temporal
nonlocality in the relation between internal energy and temperature, producing an addi-
tional thermodynamic driving force that guides the system toward global equilibrium, not
necessarily through a sequence of local equilibrium states [76-80].

This distinction provides a foundation for fractional heat conduction models, where
temporal nonlocality of the energy conservation law arises naturally from introducing
fractional derivatives in one or both constitutive relations (Equations (9) and (10)).

3.2. Fractional Heat Conduction Theories

The temporal nonlocality of the constitutive relation in Equation (9), reflecting the kinetic
memory of the system, can be modeled by introducing a fractional differential operator:

0" (x, 1)

u(x, t) = C:T

t
—c / Ar(t —,0)8(x, T)dT (14)
0

Here, the memory kernel of the fractional operator A1 (¢, ) is a dimensionless function
describing the kinetic memory, and C; is the fractional volumetric heat capacity with
dimensions [Js*/m3K].

Substituting Equation (14) for Equation (9) in the energy conservation law (Equation (8))
leads to a nonlocal energy balance, which, together with Equation (10), gives the first type
of fractional heat conduction theory, mathematically expressed as a linear fractional diffu-
sion equation:
9"0(x,t) k8219(x, f)

ot dx?

Typically, the Caputo fractional derivative is used (Section 2.1), while more recently
the ABC derivative has become popular (Section 2.2). Equation (15) with Caputo type
of operator corresponds to subdiffusion, which can also be derived from the stochastic

Cy

= Sof(t)é(x) (15)

CTRW approach, where the mean squared displacement of energy carriers is nonlinearly
dependent on time [27,28]. This links anomalous diffusion effects to the kinetic memory of
the system.

The effect of inertial memory can similarly be introduced in the relation between the
temperature gradient (thermodynamic force) and its conjugate heat flux (Equation (10)) via
a fractional differential operator:

a(x,t) = _k*ﬂaﬂ(x,t) a%(x, T)

t
s :—k*/Az(t—T,oc) U gr (16)
0

Substituting Equation (16) into Equation (8), while assuming a local relation between
internal energy change and temperature (Equation (11)), yields the second type of fractional
heat conduction theory:

V(x,t) k*ﬂazﬁ(x,t)

o ot otb  ox2

— Sof(1)3(x) a7

Analogous to the hyperbolic Cattaneo—Vernotte equation [81,82], Equation (17) can
not describe subdiffusion or local-non-equilibrium movement of the system towards global
equilibrium with surroundings. Therefore, inertial memory is associated only with sharper
thermal wavefronts, superdiffusive behavior, and finite-speed propagation, i.e., wave-
like effects.

If both constitutive relations (Equations (9) and (10)) are generalized using fractional
operators (Equations (14) and (16)), the resulting theory incorporates both kinetic and
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inertial memory effects, allowing for the description of anomalous diffusion and wave-like
propagation simultaneously, as well as local non-equilibrium movement of the system
across phase space:

"O(x,t) k*fazﬂ(x,t)

o ot ot 9%x

= Spf(t)d(x) (18)

From this point of view, it is important to note that fractional DPL models [32,33]
introduce inertial memory explicitly and kinetic memory implicitly, via complex nonlocal
relations between heat flux, temperature gradient and thermal displacement. They can
be linked to Equation (18) by choosing appropriate fractional operators or combining
fractional derivatives with phase delays between generalized thermodynamic forces (tem-
perature gradient and scalar temperature field) and their conjugate fluxes (heat flux and
internal energy).

Similarly, fractional telegraph-equation models (known in the literature as Generalized
Cattaneo Equations (GCE) [27] or models derived via Hamilton—Jacobi formalism [45,46]
follow the same thermodynamic consistency and could be considered from point of view
memory effects caused kinetic and inertial memory of the system.

Interestingly, Equation (15), which represents a fractional generalization of the internal
energy—temperature relation, reduces to the classical Debye relaxation theory when the
power-law kernel (Caputo) or Mittag—Leffler kernel (ABC) is replaced by an exponentially
decaying kernel. In this case, a phase lag appears between the internal energy density and
the scalar temperature field, a feature commonly used to describe thermal propagation in
glasses and amorphous materials [14].

Similarly, Equation (17) reduces to the Cattaneo—Vernotte hyperbolic model when the
convolution kernel in Equation (9) is replaced by an exponentially decaying kernel [72,73].
The Cattaneo—Vernotte model was originally developed as a generalization of the second-
sound model of heat conduction (undamped wave propagation) [83] at low temperatures
close to liquid helium temperature [84-87], and it has more recently been applied to 2D
materials in the 100-200 K range [88,89].

Finally, if exponentially decaying kernels are chosen in both relations, the result-
ing framework recovers the dual-phase-lag (DPL) theory [90,91], which has been widely
employed in the analysis of polymers, macromolecular structures, nanostructures, and
biological tissues [92-94].

3.3. Generalized Heat Conduction Theories with Fractional Temporal Operators in Laplace Space
and Electrical Analogy

In this subsection, an electrical analogy is introduced, which relates thermal memory
effects to electrical elements (memory resistors, memory capacitors, and memory inductors)
and clarifies the physical meaning of fractional operators in thermodynamics.

These operators cause a frequency-dependent redistribution of energy accumulation
and dissipation in a thermally excited system, influencing temperature evolution and
phenomena observed in calorimetric and photothermal experiments [2,3].

Electro-Thermal Analogy

Applying the Laplace transform to Equation (15), and assuming &(x, t = 0) = 0, gives
a linear differential equation in the complex domain describing the first type of fractional

heat conduction _
— d?9(x)

sC(s)d(x) — kW = So6(x)F (19)
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where F denotes the Laplace transform of f(t). The complex heat capacity in Equation (19)
is defined as: .
Cls) = ;G ls) (20)

As can be seen from Equation (20), the spectrum of complex heat capacity depends on
the spectral properties of memory kernel of fractional differential operator, A1 (s). For the
Caputo derivative, the complex heat capacity is:

C(s) = Crs* ! (21)

while for the ABC derivative, it is:

— gt—1 a—1
C(s) =C: =
(s) s g

(22)

The real and imaginary parts are obtained by mapping from the s-plane to the jw axis
(j is the imaginary unit) and depend on the type of fractional operator. For Caputo and
ABC operators, the real and imaginary parts of complex heat capacity are given by:

Re{cf(s)} = memG = Cjw™ cos(%ual) (23)

Im{CE(s)} = memC = Cjw™ sin(%vq) (24)

Re{4BCC(s)} = memG =
C* W3 —aw?1 cos(3rway /2)+aw™ cos(2mway /2)—a3 cos(mway /2) (25)
v w (w4v¢1+4_u4)

Im{4BCC(s)} = memC =
C* —aw® sin(3rway /2)+a2w™ sin(27way /2) —a® sin(rway /2) (26)
v w ™ (w4v¢1+4_a4)

where o = o — 1.
Similarly, applying the Laplace transform to Equation (17), assuming the system was
initially at equilibrium (w = 0), yields the equation describing the second type of

fractional heat conduction:

d?9(x)

sCp0(x) — E(S)W = Sod(x)F (27)
where the complex thermal conductivity is
k(s) = k*sPAy(s) (28)

For Caputo and ABC operators, complex thermal conductivities are given by:

K(s) = k*sP (29)

1 1k S'B _ ﬁ
k(s)_ksﬁer,b_l_ﬁ (30)

Real and imaginary parts of complex thermal conductivity for Caputo and ABC
operators are:

Re{CE(s)} = memR = k*wP cos(%ﬁ) (31)

Im{CE(s)} = memL = k*wP sin(%ﬁ) (32)
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Re{%(s)} = memR =

= w* —b cos(3wp/2)+b*w? cos(2mwp/2) —b?wP cos(mhw/2) (33)

wWwiB —p4

Im{ABCE(s) = memL =

K —bsin(3wp/2)+b>w?P sin(2rrwB/2) —b?wP sin(mwp /2) (34)

w4,6_b4

Applying the Laplace transform to Equation (18) gives:
- — d*0(x —

sC(s)d(x) — k(s)% =6(x)F (35)

where complex heat capacities and complex thermal conductivities for different operators
are given by Equations (21), (22), (25) and (26) and their real and imaginary parts by
Equations (23), (24), (31) and (32) for Caputo type of operator and Equations (25), (26), (33)
and (34) for ABC type of operator.

Each fractional theory (Equations (12), (20) and (28)) is formally analogous to current
and voltage propagation in an electrical line, where energy conservation law corresponds
to Kirchhoff’s current law and the heat-flux-temperature gradient relation corresponds to
Kirchhoff’s voltage law (spatially local and global).

In this analogy, temperature variation corresponds to potential difference 9(x) — 7(x),
heat flux corresponds to current 7(x) — i(x), and internal energy density corresponds
to charge storage. Longitudinal impedance and admittance define the relations between
temperature variations and heat flux (see Figure 1, compare to discrete model in [95,96]).

z
it Chrry) Z
Ko ot
aw) y mme{ wnd a@sdr) ||y
P2 r+4Azx r+24zx

Figure 1. Electrical analogue of fractional heat propagation: transmission line in continuum approximation.

The longitudinal impedances and admittances differ for each type of theory.
For the first group of fractional theories (Equation (19)), which include only kinetic
memory effects, we obtain real longitudinal impedance and complex longitudinal admittance:

(36)

7; = sC(s) (37)

For second group of fractional theories (Equation (27)) that include only inertial
memory effect, we obtain

(38)

¥, =sCy (39)
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For third group of fractional theories (Equation (35)) that include both kinetic and
inertial memory effects, we obtain:

1
Z3:77

k(s)
75 = sC(s) (41)

In summary, introducing the effect of kinetic memory leads to the first class of the-

(40)

ories, which describe media with real thermal conductivity but complex heat capacity.
Considering only inertial memory gives rise to the second class of theories, which describe
media with real heat capacity but complex thermal conductivity. Finally, when both types
of memory are taken into account, one arrives at the third class of theories, which de-
scribe heat conduction in media characterized by both complex heat capacity and complex
thermal conductivity.

Applying the electro-thermal analogy to classical parabolic heat conduction theory, it
can be concluded that the real heat capacity describes reversible energy storage in fast local
modes (such as molecular rotations, bond stretching, or intramolecular vibrations), while
the real thermal conductivity accounts for irreversible dissipation along the flux (primarily
through scattering of collective carriers such as phonons or related excitations).

When kinetic memory is introduced (Equations (36) and (37)), an additional dissipative
channel appears, represented by the imaginary part of the heat capacity. Microscopically,
this corresponds to local vibrational modes that become trapped and partially converted
into metastable states, thereby feeding the entropic reservoir.

By contrast, inertial memory contributes a reversible accumulation channel, expressed
by the imaginary part of the thermal conductivity (Equations (38) and (39)). This reversible
accumulation arises due to the inertia of long-lived collective modes, which temporarily
store energy within the heat flux before it is redistributed or dissipated. Together with
standard storage in the local volume, this mechanism allows oscillatory energy exchange
between different types of internal degrees of freedom, ultimately enabling the formation
of a propagating temperature wavefront with finite speed.

The full picture thus combines scattering, metastable-state formation, and oscilla-
tory energy transfer between distinct internal degrees of freedom, with reversible flux
accumulation physically linked to the inertia of long-lived collective modes.

A comparison with generalized non-fractional models of heat conduction—such as
the Debye relaxation model, the hyperbolic Cattaneo model, and the Dual-Phase-Lag
(DPL) model—shows that exponentially decaying (fading) kinetic and inertial memory
produces effects similar to those obtained with fractional operators. These include ad-
ditional dissipative channels in the local volume or reversible energy accumulation in
the heat flux, associated with trapped vibrational modes and oscillatory energy exchange
between distinct internal degrees of freedom. The essential difference, however, lies in
the way memory is represented. In non-fractional models, exponentially decaying kernels
describe fading finite-time memory, characterized by a single relaxation delay between
thermodynamic forces and their conjugate fluxes. By contrast, fractional operators intro-
duce complex frequency-dependent equivalent electrical elements—analogous to those
in dielectric Cole—Cole models [97]—that capture long-tailed or tempered memory effects
involving multiple characteristic time scales. In this way, they describe hierarchical multi-
scale relaxations of internal degrees of freedom and the multiscale lifetimes of collective
modes, which together govern the complex dynamics of thermal conduction in structurally
heterogeneous materials.

Finally, the table review of this consideration is given below (Table 2).
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Table 2. Systematic overview of kinetic and inertial memory effects, based on the electrical-

analogy approach.

Heat Conduction Theory

Thermal Conductivity

Heat Capacity

Microscopic Picture

Energy (Thermodynamic)
Effect

Classical parabolic
(without memory)

Real,
frequency-independent

Real,
frequency-independent

Fast localized modes
(molecular rotations, bond
vibrations). Energy
transported by short-lived
collective modes
(phonons, collective
vibrations).

Energy stored in fast local

modes; dissipation along

the flux due to scattering
of collective modes.

Debye relaxation
(exponentially decaying

Real, frequency

Real + imaginary,
frequency-dependent,

Slow localized modes may
be trapped in metastable
states; energy transported

Local accumulation in fast
modes; additional
dissipation within the
local volume (imaginary
part of complex heat

kinetic memory) independent 1maginary part var'ushes at by short-lived collective capacity) feeding the
ow frequencies. : .
modes entropic reservoir;

dissipation along the flux
due to scattering.
Describes the full

spectrum of localized Frequency-dependent
modes, from those that accumulation and

Fractional subdiffusive relax at infinite speed to dissipation in the local

theory (kinetic memory Real, Real + imaginary, those with long-lived volume;

via fractional operator

frequency-independent

frequency dependent

relaxation; Energy still

frequency-independent

kernel) transported by short-lived  dissipation along the flux
collective modes due to scattering of
(phonons, collective collective modes
vibrations).
Energy oscillates between
fast localized modes and
Hyperbolic/damped- Real + imaginary, long-lived delocalized Accumulation in local

wave theory (second
sound, SPL; inertial
memory via fading kernel)

frequency-dependent,
imaginary part vanishes at
low frequencies.

Real, frequency
independent

modes (phonons,
collective vibrations);
wave-like effects arise; no
metastable trapping (all
local modes infinitely
fast).

modes + additional
accumulation in the flux;
dissipation, if present,
occurs only along the flux.

Fractional wave-like
theory (inertial memory
via fractional operator
kernel)

Real + imaginary,
frequency dependent

Real, frequency
independent

Oscillations between fast
localized and multiscale
living delocalized modes;
hierarchical energy
oscillations. No
metastable trapping.

Frequency-dependent
accumulation in the flux,
frequency-independent
accumulation in local
volume;
frequency-dependent
dissipation along the
energy flux (short-lived
and long-lived collective
modes)

Classical dual-phase-lag
(DPL) theory

Real + imaginary,
frequency-dependent,
imaginary part vanishes at
low frequencies.

Real + imaginary,
frequency-dependent,
imaginary part vanishes at
low frequencies.

Combined influence of
slow localized and
long-lived collective
modes. Wave-like effects
may be damped or lost
depending on collective
mode lifetime and local
mode relaxation time.

Accumulation in local

modes and in the flux;

dissipation both in the

local volume and along
the flux

Fractional DPL models

Real+ imaginary,
frequency-dependent.

Real + imaginary,
frequency-dependent

Influence of fast/slow
localized modes and
short-/long-lived
collective modes.
Wave-like effects at high
frequency and
subdiffusive effects at low
frequencies.

Frequency-dependent
accumulation in local
modes and in the flux;
frequency-dependent
dissipation in the local
volume and along the flux
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4. Application of Electro-Thermal Analogy for Experimentally Relevant
Fractional Heat Conduction Problems

Heat conduction problems in practical experiments can be efficiently analyzed using
the electro-thermal analogy introduced in Section 3. In this analogy (Figure 1), the heat
conduction equations are treated in the same way as wave propagation in a transmission
line, governed by two key parameters: the propagation coefficient (wave vector) and the
characteristic impedance of the line [5,73,98-100].

In this paper, we apply this analogy, together with the transfer function concept, to
solve the problem of heat propagation and calculate surface temperature variations. This
approach proves to be efficient for analyzing fractional memory effects and, consequently,
the complex dynamics of internal degrees of freedom in experimentally measured signals
from biological membranes, tissues, glassy systems, and polymeric materials.

4.1. The Mathematical Description of the Problem

To solve the heat conduction problem in a way suitable for practical thermal experi-
ments, we use the analogy shown in Figure 1. Within this framework, heat conduction can
be described by the following relations:

-
d dliC(ZX) —Z79(x) =0 (42)
. 1dd(x)

Here, the influence of an external energy source is described through the boundary
condition at x = 0. The excitation of the sample can be represented either as an analog
current source when the excitation is an external heat flux, as in photothermal methods:

Ig(s) = g(x = 0) = SoF(s) (44)

or as an analog voltage source when the excitation is a temperature variation at the sam-
ple surface:
Ug(s) = 9(x =0) = ATF(s) (45)

In the above equations (Equations (44) and (45)), F denotes the Laplace transform
of a dimensionless, time-dependent function describing the temporal evolution of the
excitation. Symbol AT represents the variation in surface temperature relative to the
equilibrium temperature, and Sy denotes the excitation heat flux.

Based on Equations (42) and (43), the propagation coefficient (wave vector) and the
characteristic thermal impedance can be defined as:

7=1/77 (46)

Zc = (47)

S 3

In experiments, typically only the heat flux or surface temperature variations at the
sample boundary are measured (either directly or indirectly). Therefore, it is particularly
important to determine these quantities, rather than the complete space-time distribution.
Using the analogy shown in Figure 1 and the expressions (46) and (47), the relation between
surface variations in temperature and heat flux can be determined through the equivalent
two-port network (T or IT network) shown in Figure 2, where the impedances of the
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equivalent circuits can be expressed via the propagation coefficient ¢ (Equation (46)) and
the characteristic thermal impedance Z. (Equation (47)) [42-44].

= = 1
Z1 - ZCW (48)
5 ch(oL) -1
- CF -
Z/2 Z/2 Z,

L® Oz. [z, @ iz Oz [

(a) (b)

Figure 2. Equivalent quadripoles used for calculating surface variations in temperature or heat flux.
(a) Equivalent (symmetric two-port) network for temperature (T-network); (b) Equivalent (symmetric
two-port) network for heat flux (IT network). Symbol Z,,; denotes the equivalent thermal impedance
of the sample backing, allowing the representation of different boundary conditions.

The surface temperature variations at the boundary subjected to an external heat flux,
as in PT methods, can be described by:

B(x = 0) = SoF(s)Zega s) (50)

where Z4, denotes the equivalent thermal impedance of the system. This depends on the
thermal properties of the sample (complex heat capacity and complex thermal conductivity,
see Figure 2a, Equations (46)—(49), and Figure 1), on the boundary condition at x = L (the
thermal impedance of the backing, see Figure 2a), as well as on the temporal dependence
of the excitation (see Figure 2a, Equations (44) and (45). Variable L represents the thickness
of the sample.

The heat flux variations at the surface excited by a time-dependent temperature change
(as in AC calorimetric methods) can be described by:

G(x =0) = ATF(s)Yeqo(s) (51)

where quy denotes the equivalent thermal admittance of the system. Similarly to quy, it
depends on the thermal properties of the sample, the boundary condition at x = L, and the
temporal form of the excitation (see Figure 2b).

It is important to note that the equivalent thermal impedance and admittance seen by
the heat source depend on the boundary conditions at x = L, through the concept of the
backing thermal impedance Zout (see Figure 2). If Zout — 00, the case corresponds to an
adiabatic boundary (zero heat flux). If Zout — 0, the case corresponds to zero temperature
variation at the boundary. For a semi-infinite sample, Zout Teduces to the characteristic
thermal impedance of the medium, Z. (Equation (47)). More generally, all other cases
involving more complex boundary conditions can also be described consistently through
the concept of the backing thermal impedance.
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In the following, we will analyze the surface temperature variations in a semi-
infinite sample.

4.2. Surface Temperature Variations in a Semi-Infinite Sample and Spectral Properties of the
Characteristic Thermal Impedance

For a semi-infinite sample uniformly excited by a surface heat flux, as in photothermal
methods [98], the boundary conditions are:

q(x=0) = SoF (52)

%(x — 00) =0 (53)

Based on Equations (48) and (49) and equivalent circuit in Figure 2a, the equivalent

thermal impedance of a semi-infinite sample equals the characteristic thermal impedance

of the material [73]. In that case, the corresponding electrical scheme is simplified to that
shown in Figure 3.

NI
(2]

L M E]

Figure 3. Equivalent electrical scheme for calculating surface temperature variations in a semi-
infinite sample.

According to Figure 3, the surface temperature variations in a semi-infinite sample
can be expressed as:
8(0) = SoF Ze (54)

Equation (54) models the surface temperature variations as the system’s response
to a time-dependent excitation applied at the sample surface. The equivalent ther-
mal impedance is determined by the characteristic thermal impedance of the system
(Equation (45)), which depends on both the complex thermal conductivity and complex
heat capacity.

The time-domain evolution of the surface temperature can be obtained by performing
the inverse Laplace transform of Equation (54), representing the convolution of the char-
acteristic thermal impedance with the Laplace-transformed excitation signal [5,44]. This
approach is general and can be applied to different temporal profiles of excitations used in
various time-domain experimental methods, including finite-length samples (where the
transfer function corresponds to the equivalent thermal impedance seen by the source, see
Figure 2).

In the following, we analyze the spectral properties of the characteristic thermal
impedance for each fractional theory and for different fractional operators within each
theory. This is equivalent to analyzing the spectral properties of the Green’s function for
surface temperature variations, which fully characterizes the system’s frequency response
regardless of the specific excitation, corresponding to frequency-domain spectroscopy
methods such as those used in photothermal techniques.
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Starting from Equations (28)—(33) and Equation (45), and transforming from the
Laplace domain (s) to the frequency domain (jw), one can derive expressions for the
characteristic thermal impedance of systems with long-tailed or tempered memory.

The first group of fractional theories, for both Caputo and Atangana—Baleanu (ABC)
types of fractional operators, predicts the following spectral dependence of the ther-

€z 55
(jw) kC* ()" (55)

(]w Tig
kC; (jw)"

mal impedance:

7 (jw) = (56)
For the second group of theories, the spectral characteristics of the characteristic

thermal impedance for Caputo and ABC operators are given as:

11C7 (jw) = e (57)
i \B
HABCT (i) = k*(]C‘J()]w‘f)';jr . (58)

Finally, for the third group of fractional theories, the corresponding models of the
characteristic thermal impedance for Caputo and ABC operators are:

M7 (jw) = W (59)
) +a) ((jw)P +b
HARCZ (jw) = J (6 kcf])w()(,ff) ) (60)

or their combinations, e.g., when the kinetic memory is represented by a long-tail memory
(Caputo-type operator) while the inertial memory is represented by tempered memory (the
ABC-type operator) (Equation (61)), or in other combinations (Equation (62)):

iw)P
—ABCS /- w)” +b
HIC-ABCZ (igy) = (j )' = 61)
kG5 (jw)
5. w)* ! +a
HABC=CZ (i) = (jw) = (62)
kG5 (jew)

4.3. Analysis and Discussion

The characteristic thermal impedance predicted by the first group of theories
(Equations (55) and (56)) that consider only fractional kinetic memory reduces to the char-
acteristic thermal impedance predicted by the classical parabolic diffusion theory of heat
conduction for & = 1. The modulus of this impedance tends to infinity when w — 0 and
asymptotically approaches zero when w — o0, as 1/+/w [73]. The phase of the characteris-
tic thermal impedance is constant (frequency-independent) in this case and indicates that,
as in the classical diffusion theory, there exists a phase shift between the excitation heat flux
and the surface thermal variations, which is equal to 77/4, and independent of the type of
fractional operator.
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When a = 0 in Equation (55), the characteristic thermal impedance predicted by
the fractional model from the first group (complex thermal capacitance and real thermal
conductivity) with the Caputo-type operator yields a constant and real thermal impedance
over the entire frequency range, i.e., without any phase shift. In other words, in this case
the characteristic thermal impedance reduces to the equivalent thermal resistance equal to
1//kC;.

If, within the first group of fractional theories, the ABC operator is used instead of
the Caputo operator, then according to Equation (56) for « = 0, one obtains a frequency-
dependent thermal impedance

= . 1 /1 1
IABCZc(]w)aHO = e ]Z ) (63)
v

When w — 0, the modulus of this impedance tends to infinity, while for w — oo, the
modulus of this impedance tends to a finite constant value different from zero, 1/+/2kC;.
The phase of the characteristic thermal impedance is also frequency-dependent and varies
from 37t /4 for w — 0 to 1/2 when w — oo, indicating that the ABC-type operator at high
frequencies essentially predicts a phase lag of surface thermal variations that is nearly the
same as in the classical model, while at low frequencies it predicts for 77/4 larger phase lag.

Based on the above considerations, it can be concluded that the differences between
Caputo and ABC-type operators are reflected in the amplitude and phase spectra of the
thermal impedance. In other words, variations in the dynamics of multiscale relaxations
within spatially local modes manifest as distinct signatures in the characteristic thermal
impedance of the sample. When the order of the fractional operator approaches one, these
differences diminish, and the characteristic thermal impedance predicted by the first group
of fractional models converges toward that predicted by classical diffusion theory.

The characteristic thermal impedance predicted by the second group of theories
(Equations (57) and (58)), which consider only fractional inertial memory, reduces to
the characteristic thermal impedance of the classical parabolic diffusion theory of heat
conduction if § = 0 as well as to that of the first group of fractional theories for « = 1.

For § = 1, the Caputo-type operator in the second group of theories (Equation (57))
predicts a frequency-dependent characteristic thermal impedance whose modulus tends
to infinity when w — 0, while for w — co the modulus asymptotically approaches zero
as 1/w, i.e., this model exhibits a much faster convergence than the classical diffusion
model. The phase of the characteristic thermal impedance is constant in this case and
equal to 71/2, which means that the second group of theories with the Caputo operator
predicts that the characteristic thermal impedance behaves as an equivalent frequency-
dependent inductance.

The ABC-type operator for § = 1 in the second group of theories (Equation (58))
predicts an infinite amplitude of the characteristic thermal impedance and a phase equal to
7t/2 at all frequencies. Interestingly, such a characteristic thermal impedance is predicted
by undamped wave-type hyperbolic models, such as the second sound model or the
hyperbolic Cattaneo—-Vernotte model in the limit of infinite thermal relaxation time. These
models are associated with long-time inertial memory that does not decay with time [101],
and can be microscopically linked to long-lived degrees of freedom that prevent the energy
introduced into the system from dissipating into the entropic reservoir, instead allowing its
resonant transfer through the system.
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In the third group of models, which considers both fractional memory, we analyze only
the case « = 8 = -y in order to examine how different fractional operators affect the complex
thermal impedance. In this case, Equations (59)—(62) reduce to the following expressions:

7 1
ey gy o ot o
Nupr k*C (jw)? (64)
IABC ((]'w)%l + g) ((jw)"Y + %)
Zc(]w)zx:ﬁ:“y = k*C*(] ) (65)
[
4 (]CU) + 71
HIC-ABCZ (i) . — 77 .
Apr k+Cx (joo)2" (66)
— icw -1 + -1
IIIABC7CZC(]-w)a:ﬂ:'Y _ (jw) p— .

ke (jo) ™

From the analysis of Equation (64) for v = 0, it follows that the model with the Caputo
operator from the third group predicts the same characteristic thermal impedance as the
Caputo operator from the first group of models for &« = 0 (i.e., the characteristic thermal
impedance behaves as a frequency-independent equivalent thermal resistance equal to
1/ \/@ . For v = 0.5, the result coincides with the characteristic thermal impedance
obtained in the first group of theories for « = 1 or in the second group of theories for
B = 0, namely the same impedance as predicted by the classical diffusion theory. For
v = 1, the third group of models yields the same characteristic thermal impedance as
the second group of theories with the Caputo operator and = 1, which corresponds
to a frequency-dependent amplitude of the characteristic thermal impedance, where the
modulus tends to infinity when w — 0, while for w — co the modulus asymptotically
approaches zero as 1/w. The phase of the characteristic thermal impedance in this case is
constant and equal to 77/2.

For the ABC-type operator and 7y = 0, Equation (65) reduces to Equation (63), which
means that the modulus of the characteristic thermal impedance tends to infinity when
w — 0 while for w — co the modulus approaches a constant value different from zero,
1/ \/@ . The phase of the characteristic thermal impedance varies from 37t/4 for w — 0
to /2 when w — co. This is exactly the same behavior of the characteristic thermal
impedance as that predicted by the first group of theories with the ABC operator and a« = 0.

For v = 0.5, Equation (58) reduces to

IABCZC( ; 1 (68)

]w)'y—>0 / 3]w 3 / ]w /jw

which is not equal to the characteristic thermal impedance predicted by either the first
group of theories with the ABC operator and & = 0, or the second group of theories
for p = 1, i.e., it does not reduce to the characteristic thermal impedance given by the
classical diffusion theory. The only similarity is that, also in this model, the amplitude of
the characteristic thermal impedance ranges from infinitely large values when w — 0 to
zero when w — oco. This model predicts a complex frequency dependence of the phase of
the characteristic thermal impedance for v = 0.5.

For v = 1, the ABC operator predicts an infinite amplitude of the characteristic thermal
impedance and a constant phase equal to 7r/2 at all frequencies, as in the second group
of theories with the ABC operator for f = 1, i.e., in the same way as wave-type models
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(the second-sound model or the hyperbolic Cattaneo—Vernotte model in the limit of infinite
thermal relaxation time).

Based on the above considerations, it can be concluded that in the amplitude and phase
spectra of the thermal impedance in the third group of theories, a pronounced difference
is observed between the effects of the Caputo and ABC operators. Nevertheless, both
operators in the third group of models predict that the characteristic thermal impedance
reflects the complex dynamics of spatially localized and spatially nonlocal internal degrees
of freedom.

If, in the third group of theories, the inertial and kinetic memory are described by
different types of fractional operators, for & = B = two distinct models of the characteristic
thermal impedance are obtained, Equations (59) and (60).

If the kinetic memory is described by the Caputo-type operator and the inertial
memory by the ABC operator, then from Equation (66) for ¢ = 0 the thermal impedance is
found to be frequency-independent and real (equivalent to a thermal resistance), identical
to the result obtained in the first group of theories with the Caputo operator and & = 0.
For v = 1/2, this model predicts a complex frequency dependence of the characteristic
thermal impedance, whose amplitude tends to infinity when w — 0 and asymptotically
approaches zero when w — . For v = 1, the model predicts an infinite amplitude of the
characteristic thermal impedance and a constant phase equal to 7/2 at all frequencies, just
as in the second group of theories with the ABC operator for § = 1, or equivalently, as in
undamped wave-type models, or the third group of theories with the ABC operator and
v=1

If the kinetic memory is described by the ABC operator and the inertial memory by the
Caputo operator, then for v = 0, Equation (67) yields a characteristic thermal impedance
identical to that of the first group of theories with the ABC operator and « = 0. For
v = 1/2, this model predicts a complex frequency dependence of the characteristic thermal
impedance, whose amplitude tends to infinity when w — 0 and asymptotically approaches
zero when w — co. For ¢ = 1, this theory predicts a frequency-dependent characteristic
thermal impedance whose modulus tends to infinity when w — 0 and asymptotically
decays to zero as w — oo, with a constant phase equal to 77/2, exactly as in the second
group of theories with the Caputo operator when g = 1.

Finally, each of the theories—whether involving a single type of fractional operator or
a combination thereof—leaves a unique signature in the characteristic thermal impedance.
This indicates that thermal impedance spectroscopy can be employed to identify the theory
that best captures the dynamics of the internal degrees of freedom in a given material, as
well as to monitor the complex dynamics of these internal modes.

5. Conclusions

We unify diverse fractional heat conduction models through the fundamental concepts
of kinetic and inertial memory, capturing the thermodynamic foundation of fractional
models. Building on this unification, we introduce an electrical analogy in which fractional
operators are mapped onto complex heat capacity and complex thermal conductivity. This
mapping demonstrates that long-living and slowly relaxing internal degrees of freedom
govern the redistribution of accumulated and dissipated energy in the excited system.

Within this framework, thermal impedance emerges as an experimentally measurable
property directly linked to the complex heat capacity and conductivity of the material,
providing access to the multiscale relaxation dynamics of microscopically heterogeneous
systems. Using a semi-infinite sample as a case study, we demonstrated how the interplay
of kinetic and inertial memory, described by different fractional models and operator types,
affects the characteristic thermal impedance.
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References

Three linear fractional theories were analyzed, each formulated with time-fractional
operators of Caputo and ABC type. Every theory, and every operator within it, leaves a
unique signature in the spectrum of the characteristic thermal impedance, demonstrating
the sensitivity of thermal impedance spectroscopy to different fractional models. Impor-
tantly, the proposed framework can be extended to other linear fractional theories with time
fractional differential operators, as well as to additional fractional differential operators
reported in the literature, including the Riemann-Liouville (RL) operator. This enables
a comprehensive and systematic analysis of fractional models and their experimental
signatures, supporting the selection of the most appropriate theoretical description for a
given material.

Beyond the semi-infinite case analyzed here, a natural extension of the framework
is the study of finite-size samples, particularly relevant for frequency-domain techniques
where boundary effects cannot be neglected. Such analyses, combined with systematic
experimental comparison, will provide further validation of the framework and refine
the connection between fractional operators, the underlying type of memory (kinetic
or inertial), the relaxation dynamics and lifetimes of internal degrees of freedom, and
measurable system responses—thus bridging theoretical predictions with experimental
observables in realistic geometries.

Future work may also extend this approach to the analysis of time-domain responses
for various combinations of fractional models and operators. In practice, many experi-
mental techniques operate in the time domain (e.g., AC calorimetry, time-domain photoa-
coustics, time-domain radiometry) on micron-scale samples [102,103]. To interpret such
measurements and capture the role of relaxation processes in materials with complex
internal structures, forthcoming studies should develop a methodology for the inverse
Laplace transform of the convolution between excitation signals and the transfer function
(equivalent thermal impedance or admittance seen by the source, Figure 2). Applying this
methodology to specific types of impulse excitations will enable deeper insights into the
relaxation times of cooperative processes underlying wave-like and anomalous diffusive
effects in glassy solids, nanoporous and biological membranes, and biological tissues.
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