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Abstract

We introduce a class of triply coupled systems of differential equations with fractal-
fractional Caputo derivatives and time-dependent delays. This framework captures long-
memory effects and complex structural patterns while allowing delays to evolve over time,
offering greater realism than constant-delay models. The existence and uniqueness of
solutions are established using fixed point theory, and Hyers-Ulam stability is analyzed. A
numerical scheme based on the Adams-Bashforth method is implemented to approximate
solutions. The approach is illustrated through a numerical example and applied to a three-
species food-chain model, comparing scenarios with and without time-dependent delays
to demonstrate their impact on system dynamics.

Keywords: triply coupled system; time-dependent delays; fractal-fractional differential
operator; existence of solutions; stability analysis; numerical solution; simulations

1. Introduction

Recent advances in mathematical biology highlight the importance of incorporating
time delays into models. Such delays represent real-life phenomena more accurately, in-
cluding feeding cycles, maturation periods, resource replenishment, and delayed responses.
These delays introduce memory-driven dynamics into the system, significantly shaping its
behavior over time. Both early and modern studies—such as [1-4]—have shown that delay
differential equations (DDEs) produce rich dynamical outcomes. These include instabilities,
bifurcation phenomena, and persistent oscillatory behavior, mainly due to the influence of
past system states on present evolution. For instance, the research presented in [5] utilized
the Caputo-Fabrizio fractional operator to investigate nonlinear models involving both
constant and state-proportional delays. Further relevant studies are discussed in [6-8].

Classical DDEs often rely on constant or predetermined delays, which may not ade-
quately capture the evolving nature of many real-world processes. In biological, physical,
and engineering systems, the delay experienced by the system is often influenced by the
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current state or time, and the underlying dynamics exhibit memory effects and nonlocal
behavior. Traditional integer-order models are limited in describing such complex systems.

Traditional integer-order models often fall short in describing complex systems, par-
ticularly when accounting for memory-dependent or hereditary traits. To bridge this gap,
fractional-order differential models were introduced, employing nonlocal operators that are
defined through integral kernels. The growing interaction between fractional calculus and
practical modeling has significantly advanced the field, establishing fractional differential
equations (FDEs) as an essential tool in modern applied mathematics. These equations
are now widely employed in multiple domains (see [9-11]). However, classical fractional
formulations may prove insufficient in scenarios involving irregular geometries, fractal
media, or anomalous transport phenomena. This growing interest has led to the adoption
of fractal-fractional derivatives, particularly in the Caputo sense, which employ power-law
memory kernels. Such derivatives provide a dual capability: modeling time-dependent
feedback while capturing structural complexity. These operators have the ability to capture
both memory effects and scale-dependent behaviors in complex systems [12]. In ref. [13],
the authors utilized fractal-fractional calculus to apply analytical methods for examining
the dynamics of a breast cancer model, uncovering significant insights into disease progres-
sion. A similar approach was adopted in ref. [14], where a waterborne disease model was
analyzed using fractal-fractional operators. The work focused on both theoretical develop-
ment and numerical simulations to better understand the system’s behavior. In ref. [15], a
model involving liver fibrosis was constructed within the framework of fractal-fractional
derivatives, emphasizing transitions across subintervals and providing mathematical in-
terpretations. Likewise, the study described in ref. [16] investigated the spread of Ebola
using a P-piecewise hybrid fractional derivative framework. These developments reflect
the growing reliance on advanced mathematical modeling to interpret and predict complex
biological phenomena.

The study of coupled systems of differential equations also plays a crucial role in
modeling complex phenomena where multiple dynamical components interact over time
(see [17]). Coupled systems of DEs with two state variables have widely been studied,
as in [18-20]. In particular, triply coupled systems arise naturally in various fields such
as mathematical biology, engineering, epidemiology, and economics. Classical triply
coupled system models have been considered by many researchers (for instance, see [21,22]).
However, triply coupled systems in which the state of each variable depends on the delayed
states of all other variables are rarely investigated. Unlike classical coupled systems, triply
coupled models with time-dependent delays capture more realistic interactions, including
feedback, memory, and nonlocal effects that occur in real-world processes. Furthermore,
incorporating fractal-fractional derivatives in the Caputo sense enhances the model’s ability
to describe systems with hereditary properties and anomalous dynamics. This framework
not only generalizes classical differential equations but also accommodates both the fractal
nature of the time domain and the fading memory that is inherent in many physical and
biological systems. The present work analyzes the existence, uniqueness, and stability of
solutions for such systems using fixed point theory. This provides a rigorous mathematical
foundation for further analytical and numerical investigations.

We propose the following triply coupled system of DEs involving fractal-fractional
Caputo (FFC) derivatives and time-dependent delays:

FCDE8(z) = f(2,9(2),0(z — x1(2)), ¢z — x1(2))),

FEDET0(2) = §(2,6(2), (2 — x2(2)), 8(z — x2(2))), 1)
D p(2) = h(z, ¢(2), 8(z — x3(2)),8(z — x3(2))),
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subject to the initial conditions:
F1

0(z) = Fa(z), z€[-0,0], )
F3

where

J= max{ sup x1(z), sup x2(z), sup x3(z) }
z€[0,T] z€[0,T] z€(0,T]

Here, FFCDY78(z) is a fractal-fractional Caputo differential operator; p is the fractional
order, o is the fractal dimension, the functions x1(z), x2(z), x3(z) represent bounded time-
dependent delays, z € [0, T] represents the time, and f, g, i define the coupling dynamics
among the state variables 9, ¢, 0. The system exhibits interaction under memory and fractal
effects, governed by the FFC operator.

Novelty and Main Contributions

The novelty and main contributions of this work are as follows:

The present work advances the existing literature on fractional-order systems with
delays by introducing time-dependent delays in the framework of fractal-fractional Caputo
DEs. While most earlier studies have focused on constant or fixed delays, time-dependent
delays provide a more realistic description of dynamical processes in which the lag evolves
in relation to time, capturing memory and hereditary effects more accurately. Furthermore,
our study develops theoretical guarantees for existence, uniqueness, and stability under
this generalized setting, which to the best of our knowledge have not been systematically es-
tablished in previous works. On the computational side, we employ the Adams-Bashforth
scheme adapted to the fractal-fractional Caputo derivative with time-dependent delays and
validate the model through a biologically relevant food-chain system. This combined theo-
retical and numerical framework highlights both the originality and practical applicability
of our contribution.

We divide the manuscript into several sections as follows: Section 2 outlines the
essential preliminary concepts. Section 3 addresses the existence results for the proposed
model. Section 4 addresses sthe tability findings. Section 5 is devoted to numerical solution.
Section 6 is devoted to the application of the key findings to a general numerical problem
and a real-world three-species food-chain model. In Section 7, we present our conclusions.

2. Preliminaries

Here, we give foundational concepts from fractal-fractional calculus. Furthermore,
we provide a key result that forms the basis for later theoretical analysis.

Definition 1 ([12]). Consider w to be a function that is continuous and exhibits fractal differentia-
bility over the open interval (0, T). For the parameters 0 < p, o < 1, the fractalfractional integral
(FFI) of w involving a power-law kernel is presented as follows:

o

FFCIp,aw(Z) — m

/Oz(z — ) o tw(v)do, z€0,T). 3)
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Definition 2 ([12]). Consider w to be a function that is continuous and exhibits fractal differentia-
bility over the open interval (0, T). Then, for 0 < p,o < 1, the FFC derivative of w involving a
power-law kernel is presented as follows:

FFCDEw(z) = 1"(11—p) /Oz(z - v)_pﬁw(v) dv, z€l0,T]. (4)

Theorem 1 ([23]). Let W denote a normed linear space, and suppose that V C W is a convex
subset that includes the zero vector. If W : V — V is a completely continuous operator, then either
the set

U={weV:w=ul(w), 0 <pu<l}

is unbounded, or W admits at least one fixed point in V.

Lemma 1. Assume that 9(z), $(z),0(z) are o-fractal-differentiable on [0, T| and satisfy the triply
coupled system (1). Then, the system is equivalent to the following integral equations:

9(z) = F1(0) + %p) /O (2= )P 17V f (s, 0(5), 8(s — x1(5)), b5 — x1(5)))ds,
0(z) = F2(0) + %p) /Oz(z —5)P 157 e (s,0(s), p(s — x2(s)), 8(s — x2(5)))ds,  (5)
P(z) = F3(0) + %p) /Oz(z — )P 1" (s, ¢(s), 9(s — x3(s)),0(s — x3(s)))ds.

FEC [p,0

Proof. Applying the FFC fractional integral operator to both sides of each equation

in (1) and using the property
FECIPe (FFCDL7e(z)) = &(2) - £(0),
we obtain the following:
02) = 8(0) + 05 [ (2= 971575, 8(6),B(5 — xa(5)) (s — xa(5)))s,
6(z) =6(0) + %p) /Oz(z —5)P 157 g (s,0(s), p(s — xa(s)), O(s — xa(s)))ds,
$(2) = 6(0) + 5 [z =71 (s p(5), 005 — 205(5), 605 — xa(6)))es,
Using the initial conditions ¢(0) = F7(0), ¢(0) = F,(0), and 6(0) = F3(0), the
integral form follows. Conversely, applying the FFC derivative to the integral equations
and using the identity
FCDL(F(0) +TFCIP7E(2) ) = &(2),

yields the original triply coupled system (1). The initial values are preserved, completing
the proof. O

3. Investigation of Existence and Uniqueness Results

Let us define the Banach space:

B := C([-3,T],R) x C([-6,T],R) x C([—5, T],R),
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equipped with the following norm:

1(8,6,9) 5 :=maX{ sup [8(z)], sup [0(z)], sup ]|¢(Z)}-

i ST R 2
Define the operator # : B — B by
P(9,6,9)(2) == (#5(0,6,9)(2), 72(4,6,)(2), #3(9,0,6)(2))
where for z € [0, T],
H(0,6,0)(2) = F1(0) + 1T [ = 971571 (5,0(5), 006~ 11(9), 95— 20 (5))s,
#2(6,0,0)2) = Fa0) + g5 [ (2= 9715 (5,00, 9 ~ x02(5)), 85— xals))s

#5(6,0,0)2) = F50) + 5 [ (2= 97715 (s, p(5), 805~ xa(6)), 605 ~ xa(6)))es,

T(p)
and for z € [—J,0), we define the following:
W1(9,0,9)(z) = Fi(z), #2(0,9,0)(z) = Fa(z), #5(¢,8,0)(z) := F3(2).

To establish the existence and uniqueness of solutions to the system (1) and (2), we
impose the following assumptions:

Assumption 1. The functions
Fi0,T]xR> =R, g:[0,T]xR*=R, h:[0,T]xR> =R
are continuous.

Assumption 2. There exist constants Lg, Lg, Ly, > 0 such that for all z € [0, T and for all real
numbers 9,0, ¢,9,0,p € R,

Oy Gl < Le([0 - Bl + 10y — Ox| + |dy — ),

L D) < Lo (16 — 6] + [y — x| + |8y — By ),
O, dx)l < Li([p — @l + |8y — Ox| 4 [0y — Ox]).

|f(z,9,0x, ¢x) — f(z,

18(2,6, ¢y, Bx) — &(z,
|h(z,6, ¢y, 0x) — h(z, 3,

D =

Assumption 3. The time delay functions x1(z), x2(z), x3(z) are continuous on [0, T| and satisfy
0<xi(z) <9, forallze€[0,T], i=1,23.
Assumption 4. The functions Fi, F,, F3 € C([—d,0],R) are bounded and continuous.

Assumption 5. There exist constants K fr K, Ky, > 0 such that

|f(z,9,0x, ¢x)| < Kp,

18(2,8, ¢, 0x)| < Ko,
1(z, ¢, 0, 0x)| < K-

Theorem 2. If (A1)—(A5) hold true, then the proposed triply coupled system (1) and (2), with
time-dependent delays, admits a minimum of one solution.
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Proof. For the proof of this result, we apply Theorem 1.
Step 1: Continuity.
Let (04,00, ¢n) — (8,0,¢) in B as n — oo. Define

fu(s) := f(5,8n(s),0n(s — x1(5)), (s — x1(5))),
f(s) := f(s,8(5),0(s — x1(s)), ¢ (s — x1(5))),
8n(s) := g(s,6n(s), Pn(s — x2(s)), Bu(s — x2(s))),
8(s) :=8(s,6(s), (s — x2(s)), 8(s — x2(s))),
hin(s) := h(s, ¢u(s), On(s — x3(s)), 0n(s — x3(s))),
h(s) := h(s,¢(s),8(s — x3(s)), 0(s — x3(s)))-

By uniform convergence and continuity of delay functions x;(+), we have pointwise
convergence: fu(s) — f(s), gu(s) — g(s), and h,(s) — h(s). By assumption (A5), each
function is bounded. Moreover, the kernel (z — s)°~!s"~! is integrable on [0, T]. Using the
dominated convergence theorem,

sup |#1(0n,0n, ¢u)(2) — #1(8,6,9)(z)| = O,
2€[0,T]

and similarly for # and #3. Thus, # is continuous.
Step 2: Boundedness.
Let r > 0 be a constant, and define the closed ball:

Br:={(9,6,¢) €B:[(8,0,9)|lp <r}.

For (4,0, ¢) € B, using assumption (A5),

z
/ (z— s)p_ls‘f_le ds.

#(0,0,9)@)] < 1RO+ 5

Consider the integral
z
/ (z—s)P1s" Uds.
J0

Letting s = z(, the integral becomes

/Oz(z —5)P 17 ds = 2Pt 1B(a, p),
where B(0, p) is the beta function. Thus,
|71(9,6,¢)(2)| < |F1(0)] + 0277 B(p,0) Ky =: 11
Similarly,
[#2(9,8,0)(2)| < |F2(0)] + 027" B(p, 0)Kg =t 12,

and
1#3(6,,9)(2)| < |F3(0)| + 0277 B(p,0)K), =: 13.

Combining the three bounds on %3, #3, and #3 into a single bound for the whole operator,
we have
|7 (8,60,¢)|lp < max{ry,ry,r3} =: 7.

Therefore, # (B,) C B,, where r := max{ry,72,73}.
Step 3: Equicontinuity.
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Let z1,zp € [0, T], with z; < z. Then, for #4,

I%(ﬂ(Zz) ( 2),¢(22)) = 71(8(z1),0(21), ¢(21))]
r( 7). s)P 157 £ (s, 8(s), 8(s — x1.(5)), @ (s — xa(s)))|ds

TG / Zl {(ZZ‘SVH‘<Zl—S>’“}s”*1|f<s,z9<s>,e<s—m(s)) Pls — 11(5))) ds
f — o— O'Kf Z1 B - -
@/ (z2 =) 1dS+TP)/o {(zz—s)p L= (z1—s)F 1}5 1ds.

Each term tends to zero as z; — zp; therefore, #] is equicontinuous. This is similar for #5
and #3. Hence, # is equicontinuous.

By the Arzela—Ascoli Theorem and Steps 1-3, # is compact.

Step 4: A priori boundedness.

Let (9,6,¢) = 0#(9,60,¢) for some ¢ € [0,1]. Then,

#(0,00)(2)1 < (170 + 1y [ 150K ds).

Using the transformation,

V4
/ (z—5)P " 1s7 tds = 20T 1B(q, p),
0

we have

#(0,0,0)) < o 171(0)] +070 7 Blo,0)Kr ) = oMy < My
Similarly,

#a(,0,0)2)] < o 175(0)] +02 0 Blo, 01K ) = oMa < My,
and

#4(6,9,9) (2 )|<Q(F3( )| + 02715, am)— oM; < Ms.

Thus, the set {(9,6,¢) = 0#(9,6,¢), 0 € [0,1]} is bounded.

All the conditions of Schaefer’s Fixed Point Theorem are satisfied. Hence, # has a
fixed point in B,, which corresponds to a solution of the triply coupled system (1) and
2. O

Theorem 3. Let (A1)—(A3) hold true and suppose that f, g, and h satisfy the Lipschitz conditions

in (A2). If
20'(Lf + Lg + Lh)F((r) TP“T’l < 1/
I(p+0)
then the triply coupled system (1) and (2) with time-dependent delays admits a unique solution
on [0, T.

Proof. Let (91,601, ¢1), (02,62, ¢2) € B. For all z € [0, T], we consider

[#1(61,01, ¢1)(2) — #1(02,02,¢2)(2)] < %P) Z(z — )10t

X |f(5,81(5), 01(s = x1(5)), @1(s — x1(s))) — f(s,92(s), 02(s — x1(5)), P2(s — x1(s))) |ds.
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Using the Lipschitz condition (A2), we have

WA (61,61, 1) () — #4(8, 02, 42) (2)] < ;’(Lpf) [a—spmisr

x ([01(s) — 02(s)| +[01(s — x1(5)) — 02(s — x1(8))| + [P1(s — x1(5)) — P2(s — x1(8))|)ds.

Taking the maximum over z € [0, T] and using the norm definition ||(4,6, ¢)||p =
sup,c_s{|8(2)],10(2)], |¢(2)|}, we get the following:

|71 (81,61, 1) — #1(02,62,¢2) || B

2oLy (T ~1o—1
< Tk [T =515 s (81— 0,61 — 62,1 — 92) 5.
(p) Jo
Now, using the identity

7

we get

20L¢T(0)
[ #1(81,61, 1) — #1(82,62, ¢2)|IB <

el (9 — 02,00 — 62, 1 — :
S To+o) (01 — 2,61 — 02,1 — o) [|B

Similarly,

20L.I (0
145061, 61, 81) — #5(6, b2, 82) 1 < ~2 L)

8 TPl () — 0,1 — ¢, 01 — B) |,
< T 1o) (61 — 62,1 — P2, 01 — 02) ||

and

20’Lhr(0') Tp-I—(T—l .

Ws(d1,01,01) — #3(¢o, 0, O <
[#3(¢1,01, 1) — #5(¢2,62,92) ||B T(o+0)

[(¢1 — 2,01 — 02,61 — 62) [|s-
Thus, combining the three yields the following:

|4 (01,01, 1) — # (82,02, ¢2) ||
20’(Lf + Lg + Lh)F(O')

<

- I'(p+0)

Teto-1, (81 — 02,61 — 02, 1 — 4’2)H]B

It
ZU(Lf + Lo+ L) (o)

I(p+0)

TPto—1l <1,

then % is a contraction on B.
By the Banach Fixed Point Theorem, # admits a unique fixed point in B, which
corresponds to a unique solution of the triply coupled system. [

4. Stability Analysis

Here, we perform a stability analysis of the cyclic coupled system (1) and (2), with
time-dependent delays. In particular, we analyze the stability in the sense of Hyers—Ulam
stability. This concept of stability has proven effective in examining perturbations of
solutions in both linear and nonlinear settings.



Fractal Fract. 2025, 9, 651

90f19

Let (9(z), ¢(z)) be an approximate solution of (1) and (2), satisfying the following
inequalities:
[FCDE3(2) — £(2,8(2),8(z — x1(2)), 6z~ 21(2)))| < e,
[FCDE8(z) — h(2,0(2), ¢z — 13(2)), Bz — x3(2)) ) | < e, 6)

DL §(2) ~ 8 (= b(2), Bz — 12()), Bz — x2(2)) )| < e,

forall z € [0, T|, where €1, €3, €3 > 0 are perturbation constants. The following definition is
adopted from [22].

Definition 3. The triply coupled system (1) and (2) is said to be Hyers—Ulam (HU)-stable if there
exists a unique exact solution (9(z),0(z), ¢(z)) such that

9(z)—8)| < Cier, [Bz) - 0(z)| < Coer, [B(2) — 9(2)] < Caes, @)
forall z € [0, T], where C1, Cy, C3 > 0 are constants that are independent of €1, €, and €3.

Remark 1. (8(z),6(z),¢(z)) is a solution to the set of inequalities (6) if there exist continuous
perturbation functions hy,hy, hy € C([0, T], R) depending on ¥, 6 and ¢ such that

(i)  The perturbation functions are uniformly bounded:
() <er, o) <er |ms@)| <es foralize 0T,

for some g1,¢€3,€3 > 0.

11
v FCDLTY(z) = £(2,9(2),0z — 11(2)), $(z — 11(2) ) + 1 (2),
CDL7G(z) = (2,0(2), §(z — x2(2)), 8z — x2(2)) ) + Ta2), ®)
DL () = h(z, @(2), 8(z — x3(2)),8(z — x3(2)) ) +Ta(2).
Using Remark 1, we obtain the following problem with small perturbation functions:
FCDL(z) = £ (2 8(2),0(z — 11(2)),$(z — 11(2)) ) + 1 (2),
FCDLR(z) = §(2,0(2), (2 — 12(2)), 8z — 12(2)) ) + o), ©)
FFCDLG(2) = h(2,$(2), 8z — x3(2)), 8(z — x3(2)) ) +1ia(2),
subject to the initial conditions:
8(z) = Fi(z), ze€[-6,0],
0(z) = Folz), z€[-5,0], (10)
&(z) = F3(z), z€][-6,0],
with

(S:max{ sup x1(z), sup x2(z), sup )(3(2)}.
z€[0,T] z€(0,T] z€[0,T]
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The solution to problem (9) is given by

82) = Fi0) + 55 [ (2= 9757 (s 8(6), 85— xa(s)ls — xa5))) s
+ %p) /0 “(z— 5)P 1"y (2)ds,

0(2) = Fa(0) + 57 (907157 g (5,806,316 — 2a(5)), Bs — x2(s)) ) s
+ %p) /0 “(z—5)P 1" My (2)ds,

$(2) = Fo(0) + 5 [ (2= 919 (5,960,806 - 1(9),Bls  x3(6)) ) s

+ %p) /OZ(Z —5)P 17 iz (2)ds.

(11)

Theorem 4. Let (A1)-(A3) hold true and suppose that f and g satisfy the Lipschitz conditions in
(A2). If
20(Lf + Lg + Ly,)T (o)
L(p+0)

then the triply coupled system (1) and (2) with time-dependent delays is HU-stable.

Tp+(771 <1,

Proof. Let (d(z),0(z),$(z)) be any solution and (8(z),6(z), ¢(z)) be the unique solution
to the triply coupled system (1) and (2). Then, for all z € [0, T], we have

[(8(2),0(z),¢(z)) — (8(z),0(2),p(z))] < %p) /OZ(Z _ S)pflsofl
X |f(5,8(s),0(s — x1(5)), @(s — x1(5))) — £(5,8(s),0(5 — x1(5)), P (s — x1(5)))|ds

o z 10—
W/O (z — s)P 17Uy () | ds.

From Theorem 3 and Remark 1, we obtain the following:

+

1(3,6,9) — (8,6,) 5

2017 (0) —_ oT(0)
< 7’1"{)""0'_1 19/ 9/ - 19/ 9/ TP"FU'_l .
< T o 1B.8.8) ~ (20,95 + £, oy T e
This implies that
‘EF(U)) To+0—1
YA T T'(p+0o
— < =: .
I@88) - ©0.9)ls < —Grrg———a =G
T'(p+0)
Similarly, for function g, we obtain
‘EF(U)) To+0—1
TTa T'(o+o
- < =
1(6,¢,8) — (6,¢,9)|[s < L0 o g2 =: (o,
T(p+0)
and for function h, we obtain
1_171"(0) To+o-1
16,8,0) = (¢,8,0)][5 < — o) 3 =: Caes.

S
_ 20LyI(0) rpto—1
1 I'(p+0) TP



Fractal Fract. 2025, 9, 651

11 of 19

Let ¢ = max(¢1, €2,¢€3). Then,

1(3,6,¢) = (8,6,¢)]5 < Ce,

where oT(o)
o+o—1

C = T(p+0) T
| 2L L)I@)

o T(o+0)

Hence, the triply coupled system (1) and (2) with time-dependent delays is HU-stable if

Te+o-1 ’

20’(Lf + Lg + Lh)l“(a)
I'(p+0)

TPto—1 < 1.
O

5. Numerical Schemes

Here, we present a numerical approach for the time-varying delays problem by em-
ploying the ABM along with Lagrangian piecewise interpolation [24]. This numerical
method has been widely used for approximating solutions to nonlinear fractal-fractional
order problems in many mathematical models.

The integral formulation of the considered model, at z = z,,1 € [0, T], is presented as

O = 0(0) + 1y Jo T 57 (zran — )P (5, 8(5), By, (5), Py ()

0" = 0(0) + 17 Jo ' 57 (zr1 — )P 18(5,0(5), P (5), By (5))ds, (12)

¢ =9(0) + 5y Jo T 5T (zra1 = 8)P MRS, (), By (5), O (5)) ds.

For z,,1 € [0, T], approximating the system of Equation (12) yields

9" = 8(0) + 1y Koo Sy, ' 57 (21— 5)P T (5, 0(5), 03, (5), o (5) ) s
ortl = 6(0) + 219 0 szl (Zr41 — S)p 8(5,0(s), px,(s), Ox, (s))ds, (13)
¢ = 9(0) + oy Lo Jr, ' 57 (zr1 — )P (s, 4(5), By (5), Bxs (5))ds.

To approximate the kernels within the integrals, we employ Lagrangian polynomial
piecewise interpolation on the interval [z, z,11], as given by

s—z
Yi(s) = 2 (0,0 g ),

- Zr —Zr—1
S57Zr o-1g( r=1 gr=1 5 r—1 r—1
- Zr — Zy1 erlf(z /0 '9)(1 P >'
S™Zr-1 _o-1,/.r
D(s) = zy 82,07, ¢x. 0% ),
Zr — Zr—1
R (14)
—ar o1 r—=1 gr—1 r—1 r—1
_zr—zr,lz“lg(Z AT AL )r
5—2r-1 _o-1
Yr(s) = ———z/ "h(z,¢",0x .04 ),
Zr — Zr—1
s —zy

o—1 r—1 ,r—1 r—1 r—1
z,—zr,lz’—1h<z S, 0y Oy )
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Using these approximations in the system (13), we obtain
¢ =8(0) + 219 0 fzr“ Yzrpr —8) 1Yo (s)ds, 241 € [0,T],
01 = 0(0) + 157 Lo Jr, 1 7 (@1 = )P 1@ (s)ds,  zpa1 €[0,T], (15)

4)V+1 — QD(O) + %p)zg OfZ'Jrl o= 1 Zr+1 —S)p 1Tr( )d Zr+1 S [O/ T]

Piecewise interpolation using Lagrangian polynomial, followed by integration, gives the
scheme for the numerical solution to the considered problem as follows:

0 = 000+ 2 T [#7 (20000 0) (41— 00— 024 9)
—(r =0 (r—+2 +zp>) — 20 (200, 0100 )

x <(r— (1) = (r— 0P (r— 0 +1 +p)>}; 20,24-1 € [0,T),

071 = 0(0) + 5 Lia {Z" 18 (200", 8" 9 )((r+1—€>P(r—f+2+p)
—(r—E)P(r—ﬂ—&-Z—l-Zp)) —z?:llg(zé,l,95_1,197(2[_1,(]57(/_1) (16)

x((r—f—&-l)P’l — (r—é)f’(r—€+1+p)>}; zp,29-1 € [0,T],

0 = 00) + £ iy (2 (200 000,00 ) (41 00— 42
—(r—0)P(r—+2+ 2p)> — 2 (20,0 0 06

x((r—€+l)f’_1 — (rfE)P(rfﬁJrler))}; zp,29-1 € [0,T],

6. Numerical Application

This section is further divided into two subsections. In the first subsection, we apply
our theoretical results to a general triply coupled system of DEs with time-dependent
delays. In the second subsection, we apply the concept of time-varying delays to a real-
world model of a three-species food-chain. Numerical simulations are performed using the
extended ABM numerical method and MATLAB R2024a.

6.1. A General Triply Coupled System of DEs with Time-Dependent Delays

In this subsection, we consider a triply coupled system of DEs with time-dependent
delays in the FFC sense:

34 ~0.059(z2) 0.016(z — x1(2)) 0.01¢(z — x1(z))
TEDINE) = e 1+92(z—;(12(z)) + 1+4>2(zf)(12(z))’

35 1 (cos(0(z)) | sin(¢p(z— x2(2))) (%(z—x1(2)))
D; 9(Z>_1o< 1422 +1+<P2(z—)(2(z)) +1+l92(z—)1(1(z)))' (17)

25 1 P(z) Bz — x2(2)) cos(0(z — x2(z)))
TCD:09(z) = 10(1 240 T e-a@) 1+92(Z—X2(z)))'
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with the following initial conditions:

®(z) = 0.5+ 0.1sin(27z),
6(z) = 0.3+ 0.1cos(27z), (18)
¢(z) = 0.05+0.1cos(27mz), forz € [-4,0],

where
x1(z) =01z, xa(z) =0.05z, 6= max {x1(z), x2(2)}.
z€(0,T]
We set 0.05¢ 0.016 0.01¢

f(z,9,60,¢) = Ti2 e iyl T T4
1 (cos(f) | sin(¢) & sin(d)

g(z’9’¢"9)_10<1+22+1+4>2+1+z92 ' (19
1 ¢ 0 cos(6)

hz ¢.6,0) = 15 (1 A 1+92)'

First, we estimate the Lipschitz constants for f:

00501 0050 | 0510 g
1422+ 02 1422483 ’
o.owé B 0.0195 <0016, — 6], (20)
1+ 91 1+ 92
0.01¢1 _ 0.01¢n| _ 0.01|¢1 — ¢o|-
T+¢7  1+43|

= Ly =0.05+0.01+0.01 = 0.07.

Similarly, for g, we estimate the Lipschitz constants as

cos(6y) — cos(62) |67 — 6]
< |61 — 62,
1+ 22 1+22 — 01 = 02|
sin sin sin(¢ sin(¢
<(P12> N (4722) < 0'1|¢1 B ¢2|/ ( 12) B ( 22) < 0.1|l91 B 192|'
1+¢7  1+¢5 1+0; 1+
1
= Ly = 75(1+01401) =012
And for h, the Lipschitz constants are estimated as
! $2 <
- < |¢1— ¢,
1+24+¢7 1+22+¢3
% % | <059 — 0y, |0 _cos(®) 50 o

1+62  1+63

1+67 1+62

1
= Ly = 15(1+05+05) =02.

Using the condition of

U(Lf + Lg + Lh)l"(a) To+o-1
I'(p+0)

4
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forc=01,p=04,and T =1:

01(0.07 +0.12+ 02)T(0.1) g5 _ 0.1:039-9.5135 _ 0371

r(0.5) 1.7725 N 177 Y029 <1

Therefore, applying Theorem 3, it is guaranteed that (17) has a unique solution.

6.2. Application to Three-Species Food-Chain Model

In this subsection, we apply the concept of time-dependent delays to a real-world
model of a three-species food-chain.

We consider a three-species food-chain model with the lowest trophic level 9(z), the
middle trophic level §(z), and the highest trophic level ¢(z). The governing system is given
by the fractional differential equations with time-dependent delays:

Pt =t f(1-5) -t

bgd(z — xs(2))
1+ad(z— xo(2)
DIp(z) = pp(z)[~9 +ceb(z — xp(2))].

(21)

DI6(z) = p6(z) [—e+ el —ch»(z))],

The time-dependent delays are given by

xs(z) = 0.1 sin(0.01z) + 0.2,
x6(z) = 0.1 cos(0.01z) + 0.2, (22)
Xp(z) = 0.05 sin(0.005z) + 0.1.

The parameter values used in the numerical simulations of the application model are
listed in Table 1.

Table 1. Model parameters and their values.

Parameter ¢ K ¢ a € b 0 ¢ c
Values 0.5 1.2 1 1 1.8 0.9 0.3 0.3 0.8
Source [25] [26] [26] assumed assumed [26] [27] [27] [28]

The initial conditions for z < 0 are given by the history functions:

¥(z) = 0.6+ 0.1 sin(z),
6(z) = 0.12 4+ 0.01 cos(z), (23)
¢(z) = 0.006 + 0.001 sin(z).

In addition to the existing literature on fractional-order food-chain models, we note the
closely related study by Das and Samanta [29], where a delayed fractional-order food-chain
model with fear effects and prey refuge was investigated. Their work focuses primarily
on ecological extensions through the incorporation of behavioral factors such as fear and
refuge, while the delay considered is constant. By contrast, the present study develops a
more general theoretical framework by incorporating time-dependent delays within the
setting of fractal-fractional Caputo differential equations. Furthermore, our approach is
not restricted to ecological dynamics but can be adapted to other applied domains, such
as disease modeling and population dynamics in health sciences. From the numerical
perspective, while our examples are less complex than those in [29], they are intentionally
chosen to demonstrate the feasibility and robustness of the newly developed theoretical
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framework. Extending this analysis to richer ecological settings remains a promising
avenue for future research.
The proposed model example is simulated for multiple cases:

(g,p) € {(0.20,0.20), (0.60,0.40), (0.90,0.80)}.

First, we analyze the effects of time-varying delays on the lowest, middle, and highest
trophic species.

From the plots in Figures 1-3, we observe that both cases—without delays (blue
solid line) and with time-dependent delays (red dashed line)—exhibit similar qualitative
dynamics. Starting from the same initial condition, the solutions undergo oscillations before
eventually converging to the steady-state value of 0.945. We observe that the oscillations
in the delayed case show slightly higher amplitudes during certain cycles (e.g., around
t =~ 60 and t ~ 98). This suggests that time-dependent delays add small perturbations to
the transient dynamics.

1.05 > T

= Without delays
= = With time-dependent delays | 7

1+ \

095 o 3

g

0.9 {1 Y} 7
0.85 1 1
0.8 1

0.75 b

Lowest trophic species

0.7 b

0.65 ]

0.6 ]

0.55 I I I I I I
0 100 200 300 400 500 600 700

time

Figure 1. Effects of time-dependent delays on lowest trophic species.

0.5 T

N = Without delays
045 = = With time-dependent delays | |
0.4 4

o
w
a
T
I

Middle trophic species
S o
(6] w

0.2

0 100 200 300 400 500 600 700

Figure 2. Effects of time-dependent delays on middle trophic species.



Fractal Fract. 2025, 9, 651

16 of 19

0.15 T

'| = Without delays
= = With time-dependent delays

Highest trophic species

0
0 100 200 300 400 500 600 700
time

Figure 3. Effects of time-dependent delays on highest trophic species.

It can be observed that the presence of time-dependent delays does not destabilize
the system. Both cases dampen oscillations at a similar rate, and the steady-state value is
unchanged, meaning that the long-term equilibrium is robust to such delays.

The main visible effects are a subtle shift and amplitude modulation in the oscillations
during the transient phase; however, the asymptotic behavior remains essentially the same.

In the following figures, we analyze the impact of fractal-fractional order values on
dynamical behaviors of the lowest, middle, and highest trophic species.

From Figure 4, we observe dampened oscillatory growth toward a steady state, with
lower fractional orders and fractal dimensions leading to faster stabilization. From Figure 5,
we can observe that the middle trophic species exhibits predator-prey-type oscillations
that decay over time. Lower fractional orders and fractal dimensions again smooth out
dynamics faster. Similarly, in Figure 6, the highest trophic species follow similar delayed
oscillatory patterns before stabilizing.

1.1 T

(0.20,0.20)
(0.60, 0.40)
1 (0.90, 0.80)
3
5 0.9
[0}
o
w
o
508
]
%
S
£ 07 .
-
06t W .
05 ‘ ‘ ‘ ‘ ‘ ‘
0 100 200 300 400 500 600 700

time

Figure 4. Impacts of fractal-fractional order values on dynamical behavior of lowest trophic species
over time z.
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0.55 :

(0.20,0.20)
(0.60, 0.40) |
(0.90, 0.80)

0.5

0.45

0.4

0.35

0.3

0.25

Middle trophic species

0.2

0.15

0.1

0.05

0 100 200 300 400 500 600 700
time

Figure 5. Impacts of fractal-fractional order values on dynamical behavior of middle trophic level
species over time z.

0.18

(0.20,0.20)
(0.60, 0.40)
(0.90, 0.80)

0.14

0.12

0.1

0.08

Highest trophic species

0.06

0.04

0.02

0 100 200 300 400 500 600 700
time

Figure 6. Impacts of fractal-fractional order values on dynamical behavior of highest trophic level
species over time z.

Discussion of Numerical Method’s Limitations

In this study, we employ the Adams—Bashforth method (ABM), an explicit multi-
step scheme, to approximate the solutions of the fractal-fractional Caputo system with
time-dependent delays. Although the method is straightforward to implement and com-
putationally efficient, it also presents certain limitations. In particular, explicit schemes
are prone to stability issues in stiff systems and may perform poorly in high-dimensional
models with strong nonlinear interactions. Furthermore, achieving satisfactory accuracy
requires the use of small step sizes, which increases computational costs. These limita-
tions point to the need for future research on more robust numerical techniques. Potential
directions include implicit predictor—corrector methods, adaptive-step solvers, and expo-
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nential integrators, which may provide improved stability and efficiency for large-scale or
stiff problems.

7. Conclusions

In this study, we developed and analyzed a triply coupled system of fractal-fractional
Caputo differential equations with time-dependent delays. This framework provides a
more realistic representation of dynamical processes with evolving memory and delay
effects. The theoretical analysis confirmed the existence, uniqueness, and HU stability
of the solutions.

The proposed ABM scheme effectively approximated the intricate dynamics of the
system. Numerical simulations, including a three-species food-chain model, revealed that
incorporating time-dependent delays can significantly alter system behavior compared
with systems without delays. These results highlight the importance of time-dependent
delays in modeling real-world phenomena.

Overall, this study contributes to a deeper understanding of fractional-order systems
with dynamic memory effects and opens new directions for future research in nonlinear
dynamical modeling with time-dependent delays.
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