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Abstract: Based on the spectral analysis method, Gelfand’s formula, and the cones fixed point theorem,
some positive solutions with their existence of a nonlinear infinite-point Hadamard fractional-order
differential equation is achieved on the interval [4, b] under some conditions, and particularly the
nonlinear term allows singularities for time and spatial parameters in the present study. Finally, an
analysis case is carried out to reveal the principal results.
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1. Introduction

The fractional-order differential model can exactly depict the physical and mechanical
process containing historical memories and thus establish spatial global relationship briefly.
Accordingly, the fractional-order differential model is concise in form and the parameter
meaning is obvious, so it becomes one of the effective approaches for modeling complex
mechanical and physical behaviors. Boulham et al. [1] proposed an adaptive monitor for
projective chaotic synchronization of general class fractional-order systems with chaotic
uncertainty affected by unknown input nonlinear factors, and the closed-loop stability was
strictly verified by two simulation examples and related comparative studies. Wu et al. [2]
used a new nonlinear fractional-order damaged pattern with viscosity, elasticity and plastic-
ity for rock and soil materials to characterize three-stage creep behaviors, and their pattern
fully calculated and predicted the deformation with hysteresis derived from the rapid creep
in tunnel engineering. Ma et al. [3] developed a fractional-order model termed as SEIR type
and subsequently the beingness, uniqueness, boundness of such a fractional-order system
were determined. The research conclusions indicated that it is difficult for humans to avoid
coexistence with the spread of the COVID-19 epidemic. Yang et al. [4] designed a fractional
controller of EV hybrid energy storage system that can significantly improve the control
performance with good robustness. In addition, fractional-order models have been found
to be extensively applied in photovoltaic panels [5], electromagnetic waves [6], electric
circuits [7], viscoelastic materials [8], chemical reactions [9] and biological systems [10,11].

Owing to its so many advantages and fine results while simulating the system, the
fractional-order differential model has received increasingly research attentions during the
past several years. How to get the existence result of positive solution for the fractional-
order differential model as well as its related nonlinear dynamics becomes a hot research
direction in the field of fractional-order differential models, and many meaningful results
are achieved in recent years [12-17]. Xu et al. [18] depicted the positive solutions of a kind
of fractional-order differential models as follows
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HDY x(t) + 1(t,x(t)) = 0,t € (a,b),

with the boundary value condition

x(@) = ¥(@) = 0,x0) = [ ()%

t 7

where «, 4, b are real positive mumbers, 2 < & < 3,2 < b < o0, H Dg‘+ is the Hadamard frac-
tional derivative of order a, x : [a,b] — R™ with x(t) £ 0,t € [a,b], and fﬂb x(£)(In Lya—1dt ¢
[0, (In2)*=1), it € C([a,b] x R*,RT). Arul and Karthikeyan [19] discussed the existence

and uniqueness of solutions with some integral boundary conditions of implicit Hadamard
differential equation

—HD* o(t) = g(t,o(t),F D o(t)), a <t <D,

with boundary value condition
g
v(a) =0,0(b) = g/ v(s)ds,a <o <b,¢€R,
0

where I DZ+ZJ is the standard Hadamard fractional derivative of order 1 < k¥ < 2, Arul
and Karthikeyan [19] investigated the existence and uniqueness based on Banach and
Schauder’s fixed point theorem. Wang et al. [20] studied a fractional-order iterative func-
tional differential equation containing parameter on the interval [a, b], showed as

‘Diu(t) = f(t,u(t),u(u’(t))) +m,t € [a,b],v € R\{0},9 € (0,1),A €R,

with boundary conditions
u(t) = @(t),t € lay,a),u(t) =(t),t € [b,b],

where °D] is the Caputo fractional derivative of order ¢ with the oower limit a, a; <
a < b <b,a <al,by < by, fe C(ab]x[a,b]*R),e € C([ay,a],[a,b1]) and
¢ € C([b,b1], [a1,b1]). The existence theorem is established by the method of Schauder’s
fixed point theorems [20], and Wang et al. [20] obtained data dependence of solutions and
related parameters.

In this article, an infinite-point Hadamard fractional-order differential equation is
taken into account, shown as

~HD (1) + Q(t)e(t, ¥ (1) H D5+”f/(t)) =0,a<t<b, (1.1)
with boundary value conditions

e}
HD! v (a) =M DI (a) = 04 DY ¥ (b) = Y kD ¥ (), 12)
=1
where 25 <bh <3,% >00<pu <3, 1<g <g<- - <g1<¢ <--<e(j=
1,2-), % Kj(%)b ' < land 27, «;(In %)b_l < (ln%)b_l, o(t) is singular at
t=aor/andt="b,¢:[a,b] x R xR — Ris a given function and ¢(t, x,y) is continuous,
and H D% is the standard Hadamard derivative.

Compared with [18,21], the present study contains the the derivative term in the
nonlinear term of the equation and we will deal with this difficulty, moreover, and involved
infinite points in the boundary conditions. Compared with [19], the nonlinear term is
singular in this article, and the method we used is spectral analysis and infinite-points are
contained in the boundary conditions. Compared with [22,23], the interval we discussed
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is arbitrarily closed interval [a, b], the interval [1, T] or [0, 1] in [22,23] are special cases of
interval [a, b], considering the solution of the equation on this interval will bring about a
series of problems, and we overcome this difficulty.

2. Preliminaries And Lemmas

Some important definitions and lemmas which may be adopted during the certification
in the present study, could be reviewed in the newly published papers, e.g., see [24,25], we
introduce some of them herein.

Definition 1 ([24,25]). Let a > 0, then the Hadamard-type fractional left integral of order f > 0
of a function h : [a, c0) — R is defined by

B _ 1 dg
ML) = £y [0 2 )%, e >

Definition 2 ([24,25]). Let a > 0, h : [a,00) — R, " 1h("=1(t) € AC[a,0),n € N,
B € (n—1,n), then the Hadamard fractional left derivative of from [a, +o0) is defined by

DL = gy )" [ I e >

Lemma 1 ([24,25]). For B € (n—1,n),n € N,h € L[a,o0),a > 0, the fractional equation
HDf+h(t) + w(t) = 0,t > a has expression of solution

L tog_i 1 bt s
() = Yoxilin ) = o [ P lele) >,

where x; e R, k=1,2,...,n

Let % (t) =H D", v (t),7(t) € Cla,b], then the BVP (1.1,1.2) can be reduced to a
modified model

—HD (1) + g(t)e(t,H IL’;%(t),%(t)) —0,a<t<b, (2.1)

with boundary value condition
U(a)=%"(a) =0,%(b) = ZKj%(gj). (2.2)
~

Lemma 2. Given </ € L!(a,b), then the model

Upitu () + () =0,a<t<b, (2.3)

with boundary value condition (2.2) can be expressed by

b ds
- / H(,9)(5)2, € [a,b], (2.4)

a

where
(11'1 b —u—1 oo
%(t,S) = g(t,S) + — ZK] le
(Int —lna)b_V_l(lnb —1Ins)>#1
1

Y(t,s) = (Int — 1ns))b*ﬂ*1(1n9)H*1 a<s<t<b (2.5)

(In2)=#=1r(G—p) | a oS
(Int—Ina)’ * 1Inb—Ins)’ # 1, a<t<s<b,



Fractal Fract. 2024, 8, 377 40f21

in which A = (In 2)> =11 — 7% i (In 2 )>—#-1,

Proof. By Lemma 1, Formula (2.3) is changed into an equivalent integral equation

%(t) = —HIE+ #ﬂ(t) + dl (lna)bfﬂfl + dZ(h'l E)bf}lfz + dS(lna)b,y,?,'

From u(a) = 0, we have d3 = 0, then

(1) = "1 e () + dy(b— p— 1)(In 2)’—%‘—2 S a0~ —2)(in é)b—ﬂ—3§,
by %'(a) = 0, we have d, = 0. Hence, we get
AN b—
740 :dl(mg)b pl H P e (1)

1 g =1 sy S tropt
—— — M - i M
F(b—y)/a(lnt Ins)’ L/ ()2 +dy (In )",

Vo YnE el () & yp—p-1
therefore, % (¢;) = o= /a (Ing; —Ins) A (s) ; +dq(In . ) . Moreover,
by % (b) = 32 xj% (g;), we have

W(b) = — 1"(|71—]4) /ﬂb(lnb - 1ns)b*f**1,ef(s)§ +dy(In Z)b’”*l

— © ' _# Sj o b—p—1 ds ﬁ 1
_E"J( FG 3 J, (ngi— )’ e (9)T +i(n TP ).

S

Then, we get

by w1 v Sivb—p— 1 b ——- ds
d1<(1na) H - Y (i Sy 1) - / (Inb — Ins)* 17 (s)

=1 F(b — }l) Ja S
1 ad /Q/ h—p—1 dS
— K Ing; —Ins)"# "o/ (s)—,
F(bfﬂ)]'ﬂ]a (Ing; ) ()s
thus, we have
1 b b ds 1 a 5j ds
d F(b—y)A/a (nb—1ns) ™o/ ()0~ e Zx]/a (ing; — ns)* Loz (s) 2,

s
hence,
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U (t) = (h(‘b)_b;;l (Inb —Ins)’ " Loz(s )d: (hg D" 1f‘,xj/g"(lngjlns)b‘”‘lﬂ(s)d:

h—
—H e (t)

(InLy>=w=1 rb ds  (nfy-rte

(Inb — Ins)* 1oz ()% Yoy [ gy~ ns) L (s s
=

" Th— A Ja s Th-puA s
r(bl_y)/at(lnt Ins)?#~1e/ (s )is

1 L =1 1 By gy ()
T 1/ (1n -4 (in 2) Ly ()
d

S

T - V)(lln ) = 1/2}(lnt)b #(In b)b e (5)2
:/b%(t s)of () bi A/ By (1np — 1ns)b*ﬂ*1%(s)§
_r(b_ )(1 b)byl/a (ln;)b - 1(1 l;)b u— 152{()
(11’1 )b u—1 oo ds

5j oy
W]; j/a (lng]‘—lns)b # 1%(5)?

b ds (In2)y>—r=1_A bt 1. by ds
:/a g(t's)%(s)s+Ar(b—y)(lng)b—#—1/a (In 2+ 24 Lo ()2
(lni)b7V ds

-1 oo G )

. a . . —p—-1 -

TS ]; K]/a (Ingj —Ins) o (s) ;
b

-/ %(t,s)d(s)%

(g ! © b b, ds
A <F<b—u)<lni,’>wl]§"f/a (In 257 (In )Lt (9)

I S — P L TR ds
F(b—y)];K]/a (Ingj —Ins) d(s)s>

- /bg(t,s)%(s)%
ds

(Inf)y—r1 & 1 e
]gm(l"(b ) (In by p 1/ (ln;])b u 1(ln§)b u 1.52%(5)?

1 5j ds
—m/a (Ing; — Ins)’#1e/ (s) S)

b
=[x, Vot (5) %
a

Therefore, the expression (2.4) is ritht. [

S

ds
s

+

Lemma 3. The properties of the Green function (2.4) are as follows:
(i) A(ts) < %)w
(i) H(ts) 2 i@
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where
00):(m;ﬁﬂ“Wmiwa):(m;ﬂm?ﬁﬂ“%w:1+(mgiﬂhlfh} (2.6)
j=
Proof. From Lemma 5 of [26], we get
G(ts) < (b_‘”(;zh),g(t,s) 2 0 _i()?]i(g))wﬂ’ (2.7)

where 9(t), @(t) is as Lemma 3, ¢(t,s) is from (2.5). By (2.7), we get

(lnbyloo

ZK (Gj,s)

@(s) Unﬂ’”]'“ IO

H(t,s) =9(t,5) + ——

Sr(b—w(ln%)+ A g’”rw—m(ln%)
@(s) (Inby-r-te

“To-pmh\ " A ;"J

e

T(>—p)(nk)

On the other hand, we can calculate that

9(H)@(s)
(b —p)(In §)>=#+t

H(t,s) >4 (t,s) >

then we have (i7) of Lemma 3. As a consequent, we complete the the proof of Lemma 3. [J

Let E = Cla,b], | %] = max,<¢<p |% (t)|, then (&,]|.||) is a Banach space. In this

paper,
P={ucE:U(t)>0,te ab]},
O(t
_ {% eP:Uu(t)> (lng;)llw”%”' te [a,b]},

1—1
wherew:1+M

Y721 kj. Apparently, %" is a subcone of P, and (&, %) has an

ordering relation. Let % = {% € ¢ : |%|| <r}, o4 ={% € X : |%| = r} and

H =AU € X :||%| <r}.
Now the following conditions is listed which will be used later.

(A1) 0 : (a,b) — Rl is nonnegative, o(t) # 0 and ¢(t)may be singular at t = a,

t =0b,and
b
[ @))% < +oo.
a

(Az) £: [a,b] x (0,400) x (0, +c0) — R is continuous, and for any 0 < 1 < j < 409,

limsup{sup /e(m) @(S)Q(S)E(S/xl(s)/XZ(S))ﬁ ’

m—r+o0 S

X1 677\%, xZ€7]\%}:O,

where e(m) = (0,71 U [, 1], ] = iy (n £)1).

m 7/
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Nonlinear operator A : % \ {0} — % and linear operator .7 : & — & are defined,
shown as

(A%)(t) = /b%(t,s)g(s)é(s,H zg‘ﬁz(s),%(s))%, t e [a,b), (2.8)
(Tw)(t) = /ﬂb%(t,s)g(s)%(s)dss, t € [a,b]. (2.9)

Lemma 4 ([27]). Assume .7 : & — &, and T be a linear operator and is continuous, (") C K,
where ¢ is a total cone. If there exist a positive constant dand { € & \ (—%) that makes d.7 ({) >
{, then the spectral radius of 7 be greater than 0, and which has a positive eigenfunction in regard
to its the first eigenvalue A = r(.7 )~ 1. This formula is often called Krein-Rutmann’s theorem.

Lemma 5 ([27]). The spectral radius of  meets

HT) = lim || 7",

n——+0o

where .7 is a linear bounded operator, and ||.|| is the norm of operator. This formula is often called
Gelfand’s formula.

Lemma 6. .7 : & — J¢ defined by (2.9) is a linear operator with complete continuity under
the condition (A1), and the spectral radius r(7) of 7 is unequal zero, furthermore, 7 exists a

positive eigenfunction { in regard to its first eigenvalue Ay = (r(.7)) 1.

Proof. ForV % € ¥, from Lemma 3, one arrives

7] = max [ 0,506 %65
Iy <1 4 Ji K]-> [[a@eer6® @)
<o OO
Moreover, by Lemma 3, the following result can be derived
TUt) > 0 —y)lii;)g)b—wl /abco(s)g(s)%(s)is,t e [a,b]. (2.11)

Formula (2.10) and Formula (2.11) mean .7 from .#to . One finds that .7 has com-
pletely continuous property from ¢ to .# by combing (A;) and the uniform continuous
property of J(t,s) on [a,b] X [a, b].

Next, based on Krein-Rutmann’s theorem, we prove that .7 has the first eigenvalue
A1 and Aq > 0. In reality, by process of proof Lemma 3, there exists ty € (a,b) that makes
JE(tg, to) > 0. Therefore, there exists [m, n] C (a,b) that makes ty € (m,n) and 5 (t,s) > 0
forVt,s € [m,n]. Select Z € K that makes % (ty) > 0and % (t) = 0 forall t & [m, n]. After
that, for V t € [m, n], we have

(TU)(t) = /ab%(t,s)g(s)%(s)f > /n jf(t,s)g(s)og/(s)ﬁ > 0.

m S
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Hence, there is d > 0 such that d(F% )(t) > % (t) for t € [a,b], then the spectral
radius r(.7) # 0 according to Lemma 4, furthermore, by Lemma 6, for the given first
eigenvalue A1 = (r(.7)) !, there exists a positive eigenfunction ¢* for A that makes

MT e = ¢*.
The proof is over. [

Lemma 7. In case of (A1), (Az) hold, then A acts as an operator with complete continuity from
)\ ko K

Proof. First of all, we show A(J¢,\ %) C ¢ . Actually, forVu € J,\ J,t € [a,b], and
combing Lemma 3, one has

(A% )(t) = /b%(t,s)g(s)é(s,H Ijjﬂ(s),@(s))%
w ds

b
< 1“(b—y)(1nb)/ @(s)als)! (s 12 (), % (s)) <,

Then

/ab w(S)Q(s)ﬁ(s,H I;‘+u(s),u(s)) ds

S

(>~ p)(Ing)

On the other side, the following result is obtained from Lemma 3

(Az)| <

ds
S

(A%)(t) = /h%"(t,s)g(s)€<s,H 15+%(s),%(s))

8(t) b d
T T(b—p)(Inky-wt /a ‘D(S)Q(S)K(S’H IZM/(S)’%(S))?S
O(t
> Mgb)mnAww € [a,b].

Consequently, A(yj \ J#) C #.Next, for Vi > 0, we prove

b s
sup (D(S)Q(s)€<s,H I{iﬁ%(s),%(s))% < 400, (2.12)

UeHNA "

that is to say, A : 7] \ H#, — A is well defined. As a matter of fact, for V# € 7] \ A,

we have
1 t ds
HH — = o u—1
1" % (1) r(ﬂ)/H(Int Ins) 1% (5)°
t
<= o] [ (nt—Ins) (it~ Ins)
I(u) Ja
. ) ) (2.13)
L sl = — L n by
= s = s n Dy

1

b
Iym
Sr(y+1)(lna) 1t €la,b],
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Then ||71 Z; LU < % (In %)” 7, hence, by (A;), there must be a non-negative integer
vo > 1 such that

ds F(b—y)(lng)

su w(s)o(s)e(s, " I, % (s), % (s)) = < 2.14
%GKKKL E(Uo) at s w ( )
where . )
In2)P—#-1
w=t+ S8
j=1
Choosing
b—pu b—pu—1
0 — min i 1 ,(lna) ( bl) Fls
(Ing)>=#1w" T(u)y(n2) Fw
B (ln%)f‘
0 —max{l, T(r+1)
Hence, forV % € 4} \ %, we get
u(t) <% <j<a, (2.15)
In£)’=#=1(In )%
OE 19(tb)l\@/ll _(ng) : (In )|
(In2)~Hw (In 2y’ —rw
(1“ . a (2.16)
nt) " H" e 1—
> ||%| > (Int)" " Ygl|%||,
(In2)>—# 1w
by (2.13), we have
Hi g (1) < 1 (lng)”H%H <oll#]|,t € [a,b] (2.17)
at — r(]/l+1) a — 7 7 7
1 t ds
H i _ _ p—1 i
() =0 / (Int —Ins) 1% (s)
t InY—r-1(nt
ZL/(lnt_lns)y—l(na) v (HS)H%”§
T(1) Ja (In Ly —rw s (2.18)
| || /t -1 b—p—1
= Int—Ins)* *(Ins —Ina)’ #* *(Inb —Ins)d(Ins),
T by, (mt e ] )d(ins)

t € [a,b].
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If Ins = Alnt, one gets

(pt)(1|:12/|)bﬂwf (Inf —Ins)*1(Ins — Ina)’#(Inb — Ins)d(Ins)
_ mﬁm(lm Al (uInt —Ina)# 1 (Inb — 11n £)dv
:m(lnﬂ 11:(1—/\)# YiInt —Ina)’ #Y(Inb — (Int)dt
> r()(H%wa /O AP HAInb —1Ina)# " (Inb — Alna)dt
. Hﬂﬁzmi :‘luj - 1/01 1P Una(l— At (2.19)
e

”(f)'('g“‘;ﬁ " (in = (-1 /0 (1- Ay

AT

 T()(In? )b Fw
> |%|(Int) 1o = [lull(Int) " "o t € [a,b].

Thus, for Va + Ulo <t<b- Ulo, by (2.15)—(2.19), we obtain
1
ro(In(a + %))b—ﬂ—l <wMIut) <v. (2.20)

Combing (2.14) and (2.20), we get

o(s)o(s)e (s 1 (5), % (5)) 2

S

b w
sup

UeHA N1 I'(h—p)(In %)

w ds
< su — @) w(s), w(s)) =
@/e%l?\m/dﬂf(b—u)(lni’) et ( o ()) i (2.21)
b,T w ds .
+ sup O—w(s)g(s)é s,HILt‘ U (s), U (s))—
wew ot T —p)(Ing) ( ) )S
b w ds
<1+D —_—® — < o9,
<1+D; T mD O eOT <+
where (1nk)bfﬂfl .
w=1+"—% Y x;,
j=1

1 1 1 2
D; = max{f(t, 61,62) : (1,61,62) € (, 1— ) X (Lq(ln(a + =)yt Q]) }
vo vo vo
Thus, (2.12) is valid and indicating that A has the uniformly bounded property on any
bounded set.
For V e > 0, by (A;), there must be a non-negative integer vy > 1 that makes

eT'(b — 1)(In b
sup /( )w(S)Q(S)Z(S,xl(s),xz(s))ds _ e —p(ng)

: (2.22)
X1 67]*\%,3626?/\% elvo ° v
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Then, we show that A is continuous from ¢, \ %, to J¢. Let %, % < ¢, \ ., and
% — || — 0 (k — o0). On account of £(t, x1, x2) has uniformly continuous property on

a—i—i b—l x |r (ln(a—i—i))b*”*1 oR i
UO/ Up ¢ Vo € !

lim ‘E(S,H zg‘gz/k(s),az/k(s)) - e(s,H Iggz/o(s),%(s))‘ ~0

k—+oc0

we have

Uniformly holds for ¢t € [a + o 1 ,b— —} Then, by Lebesgue control convergence

theorem and (A;), we have
-
/ " w(s)ols) ¢ (s 1 (5), 4(5) ) — £ T 20 (5), o s )‘7 40, ask — oo,
1

Thus, for the € shown as in (2.18), there is a natural number N, for k > N, that makes

[0 wis)a)|e(s " 1 am(s), 205) ) — 05 1 05), 20(5)) |
Jer (2.23)
L To=—p)ng)

2w

For k > N, by (2.22) and (2.23), one has

| A% — A
ds
S@/kesifp\%/(vo Z)(D(S)Q(S)K(S’H I”P"Jr%k( ) s )) S
ds
" S o T N 020
b5 w ds
g WW“W%&H D). %0))
(M), %) | S
DA )X e () =

Io-wing)  Hgmmy)  TO-whnd) Agjmn)
Thus, A is continuous from 7] \ % to K.
For ¥V bounded set ) and Q) C ¢, \ %, we show that A(Q) is equicontinuous. As a

matter of fact, by (Ay), for V € > 0, there is a natural number xy > 1 so that

e

d
sup / {(s, xl(s),xz(s))f < —F
w
4( (b ﬂ)(ln”)>

Xzef]\jf/

Taking

2
D, = max{é(t,xl,xz) D (txy,x2) € (a—i— l,b — 1) X <rq(1n(a+ nl))b?‘l,gj) }
0

Ko Ko
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On account of 7 (t,s) is uniformly continuous on [4,b] x [a,b], for the € which is
defined by above, thereis § > 0, for Vs € [a + Kl—o, b— Kio}, we have

1

-1
€ b—% ds
|%(t,s) —%<t/,3)| S E (Dz /u+io Q(S)S> P
K0

for [t —t'| < 6,t,t' € [a,b]. Thus, forV |t —t'| < 6,t,t' € [a,b] and % € ), we obtain

|A% () — A% ()]

w ds
<2 sup <> /e(KO)w(s)g(s)g(s,HIgﬁiz(s),%(s))f

wer s \ (b —pu)(Ink) s
b5y ds

+  sup S s) = A (o) (s (), % (5))
U \K TR s

<2< “ )x £ —i—f—s
ro-wnd) ) pims) 2

which demonstrates that A(Q)) is equicontinuous. By the Arzela-Ascoli theorem, A is fully
continuous from ¢, \ ¥, to ¢, then the verification is finished. [

3. Principal Results

In this section, the main results will be provided according to these preliminaries and
the following lemmas.

Lemma 8 ([27]). Suppose ¥ is a cone within Banach space &. Let A : &, — X is a fully
continuous operator. In case of %y € #\{0} so that % — AU # u, for an arbitrary % € 0.%;
and u > 0, thus i(A, %, %) = 0.

Lemma 9 ([27]). Suppose ¥ is a cone within Banach space E. Let A : J, — ¢ is a fully contin-
uous operator. In case of Au # u% for an arbitrary % € 0% and y > 1, thus i(A, %, #) = 1.

Theorem 1. Suppose the conditions (A1—Ay) are established, and

.. . bt xq,x

lim inf min M
x—0t tefab] X1 + x>
i—1,2

> M, (3.1)

lim sup max 3, x2)

<A 32
xpsboo telab] X2 ! (32)

Hold uniformly for x; € [0,+o0) (i = 1,2), and Ay is the first eigenvalue of .7 which is
defined by (2.9), then there’s at least one positive solution of the BVP (1.1,1.2).

Proof. By (3.1), there exists : > 0, that makes
0(t,x1,%0) > AM(x1+x2),0<x; <1,i=1,2,t€[ab] (3.3)
Choosing 1y = min{, é} and for V % € 90.%,,, one has
0<f 1", % (s) <o < 1,0 < %(s) <1, 5 € [a,b]. (34)

Accordingly, one can arrive at according to (3.3) and (3.4)
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()0 = [ e 1w o), ()%

>M /gb%(t,S)Q(S) (Hlf+%(s) " 42/@))% (3.5)

>M(TU)(t),t € a,b].

By Lemma 6, 7 has a positive eigenfunction { in regard to Ay, i.e., { = A17{. Then
we will show
U — AU #47, U € 0%, d > 0. (3.6)

Otherwise, there is % € 9.%), and dy > 0 that makes % — A% = do{, thendy > 0 and
U = A + dol > dol. Assume d = sup{d|% > d(}, thend > do, % > dT, M T U >
Md T = dC. Thus, from (3.5), we get

Uy = A% + Aol > M T U+ dol > d + dol = (d + do){,

which is a contradiction with the definition of d. So (3.6) holds and combing Lemma 8,
we have
i(A, Ay, #) =0. (3.7)

Now taking a constant 0 < ¢ < 1 makes

lim sup max Ut x1, %)

< wAq, (38)
xy——foo tE[ab] X2

and a linear operator TU = wh TU is defined, then subsequently 7 is abounded linear
operator from & to &, and .7 (%) C % . Additionally, 77 = wA1.7{ = w{, and so the
spectral radius of .7 is 7(.7) = w and .7 also has the first eigenvalue r1(.7) = w1 > 1.
Adopting Gelfand’s formula, one can obtain

w= lim [ 7" (3.9)
n—»+400
Leteg = %(1 — w) and by (3.9), there is a large enough natural number Ny, and when
n > N, we have H§” | < [w+e)".ForV % € &, we define

N . —~
1| =) lw+elV | T |, (3.10)
i=1

where 70 = [ is the unit operator. Apparently, ||.|[* is another norm of &.
In addition, according to (3.2), there is j; > 1, we have

0(t,x1,x2) < wAxp, forxp > j1,x;>0,i=1,2, t € [a,b]. (3.11)
Choosing
5 N-1y-1
. max{h,(‘”jo)c*},
0

where C* = ||C||* and

@(s)a(s)¢(s," 15+02/(s),%(s))@
s (3.12)

sup /"L
wex, Ja TO—p)(nt)
< +oo (by (2.11)).

C=

Then we prove that
AU #nww, % €0, > 1. (3.13)
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If not, then there is % € 0.%; and d; > 1 that makes A% = d%. Assume % (t) =
min{%(t), 1} and D(%) = {t € [a,b] : %4 (t) > 1 }. Assume

_T(-p(n)

2 LR 8(0)

According to % € C([a,b],[0,400)), &(t)) < 2 (t) < |7 || = j and A% = u1%, we
have 7 meets boundary conditions, Thus, we get 11 (0) = 0, hence, thereis 0 < ) <1

that makes u;(tp) = R. Hence, % (t) = min{%(t),j1} < min{j,j1} = j1 for t € [a,b], and

U (to) = min{% (ty), 1} = min{j,j1} = j1, then we get || Z|| = j1. Because

% (t) = min{24(t), n} = min{E(t)y, 1} = p&(t), t € [a,b],

Thus, &t € d.%;,. For t € D(74), 7 (t) > 1M If+%1(t) > 0, by (3.11) and Lemma 2,
one gets

(Am)0) = [ )06 (5 1 94(5), 74(5)) &
ds

S/D(%;f(t,s)g(s)z(sﬁ %), %))

ds
H(t, (s H 1" 2s), %, as
o 7 0@ (s 1940, 74()

ds

b
<oh [ (305 2 (9) S

(3.14)

b w H 7 () 9
+ ) Ty (s T 7)) T

<(TU)(1) +C, L€ [a,b].
It is noted that .7 is a bounded linear operator and from %" to /¢, from (3.14) one arrives
0 < (THA))(t) < (TNTU +C)(t), j=0,1,2,--- ,n—1, t € [a,b]. (3.15)
Then, by (3.15), we have
I(TT(A2)| < (T T2+, j=0,12- ,n—1,

that gives rise to

n . —~
lAZA|" = Y [w + eo)" | 71 (A1) |

=1 (3.16)

=

<Y lw+e] TN Twn+C)| = |1 T%+C|".

i=1

By % € 0.%,, || %1 || = J, and (3.10), the following formula can be developed
2
12" > [w+eo]" |24 || = [w +e0]" 'R > Y,
0

which results in c
Cr < 5°||@/1\|*. (3.17)
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According to (3.10), (3.16) and (3.17), one obtains

n

ml | = |Az|* < | T+ = Y o+ e[| T ]| +C*

i=1

2
|
_

= [o+eo] Y [o+eo) T % + | TN + C*

Ng|

i=1

2 7

< [o+eo] 3 [o+eo)" M T % + [0+ eo] V|2l + C*

Il
—

[+ eo]" | 7 24| + C*

gk

= [0+ &0]

Il
—_

3
= o+ eol [ [[* +C* < o+ eol | 24" + |24 ]*

1 3
= [+ 3|1

Taking care of d; > 1, we have %w + % > 1, and thus w > 1, which contradict with
0 < w < 1. Thus (3.13) is right, and by Lemma 9 , we have

i(A, 0, 7)) =1. (3.18)
Combing (3.7) with (3.18), we have
(A, G\ H 1y, )) = i(A, 0, 0) —i(A Ay, ) = 1.

Hence, A has at least one fixed point in KR\fro, that is to say, the BVP (2.1, 2.2) has at
least one positive solution, which implies that BVP (1.1, 1.2) also has at least one positive
solution. Another case for Equations (1.1) and (1.2) will be discussed herein. For this
purpose, for V small enough 0 < ¢ < 1, we define a linear operator .7;

b—e ds
(Zw)(t) :/ H(t,5)0(s)% (5)2, t € [a,b].
a+e S
According to Lemma 7, we have.Z; form JZ to J# denotes a linear operator with
complete continuity, too, and the spentral radius (.7 ) of .7;) unequal to 0, and furthermore,
7, has a positive eigenfunction { in regard to its first eigenvalue A\ = (r(Z;))"!. O

Lemma 10. Assume that (Ay) holds, then 7 has an eigenvalue Ay that makes

lim A, = Aj.
e—0t
Proof. Choose ... <¢, <...<éeg < g ande, tend to0asn — +oo. Then forVn < m
and ¢ € &, we get
(Zen (1) < (Zen0)(t) < (FO)(H), t € [a,b],

and

(Z20)(1) < (T < (TFO(b), t€la,b], k=23,

where 7 = 7(7571) (k = 2,3,--+). Thus, | 75| < 751 < [|I75]] (k = 1,2,- ).
By Gelfand’s formula, we obtain Ay < A, < Ag,, and Aq is the first eigenvalue of .7.
According to {A¢, } monotonous property with lower boundedness A1, assume
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Now we prove that A; is one of eigenvalue of 7. Assume (., is one of positive
eigenfunction of .7, in regard to A¢, with ||, || =1 (n =1,2,---), that s,

b—ey,

Palt) = ey [ A5 = Aoy Tl (0, 1€ D). (319)

a+ep

Take notice that

b—en ds b w ds
A = max J(t,8)o0(s s—</—a)s s
72, a<t<b Ja+te, (£:5)0(5)8eu (s) s — Ja F(b—y)(ln%) 5
and hence {.%, (¢, } C & is uniform boundedness. In addition, forVn € Nand t1,t, € [a,1],
one arrives

b—e

T 11) = T (D < [ 1(01,9) = A (12,5) ()2, (9%

a+ey

Since J#(t,s) has uniform continuity property on [a,b] x [a,b], we have {7, (e, } C &
is equicontinuous. Combing the Arzela-Ascoli theorem, Lemma 3.3 and A, — Aq(n —
+00), we have (¢, — (o (n — +o0). This implies ||{o|| = 1, then by using (3.19), we get

Q) = [ #5060 %, < o],
in short, (g = 7119&]. O
Theorem 2. Suppose (A1-Ay) hold, and
imoup may (T <, )
Sia
liminf min S0fUX2) 5 (3.21)

x1+x—=+0otcab] X1+ X2

where Ay represents the first appeared eigenvalue of 7 and Ay is another eigenvalue of 7, then the
BVP (1.1,1.2) has at least one positive solution.

Proof. First of all, from (3.20), for V ¢ € [a, b], there is ;p > 0 such that

(Inb — Ina)*

(t, xq, < A1xy,0 < <
(t,x1,x2) < Axo X1 TG 1)

10,0 < xp <1, t € [a,b]. (3.22)

Hence, for any % € 0K, noticing A1", % (s) < (Inb—lno)?, |% (s)| < ||| = 1. By

(3.22), we get ey
b s
(A%)(6) = [ A0 1 (5),2(5) 2
ds (3.23)

b
<hi [ HHE)T
— M(TU)(E), t € [a,b].

As a matter of fact, we assume there are no fixed points for on A on 8%0. It is necessary

to prove
AU #du, forany % € 0.4, d > 1. (3.24)
If not, there is % € 0.7, and dy > 1 such that A% = dy%. Then dy > 1 and from
(3.23), we obtain

do = A% < M.T %, (3.25)
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According to induction from (3.25), we achieve
dg%o < )L?yn%o, n = 1,2,' ey,

we easily get
7" %\  woll %l _ Ho
%l — M7l A

Additionally, one derives the following result through the Gelfand formula

177 =

- po _ 1

= n|| >0 =

r(7) = lim {177 = 50>
but it contradict with r(.7) = A, 150 (3.23) holds. Applying Lemma 3.2, one demonstrates
i(A, Ay, ) =1. (3.26)
According to (3.21) and Ae — Aq(e — 07), it exists a sufficiently tiny ¢ € (0, 1) and

] > 1, we have

0(t,x1,x2) > Ag(x1 4+ x2) > pej, t € [a,]], (3.27)

where A, represents the first appeared eigenvalue .7, o = 2(In(a +¢))* #~1. Assume {;
be the positive eigenfunction of .7; with respect to A¢, then {¢ = A 7.

Foranany % € 0.%}, s € [a+¢,b — €], by (2.13)~(2.15), we achieve

ds

H15+62/(S) + U (s) b /t(lnt — lns)"*l%(s)? + U (s)

T(u)
> || ||(Int)F Lo + || || (Int)# g

>2|%|lo(In(a+¢€))" " = pey.

(3.28)

Combing (3.27) with (3.28) , one has

ds

(An)0) = [ (1 9)ale) s ), 2 ) %
b—e

> [t )l s M i (), 7 () S

= Jate
> Ae /ﬂij%”(t,s)g(s) (H15+7/(5) + %(S))§
b—e

ds
S

>N [ s (s)
Jate

=A(Z%)(t), t € [a,b].

By the similar method with the proof of Theorem 1, one gets
U — AU # dle, U € 0X;, d >0,
by using Lemma 8, one arrives at
i(A, 4, %) =0. (3.29)
Combing (3.26) with (3.29), one obtains
i(A, G\ H 1y, H) =i(A, 0, 0) —i(A, Ay, ) = —1.

Hence, A at least has one fixed point in Ky \ K,O, which means BVP (2.1,2.2) at least
has a positive solution, i.e., the BVP (1.1,1.2) has at least one positive solution. The proof
is completed. O
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4. Example
Example 1. For a boundary value problem show as follows

5 1
—H D> o(t) = g(t)f(t,v(t),H D;+U(f)>, a<t<p,
1 5
"D v(a) =" D%, 0(a) =0, (4.1)

1 ) 1
HD;+U(Z7) = ZU}{D,;U(@)/
=1

1
%’g] = 314, Q(t) = m/

~

whereb:%,yzi,azl,b:3,a:1,b:3,1<j:i6
(

1

singular at x =y = 0. Let % (t) = D2 ¥ (t), the BVP (4.1) can be reduced to an amended
boundary value problem shown as follows

9 1
~TDLw(t) = o)t LU (1), % (t), a<t<b,

o0 (4.2)
U (a) =%'(a) =0,%(b) = ) nj% (),
j=1
by simple calculations, we have
A= (In ?)H*l — i xi(In 211 = 0.1554
a = 1N a ’
clearly, we have
9(t5) 1 (lnt)%(ln3—lns)%—(lnt—lns))%(ln3)%, 1<s<t<3, (43)
,8) = ————— .
(In3)ir(2) | tn)in3 —Ins)i, 1<t <s<3,

5
Int)s &
%(t,s) - g(t,s) + ( A) Z%K]g<g]rs)/
]:
_ (nbyrt e (In3)3 & 11
w=1+ 2”1_1+01554;ET4N14895’
j= =
then the cone
8(t)

X ={w eClle]: %(t) > |7 || > 0.61500(t) || |}

(In3)w
Forany0 < r < R < 4+ocoand u € AR \ ¥y, we have
(Int)ior < %(t) < Ry,

1
(int)ior < ull(nt)’~*Tg <o(t) =M If, % (t) < ——(n3)|%| <g|%|| t € [1,3],

_ { 1 (Ina)’~#(—1)*-#-1 } { 1 (-1 }
0 = min , ,1 % = min =—, 17,
(In2)7=#=1w" T(p)y(In2)>=rw (In3)iw T(})y(In3)iw

. (nlye | (In3)4
Qmax{l,w}max{l, I3 } (4.4)
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Since | Inu| decreases on (0,1), and increases on (1,+00), one must have

IInu(t)] < 2|InR| + |[(Int)4], ¢ € [1,e],

r(lnt)_%] ,te[le].

(&

B(5,
[(p

where B(5, %) is a Beta function. By considering the absolute continuity of the obtained integral,
one can derive that

)

NI—=

~—

() +y(D)] 73 < [<1nt>4r+

1
~3
lim, [ @()e(t) <(ln D4+ {(lnt)‘lr—f— B(5, ;)r(mt)é] )‘ISS —o.
Hence,
. ds
limsup sup / @(s)o(s)f (s, x1(5), x2(s)) 2
Mmoo xR Je ) s
xp KR \Kr
. s b, , 1 1 _1 ds
<limsup su In-)(In-)""*" ' — < |(x1+x2) 3+ |Inxp|| —
e e L eI (227 Il
xp €K \Kr
1
s b.s 1 1 1| 3\ds
<li In=)(In-)i——F——| (Int)* Int)*r + B(5, = )r(Int) "2 ==
SIS o M 02 505 ) <(n r {(n Jr B riny 2] ) s
where R = r(yl+1) (In %)”R = #%)(ln 3)%1{. So (Hy) holds. On the other hand, it is obvious that
1
liminf inf flt:x1,x3) = liminf (1 +%2)75 & | Inxp| = +o0,
=0t te[1,3] X1 + X2 x =0T X1+ X2
xp—0F xp—0T
1
341
limsup sup LU _ g gy (B X2)E (0ol o
x 0o e (1,3] X2 x 0y e [1,3] X2
Xp—+00 Xp—r+00
which implies that
liminf inf M > A1 > limsup sup M
xl‘mi t€[1/3} xl + x2 X1+x2~>+oo t€[1,3] x2
xp—0 Xp—+00

So far, all the condition proposed in Theorem 1 have been meet. Consequently,
Theorem 1 ensures that there must be one or more positive solutions to Equation (4.2).
Equivalently, one or more positive solutions can be determined for Equation (4.2). It
is worth mentioning that the calculation of fractional derivatives generally involves the
beta function. In this example, because a specific explicit expression is provided, the beta
function appears. However, in the general setting, if the function is abstract, then such the
beta function will not appear.

5. Conclusions

The present study was concerned with the positive solutions and their existence for a
nonlinear infinite-point Hadamard fractional differential equation. Using the fixed point
theorem in cones, the nonlinear singularities on time and spatial variables are achieved
through the spectral analysis of the relevant linear operator and Gelfand’s formula. Com-
pared with some existing literature discussing the same interval we derived herein, we
overcome a significant difficulty that the consideration of solutions on this interval brings
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about a series of problems. Compared with some other existing literature, the nonlin-
ear term of the equation contains the derivative term, and the infinite point is involved
in the boundary conditions. These are the main contributions and innovations of the
present research.
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