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Abstract: Semiparametric panel data models are powerful tools for analyzing data with complex
characteristics such as linearity and nonlinearity of covariates. This study aims to investigate the
estimation and testing of a random effects semiparametric model (RESPM) with serially and spatially
correlated nonseparable error, utilizing a combination of profile quasi-maximum likelihood estima-
tion and local linear approximation. Profile quasi-maximum likelihood estimators (PQMLEs) for
unknowns and a generalized F-test statistic Fyr are built to determine the beingness of nonlinear
relationships. The asymptotic properties of POMLEs and Fyr are proven under regular assumptions.
The Monte Carlo results imply that the PQMLEs and Fyt performances are excellent on finite sam-
ples; however, missing the spatially and serially correlated error leads to estimator inefficiency and
bias. Indonesian rice-farming data is used to illustrate the proposed approach, and indicates that
land area exhibits a significant nonlinear relationship with rice yield, in addition, high-yield varieties,
mixed-yield varieties, and seed weight have significant positive impacts on rice yield.

Keywords: RESPM with serially and spatially nonseparable error; POMLE; generalized F-test statistic;
asymptotic property; Monte Carlo; Indonesian rice-farming data

1. Introduction

By tracking each individual in a predetermined sample over time, a panel dataset with
multiple observations can be collected. In contrast to cross-sectional data (Cheng and Chen [1]),
the panel data structure is sufficiently abundant to permit estimation and testing of regres-
sion models that include not only individual characteristics observed by the researchers but
also unobserved characteristics that vary across individuals or/and time periods, simply
referred to as “individual or/and time effects”. In recent decades, many studies have
focused on parametric panel data models (Chamberlain [2], Chamberlain [3], Hsiao [4],
Baltagi [5], Arellano [6], Wooldridge [7], Thapa et al. [8], and Rehfeldt and Weiss [9]).

In practice, a lot of spatial panel datasets are collected from “locations” and require
further studying. Therefore, based on classic parametric panel data models, different
types of parametric panel data models with spatial correlations at different locations are
presented. There are three fundamental types of spatial parametric panel data model
(Elhorst [10]): spatial autoregressive (SAR) model (Brueckner [11]), spatial Durbin model
(SDM) (LeSage [12], Elhorst [13]), and spatial error model (SEM) (Allers and Elhorst [14]).
A more detailed discussion can be found in Elhorst [15], Baltagi and Li [16], Pesaran [17],
Kapoor et al. [18], Lee and Yu [19], Mutl and Pfaffermayr [20], and Baltagi et al. [21].
Among these, the SEM introduced by Anselin [22] accounts for the interaction effects
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in spatially correlated determinants of the dependent variable that is excluded from the
model or in unobserved shocks with a spatial mode (Elhorst [13]). The development of
testing and estimation of SEM has been summarized in books by Baltagi [5], Elhorst [10],
and Anselin [22] as well as in surveys by Baltagi et al. [23], Bordignon et al. [24], and
Kelejian and Prucha [25], among others. However, the aforementioned SEM assumes that
the only correlation over time results from the same regional impact presented across
the panel. In spatial panel data analysis, this assumption may be too restrictive for real
situations. For example, if an undetected shock influences investments across regions,
behavioral relationships are affected, at least in the next few stages. Thus, ignoring serially
correlated errors may lead to inefficient regression coefficient estimators (Baltagi [5]).

By adding serially correlated errors to SEM, parametric panel data models with
serially and spatially correlated errors can be established. The extended models consider
not only serial correlations through spatial units but also spatial correlations at every
point temporally. Researchers have established two types of parametric panel data models
with serially and spatially correlated separable and nonseparable errors. The model with
the separable error was used to analyze the effects of public infrastructure investment
on the costs and productivity of private enterprises (Cohen and Paul [26]). The MLE
and corresponding asymptotic properties of spatial panel data model with serially and
spatially correlated separable error were investigated by Lee and Yu [27]. A random effects
parametric panel data model with serially and spatially correlated error was introduced
by Parent and LeSage [28], and the estimators were obtained using the Markov chain
Monte Carlo (MCMC) method. Elhorst [29] constructed the MLE of a parametric panel
data model with serially and spatially correlated nonseparable error without establishing
the asymptotic properties of the estimators. Lee and Yu [30] established the QMLE and
corresponding asymptotic properties for both linear panel data models with serially and
spatially correlated separable and nonseparable errors.

Although the theories and applications of the aforementioned linear parametric panel
data models with serially and spatially correlated separable/nonseparable errors have been
thoroughly explored, their usefulness in applications is often impractical because they lack
flexibility and are limited in their ability to detect complicated structures (e.g., nonlinearity).
Furthermore, a misspecification of the data generating process by the linear parametric
panel data model may result in significant modeling bias and can lead to incorrect findings.
For these reasons, Zhao et al. [31] investigated the estimation and testing issues of a partially
linear single-index panel data model with serially and spatially correlated separable errors
using the semiparametric minimum average variance method and a F-type test statistic.
Li et al. [32] obtained the POMLE, the generalized F-test, and the asymptotic properties for
a partially linear nonparametric regression model with serially and spatially correlated sep-
arable error. Li et al. [33] studied the POMLEs of the unknowns for the fixed effects partially
linear varying coefficient panel data model with serially and spatially correlated nonsep-
arable error, thereby deriving the consistency and asymptotic normality. Bai et al. [34]
constructed the estimators of the parametric and nonparametric components of a partially
linear varying-coefficient panel data model with serially and spatially correlated separable
errors using weighted semiparametric least squares and weighted polynomial spline series
methods, respectively, thereby proving their asymptotic normality.

By adding a nonparametric component to a random effects parametric model with
serially and spatially correlated nonseparable errors, a new random effects semiparametric
model (RESPM) can be established to concurrently capture the linearity and nonlinearity of
the covariates, spatial correlation and serial correlation of errors, and individual random
effects. This study explores its PQOMLE and hypothesis testing issues from theoretical,
simulation, and application perspectives. Our proposed model is different from the model
proposed by Li et al. [32], which assumes spatially and serially correlated errors are separa-
ble. The difference in model structure leads to differences in the following aspects: (1) The
parameter spaces (i.e, stationarity conditions) of the two models are different. (2) There are
differences in the estimation process, assumption conditions and theorem proofs.
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The remainder of this paper is organized as follows: In Section 2, a RESPM with
serially and spatially correlated nonseparable error is introduced, and the estimation and
testing procedures are established. Section 3 lists several regular assumptions and theorems
for the estimators and test statistic. In Sections 4 and 5, numerical simulations and real data
analyses are presented. Finally, Section 6 summarizes the results. The Appendix contains
the proofs of the lemmas and theorems.

Notation. Some important symbols and their definitions that appear throughout the
paper are given in Table 1.

Table 1. Some important symbols and their definitions.

Symbol Definition
Winax Maximum eigenvalue of matrix W
Wiyin Minimum eigenvalue of matrix W
lo| The absolute value of p
|Z] The determinant of matrix X
¥/ The transpose of matrix X
x1 The inverse of matrix ¥
tr(X) The Trace of matrix X
diag(ay, ..., an) Diagonal matrix composed of elements a1, ..., ay
1
sl r(5'S)? = {Lj lsyl’}
B, Convergence in distribution
N Convergence in probability
iid Independent idetically distributed
KK The convolution of function K
® Kronecker product
= "Defined as” or “marked as”
N(0,%) Normal distribution with mean 0 and variance &
)(121 £ x? distribution with degree of freedom d f

2. Estimation and Testing
2.1. The Model

The form of RESPM with serially and spatially correlated nonseparable errors is
as follows:

Vit = Zigy + f (i) + bi +vie, 1)
where i (1 < i < N) denotes the i-th spatial unit; ¢ (1 < t < T) denotes the t-th period;
yir denotes the observation of the response variable; z;; = (zj11,zif, - - - ,zitp)/ and ; =
(Litt, it - - - ,Litq), denote observations of p- and g-dimensional covariates, respectively;
v = (1,72, ---,7p) is a p-dimensional regression coefficient vector of z;; f(-) is an
unknown nonparameteric function; b; represents the i-th individual random effect; and v;;

represents the if-th error term and is independent of b;.
Let Yy = (yie,--- ynt)s Zt = (zie--2ne)'s B = (f(ae), -, f(ine))', and b =

(b1,...,bNn)". Then, model (1) can be expressed in the following matrix form
Yi=Zyy+F+b+uv, 2
and its error term follows a serially and spatially correlated nonseparable error structure.
v = p1Wue + povi—1 + €, 3)

where vt = (v14,...,vNt) and W = (wij)NxN is predetermined spatial weights matrix;
e = (e, ...,ent), € ~ 1ID(0,2), and b; ~ 11D(0, c;"%), 2, {fi are the variances of ¢;;
and b;, respectively; and p; and py denote the spatial and serial correlation coefficients,
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respectively. Similar to Elhorst [29], model stationarity requires not only |p2| < 1 and
1/ Wyin < p1 < 1/wmax but also

|P2‘ <1- p1wWmax, if 1 >0
lo2| > 1 — p1wWmin, if pp<0

where Wy and wy,;, denote the largest and smallest eigenvalues of W, respectively.
Furthermore, let 6y = (p10, 020, 7§, 550, 6%0)’ be the true values of § = (p1,02,7/,&2, 5’12])’;
fo(1) is the true value of f(1).

2.2. PQMLE

To ensure homogeneity of variance, (3) can be rewritten as
Cvp = pavp—1 + 1, (4)

where C = C(p1) = Iy — p1W, Iy denotes an N x N identity matrix. By repeated substitu-
tion, we obtain the following equation: Cv; = v; + pzc_lvtq + p%C “214_5 + ... because C
is nonsingular. Therefore, E(Cv;) = 0, and the variance of Cv; is

Var(Cvy) = E(vpv}) + p3C YE(v;_1v]_1)C' 1 + 03C 2E(v;_ov)_,)C' 2 4 ...
=& (Iy+p3CIC T +p3C2C 2+ ) (5)
= G2[In—p3(C'O) 1N
Substituting vy +b=Y; — F— Zyyand vy_1 + b =Yy 1 — F,_1 — Z;_17y into (3), we obtain
CY; = C(Ft + Zt’)/) + pZ(Yt—l —F_1— Zt_1’)/) +e+b, t>1.

Because E(1;) = 0 and Var(v;) = ¢2C~ Iy — p3(C'C)~1]171C’'~1, model (2) for the first
period of Y; can be written as

r2cy, = 1V2CE +1Y2CZ1y +TY2CUb + €1 + b,

where I = Iy — p3(C'C)~! and I''/2 may potentially be the Cholesky or spectral decom-
position of I'; U = Iy ® IT, ® denotes the Kronecker product. Letting 17 = €; + b, then
n = Ub + €, and the covariance matrix of # can be calculated as follows:

% = Var(Ub + €) = &1 + Iy @ (I7ly), 2] = &N (@ 4+ 1e2)N,
1 1 1 1.
Yl Sl (@ (=117,
53 (CE—FT@i ng)N (TTT)

where 4 = (111,...,17) and € = (ey,...,er)’; I denotes the NT x NT identity matrix;
and It is a T-dimensional vector consisting of ones. Hence, the log quasi-likelihood
function of the proposed model is obtained as follows:

N(T -1 N
TV oge2 ~ Niog(z + 1)
LLCYi = Ziy —R) —p2 (Y1 — Zeay — F)HIC(Y: — Ziy — F) —p2(Yeo1 — Zeay — B
2(32+TGp)
CELCYi = Ziy = R) —p2 (Y — Zeay — F)' (I - H)[C(YG — Zey — F) —pa (Y1 — Zeay — Fia))]
237
(Y1 = Z1y = R)'CTY? (1 - H)TV2C(vi — Z17 — Fy) - M —-Ziy - F)'C'TV2 HIV2C (Y, — Ziy — Fy)
232 2(¢2 +T¢7) ’
where H = Iy ® (T rl}).
Because F; is unknown, Equation (6) cannot be maximized to obtain the quasi-
maximum likelihood estimators of the unknowns. To solve this issue, the unknowns

NT 1
logL(6) = — Tlog(ZTE) + Elogm + Tlog|C| —

(6)
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of the model are estimated by combining POMLE and Working Independence Theory
(Cai [35]). The primary steps are as follows:

Step 1. Let fin(¢) be the initial estimator of f(1). We further assume that vy is known
and let fiy (1) = 4. Then, ¢ = (a1, (Saz)’)’ can be obtained as

~

= argmin rlV —HOEKs ()Y ~ (0],

where a5 is the first derivative of f(:), Y = (#11,---, 51T, ---, IN1, - - -, INT) ) Jit = Vit —
zhy, T() = [t11(0), .o, a1 (), Nt (1), - ant (D] (1) = [L, Sy — 1)1 |S| is the
determinant of S = diag(sy,...,s4), Ks(1) = diaglks(111 —1),..., ks(tir — ), ..., ks(in1 —
0),..., ks(tnt —1)], ks () = |S|7'k(S711); and k(-) is a g-dimensional kernel function.

Let ¢(1) = [’ (1)Ks()T(1)] 717 (1)Ks (1), then ¢ = 1(1)Y and

fin() = 1,(1)Y, ()

where 1,(1) = ejt(), eo = (1,0,...,0)".

Step 2. Denote Y; = T'V2C(Yy — 1,1Y), Zi = TY2C(Zy — 1,12), Y = C(Y; —
tetY)—p2(Yim1 —tey—1Y), Zf = C(Zt — 1y Z) — Pz(ZtA—l —to4—1Z), where topisan N x NT
block of t.(¢) in Equation (7) and t > 2. Substituting fn(¢) into (6), we obtain

1ogL(6, (1)) =~ Slogir| + Thog|c| - M= Wiogz2 ~ Niog(2 1 123)
-z HY =7y (C -z (- =2y O

22 2(¢2+ T¢3) '

where Y* = (Yl*', .. .,Y;r)’, Z* = (ZT', .. .,Z}')’. Therefore, the initial estimators of v, Cé,

and 513 are:
1 .

v = mw (I-H)Y*, )
Az 1 ~*/ % 1 A2
ChIN = WY HY" — TgeIN' (10)
/)\/IN = [Z*,( ’;—I + %) - H’\z )Z*]ilz*,( ’;_I + 2D - H’\z )Y*/ (11)
Cern Sern T TShy Cernv Sern T TChy

where Y* = (Y;,...,Y4), and Y = Y; — Z' 7.
Step 3. By substituting (9)-(11) into (8), the concentrated log quasi-likelihood function
of p1 and p; can be calculated as follows:

N(T -1 ~ N o o
%l%"ﬁm - 5108(5511\1 +TEN). (12

- 1
logL(p1,p2) = —510g|T'| + Tlog|C| —
Because Equation (12) is a nonlinear function of p; and p,, the corresponding estimators
obtained by the optimization algorithm are

(01,02) = argmaxlogL(p1,p2). (13)
01,02

Step 4. Substituting p; and p, into (9)-(11), we obtain the ultimate estimators of -, &2,

and ‘:l% as 4, &2, and {fi, respectively. By replacing 4, &2, and 6% in (7), the ultimate estimator
£(1) of f(1) are obtained. Hence,

1

A A (14)
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~ 2 1 1 A
= — Y'HY - 2@ 1
¢p = NT Tée, (15)

e H I-H .. .. H I-H
A A A C e
G¢ G+ Tg, ce  Ge+Tg,
F) =y,
where Y* = (Y., Y5 ), Yy =Yy =274,V = (Y7,..., V), 2" = (Z{’,...,Z;’)',ﬁ* -
17280y — 1Y), 27 = TV2C(Z1 - lelz) Vi =C(Y; — letY) P2(Ye1 = ter1Y), Z 72y =
C(Zt — le,tZ) PZ(Zt 1~ Let— 1Z) = Iy — PZ( C)_ = Iy — p1W and Y Y — Z/")\/

)Y, (16)

(17)

2.3. Hypothesis Test for Nonparametric Component

As outlined in Section 2.2, a hypothesis test is constructed to ensure the rationality of
nonparametric model specification (1) as follows:

9 9
Hy: f(tr) = Qo+ Y Cjtij versus Hy: f(1yg) # o+ Y Citisjs
=

j=1

where o, (1, - . .,g,, are constant parameters. Following the generalized F-test statistic
introduced by Fan et al. [36], let f(1;;) be the estimator obtained by the PQML method in
Section 2.2. Let f (1) = To + Z}Ll 4 jlitj and  be the quasi-maximum likelihood estimators.
The resulting residual sum of squares can be obtained using the null and alternative
hypotheses, respectively:

N T

RSS(Ho) = Y. Y lyie — Fluie) — 247,
i t=1
N T

RSS(H1) = Y2 Y[y — f ) — 241"

_..
Il
-

To test the null hypothesis, a test statistic is conducted as follows:

. _ NTRSS(Hy) — RSS(Hi)
NT= 7 RSS(Hy)

(18)

3. Asymptotic Theory
3.1. Assumptions

Before presenting the theoretical analysis of the proposed POMLEs and test statistic,
we make some regular assumptions.

Assumption 1. (i) Covariates {z;;, tit}f\i{ 1 are nonstochastic regressors which are uniformly
bounded (UB) in Z x A, where Z and A are parameter spaces of z;; and 1, respectively.

(ii) There exist my(-) and a continuous function (-) that satisfy m(-) > 0 and 1\513100 & N,

(1) = [ e(t)ymy(r)de.

Assumption 2. (i) w; =0, wjj = O(1/1y), where W = (wij)NxN-
(ii) When N — oo, Iny/ N — 0 holds.
(iii) C is nonsingular in parameter space A.

(iv) The row and column sums of W and C~! are UB.

Assumption 3. As N — oo, ||S|| — 0, N|S|> — oo, ||S||*|S|~! — 0and N|S|||S||* - M €
[0, 00), where M is a constant.
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Assumption 4. K(-) is a kernel function on R7 with 0 odd order moments.
Assumption 5. The models (1)—(3) are tenable with 5y = (p10, 020, Y, &2, Cog) -
Assumption 6. X is a positive definite matrix, as defined in Theorem 2.

Remark 1. Assumption 1 provides the features of the covariates, random error term, and density
function. Assumption 2 concerns the basic features of the spatial weights matrix parallels Assump-
tion 3 in Su and [in [37] and Assumption 5 in Lee [38]. Assumptions 3 and 4 are related to the
bandwidth and kernel functions. Specifically, Assumption 3 is similar to Assumption 4 of Hamilton
and Truong [39] and Assumption 7 of Su and Ullah [40] and is easily satisfied by considering
S = diag(sy, ..., 8q) with s; o NV 49 for g < 4. Assumptions 5 and 6 are important for proving
the consistency and asymptotic properties of the estimators.

3.2. Asymptotic Properties
The reduced form of y;; is obtained as follows:

Vit = ziyv0 + foltie) + bi + vig, (19)
N

Vit = 010 Y_ WijVjt + P20Vi—1 + €ip (20)
=1

Note that t, = (te11,...,tenT), Where 1, = te(1;). Denote a typical entry of i.(1) by
te(tig, 1) = €' [T (1) Kg (1)T(1)] 1T (1)K (1 — 1), where Ty (1) is a typical column of 7(1).

Lemma 1. Upon fulfilling Assumptions 1-5, we have ||t|| = O,(N~1/2|S|71/2).
Hamilton and Truong [39] provided the proof.

Lemma 2. Upon fulfilling Assumptions 1-5, we have
() te(tip, 1) = N7 'Ks (1 — 0)m(1)[1 4+ op(1)], where (1) = Yy my(1).

(i1) I\gim P{N'[T'()Ks()i(n)]j < M} =1forre Ai,j=1,...,4+1.
—o0

i) lim P 1) <O(NT)7YS|71} =1
() lim {Slfp1<i<nlzia1x<t<7‘|Le<l”’1)|_O( )RS

Su and Ullah [41] provided the proofs.
Lemma 3. Upon fulfilling Assumptions 1-5, we have ||(I — t)(Fy)nTxnT|| = Op(||S||?).

Hamilton and Truong [39] provided the proof.
Using the lemmas listed above, we establish the following theorems:

Theorem 1. Fulfillment of Assumptions 1-5 leads to  — 5y = op(1).

Theorem 2. Fulfillment of Assumptions 1-6 leads to

o D . _ — -
VNT(6 = do) = N (0, lim (Z5] + 23105 21)),

where .5, = —E[ﬁ azlgfa%(,‘s(’) ], Qs, is defined in (A7).

Theorem 3. Fulfillment of Assumptions 1—4 leads to

NISI@G — ) 2 N(0,02(9)),
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where 0 (¢) = G”L’(l)(f%t(l)é and the form of G is provided in the Appendix.
Theorem 4. Fulfillment of Assumptions 14 leads to

D, . 2
"eENT — Xags

_1[R2
where df = rck|Al/|S|, 1 = Wm,ck = K(0) — 3 [ K2(1)dy, A is the support set

of 1, K(1) = diag(S™ k(S (111 — 1)), ..., ST k(S (int — 1))).

Remark 2. This paper focuses on the case with a large N and fixed T. In terms of estimation
procedure, there is no restriction on N and T. Therefore, the estimation method can be applied to
both fixed and large T cases. However, the asymptotic theory of estimators with both the fixed T and
large T cases may be different.

4. Monte Carlo Simulation
4.1. Performance of PQMLEs

This section is devoted to use Monte Carlo simulation to examine the performance of
POMLE:s in finite sample cases. The mean square error (MSE), mean absolute deviation
error (MADE), and standard deviation (SD) are used as the evaluation criteria, where

Q A
MADE] = Q_1 Z:l ‘f([q) 7f([q)|, ]: 1,2,. . ’Srt,
q=

{lq}qul are fixed nodes in the support set of 1, and srt denotes the number of repetitions.
In the subsequent simulations, K(1) = ﬁ(l — 12)1(2 < 5) (Su [42]) and the rule of
thumb method (Mack and Silverman [43]) is utilized to select window width and srt is set

as 1000.
The simulation data are generated using the following model:

Vit = zipy + f (1) +bi +vit,
N . (21)
Vig =01 ), WijVit + pavig—1 + €, i=1,...,N,t=1,...,T,

=1

where N, T are the numbers of spatial unit and time period, respectively. In order to study
the performance of PQMLE:s in different finite sample cases, we take N = 40,60,80 and T =
10, 15, 20 respectively. z;; ~ U[—2,2], 1; ~ U[-3,3], b; ~ i.i.d.N'(0,0.5), € ~ i.i.d.N(0,0.5),
f(iit) = sin(—%12) +0.61; + 1,y = 1, respectively. According to the parameter space of p;
and pp, we set p; = 0.2,0.7, and p = 0.4,0.5, respectively. W = (wi]-) NxN is replaced with
the Rook weights matrix (Anselin [22]). The simulation results are listed in Figure 1 and
Tables 2-7.

Figure 1 shows the trajectories of () and its 95% confidence interval for p; = 0.2 and
p2 = 0.7. In Figure 1, the green solid, red solid, and black dashed curves denote f(¢), f(1),
and the corresponding 95% confidence intervals, respectively. Upon examining each curve
and subgraph carefully, clearly, f(1) is quite close to f() and its confidence bandwidth
is tight, indicating that the POMLE of nonparametric component works effectively on
finite samples.
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N=40,T=10,p,=0.2,p,=0.7

N=40,T=15,p,=0.2,0,=0.7

N 2 - o 1 2 3

it

it

f(e)

)

f)

El o 1 2 3

Lit

N=60,T=10,p,=0.2,0,=0.7

El [ 1 2 3
L,
it

N=80,T=15,0,=0.2,0,=0.7

Figure 1. Cont.
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N=80,T=20,p,=0.2,0,=0.7

Figure 1. f(1) and its 95% confidence intervals with p; = 0.2 and p, = 0.7 under different N and T.

Table 2. Parametric simulation results with N = 40.

T = 10 T = 15 T = 20
Parameter True Mean MSE Mean MSE Mean MSE
01 0.2000 0.1746 0.0017 0.2113 0.0015 0.2046 0.0012
02 0.7000 0.7646  0.0014 0.6786 0.0009 0.6895 0.0007
p1 =02 ot 1.6000 1.6034 0.0022 1.6010 0.0016 1.6008 0.0013
02 =07 &2 0.5000 0.4746 0.0346 0.4932 0.0214 0.5035 0.0075
é‘% 0.5000 0.5512 0.0154 0.5313 0.0045 0.5054 0.0014
01 0.4000 0.4279 0.0038 0.3870 0.0028 0.3889  0.0020
02 0.5000 0.5590 0.0029 0.5589 0.0025 0.5330 0.0019
p1 =04 ot 1.6000 1.6005 0.0009 1.6003 0.0007 1.5998 0.0004
02 =05 1 0.5000 0.5700 0.0242 0.5353 0.0212 0.5243 0.0205
@‘% 0.5000 0.5425 0.0351 0.5166 0.0138 0.5138 0.0108
01 0.5000 0.5287 0.0037 0.4722 0.0032 0.4869 0.0031
02 0.4000 0.4640 0.0031 0.4264 0.0030 0.4113 0.0028
p1 =05 ot 1.6000 1.5981 0.0007 1.6005 0.0003 1.6004 0.0002
02 =04 g’g 0.5000 0.5390 0.0176 0.5184 0.0141 0.4935 0.0034
@‘% 0.5000 0.5615 0.0177 0.4820 0.0119 0.5015 0.0039
01 0.7000 0.6667 0.0055 0.7092 0.0041 0.7054 0.0040
02 0.2000 0.2860 0.0052 0.2319 0.0043 0.2038 0.0037
p1 =07 o4 1.6000 1.6020 0.0008 1.5996 0.0003 1.5997 0.0002
02 =02 gg 0.5000 0.5446 0.0051 0.5372 0.0024 0.5232 0.0014
Q’% 0.5000 0.5578 0.0152 0.5381 0.0091 0.5295 0.0027
Table 3. Parametric simulation results with N = 60.
T = 10 T = 15 T = 20
Parameter True Mean MSE Mean MSE Mean MSE
01 0.2000 0.2130 0.0009 0.2081 0.0007 0.2007  0.0005
02 0.7000 0.7171 0.0016 0.6878 0.0014 0.6954 0.0004
p1 =02 ¥ 1.6000 1.5981 0.0011 1.6006 0.0010 1.6002 0.0008
02 =07 gg 0.5000 0.4490 0.0287 0.4773 0.0213 0.5214 0.0057
Q’Z 0.5000 0.5626 0.0074 0.5441 0.0071 0.4947 0.0069
01 0.4000 0.3912 0.0017 0.4074 0.0013 0.3949 0.0011
02 0.5000 0.5082 0.0018 0.5045 0.0015 0.5039 0.0012
p1 =04 0% 1.6000 1.6007 0.0005 1.6004 0.0003 1.5999 0.0002
02 =0.5 2 0.5000 0.5594 0.0205 0.4900 0.0200 0.5099 0.0195
<2 0.5000 04714 0.0090 0.4847 0.0087 0.5077 0.0079

S
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Table 3. Cont.
T = 10 T = 15 T = 20
Parameter True Mean MSE Mean MSE Mean MSE
01 0.5000 0.4730 0.0024 0.4823 0.0018 0.4858 0.0016
02 0.4000 0.4322 0.0022 0.4273 0.0017 04139 0.0014
p1 =05 01 1.6000 1.6005 0.0003 1.6003 0.0002 1.5998 0.0001
p2 =04 g 0.5000 0.5591 0.0071 0.5125 0.0065 0.5072 0.0026
é‘% 0.5000 0.4851 0.0118 0.4856 0.0103 0.5100 0.0030
01 0.7000 0.6808 0.0026 0.7130 0.0024 0.6876 0.0019
02 0.2000 0.2189 0.0025 0.2124 0.0023 0.1970 0.0016
p1 =07 01 1.6000 1.6010 0.0003 1.6008 0.0002 1.6007 0.0001
p2 =02 62 0.5000 0.5509 0.0035 0.5214 0.0020 0.5085 0.0012
é‘% 0.5000 0.5556 0.0086 0.5302 0.0084 0.5170 0.0019
Table 4. Parametric simulation results with N = 80.
T=10 T=15 T=20
Parameter True Mean MSE Mean MSE Mean MSE
01 0.2000 0.2066 0.0004 0.2048 0.0004 0.2003 0.0001
02 0.7000 0.6909 0.0006 0.6978 0.0003 0.6989 0.0002
p1 =02 01 1.6000 1.5991 0.0013 1.5997 0.0007 1.6002 0.0006
p2 = 0.7 g’g 0.5000 0.4755 0.0079 0.5193 0.0047 0.4967 0.0046
é‘% 0.5000 0.5361 0.0063 0.5088 0.0061 0.5004 0.0039
01 0.4000 0.4012 0.0011 0.4004 0.0009 0.3999 0.0007
02 0.5000 0.5092 0.0010 0.5081 0.0008 0.5055 0.0007
p1 =04 01 1.6000 1.5986 0.0004 1.6010 0.0003 1.6003 0.0002
p2 =05 g’g 0.5000 0.4763 0.0204 0.4857 0.0157 0.4961 0.0097
é‘% 0.5000 0.5595 0.0087 0.4813 0.0074 0.4899 0.0068
01 0.5000 0.4933 0.0018 0.4997 0.0013 0.4998 0.0010
02 0.4000 0.4401 0.0017 0.4200 0.0014 0.4064 0.0013
p1 =05 Y 1.6000 1.5991 0.0002 1.5994 0.0002 1.6002 0.0001
02 =04 @’g 0.5000 0.5034 0.0067 0.5008 0.0048 0.5004 0.0021
@‘% 0.5000 0.4628 0.0066 0.4767 0.0053 0.4802 0.0025
01 0.7000 0.7272 0.0028 0.7258 0.0019 0.7119 0.0012
02 0.2000 0.1840 0.0046 0.1879 0.0039 0.1927 0.0013
o1 =07 ¥ 1.6000 1.5993 0.0008 1.6004 0.0005 1.6003 0.0001
p2 =02 gg 0.5000 0.5043 0.0031 0.5005 0.0018 0.4997 0.0011
Q’% 0.5000 0.5191 0.0048 0.4835 0.0034 0.5127 0.0010
Table 5. Nonparametric simulation results for medians and SDs of MADEs with N = 40.
T = 10 T = 15 T = 20
—02 —07 Median 0.3000 0.2635 0.2198
p1 =" p2 =" SD 0.2826 0.2588 0.2518
o4 s Median 0.2430 0.2365 0.2313
p1="> P2 =5 SD 0.2939 0.2584 0.1742
— 05 — 04 Median 0.3013 0.2779 0.2281
p1 =" p2 =5 SD 0.2089 0.2085 0.1833
—o07 —02 Median 0.3635 0.3627 0.3502
p1 =" p2 =" SD 03116 0.3012 0.2903
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Table 6. Nonparametric simulation results for medians and SDs of MADEs with N = 60.

T=10 T=15 T=20

— 02 — 07 Median 0.2656 0.2532 0.2145

1 =70 p2 =1 SD 0.2088 0.2013 0.1466

— 04 —05 Median 0.2099 0.2022 0.1768

p1 =" p2 = SD 0.1872 0.1666 0.1653

—05 — 04 Median 0.2917 0.2723 0.2188

p1 =" p2 =L SD 0.2044 0.2032 0.1809

— 07 —02 Median 0.3550 0.3365 0.3244

p1="0 p2 =1 SD 0.2857 0.2781 0.2235
Table 7. Nonparametric simulation results for medians and SDs of MADEs with N = 80.

T=10 T=15 T=20

—02 —o07 Median 0.2425 0.2415 0.1743

1 =70 p2 =1 SD 0.2049 0.1768 0.0952

— 04 —05 Median 0.1991 0.1855 0.1701

pr=">u P2 =1 SD 0.1807 0.1594 0.1530

05 04 Median 0.2779 0.2392 0.2082

p1= P2 = SD 0.2008 0.1752 0.1747

07 02 Median 0.3074 0.3071 0.2835

1= P2 = SD 0.2008 0.1976 0.1598

In Tables 2-7, we observe the following: First, the MSEs of g1, 02, and 4 are extremely
small and decrease with an increase in N. The MSEs of £2 and {2 are slightly larger than
those of the other parameter estimates, but decrease with an increase in N or T. When N is
fixed and T gradually increases, the behavior of the parameter estimates resembles that of
N varying under a fixed T. Second, the Medians and SDs for MADEs of f (1) decrease as T
or N increases. Thus, the PQMLEs are convergent.

4.2. Monte Carlo Simulation of Multivariate Nonparametric Estimates

A two-dimensional nonparametric function is selected for the simulation experiment.
Considering model (21), we set f(1;¢) = f(Lin1, Lin) = sin(i3, + 2, + 4up1), in ~ U[0,1],
tip ~ U[0,1], p1 = 0.2, 00 = 0.7, N =40, and T = 10. The settings of the other variables in
this simulation are the same as those of the model in Section 4.1. The simulation results
indicate that the parametric estimation results are similar to those described in Section 4.1.
To save space, we only present the nonparametric simulation results. Figures 2 and 3 show
the trajectories of f(¢) and f(t), where Figure 2 is f(1) and Figure 3 is f (). The median and

SD values of f(1) are 0.2987 and 0.1328, respectively. The trajectory of f(1) is similar to the
real trajectory, and the fitting effect is acceptable.

Figure 2. The trajectory of f(- ).
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Figure 3. The trajectory of f(-).

4.3. Simulation Results of Different Models

To examine the necessity of including f(¢), p1, and p, of the model (21), four new
models are established by successively eliminating f (1), p1, p2, p1, and p; from model (21)
as follows:

Vie = 2z + bi + vy, )

Vit = p1 Z]-I\il WijVjt + P2Vit—1 + €it,
{ Vit = zjy + f () + bi + vi, (23)

Vit = P2Vit—1 + €it,
Vit = zj;y + f(ue) + bi + v,
_ N (24)
Vip = 1 X1 WijVje + €iy,

Yit = 2y + f (1) + bi + €, (25)

where all the variables of the aforementioned four models have the same setting as in
model (21). To save space, the following simulation results only present the cases of
p1 =04, pp =05 N =40, T = 10,15, and srt = 1000: The POMLE results for the
parameters of models (21)—(25) are provided in Table 8.

Table 8 displays the parametric estimation results for models (21)—(25), where GRM
represents the growth rate of MSE which is compared with the MSE of model (21). From
Table 7, the following facts can be deduced: (1) The Means of the parameter estimates in
model (21) are closer to the real value as sample size increases. The Means of parameter
estimates in models (22)—(25) approach the real value with increasing sample size except
for p1, p2, and 5% in model (22), 4 and cf% in model (23), 4 and ég in model (24), and all
the parameters in model (25). (2) Compared to model (21), the MSEs of each parameter
in models (22)—(25) increase, and for almost all parametric estimates, they decrease with
increasing sample size, except for p and ¢Z in model (22), £2 in model (23), and p; in model
(24). (3) The GRMs of all parametric estimates are large. However, GRMs do not decrease
with increasing sample size for some parameter estimates, such as g, and 6127 in model
(22), 63 and éf% in model (23), and p; and (f% in model (24). This implies that consistency of
parameter estimation is difficult to ensure in case of model misspecification.

Table 8. Parameter simulation results of the models (22)-(25) with N = 40.

T=10 T =15
4 p1 p2 & & 4 p1 p2 & &
model (21) Mean 1.6005 0.4279 0.5590 0.5700 0.5425 1.6003 0.3870 0.5589 0.5353 0.5166
MSE 0.0009 0.0038 0.0029 0.0242 0.0351 0.0007 0.0028 0.0025 0.0212 0.0138
Mean 1.6036 0.5221 0.3696 0.4879 0.6991 1.6011 0.5386 0.3611 0.4888 0.7302
model (22) MSE 0.2011 0.5039 0.7034 0.0054 0.1184 0.0008 0.1081 0.7051 0.0022 0.9068
GRM(%) 22244 13160 24155 4.96 237 14.28 3760 28104 3 6471
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Table 8. Cont.

T =10 T=15
4 p1 p2 & & 5 p1 p2 & &

Mean 1.5978 - 0.3610 0.7530 0.3147 1.6024 - 0.3840 0.6282 0.2515

model (23) MSE 0.0309 - 1.0052 1.0206 0.0467 0.0013 - 0.3026 1.0065 1.0143
GRM(%) 3333 - 34562 4117 33 85.71 - 12004 4647 7250

Mean 1.5980 0.5406 - 0.6458 0.4181 1.6024 0.5070 - 0.6282 0.3487

model (24) MSE 0.0016 0.0083 - 0.1107 0.0513 0.0012 0.0124 - 0.0365 0.0294
GRM(%) 77.77 118.4 - 357.4 46 71.42 342.8 - 72.2 113.0

Mean 1.6005 - - 0.6258 0.4167 1.6025 - - 0.6477 0.2888

model (25) MSE 0.0013 - - 0.0472 0.0593 0.0007 - - 0.0452 0.0153
GRM(%) 44.44 - - 1855 68.9 0 - - 113 10.86

4.4. Performance of the Testing

In this section, to assess the performance of Fyt in Section 2.3, the power is calculated.
Consider model (21), where the settings of z;, b;, w;; and €;; remain unchanged from those
in Section 4.1, namely, p; = 0.2, 00 = 0.2, N = 80, T = 8, 16, srt = 1000. Thus, we study
the following hypotheses:

Ho: f(1it) = Go + Gty versus  Hy : f(i¢) # Co+ Citit,

where f(1;;) denotes a series of nonparametric functions with f(1;¢) = tsin(31%) + 0.64; + 1,
1y ~ U[0.2,1.6] and T is set to (0,0.05,0.1,0.2,0.5). f(1;) = tsin(33) 4+ 0.61; + 1 is a
combination of a nonparametric function controlled by T and a linear function. Moreover,
when T is 0, f(;) is a linear function, and as T increases slightly, f(1;) is a nonlinear
function. All the trajectories of f(i) at different T values are shown in Figure 4, where
clearly the trajectory of (1) at T = 0 is the same as that under the null hypothesis. As T
increases, the trajectory of f (1) digresses from the null hypothesis. The powers of Fyt are
shown in Figure 5.

it

Figure 4. Trajectories of f(¢) under 7 = 0,0.05,0.1,0.2, and 0.5, respectively.
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Figure 5. The test size (7 = 0) and the powers (T # 0) of test statistic Fy7 under « = 0.01,0.05,
respectively, with sample size N * T.

In Figure 5, (1) when T = 0, the test size approaches its significance level and surges
with an increase in 7. This implies that Fyr is susceptible to the alternative hypothesis
of the given test problem. (2) For the same N, testing at T = 16 outperforms that of This
demonstrates that testing performance improves with increasing sample size.

5. Real Data Analysis

In this section, the proposed estimation and testing methods are demonstrated on
the Indonesian rice farm dataset. This dataset is collected by the Agricultural Economic
Research Center of the Ministry of Agriculture of Indonesia. It covers 171 farms over six
growing seasons (three wet and three dry seasons) and has been widely used in random
effects models (Feng and Horrace [44]).

The dataset includes observations of five variables which are rice yield, high-yield
varieties, mixed-yield varieties, seed weight, and land area, respectively. Rice yield is taken
as response variable and others are taken as covariates whose definitions are given in
Table 9.

The testing method proposed in Section 2.3 is used to determine whether a nonlinear
connection exists between the covariates and response variable. The outcomes of the F-test
are listed in Table 10. Table 10 shows that land area (other covariates) exhibits a significant
nonlinear (linear) relationship with rice yield at a significance level of « = 0.01.

Table 9. The description of variables.

Variable Description

If high yield varieties are used, value of high yield varieties equals 1,

high yield varieties else equals 0.

If mixed yield varieties are used, value of mixed yield varieties equals 1,

mixed yield varieties else equals 0.

seed weight Seed weight used at {-th season on i-th farm (unit: kilogram)

land area Number of hectares of rice
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Table 10. F-test results with « = 0.01.
Variable High Yield Variety = Mixed Yield Varietie =~ Seed Weight Land Area
F-test value 4.43 5.16 1.27 181.64 ***
Note: *** presents that it is significant under test level 1%.
Therefore, the following model is established for the data analysis:
/
Yir = Zigy + f (tie) + bi + vig,
(26)

N
Vit = P1 2 WiiVjt + 02Vit—1 + €it, 1<i<171,1 <t <6,
=

where yj, zi;, and 1;; denote the denotes the ith observation of log(rice), high- and mixed-
yield varieties, seed weight, and land area during the tth growing season, respectively.
Furthermore, the w;; is determined using the following method (Druska and Horrace [45]):

where 7, j denote the i-th and j-th village, respectively. Moreover, the weights matrix is
normalized to ensure the elements of each row sum to 1. Additionally, the weights matrix
is assumed time invariant, so the ¢ subscript can be dropped.

Table 11 shows the parametric estimation results, which reveals that (1) All linear co-
variates 4;(i = 1,2,3) > 0 have a positive impact on rice yield. (2) £ = 0.3140 demonstrates
that the rice yield is generally steady and less susceptible to exogenous perturbations.

Figure 6 presents f (1) and its 95% confidence interval, where the blue short dashed
curve denotes f(), and the red and green solid curves correspond to the 95% confidence
bands. Clearly, land area has a nonlinear effect on rice yield.

Table 11. Parameter estimation results.

Parameter 01 P2 1 T2 T3 & &
Estimate 0.9018 ***  (0.0124 ***  (0.2818 ***  (0.4881 ***  0.0020 **  0.3140 **  0.2907 ***

Note: *** presents that it is significant under test level 1%.

10

it)estimate

f(e

20 e

.25 1 1 1 1 1
it

Figure 6. The nonlinear effect of ¢;(land area) on y;(log(rice)).
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6. Summary

This study mainly explores the POMLE and F-test of RESPM with serially and spatially
correlated nonseparable error. Our model simultaneously captures the linear and nonlinear
effects of the covariates of spatially and serially correlated errors and individual random
effects. PQMLEs are constructed for unknowns along with test statistic Fyt to determine
the beingness of nonlinear relationships. Their asymptotic properties are derived under
regular conditions. The Monte Carlo results indicate that the proposed estimators and test
statistic behave well on finite samples and that ignoring the spatial and serial correlations
of errors may lead to inefficient and biased estimators. The proposed estimation and testing
techniques are used to analyze Indonesian rice farming data.

The paper can be extended in several ways. We can apply spline estimation method or
local polynomial method to approximate the nonparametric function, and combine GMM
(Cheng and Chen [46]), quadratic inference function estimation (Qu [47]) or POMLE to
obtain the estimators of unknowns. Additionally, we can also consider extending these
methods to other similar models, and the Bayesian analysis, variable selection, and quantile
regression analysis of these models are also worth studying. In the future, we may use
the proposed estimation and test methods to conduct empirical analysis, for example,
investigating the drivers of CO;, PM; 5 and energy efficiency.
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Appendix A

Proof of Theorem 1. Define Qnr = max, z E[logL(3, fin(1))]. A straightforward calcula-
tion provides

N(T—1)
7 El

1 A N o o
Ont(p1,02) = *5108|F| + Tlog|C| — logl?N] — 55[108@?11\1 +TE )]

and

N(T - 1)
2

. 1 A N A .
logL(p1,02) = —EIOgIFI + Tlog|C| — loglZin — ?log(é‘gm + TE ),

The method for proving the consistency of 4 is adopted from Lee [38] and White [48]
(Theorem 3.4), to show

1
m[logL(Plfpz) — Qnrt(01,02)] = 0p(1). (A1)

By (11), we have yr[logL(p1,02) — Qulpr,02)] = Tirtlloglly — 10gE(E2n)]+
o [10g (82, + TE2) — E(log (&2 + TEX ).
Therefore, to prove (A1), we only need to prove that

&in — E(&Zy) = op(1) (A2)

and X X
&in — E(&y) = op(1). (A3)
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First, we prove that (A2) holds. Recall

~ 1 . .
2 * *

=—Y" (I-H)Y
geIN Z\[(T 1) ( ) ’

where Y* = (Y{',..., V), Y; =TV2C(Y1 — 1,1Y) —TV2C(Zy — 1,1Z), and Y; = C(Y; —
tetY)—p2(Yio1 —tep1Y) — [C(Zt —tep Z) — p2(Z4—1 — tep—1Z)](t =2,...,T). By astraight-
forward calculation, we obtain:

Gey = D1— Dy,

where D; = ﬁ?*?* and D, = ﬁf/*,H?*.
For Dy,
D=+ vyie 1 i vy (A4)
NT-1) ' ' NT-D&5 T

For the first term of (A4), we have

1
N(T-1)

[TY2C(Yy = 1,1Y) = TY2C(Z1 — 1,1 2)) [TV2C(Y1 — 1,1Y) — TV2C(Z1 — 1,1 2)]
N(T-1)

Y'Y =

1 1 1 1
(T3 CoF10 + 11 — I§ Coten (Y — Z))' [T§ CoFio + 11 — T Cote (Y — Z7)]
N(T-1) N(T-1)

and

1
Fio + Z170 + Gy 'T, 27719
Fo + Zoyo + onco_zraf’?lo +Cq M0
te1Y = te1| Fso+ Z3v0 + 030Co Ty 2110 + 020Co *1120 + C 1730 ,

_1
Fro+ Z1v0 + pzTglCO*TFO 210 + pzToszO*THUzo + ...+ Cglmo

then

—— Y/ Y; =Dy +Dpp+D
N(T—1)'1 "1 11 + D12 + D1,

where

1

Pu =g =1

1 1 1 1
(T3 CoFio — T3 Cote Fo) (T3 CoFro — T§ Coten Fo),

-

Co Lo *17o
pZOCSZF(;?elO + CalﬂQO

Dy =~ | 2c8r2 2 1 ,

12 =501y (10— | #30Co To *10 + pa0Cy 120 + Gy 30 )
. 1
030 "Co Ty 21110 + 29 2Co T a0 + .. 4+ Cy Mo
1 1
x (T CoFio — g Cote Fo),

)
By "To 1o
020Co *Tg 1110 + Co 1720
Dy3 = ! 2 03r72 -2 -1 /
B _m(ﬂlo — | 020Co T *1110 + p20Co “1720 + Cy 1130 )

_1
030 "Co Ty 2110 + 29 2Co T a0 + ..+ Cy Mo
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Dyp3 =

Dipg =

Co Lo *1mo
0p20Cy Ty ?710 + Cy Mo
x(mo — | p30Co Ty 21110 + 20C; *120 + Co 1130 ),
' 1
P20 'Co T 210 + 30 2Co T g0 + -+ 4 Cy My

and FQ = (Flo, oo /PTO)I-

For the above expression of D11, we find that the first term converges to the probabilis-
tic mean with certainty.

The above expression for D, can be decomposed as follows:

D1y = D121 — D12 — D123 + D14,

1 1
where Dy = m’ﬁoré CoFio, D122 = N(;fl)ngorg Cote1Fo,
'y
0 to 7o
1 , PZOCo_Zrafelo +Co 20 )
m (Fé Cole'l p%OCO_?)rO : 10 + PZOCO_27’]20 + C0_11730 )/1"5 COFl()/

i _1
030 Co "To 210+ 039 °Co "m0 + -+ Co o

C*lr_%
0 ‘o ’719
020Cy °Ty “mo +Cy Y120

1 1 21 1
N(T 1) 0 Coten P30C0 °To *1mo0 + p20Co *1120 + Cy 130 )'T§ Cote 1 Fo.

' _1
o251 Co Ty 20 + phy 2Cy T a0 + .+ Cy Mo

By simple calculations and Lemma 1, we obtain
E(D121) =0

and

1 1
svar(i10) (T CoFio) (T3 CoFio) = O(1).

1
Var(Di21) “NAT-1)2

According to Chebyshev’s law of large numbers, D1p1 — E[D121] = op(1). Similarly, we
obtain Dyy; — E[D1y;] = op(1)(i = 2,3,4). Therefore, D15 — E[D13] = op(1) is proven,
and thus, D;. The proof of D, — E[D;] = op(1) is similar to that of D; — E[D;] = op(1).
To avoid repetition, this is not described in this article. Combined with Assumption 5,
the consistency of 4 is obtained.

O

Proof of Theorem 2. Taylor expanding (8) at Jp, we obtain

0%logL(6) .

M |§:5<5 — 5()) =0,

3 =t T 3535

where § = (01, 02,7, (;‘2, (f%)’ and ¢ lies in between & and é0. By Theorem 1, we have 5 i> 9.
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Denote
alogL(ép) . 9logL(d) o 0%logL () £leogL(é) s 9%logL($) éazlogL(é) os
96 ol 0 0096’ 0696’ 0 0096’ 0696’
Thus, 3
VNT(§ - ) = — (g1 L_3os (8
Next, we need to prove
2 5 2
NTahar N o) (89
and
\/11\;7810%(50) L5 N(0,25, + Q). (A6)
To prove (A5), we need to show that each element of ﬁ 8213‘;‘%65/(5) — ﬁ azlgfaL (5(,‘50) con-

verges to 0 in probability. It can be shown that

2 TALW(I —H)A
1 dlogL(do) __ P tr(l"alCO_3W) _ ﬂtr(c(;lvv) n i AW ( )A1n
VNT  9p1 VNT VN VNTE,

1/ 1 _1/ 1

mW'Tg HUg Com  p3071ColTg * (CoCo) 2W'Col HI§ Coa + ' AYWH Ay

VNT (&%) + Tg%) VNT(&%) + Tg%)
1/ 1 _v 1

n mW'Tg (I = H)Tg Comn + 5011 ColLp * (CoCo) *W'Col' (I — H)T' Cor

VNTZZ,
_v 1
_ HC?) 02071 Col'y * (CoCy) " 'HTE Conpy + ' AYASH Ay
VNT 92 vNT 0 70 VNT(&2, + TE%)
_v 1
N 02071CyTy 2 (CoCy) (I — H)T§ Compy + 1’ Ay AL (I — H) Ay
VNTEZ,

1 alogL(Jo) —P20

1/ 1 ~
1 BIOgL(éo) _Z{C{)Fg Hré Com + Z/(CAl - p20A2)HA117

VNT 97 VNT(EZ) + T¢h))
~ 1/ 1
n Z'(CA1 — p20A2) (I — H) A1 + Z1CyT'g (I — H)I Comy
VNTE,
1/ 1
1 9logL(d) ~—VN(T-1) VN 1, CyL2 HIZ Coy
VNT 92 2V TE, 2VT(E2,+ Te%))  2VNT(Z%) + TE2)?
1/ 1
mCols (I—H)I§Com ' A{HA ' AL(I - H) Ay
2v/NT&, 2v/NT (&%) + T&2,)? 2V/NTE,
1/ 1
1 alogL(d) VT VT, CyT2 HIE Com VT AL HA

VNT 922 2VN(E +TE,)?  2VN(EZ)+TE3)?  2VN(E2, + T,

whereC =Ir®Cand Iris T x T identity matrix.
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Consequently, we have

1 9%logL(d) _ 1 11p3, | 203055 —1A7\2
NT o2 - (ﬁ NT o T)”KCO W)= +o(1),

1 9%10gL(8) _ P30, (-1 2020, (1 1 9%logL(dp) _
m aplapz —mtr(co W) — ﬁtr(co W) + 0(1), m apla’)// =0,

1 0%logL(%) — —tr(FoCoW) 05y, 1
1 - — = 1r(Cy W 1),
NT 901952 NT(&%+T¢h,) NT G ey

1 9%logL(6y) —tr(ToCoW) + p3tr(Cy ' W) + tr(AgW)

= — +o0(1),
NT op0c2 N(&,+ TE) .
1 PlogL(é) _ (1-T)&h o(1), L PlogLé) _
NT  9p2 2 " NT  9p20v’ '
1 Plogl(do) _ =1 pa(C T8y o
NT 002052 T(&Z + T¢h)? ge '
1 9%logL(dp) 1 1 9%logL(dp) 0 1 9%logL(dp)
NT 90,087 &4 +T&, NT 9y952 — 'NT oyd5
1/ 1 ~ ~
LazlogL((sO) _ Z{Céré Hré C0Z1 — ZI(CoAl — pzoAz)H(CoAl — pzoAz)Z
NT oyoy NT(2, + T¢%))
1/ 1 ~ ~
B ZiCéFé (I - H)ré CoZ1 + Z/(C()Al — PZOAZ)(I — H) (C()Al *pzoAz)Z
NTEZ, ’
1 9%logL(d) 1 1 9*logL(dp) 1 +o(1)
NT 9g20c2  2¢d)' NT 92202 2(3%, + i3, ’
1 0%logL(éy) T?
7T == +o(1),
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So, according to Assumption 2 (iv) and Fact 2 in Lee [38], it is important to know

1 %logLi(d) 1 9*logLy(é)
NT o2 NT  op?

= PRtr(Cy  W)?] — ot [(CT W) ot (€W — arl(C W)

{tr[(Co W) — tr[(C (p)W )T} | {0308h0tr(Co ' W)?] — 0385, tr((Co ' W)}
* NT * N
N {0385tr[(Ca W) — p385trI(Co ' W)} N {0383tr[(Co W) — p3Zhtr[(C'W)?]}
N N

=op(1).

Then, we have y
1 9%logL(8) 1 d*logL(dp) op(1)
NT 2630’  NT oaea0’ P\
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Now, to prove (A6), from Assumption 1 and Theorem 1 in Kelejian and Prucha [25],

the conclusion that \/% alc'gai%((so) is an asymptotically normal distribution with mean 0 is

obtained. Therefore, the variance is calculated as follows:

1 dlogL(J 1 dlogL (¢ 1 9dlogL(J
Var( — gaé( O)) — E( = gaé( 0) . — %5/( 0)) (A7)
1 0%logL ()
BT 000 ) T O

where

L1 Lip Li3 Lig Lis

L L L L
1 9%logL(&) * 2o m
— e = * %« Lzz Lzs Lzs | +op(1) X5+ op(1)
" NT 9696 X % Ly Lys
* * x  Lss

Qs, =

0

* ¥ ¥ X

1 11 203, B 202020
Ly = + it + 20 [(Co W), Lyp = —Mfr(co W), Liz =0,

(NT NT N NT
tr(ToCoW _ tr(ToCoW 2 tr(CIW) tr(AgW

L= (20 0 )2 . Zfz]z%tr(co W), Lys = (2 0Co 2) Paofr(Co 1 2( 4 )2 ,
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(s — 385 TN (AgpiiAronii)  (ma —38%) ENT (AgoiiArr0i) . (pa — 36%) TN (Aggii A110ii)

ITpy = ,
2NT(E% + T¢p))3 NTE& (8% + TSp) NTGS,
_ wZ' AppodiagAvgy | p3Z' ArodiagArio _ w3Z' ArodiagArey | H3Z' ArzodiagAing
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My = 4~ 3%2) Tith (Adogr) ) M (ArooiAnon) | (1a —38%) TN (Afg)
2NT(Z%) + T&2))* 2NTEE (82, + TE2,)? ANTES,
My, = 12 ArodiogAsy | psZ Arsodiaghsy On Invir 171
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Az = (In(r—1)xn(T=1), ON)s A5 = (IN, Onun(1-1)), Ae = AYWHA,, A7 = AYW(1 — H) Ay,
Ag = AYALHA,, Ag = AYAY(I — H)Ay, Arg = A\ HA,, Ay = AL(I— H)Ay, Ap = (CA; — paAs)HA,,

clr: 0 0 o0
pzc_zrf% c1 0 S 0
As = p3C3T 2 0,C 2Tz c1 0 )
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p3 and 4 are the third and fourth moments, and Ajo(i = 1, - - - , 13) are the true value of
Ai(i=1,---,13), Gy is the true value of C, respectively.
Therefore, according to Assumption 6 and the forms of X5, and ()5, we obtain
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where 77 = C(mo, 120, ---,710)" and

c-lr 2 0 0
o T,
_1 _
¢ pZOC(;ZrO 2 Gyt .0
on lC Tl" 2 p N ZC T+1 o Cal

Let¢ = < ff ) by the second order Taylor expression, we know that f(1;) = T, (1)$ +
([11‘ - L) ( )

Ly — 1) +op(]|S]|?). It is easy to obtain
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For Byy, it is easy to know that E[B1] = 0 and Var(Byp) = E[B2,] = O(1).

For Bi3, by Lemma 2 and Facts 1, 2 (Lee [38]) and Theorem 1, we can show that
[¢(1)]| = Op(NY/2|S|71) and 4 — 79 = Op(7), then By3 = op(1) can be obtained. Follow-
ing Slutsky’s theorem and central limit theorem, we obtain

VNISI($—¢) -5 N(0,0%(¢)),

where ¢ (¢) = G’L’([)U%L(l)é. O

O(ISI7%s7%) +op(1)
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Proof of Theorem 4. It can be seen that

N Fd / 2
it — f(tir) — 2} ]

7
1=

RSS(H;) =
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—_
-
I
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— Zil\il Y lyir — f i) — zly]?. For Ty, it can be obtained by Theorems 1-3 and the
calculation that
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Similarly, we have that
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where RSS*(Hy) = ZN 1 Zt 1 [Yie — f () — Z;{Y]zr and Tp = Zfi1 ZtT:1 ir — f(1ie) = Z;{?]Z -
YN, Y it — f(1) — 2,7]%. For Tp, it can be obtained by Theorems 1-3 and the calcula-
tion that

z

S
I
1=

lyir — f(‘zt - Zzt'Y Z Z Yit — zt'Y]

i=1t=

Il
_
-
Il
—

[Zhy + f(tie) + vie — f(1it) — th’ﬂz

I
™=
™=

Il
_
-
Il

[Zhy + f(tie) + vie — Fuir) — zjg]?

= |
=
ngC

I
1= N
<
=

1

VA
1O ﬁ)"’f(‘zt) it

Il
_
-
Il

(tit) — Z7)?

|
gk
mﬂ
N

-

-
Il

—

=0p(1).

Furthermore, we obtain that

ur = S iy (0 +op() +0p(1).

According to the Remark 3.4 in Fan et al. [36], under Hy, we have

Fnp -2 2
TkENT Kreerll/|s)

I(K(L)—I{fKZ(L))Zdl cx = K(0) — J [ K2(1)di, A is the support set of 1, K(1) =

diag(S™'k(S7 (111 —1)),...,S7k(S Y (tnT — 1)), and K * K is the convolution of K. [

where 7, =
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