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Abstract: This work aims to comprehend the dynamics of neurodegenerative disease using a math-
ematical model of fractional-order yeast prions. In the context of the Caputo fractional derivative,
we here study and examine the solution of this model using the Predictor—Corrector approach. An
analysis has been conducted on the existence and uniqueness of the selected model. Also, we exam-
ined the model’s stability and the existence of equilibrium points. With the purpose of analyzing the
dynamics of the Sup35 monomer and Sup35 prion population, we displayed the graphs to show the
obtained solutions over time. Graphical simulations show that the behaviour of the populations can
change based on fractional orders and threshold parameter values. This work may present a good
example of how biological theories and data can be better understood via mathematical modelling.

Keywords: Caputo fractional derivative; neurodegenerative disease; yeast prion model; predictor—
corrector method

1. Introduction

We will refer to derivatives and integrals with any order as fractional calculus (FC).
Leibnitz created non-integer derivatives after creating integer order derivatives. The
mathematical basis of arbitrary order derivatives was developed in collaboration with
numerous researchers [1-5]. It has been found that FC offers a systematic and efficient
exposition of the reality of nature and that it is more beneficial than classical calculus for
modelling real-world difficulties. When developing methods to simulate models, fractional
differential equations (FDEs) are becoming more and more significant. Whichever order,
the solutions to these FDEs are essential for describing the characteristics and nature
of complicated issues that arise in applied mathematics and technology. It is extremely
difficult to find solutions for these DEs, nevertheless. One of the most helpful and effective
methods in applied mathematics for resolving this problem has been the development of
integral transformations, which have found wide-ranging applications in disciplines like
biology [6], financial market [7], complex fluids [8], human disease [9], nanotechnology [10],
biotechnology [11], control vectors [12], fluid dynamics [13], and many more [14-18].

Prions are proteins that have been most frequently connected to severe neurodegenera-
tive diseases in humans, but they can also cause a variety of innocuous heritable phenotypes
in yeast, and these several states occur when a protein emerges in an improperly folded
state [19]. Recently, prion characteristics for several proteins implicated in amyloid and
neuronal inclusion diseases were discovered. The occurrence of protein aggregation and
amyloid formation has led to a rise in research activity across various scientific fields. The
correlation between amyloid deposition and a number of severe diseases such as type II
diabetes, Parkinson’s disease, and Alzheimer’s disease. In yeast, amyloids can proliferate
steadily as prions, which are heritable units. In addition to being interesting on their own,
yeast prions can be used as a model for amyloids and prions in general. It is possible for a
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single instance of prion production to kill out a single person, a population within a species,
or perhaps the entire species. Strong selection pressure is thus created for the cells that
have defences against prions [20-24]. When guanidine hydrochloride is introduced to a
proliferating culture of yeast cells containing some Sup35p protein in its prion form, the
percentage of cells that contain prion-replicating units, or propagons, gradually declines
over time [25,26]. In particular, when considering neurological diseases, modelling yeast
prion dynamics is a crucial phase in understanding the biological population domain.
Studies of disorders such as human Creutzfeldt-Jakob disease depend significantly on
prions, which are misfolded proteins that can cause other proteins to misfold as well.
Models for similar dynamics can be found in yeast, where prions like [PSI+] exist. Because
they take into account both the population dynamics of the cells and the dynamics of the
proteins within individual cells, the structured population models created for yeast prions
are especially insightful. The field of neurodegenerative diseases is a major challenge faced
by public health and is still in need of robust preventive measures and disease-modifying
treatments. Biological population-based studies can offer the framework in the context of
primary and secondary prevention of neurodegenerative diseases. The designed study will
take into consideration the biological and phenotypical subtypes of disease also. Although
key components of protein deposits or established genetic processes are used to classify
neurodegenerative illnesses, current research has shown both intraindividual variations
and overlap across various symptoms. Common pathogenic pathways may be suggested
by synergistic mechanisms among diseased proteins. Further research and animal models
have shed light on the fundamental processes behind neurodegeneration and cell death,
opening up new avenues for preventative and therapeutic approaches in the future. The
study of yeast prion dynamics via a fractional order approach offers a novel perspective in
understanding neurodegenerative diseases. The use of fractional derivatives in mathemati-
cal modelling provides a more nuanced representation of biological systems, potentially
leading to breakthroughs in how we understand and treat disorders like Alzheimer’s and
Parkinson’s. So, in the context of fractional calculus, it will be more beneficial for addressing
the dynamics of disease control.

In this work, we considered the yeast prion model which is a simple model as a system
of two ordinary differential equations. So, we proposed a fractional-order form for this
model to understand the dynamics of neurodegenerative disease. Predictor-Corrector (PC)
technique has not yet been applied to address the proposed framework. Therefore, we
employed the PC approach using the Caputo-type fractional derivative. These days [27-30],
a number of studies have demonstrated that the suggested approach is successfully and
extensively used in a variety of models because the considered technique is free from
assumptions, discretization, large simplification and others. The PC approach has a few
constraints. Errors can spread during the successive rounds of correction if the initial
prediction is incorrect, particularly in long-term simulations. The step size selection has
a significant impact on the method’s stability and accuracy. But this method frequently
produces more accurate findings than other methods since it combines the prediction and
correction phases into one step. When the solution to a problem evolves smoothly over time,
the corrective step frequently produces superior convergence qualities than single-step
techniques.

The current work is structured as follows: An introduction is given in Section 1.
Section 2 provides the fundamental definitions. The considered model’s formulation and
description are covered in detail in Section 3. The existence and uniqueness of the model
are covered in Section 4. The stability of the model is shown in Section 5. Section 6 presents
the PC approach solution for the model. Section 7 is a discussion part that includes the
assembled graphical results and their implications. The conclusion is found in Section 8.

2. Preliminaries

Here, we review a few fundamental notions related to fractional derivatives and
Mittag—Leffler function.
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Definition 1. For a function f(t) € C",, the fractional integral of order x > 0 in terms of
Riemann-Liouville [1] is specified as

I°f(t) = ré{) /0 t (t—) M (D)dT,x > 0,t >0, 1)

I°£ () = f(t).

Here, T(-) represents the Gamma function.

Definition 2. The fractional derivative for a function f € C", is defined as follows in terms of
Caputo [1]:

da"f(t) = N
DK — datn 7 k=nck 2
i f(t) { F(nl—K) fot (t— T)”_K_lf(ﬂ)(r)dr, n—1<x<mn, neN. @

Definition 3. The Mittag—Leffler function with one operator is defined as follows [1]:

[ee] Zg
Ex(z)=)Y ———, x>0,z€C. (3)
x(2) g;or(kgﬂ)

3. Model Description

To illustrate the dynamics of the yeast prion system, we have modified the bi-stable
mathematical model that Lemarre et al. [31] first proposed. In particular, we have altered
the model by adding various population degeneration rates. The variable N(t) shows the
concentration of soluble Sup35 at time ¢, while P(t) describes the concentration of Sup35
prions at time f. The following system of ordinary differential equations describes the
model, which is shown in Figure 1.

AN(t)

[0

MO — o — BN(t) — SN(F(P(H)), "
9L — SN(1)f(P(£)) — AP(E),

where

N(®

f(p)

Figure 1. The schematic diagram of the above-described model (4).
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Initial conditions N(0) = C; and P(0) = C; are taken into consideration. The
function f(P) is selected to be a Hill function because it has the unique property of making
the system multi-stable. The model that is being studied can be expressed in the Caputo
fractional derivative as follows. Table 1 lists all of the system’s parameters and their
corresponding values.

2
CDIN(t) =~ pN(1) - “50 -

2
cpIp(t) = %’ﬁig; — AP(t).

Table 1. A description of the parameters and their values shown in the suggested system (4) [31].

Parameters Descriptions Values
« Growth rate of Sup35 monomers 0.7
B Degeneration rate of Sup35 monomers 0.06
) Rate of conversion from monomer to prion aggregates 10
A Degeneration rate of Sup35 prions 0.13
K Threshold parameter 2

4. Existence and Uniqueness Analysis

We simplify model (5) as follows in order to prove its existence and uniqueness.

CD/N(t) = Hi(t, N),
Cpl P(i’) —H (6)
¢ = Hy(t, P).
Initial conditions are N(0) = Npand P(0) = Py. Here, D] symbolizes the Caputo
fractional derivative of order 7. Using facts of fixed point theory, we prove the existence of
a unique solution for the fractional yeast prion model.

Consider
CDIN(t) = Hi(t, N)t€[0, T, 0 <y <1, )
subjected to the initial condition
N(0) = Ny, (8)
where Hj :[0,T] x R" x R" — R" is continuousand N € R", T > 0.
Here, R" is the Euclidean space described by the norm ||.|| that has n-dimensions.

We present the analysis for N, the remaining equation in system (6) will behave in a
comparable way.

Lemma 1 ([32]). The space of continuous function which is represented by N € C([0, T];R) and
N : [0, T] — R having a sub norm ||.||, is an outcome of the above-mentioned problem (7) and (8)
on the interval [0, T| if and only if it is a solution of the Volterra integral equation

1

N(t) = N(0) + s

t
[ =2 @ Nydg, Vi elo,T) ©)
0

Theorem 1. (Existence) Let us consider that 0 <5 <1, Nyp € R, T* > 0and X > 0. De-
rive H:= {(t,N):t € [0,T*], |N — Ny| < X} and considering that the mapping H; : H — R
is continuous. Additionally, defining Y := sup, y p)e|H1(t, N)| and

T*, if Y=0,
T = 7 1
min {T*, (Xr(zﬂ)) ! } , otherwise. (10)
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Following that, the initial value problems (7) and (8) can be resolved by a function called N €
C[o, T1.

Proof. If Y =0then H;(t,N) =0 V (t,N) € H.In the present case, direct substitution
makes it evident that the function N : [0, T] — R having N(t) = Nj provides a solution
to the problem under consideration. Therefore, there is a solution in this case [33,34].

Describe the set S:= {N € C[0,T] : ||[N — Ny|| < X}. Knowing the Chebyshev norm,
itis evident that S is a convex and also closed subset of all continuous functions on [0, T] in
Banach space. For Y # 0, we prove that (7) and (8) is equal to Equation (9), which is the
Volterra integral. Therefore, Banach spaceis S since Ny € S, S is non-empty. On this set S,
the operator E is defined by

1

(EN)(t) := N(0) + e

t
[ me N, veep,T) a1
0

Since N = EN can thus be used to write the Volterra Equation (9) and consequently,
the Schauders Second Fixed-Point Theorem can be employed to demonstrate that E con-
tains a fixed point. Now, we demonstrate that S is closed, implying that EN € Sfor N € S.
Now, we notice that in the case of 0 < f; <t, < T.

t 5]

(h =) " Hi(E N — [ (12— )" Hi(e N)e]

0 0

(EN)(t1) — (EN)(t2)] = r(lﬂ)|

5]

ty
= gl [ 1 =27 = (=2 @ Nz + [ (=) (e N

0 5]

f .
Y - - —
Srm)((,/(“_” -9 [ u&)

The value of the second integral in the previous inequality’s right side is (t, — ¢)".
Consider the two cases for the first integral # < 1, # = 1, separately. When 7 = 1, the

integral is equal to zero. Thereis (t, — )" < (t; — &) ' for 5 < 1.
Thus,

f ty
[l =7 == de = [ (-2~ (t2— &) ]de
0 0
= (b —t1)" + (i — tan)
< (b —t1)".

When we combine these findings, we obtain

(EN)(t) = (EN)(12)| < e~y (2 = ' (12)
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The expression in (12) that is on the right-hand side converges to zero in either case
when t; — t;. Therefore, knowing that N(0) is continuous, it shows that EN is continuous
function. For N € Sand t € [0, T], it is equally true.

[(EN)(t1) = N(0)| =

< T (13)

Therefore, if N € S, then we have EN € S. Specifically, the set S is mapped onto
itself. Next, we have to show that E(S) := {Es:s € S} is compact. So that this is achieved
with the aid of the Arzel’a—Ascoli Theorem. Let us consider z € E(S) to prove that E(S) is
a uniformly bounded set. For every t € [0, T|, we observe that

|2(5)] = [(EN)(1)]

< INO) o+ 5 [ (= 0" IHL(E N)ldE
0
< INO) o+ YT < INO) o+ X,

This is the necessary boundedness property. It is easy to derive the property of
equicontinuity from (12). We proved in the case # <1 for 0 <t; <t < T that

[(EN)(t1 —t2)] < I 2Y (b — ).

n+1)

Following the use of the Mean Value Theorem and the Triangular Inequality, we obtain

(EN)(t1) — (EN) (12)] < F(,fﬁl)uz Ry
(EN)(t1) — (EN) (12)] < F(,fil)uz Ry
Therefore, if |t — tp| < X, we obtain
(EN)(t1) — (EN)(t2)] < Y'x + F(:L)MTV.

N(0) is uniformly continuous between [0, T]. We may observe that the set E(S)
equicountinous since the right side statement is not dependent on t;, t; and N. In either
case, the Schauders Second Fixed-Point Theorem states there is a fixed point that exists
in E since the above-mentioned theorem called the Arzel’a—Ascoli Theorem gives E(S) that
is compact. For Equations (7) and (8), this fixed point is the necessary result.

We now address the unique results. First, we observe that operator E has the following
properties. Thus, let Nj, N, € C[0,T] C [0,t] while a constant ¢ > 0 exists that is
independent of t, Ny and N, such that [H;(t,N7) — Hy(t,Np)| < ¢|N7 — Np| forall t €
[0, T]. Then, we receive

sup | [ (v = &)/ [Hi(& Ny) — H (8, Na))e|
- =0

|EN1 — ENa|l1 o0 =
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IA

—sup |/ - &) NI(E) - Na(©)¢]

O<T<t

T
< PN = Nl go sup | [ (x - &) ag]
Ui 0<T<t J

¢ T
< N N- su T
> F(W) H 1 2|’L00[Olt]0<rgt|( g) |O‘

__ ¢
= WHNl = Nallp 00

O

Theorem 2. (Uniqueness) Assume N(0) € R, X >0 and T* > 0. Also consider 0 < 1 <
1 and €= [n). Consider the mapping Hy: H — R be continuous and adheres to the Lipschitz
constraints with regard to the second variable, i.e.,

Ya(t, Tr,) = Ya(t, Tp)| < 5Ty, — Ty,

for some constants ¢ > 0 independent of t, Ny and Np. Then, the initial value problems (7) and
(8) have a unique solution N € CI0, T].

Proof. According to the above theorem, the problems (7) and (8) under consideration
have a solution. Now we have to show the uniqueness [33,34]. Specifically, using the
operator E from Equation (11) we find that it maps the nonempty, closed and convex
set. S={Ne€C[0,T]:|[N— Ny, < X} toitself. In order to demonstrate E possesses
a fixed point which is unique, we employ Weissingers Fixed Point Theorem. Let j &
Ny, t € [O, T] and Nj, Ny € S. Next, using the norm called Chebyshev norms on the
interval [0, T] and applying (15) to the result, we obtain

(pj

E/N — EIN’ o

<|[N-N’

[

Let 7j = ¢/ /T(1j+1). Proving the convergence of the series ]Zo T; is all that is required
to apply the theorem. It is evident that the Mittag—Leffler function is only represented by a
power series Ej and the series converges as a result. This brings the proof to the end. U

5. Stability Analysis

If we set the right-hand side of Equation (5) to zero, we can obtain the equilibrium
points of the fractional yeast prion model.

CDIN(t) = D] P(t) = 0. (14)
Therefore,

w BN - ST =0 (15)

SN(HP(t) AP(t) = 0.

K24+P(t)?
We find the equilibrium points by solving (15),
o  Prion-free equilibrium Point: E; = (%, 0) = (11.6666, 0).
e E-= (”‘(2’3”)“\/ @ AP(pH) ey “24’3"2@“)) — (10.8377, 0.382587).

2B(B+A) ! 2(p+A)
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. Er— a(2B+A)—A/02—4BK2(B+A)  atr/a®—4BK2(B+A) | _ (451315, 3.30162)
3T 2p(B+1) ’ 2(B+A) - e '
For the model under consideration, the Jacobian matrix | is as follows
_n SP(1)? B (k2+P()2)2P(t)—2P(¢)3
J= B K2 +P(t)? ON(t) < (K24-P(£)2)*
N SP(t)? B (R@+P(1)2)2P()-2P(1°\
K24+P(t)? SN(t) ( (k2+P(t)2)2 A
The following is the Jacobian matrix | at the Prion-free equilibrium point:
= —0.06 0
1 o -013
The eigenvalues corresponding to the matrix [ are w3 = —0.13, wip, = —0.06.
The Jacobian matrix | at the equilibrium point E; is given as follows:
I = —0.0645892 —0.250821
27 10.00458918 —0.380821
The eigenvalues corresponding to the above matrix are wp; = —0.377138, wy =

—0.068272.
At the equilibrium point Ej3, the Jacobian matrix is as follows:

I — —0.155102 —0.0697955
37 10.0951023 —0.199795

In accordance with the above matrix, the eigenvalues are
w1 = —0.0991014, wyy = —0.2557966.

Since each and every eigenvalue is negative, the system under investigation is stable.
The model’s asymptotic result is dependent on the initial condition in cases where all three
equilibrium points exist. In contrast, if the initial concentration of aggregates is sufficient,
their population will be steadily maintained. If the concentration of aggregates is too low,
the solution will converge to the prion-free equilibrium.

6. Solution of the Model Using PC Scheme

The PC method is a developed version of the classical trapezoidal rule that we will
now review. This approach’s success has been proven by numerous examples of real-world
applications. In order to obtain the solution of the predicted model, we here apply the PC
approach [28].

Let us consider the fractional order yeast prion model of the differential equation

CDJIN(t)] = Hi(t,N), t €[0,T], 0 <5 <1, (16)

N(t) =(. (17)

Let us think about a uniform grid {t, =mh:m= —n, (—n)+1, (—n)+2, ...,
-1,0,1,... N}and h = %, where N is the set of natural numbers and 7 are integers.

Nu(t)=Cy, i=—-n, —-n+1, —-n+2..., —1,0. (18)
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Ny(t;)) = N(t), i=-n, —-n+1, —n+2...,-1,0, 1, ..., m) and we would
like to evaluate Nj,(t,,+1) using the Volterra integral equation, which corresponds to
Equations (16) and (17). Assuming that the approximations have been computed already.

N(tps1) = N(0) + — 7 " (bt — )7L (E, N(E))E. 19)

T

In Equation (19), we utilize approximations Nj,(t,;) for N(t;) . Moreover, the integral
is computed using the product trapezoidal quadrature formula in Equation (19). Thus, the
corrector formula is

m
Ni(twi1) = N(O) + gy Hiltwer, No(tus1)) + oy ,ZO aim1 Hi(ti, Np(ti)) (20)
i=
where
m1*t — (m—y)(m+1)", i=0
Qimi1 =3 m—i+2)™ = 2m—i+ )" (m—i)", 1<i<m (21)
1, i=m+1

The unknown Nj,(t,,41) term is present on both sides of Equation (20). It is not
possible to answer Equation (20) explicitly for Nj,(t,+1) due to the nonlinearity of Hj.
Therefore, we replace the Nj(t,,+1) term on the right side with an estimate N,f (tm+1),
which is known as the predictor. The product rectangle rule is used in Equation (20) to
evaluate the predictor term.

N} (tmy1) = N(0) + F(l)z bim+1Ha(ti, Ny(t:))- (22)
17)isy
Here
Wi

For both systems of Equation (6), the corrector formulas are thus as follows, derived
from the computations carried out above:

h h m
N, (t = N(0) + =——= Hi(t;+1, N,(t + —— a; Hq(t;, N, (t;)),
n(Emg1) (0) F(Z”Jrz) 1(tms1, Ni(tms1)) r(%jz) Eo im+1 Hi(ti, Ny(t;)) o
m
Py(tms1) = P(0) + T +2) Hy(tyg1, Pu(tmgr)) + T +2) Eoﬂi,mﬂ Hy(t, Py(t)).

In the same way, the predictor terms are

1 m
N} (tms1) = N(0) + =— ¥ bj w1 H1(ti, Ny(t)),
L 25)
Py (twi1) = P(0) + W)Eo bim+1Ha (ti, Py(t;))-
Here is the considered system of equations for different fractional-order yeast prion mod-
els.
CDIN(E) = — _ NP
CDfP(t) = SN(HP(t)? — AP(t).

K24P(t)>

Now, the following graphs are the solutions of N(t) and P(f) under various combi-
nations of fractional orders # and u. When the fractional orders have different values, the
prion population increases and the monomer population decreases.
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7. Results and Discussion

Using the numerical data from Table 1, we programmed Mathematica to perform
graphical simulations for the obtained PC approach solutions (24) and (25). Figures 2 and 3
depict the nature of the results produced by the suggested solution strategy for N(t) and
P(t) in relation to time for different values of fractional order.

=
OO-_| i i i 1 1 1 i | L L L 1 L L L 1 L 1
0 20 40 60 80 100
t
(@)
5T
o
= 3f
[
2
1F
oL. .o == n=035
20 40 60 80 100
t
(b)

Figure 2. (a): Nature of solution of the concentration of Sup35 N(t) for different fractional orders
n=1,0.8, 0.7, 0.6, 0.5. (b): Solution plot of Sup35 concentration in prion conformation P(t) with
different fractional orders 1 =1, 0.8, 0.7, 0.6, 0.5.

Figure 2a,b show the solutions N(t) and P(t) of the yeast prion system, respectively.
Five distinct values of #, thatis, 7 = 0.5, 0.6, 0.7, 0.8 and 1 have been taken into consideration
for each illustration. The solutions N(¢) and P(t) under various combinations of values
for both 7 and  are plotted in Figure 3. Figure 3i illustrates how each solution curve N(t)
reaches its maximum point faster over time t and then rapidly falls as the values of the
fractional order a grow (for fixed y = 1). Maximum Sup35 monomer density increases
with increasing u (for fixed # = 1) along time t as seen in Figure 3iii and then decreases.
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In Figure 3ii,iv, as fractional orders ( # and u respectively) grow, all of the solution curves
P(t) first decline with respect to one another. However, after a while, all of the curves
begin to increase within the time frame. The theory of prion generation and propagation
can be demonstrated with the yeast prion system. A valuable tool for understanding the
characteristics of human amyloidogenic proteins is the yeast prion system. Numerous fields
benefit greatly from the study of fractional-order differential equations and the application
of PC when examining complicated dynamical systems.

04r

03

01 1

00k, ‘ ‘ . ‘ . s

ol vy

0.0 0.5 1.0 1.5 2.0 2.5 3.

(i)

Figure 3. Cont.
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0.5F .
04F ]
. 0.3:_ f]=1,p=0.8 h
=
0_2:_ n=1,u=0.7 ]
i —
OO _‘T .n.=1 ,P;QS Loy by |—_
0.0 0.5 1.0 1.5 2.0 2.5 3.0
t
ey
20— M=1.p=1 ]
[ n=1,u=0.8
1.5¢ -
— — n=1,u=0.7
o 10}t ]

= n=1,u=0.5

0.0 0.5 1.0 1.5 2.0 2.5 3.0

(iv)
Figure 3. (i-iv): The graphs showing solutions of the system (26) for time ¢ for both fixed and variable
fractional order values.

8. Conclusions

This work evaluates a yeast prion model that includes a Sup35 monomer and Sup35
prion. We performed stability analysis by finding the equilibrium points as well as the
uniqueness and existence of the model. Both analyses exhibit the qualitative behaviour of the
suggested model. Required solutions are computed for the given model using the Caputo
fractional derivative and the preferred approach. Different graphical results for the solution
of the system with different fractional order levels have been presented. Also, the graphs that
are given show that when the fractional orders have different values, the prion population
increases, and the monomer population decreases. This paper presents illustrations that
highlight the contribution of fractional derivatives to the result. In many fields, the study of
fractional-order differential equations and the use of the PC approach can be very helpful in
the analysis of complicated dynamical systems. We address the current and future studies
on neurodegenerative diseases as well as the paradigm shifts in disease description and
diagnosis. Neurodegenerative disease descriptive epidemiology is changing quickly. The
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future planning and results of population-based research as well as the formulation of public
health intervention policy will be enhanced by these implementations.
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