i fractal and fractional

[

Article

Existence of Mild Solutions to Delay Diffusion Equations with
Hilfer Fractional Derivative

Yuhang Jin 1, Wenchang He 100, Luyao Wang !

check for
updates

Citation: Jin, Y.; He, W.; Wang, L.; Mu,
J. Existence of Mild Solutions to Delay
Diffusion Equations with Hilfer
Fractional Derivative. Fractal Fract.
2024, 8, 367. https://doi.org/
10.3390/ fractalfract8070367

Academic Editors: Anténio Lopes and

Jordan Hristov

Received: 19 April 2024
Revised: 14 June 2024

Accepted: 18 June 2024
Published: 23 June 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Jia Mu 12*

School of Mathematics and Computer Science, Northwest Minzu University, Lanzhou 730030, China;
y221530318@stu.xbmu.edu.cn (Y.].); y221530317@stu.xbmu.edu.cn (W.H.);

y221530312@stu.xbmu.edu.cn (L.W.)

Key Laboratory of Streaming Data Computing Technologies and Application, Northwest Minzu University,
Lanzhou 730030, China

*  Correspondence: 284082126@xbmu.edu.cn

Abstract: Because of the prevalent time-delay characteristics in real-world phenomena, this paper
investigates the existence of mild solutions for diffusion equations with time delays and the Hilfer
fractional derivative. This derivative extends the traditional Caputo and Riemann-Liouville fractional
derivatives, offering broader practical applications. Initially, we constructed Banach spaces required
to handle the time-delay terms. To address the challenge of the unbounded nature of the solution
operator at the initial moment, we developed an equivalent continuous operator. Subsequently,
within the contexts of both compact and non-compact analytic semigroups, we explored the existence
and uniqueness of mild solutions, considering various growth conditions of nonlinear terms. Finally,
we presented an example to illustrate our main conclusions.

Keywords: mild solutions; fractional diffusion equation; fixed-point theorems; delay

1. Introduction

Differential equations with fractional derivatives play a pivotal role across a wide
spectrum of fields such as the natural sciences, engineering, biological sciences, finance,
and physics, capturing the interest of numerous scholars [1-7]. The phenomenon of time
delay, a ubiquitous occurrence in the fabric of real-life scenarios, has spurred a significant
body of research. In recent years, growing interest has been observed in exploring the
characteristics of solutions to delay differential equations, particularly focusing on the exis-
tence and stability of solutions involving the Caputo fractional derivative, as highlighted
in studies [8-10].

The derivative, known as the Hilfer derivative, extends numerous derivatives includ-
ing the Caputo derivative and the Riemann-Liouville derivative, offering a broad range
of application value. Compared with the others, there is relatively little research on the
existence and controllability of solutions to delay differential equations with the Hilfer
fractional derivative. Kavitha and Vijayakumar [11] studied the existence of mild solutions
to the following equation in a Hilbert space H
D u(t) = Au(t) + Aqu(t — ) + Bu(t) + f(t,u(t — 1)), t € (0,00),

By =9, te -0,

where n € [0,1] and v € (0,1), B is a bounded operator, K is another Hilbert space, f is

continuous, and there exist a positive constant v; € (0, v)andm € L% (K,R™), such that
for every uy,up € H, || f(t,u1) — f(t,up)||< mtU= A=) || 4y — uy ||,;. The existence and
controllability of mild solutions to fractional differential equations with other types of
delays and the Hilfer fractional derivative can be found in [12-14].
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Motivated by the literature above, we consider the existence of mild solutions of the
following Dirichlet-type initial-boundary-value problem

Diu(x,t) = Au(x, t) + f(x, t,u(x,t — 1), u(x, t —1), -,

u(x,t — 1)), xeQ, te(0,b],

u|80 = O/ (1)
Y u(x,0%) = p(x,0),  xeQ,

HR=D)(1-0) g ¢
u(x,t) = Wv)ﬁ(j))’ X € Q, t S [—7’,0),

where Dg _LV represents the Hilfer fractional derivative, p, v € (0,1), Ié}: LL)(lfv)u(x, 0h)is
the limit of I(g}:”)(lfv)u(x, t)as t — 0", b > 0, Q C R" with a smooth boundary 0Q). f
and ¢ are given functions, 70 =0, 7, To, - - - , Ty € [0,7], 7 > 0.

n

Au(x,t) =Y Zn: Ox, [apq(x)axqu(x,t)} —b(x)u(x,t), ()

p=1gq=1

where a,,; and b are real valued functions that satisfy

apg €CH(Q), 1<pg<n,

n
Y ap(x)8,0, >¢|9)?, OER", xeQ,
pa=1

beC(Q), b(x)>b>0 x€Q,

with some constant ¢ > 0.

The introduction of #n delay terms increases the complexity when studying the exis-
tence of solutions. To address this problem, we need to consider the specific continuous
function space Cfﬂr/o] = Cl_y0) X Cj_p g X -+ X C[_, ). Because of the unboundedness and
continuity of solutions to equations containing Hilfer fractional derivatives at zero, we
examine the initial value of the Hilfer fractional diffusion equation with delay in the form

t(ufl)(lfv)q;(x,t)
I(n(1-v)+v)
the meaningfulness of the studied equation’s solutions at zero.

In the main results, we initially assume the compactness of the analytic semigroup
and relax the continuity condition for the function f required by reference [11], demanding
instead that f be continuous in other variables for almost all of the time variables. Addition-

on the interval [—r,0), and introduce a new solution operator to ensure

ally, we assume that the norm of f is governed by the L% ((0,5], R") norm of delayed terms
with 11 € [0,v). Based on these assumptions, we employ the Leray—Schauder fixed-point
theorem to demonstrate the existence of mild solutions. On this basis, we do not impose
compactness on the analytic semigroup and we stipulate that the measure of f is controlled
by the measures of delayed terms. Then, we utilize a non-compact measure approach to
further prove the existence of mild solutions. Lastly, we assume that the norms of f satisfy
a Lipschitz condition in another space Y. Following this, we apply the Banach contraction
mapping principle to prove the existence and uniqueness of mild solutions. However, the
interval pu € [0,1] in [11] is not applicable in this study because the proof of the strong
continuity of Ry, (t) = t1-#{1=Y)G (t) necessitates the condition that p is not zero. For
simplicity, this paper restricts p to the interval (0, 1). Moreover, Theorem 3.3 in the Gu and
Trujillo [15] represents a special case of Theorem 2 in this paper when f has no time delays.

The structure of this manuscript is articulated as follows. Section 2 delineates the
requisite space and norm pertinent to this study, alongside a review of some foundational
results. Subsequently, it proceeds to articulate the solution operator for Equation (4).
Section 3 leverages fixed-point theorems, under specified conditions, to establish the
existence of a solution for Equation (4). An illustrative example that underscores the
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derived outcomes is presented in Section 4. Concluding the discourse, Section 5 offers an
all-encompassing recapitulation of the paper’s content.

2. Preliminaries

Let X = L2(Q) be a Banach space, where the norm is || - ||. The space of all continuous
functions maps | into X is denoted by C; = C(], X), where ] is an interval and | C R.
For arbitrary y € Cj and closed interval ], we define the norm || y ||, = sup,; [| y(¢) |-
The Lebesgue measurable functions w : | — R with 1 < p < co construct a Banach space,
which is written as L (], R).

Define

Y = {u € Clop)s }ir%t(l_“)(l_v)u(t) is a finite constant},
! —

where the norm || - ||y is
lally = sup || #3790 u(e) ||
te(0,b]
Then, with the norm || - ||, Y becomes a Banach space.

Definition 1 ([16]). The Riemann—Liouville derivative of the real function f is defined by

_ 1 dr ot f(s) _
D} (t)*Wﬁ/ st, t>a, n=[p]+1,

where p > 0, and T'(-) denote the Gamma function.

Definition 2 ([16]). The fractional integral of the real function f is defined by

a+f / f(s) ds, t>a,

—s)I7F

where p > 0, and T(-) denotes the Gamma function.

Definition 3 ([17]). The definition of the generalized fractional Riemann—Liouville derivative with
order w,v € (0,1) and lower limit a is

d
D f() = 1 1 (),

provided the right-hand side is well-defined.

Definition 4 ([18]). Let Qx C X be bounded. Then, the Kuratowski measure of noncompactness
is defined by

n
AS) = inf{sup{|x—y, x,y€S;}ti=1,---,nand S = U Sl},
i=1

where S C QOyx.

Lemma 1 ([19]). Let S1,S, C X, and S1, S be bounded. Furthermore, let ¢ be a real number. The
noncompactness measure possesses the following properties

(i) S1 C Sy implies that A(S1) < A(S2);

(i) A(cS1) = [c|A(S1);

(iii) A(c0S1) = A(S1), where €0S represents the convex closure of Sy.
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Lemma 2 ([20]). Suppose B C X is bounded. Subsequently, there is a countable subset By C B,
satisfying A(B) < 2A(By).

Lemma 3 ([21]). Let W C C;, where W is both equicontinuous and bounded. Subsequently,
A(W(t)) is continuous for t € J, and A(W) = max;e; A(W(t)).

Lemma 4 ([22]). Let W = {wy};,_, C Cj be countable and bounded. Assuming there exists a
function h € L'(],RY), such that

| wa(t) |[<h(t), for ne€N and ae. te].

A<{/]wn(t)dt:n EN}) gz/]A(w {

where A(W(t)) is the Lebesgue integral on J.

Then, we have

Definition 5 ([23]). Let S C X be nonempty. If for any bounded set B C S and continuous
mapping T : S — X, there exists a constant k € [0,1) such that

A(T(B)) < kA(B),
then T is called k-set-contractive.

We define A : D(A) C X — X with domain D(A) = H}(Q) N H*(Q) (see [24]) and
(Au)(t)x = Au(x,t). Then, A generates an analytic semigroup {Q(t)},-, on X. Without
losing generality, we assume that {Q(t)},- is a uniformly bounded linear operator. Thus,
there exists M > 1, such that -

M= sup [|Q(t) | < oo ©)
te[0,+0)

Set g, (10)(x) = u(t — 1) (x) = u(x,t — 1), u1,(m1)(x) = u(t —m)(x) = u(x,t — 1),
o (Tn) (%) = u(t — ) (x) = u(x, t — 1) and f(tu(t — 1), u(t — 1), -, ult — 1)) (x)
= f(x, Lu(x, t —7),u(x,t —1), -+, u(x,t —14)), then (1) can be formulated in an abstract
Cauchy problem form as

D u(t) = Au(t) + f(t,uo, u1,, - -+, n,), t € (0,b],
i () = 9(0), @
n—1)(1-v
u(t) = tr(u(lfv)f,(,t))r te [77// 0),
where f:[0,b] x Cjgp) X C[ o] X is the given functions satisfying some assumptions,

¢ €Clyrg-

Lemma 5 ([25]). For a measurable function G : [0,b] — X, if | G || is Lebesgue integrable, then
G is called the Bochner integrable.

The equivalent integral equation for Equation (4) is given by

0 — V
rra B0 L 1 — s) M [Aut
u(t) = f(S, Upg, Utg, - uns)}ds t E(O b} (5)

H=1A-) (1)

TR+ te[-r,0).

Similar to [15], we obtain the following result.
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Lemma 6. If integral Equation (5) holds, then we have

o Sllrl/(t)go(o) +f(§ KV(tis)f(S’uos/ulsl' t ,Uns)ds, te (Olb]/
u(t) = D0 fe[-r,0) (6)
T((—v)+v) / ).
where
Sur(H) = IR, Ku(t) = £TIR(E)
with -
P,(b) :/0 VOM, (6)Q(6)de.

The wright function M, (0), where v € (0,1) and 6 € C, is defined as the infinite series

(] 9)1’1 1
n; (n— 1 T(1—wvn)
This function satisfies the integral equality
1
/ 6°M, (0 —7( +0o) 0 >0.
I'(1+4vo)’

Definition 6. We define the mild solution of Equation (4) as a function u € C(q ) for which u
satisfies

Suv(t)e(0) + fot Ky(t —s)f(s,up,, u1,, - -, un,)ds, te (0,0,
M(t) = t(“*l)(l’v)q)(t) te [ , 0)

(A=) +v) ’

Lemma 7 ([15]). For any t > 0O, by the continuity of Q(t), we know that P,(t) is continuous
according to the uniform operator topology.

Lemma 8 ([15]). For any fixed t > 0, {Ky(t)},- and {S,,v(t)},- are bounded linear operators,
which means that, for any x € X

Mp(n—1)(1-v)

K@ ISl [Su <

Lemma 9. Let Ry, (t) = t1=#A=YIS (1), t > 0. Thus {Ryu,v(t) }4 is continuous according
to the uniform operator topology.

Proof. Lete > 0 be fixed. By Lemma 7, we know that for V ¢y > 0, there exists 6 > 0, such
that
Frv4+u(l-v))

I Peftz) = Pt | <= e,

(7)

forty >t > tp, and |t2—f1|< 0.



Fractal Fract. 2024, 8, 367

6 of 15

Subsequently, we have

I Ry (t2) = Ry (t1) |

_ U w7 w-v)-1
= T =) | £ /0 (t —s) s'71P,(s)ds
t
_tglfu)(lfv)/() l(tl . s)u(lfv)*lsv—lpv(s)ds ||
_ 1 ! oou(d=v)-1,_ v—-1 _
~ o = Ra) — Rt

and
I()I(p—v))
Flv+p(l-v))’

where B(-, ) represents the Beta function (see [26]). Therefore, we obtain

! n(l—v)-1, v—1
| =7y — B, a1 -v)) =

| Ry (t2) = Ry (hr) [[< e

That is, by the arbitrariness of ty, Ry, (t)(t > 0) is continuous in the uniform operator
topology. [

Remark 1. {Ry.v ()}, is strongly continuous, that is,
| Ruw(t2)x —Ryp(t)x | =0 as t — ty,
forany ti,t, € (0,b] andV x € X.

Remark 2. In the context of the Beta function B(v, w(1 —v)), both wand v are required to be
strictly positive. Therefore, in this article, order p,v € (0,1).

Set u(t) = t=DI=Y)p(t). Due to the limit of t1=*1=V)5,  (+)p(0) being equal to

#(0)
T(u(l-v)+v)

as t — 0", forany v € C[_, ) we set
(1000 [5,, (0 (0) + fy Kult —)F (5,10, 11,
(To)(t) = § un,)ds], t € (0,0],
()
T(u(l-v)+v)’ te [—7’,0}.
Obviously, u is a mild solution of Equation (4), which is equivalent to T has a fixed point
on C[fr,b]'

Lemma 10 ([23]). Let B C X be a bounded closed convex set and that the operator T : B — B is
k-set-contractive. Then, T has a fixed point in B.

Lemma 11 ([23]). For completely continuous mapping T : D — D, where D is a convex subset of
X containing 0. One of the following must hold: T has a fixed point, or theset {z € D, z =¢T(z)}
is unbounded, where ¢ € (0,1).

3. Main Results

In order to obtain the existence of mild solutions for Equation (4), we provide some
assumptions.

(Hi) Q(t) is compact for each t > 0.

(Hz) The function f(t,-,--,-) : Cgp) X CF—r,O] — X is continuous for almost all ¢ €
(0, b]. Additionally, for each ug, € C[O,b}, uy, € C[,,/O] (k=1,2,---,n), the function f(-, uo,, u,,
-, Up,) : (0,b] = X is strongly measurable.
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1
(H3) There exists constants v; € [0,v) and m € L*1 ((0,b], R"), such that

15,.m e C((0,b],R"), lim A=W (1) = 0,

t—0t

and
| f(t w0, un,, oy ) || < m(t),

for all ug, € Cpgp), g, € Cj—y)(k=1,2,---,n) and almost all ¢ € [0, b].
(Hy) For any bounded, equicontinuous and countable sets By C X(k=0,1,---,n),
some constants Ly > 0 (k=0,1,--,n) exist, such that

)L(f(t, By, B1, -, Bn)) < i Lk)L(Bk), t e (0, b]
k=0

(Hs) Assume that f : [0,b] x Cjgp X CE‘_r o X is a continuous function. There exists

a non-negative continuous function px(-)(k =0, 1, ---, n), satisfying
/ / / < /
1 £t w0y 1y, timy) = f (w0 IS Y pr(B)[w—u" Iy, t€(0,b],
k=0

for any uq,, ug, € Clop), kg, Uy, € Cl_ro)(k =1,2,-+,n).
Let By,={v €C_,p, || vl < ko}. Then, By, C C|_, ;) is a bounded, closed, and
convex set.

Theorem 1. Under the assumption that condition (Hy)—(Hz) holds, Cauchy Equation (4) has a
mild solution.

Proof. In view of Lemma 8, for ¢t € (0, 1], it follows that

(1—w)(1-v) M
H t H SH,V(t)(P(O) ||§I~(H(1 71/) +V) H % ||oo (8)

For v € By, according to (Hy), and u, (k=0,1,---,n) is continuous in ¢, and we have

1
(t—s)""' e LT[0,¢] for t € (0,b] and v; € [0,v). Considering

=€ (<10, Mi=|m|

1—1 0]

By applying (H3) and Holder inequality, for t € (0, b], we derive

t
(00 [ )" s, ) [

1-w(1 ! A
<ttt fe—gSias) ) )
0 L7 [0,f]
< : M)ll ; p2Ha—p—v—vi—avi+pv
14a) ™

We obtain by Lemma 8 and (9) that
1-w)(1 '
W00 [T Ky (e = 5)f(s 0 1, ) s

(I=pw)(1-v) ot
< A/Ibl"(y)/o | (t—s)V_lf(s,uOS,uls,...’uns) || ds (10)

< %Hb2+u—u—v—vl—uvl+uvl for te (0, b].
Frv)(14a) ™
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Consequently, || Ky (t —s)f (s, uo,, u1,, -+, Un,) || is a Lebesgue integrable for s € [0, t] and
t € (0,b]. By Lemma 5, we know that K, (t — s) (s, ug,, u1,, -+, Un, ) is a Bochner integrable
fors € [0,t] and t € (0, b]. Therefore, operator T is well-defined in [0, b].

Firstly, we demonstrate that T is a completely continuous operator.

Assume {v,} C By, with v, — v on By, where v, = t=w)(A=v)y = (=) (Av)yy,
Then, by ( Hp) and the fact that u,, r, — uy, (k =0,1,---,n) for t € (0,b], we have

f(s,uno,, thnag, - Unng) = f(s,uo, U1, -+, Up,), ae. te(0,b], as n— oo.
Considering that

(t - S)V_l || f(S, un,os’u”;ls’ T un,ns) - f(S, uos’ 1/[15, T u”s) H
< (t—s)"""2m(s), aein [0,f),

by the dominated convergence theorem, we have

| (Tvn)( ) — (To)(t) ||
< r ¢(1—w) (- ”/ )T F (s, e gy, Unn)

_f(sruosrulsf' T Iu'fls) ||dS
— 0, as n — oo.

Thus, we know that T is continuous.

Subsequently, we prove that {Tv, v € By, } is relatively compact. It suffices to demon-
strate that { Tv, v € By, } is uniformly bounded and equicontinuous, and { (Tv)(t), v € By, }
is relatively compact in X for any t € (0,b].

According to (H3), there is a constant ky > 0, such that

| @ lloo (=) (A=) v
< ko.
M (r(u(l R tzl[gg]{t 10+m(t)} < ko
For t € [0,b], by (H3) and Lemma 8, we obtain

| (TU)(f) [

< =) [| Sun)9(O) |1 [ Kot =) (50,11, 10, s |]

Ml ¢l M- ()

t v—1
/0 (t - S) H f(S’uos’uls’ .“’u”s) HdS

S T(u(1—v)+v) I'(v)
19 lls W)
<Mt S [ om0} ) <o

Hence, || Tv || < ko, for any v € By, which means {Tv, ©v € By, } is uniformly bounded.
For v € By, when t; = 0,t; € (0,b], we obtain

| (Tv)(£2) = (T)(0) |

W (1—v ta
= 50 S (12)9(0) + [ Kot = )£ (5,0, 11, -, ) |

] [ ey ORI OLt

—0 as tp, —0.
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Take v € By, and ty,t; € (0, b], we obtain

| (To) () — ( )(tl) I

_||t1 w(1=) Suv(tz)(l) + Jo2 Kl tz—sf(s,uosluls"“'”"s)ds}
Lsuv(tl)(P(O +f0tl Ky(ty —s)f(s, ”Os'uls’m’u”S)ds} I

<||t BAC )o(

e

) (

+|| Jo't

)
Suu(t)@(0) — 1M (1)(0) |
iy - o)~ 1P (12— 5) (5t 1, )5 |
)

(

J(1—v (tp —s)"™ Py(ty —s)f(s,uo,, u1,, -+, Un, )ds
1— (

2t

t1 t(l H)(l V)(t )V 1P1/( z—s)f S,Mos,ulsf“'r”ns)ds |
+|| f =) Py(t2 — 8)f (s, o, 1, -+, hn, ) s
[ tgl u)(l Dty — ) IR (b — 8) (s, u,, 1, -+, thn, )dS |
<||rt(1_u)(1—v)s W) — tgl—u)(l—v)s St )}go(O) I
20 J; " W (1 6) i (s)ds ||
+ru) B [ RO 1y =5t = O (1 — ) (s)ds
+ f“ t“ WU (4 — 5) 1Py (1 —s>f<s, o, 1 -+ i, )ds |

|| i e (= 6) P (4 — )] f (s, oy, i, -+t )ds |
< Il+12-|—[3+14,

where

L=[I s, (k) — s ) e Ml
— Ry (t2) = Ryuw (t)]]] @ lleos

M 2 1wa-v _
:71"(1/)”/0 té ) )(tz—s)v Yn(s)ds
t
— [T s (s)ds |,
0
_2M R w1 v=1_ (1-p)(1-v) v-1
13_m/0 B (t—s)" " — 1 (12 —5)" " m(s)ds,
t _ o _
=[O =) Pt = ) (s ) |
t _ _ B
=l [ AT 0 =) T Rt = ) f (s o ) |

Itis obvious that I; — 0 as t; — t» by Remark 1. By condition (H3), it can be deduced that
lim¢, 5+, I» = 0. Noting that

{tgl—u)(l—v)(tl _ S)vfl _ tél—u)(l—v)(tZ _ S)vfl}m(s)

< tglfu)(lfv)(tl —s)”*lm(s),

and f w(1-v) (t1 —s)"Lm(s)ds exists, then by the dominated convergence theorem,
we obtaln

t
/O ' {tﬁl’”)(l’”)(tl —) o WO (g, s)V‘l} m(s)ds — 0, as t — t,
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then, it can be deduced that lim;, +, I3 = 0. For sufficiently small ¢ > 0, we have

tlfs _ _ _
< [T =) T Rt =)~ Pl =) |
H f(s’uos’uls’“.’u”s) H dS

t
+ [ AT o byt — ) — Pyt —5) |

t—¢

H f(S, uos’uls’.“’u”s) H dS

t
< t§”“><1*">/01(t1 — )" Um(s)ds sup || Pu(ta—s) — Py(tr —s) |

s€(0,t1—¢]

(1-p)(1-v) /“ v—1

+7t t1—s m(s)ds

ROL tl_g( 1-5) (s)
< gy + Igp + Iys,
where kT
Ly = ON(IV) sup || Py(tp —s) —Py(t1 —s) |,
SE[O,tl—S]

Tip = 24| (0 [ty — ) (s ds |
—Mu <t1 g)ImWA=) fhe e ) n(s)ds |,
Iz = F(v) f1 S(tl )(lfu)(lfv)(t1 i —S)Vﬁlm(s)ds

2(M) Otl gt(l w)(1- )(tl—s)v_lm(s)ds.

By Lemma 7, we know that Iy; — 0 as t; — tp. Similarly, one can establish the
proof for I — 0 and I3 — 0, then, we have Ijp — 0 and I;35 — 0 as ¢ — 0. Therefore,
Iy — 0 independently of v € By as t; — t>, € = 0. Thus, || (Tv)(t2) — (To)(t1) ||— 0
independently of v € By, as t1 — o, which means that {Tv, vE Bko} is equicontinuous.

Now, we need to establish that for any t € [—r,b], {(Tv)(t), v € By, } is relatively
compact in X.

Clearly, for any t € [—r,0], {(Tv)(t), v € By, } is relatively compact in X. Assume
€ (0,b] is fixed. For V. 6 > 0and V & € (0,t), operator T, ; is defined on By, as follows
$(1=p)(1-v)

1 —v)

l W (1-v / / 1/ lV@MV(Q)Q((t—S)VG)
fGs, uos,ulsw i, )d0ds

f(1=p)(1-v)
/ / 1 1/ -1 1/ 19M1/(9)

1—1/

[Q( ”5)Q( 9— 8)]@(0)dods
—Hl pn)(1—v / / 1/ lUGMV(Q)[Q(Sv5)Q((t—S)V9—€V5)]
f(s,uos,ulq,--- unb)d(?ds

= Q@ gy e o)
Q(s"0 — ¢ )(p( )deds

+Q(e'8)t 1) /t f/ 1 =106M, (6)Q((t — )"0 — 76)
f (s, uo,, ur,, -+, un,)dods,

(Tos0) ()= // (t — s) 1=~ =19 11, () Q("8) (0)dods
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where v € By,. By (Hy), we know that Q(e"6)(e"é > 0) is compact, then we obtain that the
set {(T,sv)(t), v € By, } is relatively compact in X for V6 > 0 and V ¢ € (0, t). Furthermore,
foreachv € By,, we have

I (To)(t)=(Tes0)(¢) ||

_ 1w

| / / )" 1MV(9)Q((t*S)Ve)f(sruos,ms,"' ,Un, )d0ds
+/ / 1/ 1MV(9)Q((t—S)Ve)f(s,uos,uls,... ,uns)des
/t 8/ )" My (0)Q((t —5)"0) f (s, uo, 1, - -+, un,)d6ds ||

< Wiy

[|/ / )" 1MV(9)Q((t—S)VQ)f(s,uOS,uls,...,uns)des I
+||/t S/ ) 1MU(9)Q((t—S)Ve)f(s,uos,uls,...,uns>d9ds ”}

t v— 1_]/1 )
guMb““)(”)l(/o (t—s)”llds> Il ll o & ]/ 0 M, (6)d6
0,t

t -1 1-1n
+(/ (t—s)lvlds) Im | / 6M,(6)d6
t—e Vltet]

2+a—pu—v—vy—avi+pv
< vMM;ib 1 / QMV
(1+a) "
vMM;e(1+a)(1=v) p(1-w)(1-v)

T(1+v)(1+a)'™

Consequently, for t > 0, there are relatively compact sets close to {(Tv)(t), v € By, }
arbitrarily. This implies that the set {(Tv)(t), v € By, } is also relatively compact in X.
The relative compactness of {Tv, v € By, } follows from the Arzela—Ascoli theorem.
This, combined with the continuity of T, leads to the conclusion that T : By, — By, is
completely continuous.
We set
M, = {veBy, v=nTo, ne(0,1)}.

Obviously, 0 € M;. Forv € My, t € (0,b], we have

o) 1 70 5 (009(0) 41 ) Kolt =), 1, 0, )ds |

LH q) || + %bz‘ka—p—u—yl_ﬂvl*_uv

T =v)+v) 7" T r(w) (1 4a) "

S R — L —
T +0) =t T A i

b2+u7 w—v—vq—avy+uv

Fort € [—r,0], we have

19l 1ol
oW <17y 70 < T —v) 1 9)

Therefore, from Lemma 11, T has a fixed point. That is, Equation (4) has a mild solution. [J



Fractal Fract. 2024, 8, 367

12 of 15

Theorem 2. Under the assumptions ( Hy), ( H3), ( Hy), Equation (4) has a mild solution if

4Mb“(V 1> "

ZLk<1

Proof. Similar to Theorem 1, T : By, — By, is continuous, and {Tv, v E Bko} is uniformly
bounded and equicontinuous. Let G = ¢0T(By,). Then, it is simple to demonstrate that
T maps G into itself and G C By, is equicontinuous. By Lemma 2, we have that for any
B C G, there exists a countable set By = {w, } C B, such that

AT(B)) < 2A(T(Byp)).

The equicontinuity of G implies that By C B is also equicontinuous.
By (Hy), for any t € (0, b], we have

MT(Bo)(t))
= A(t(l‘“)(l‘l’)su,v(t)go(o) +/ot A=AV (F )
f(s,wn(s — 1), wn(s — 1), -+, wWn(s — Tn))ds)

< I%(Z\A) p(I—w)(1-v) /Ot(tis)v—l
Af(s,wn(s — T0), wn(s —T1), -+, wn(s — Tn)))ds

I%(M iLkbl (=) /Ot(t—s)”*l?\(Bo(SWS

ZMbu(v 1)+1 n

< W) Y LyA(B).

k=0

(11)

| /\

When t € [—r,0], (11) is clearly true. Then, as T(By) C G is bounded and equicontinuous,
it follows from Lemma 3 that

MT(Bo)) = tglgfb]A(T(Bo)(t))

Therefore, we have
4 Mb u(v 1)+1 n

< —— E LyA(B

MT(B))

As % Yi_oLr <1, then T: By, — By, is a k-set-contractive operator. Thus, we

know from Lemma 10 that the Cauchy Equation (4) has a mild solution. [

Theorem 3. Under assumptions (Hs), Equation (4) has a unique mild solution provided

Mp(1=r)(1-v)
W/(tfsv lZpk )ds < 1.

Proof. Itis obvious that Sy, (t)¢@(0) exists, Ky (t —s)f(s, uo,, U1, - - , Un, )ds is the Bochner
integrable for s € [0,t] and t € (0,b]. Moreover, T : By, — By, .
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For o, v’ € By,, according to ( Hs), we have

| (To)(t)—(T2") (t) |
¢
— t(l_“)(l_v)|| /0 Ky (t —s)[f(s,uo,, ur,, - -+, tn,)ds —f(s,ués,u/ls,- ey )]ds ||

(A=) (1=v) ot
< = T A ) = (s )
Mp(I—mw)(1=v) ot - 1 ,
< e zpk = lyds
Mp—w)(1-v) ot Vo1
< —— t— d v ||
<) /0< 5) kgo"k“) so—' I

As Mblr(i:;” fo (t—s)" Yi—oPk(s)ds < 1, by Banach contraction principle we con-

cluded that Cauchy Equation (4) has a unique mild solution. [J

4. An Example
Let X = L?(]0,1], R), we study the fractional delay diffusion equations

D3P u(x, ) = Ru(x, t) + f(x, tulx, 1), u(x,t — 1)),

(x,1) € [0,1] x (0, ],

u(0,1) = u(LH) =0, te (0] )
I8 u(x,0%) = ¢(x,0), x€]0,1],

u(x,t) = % (x,t) € [0,1] x [=7,0),

21
where D3 ¢ represents the Hilfer fractional derivative, p = %,1/ = %, Te[0r],r>0,
¢ €Clp)-

We let Au = u”, and have

A)={u(-) € X, u,u’ are absolutely continuous, u” € X,u(0)=0=u(1)}.

Subsequently, A generates a strongly continuous semigroup {Q()};~,, and
Qyu=Y_ e_nzt(“f Pn)Pn,s
n=1

where the normalized eigenvector p,(x) = \/% sin(nx) corresponds to the eigenvalues

n*(n € N) of A. Furthermore, ( Hy) is established, Q(t)(t > 0) is compact, continuous in

the uniform operator topology, and || Q(t) || < e~f, t > 0. Additionally, we have two

operators S 21 (t) and K 1 (t) are defined by

Clearly,
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Weletu(t)x = u(x,t),u(t —t)x = u(x,t —7)and f(t, u(f),u(t — 7))x = f(x,t,u(x,t),
u(x,t— 7)), where x € [0,1], t € (0,b]. Then, (12) can be converted into the problem in X

DItu(t) = Aut) + f(tu(t),u(t— 7)), te (0,b),
15 u(0) = 9(0), 13
)

We take f(t,u(t),u(t—t)) = t?[sinu(t) + sinu(t — 7)]; then, ( Hy)-(H3), (Hy), (Hs) are
satisfied, where po(t) = p1(t) = Ly = L1 = b?. According to Theorem 1, Theorem 2, or
Theorem 3, (13) there is a mild solution provided bis < %F (%) .

5. Conclusions

Compared with other fractional derivatives, such as the Riemann-Liouville derivative
and Caputo derivative, the Hilfer fractional derivative is built on a new theoretical founda-
tion of fractional calculus, which provides a more complete and unified definition to better
describe the behavior of complex systems. Therefore, studying the existence of solutions
to the Hilfer fractional delay diffusion equation contributes to a deeper understanding of
the behavior of such equations and provides accurate mathematical models for solving
practical problems. This endeavor holds significant academic significance in optimizing
engineering designs, predicting outcomes, and controlling natural systems. The main focus
of this article is to investigate the existence of solutions to delay diffusion equations with
Hilfer fractional derivatives. Under the assumption that the analytic semigroup is compact
or non-compact, the Leray—Schauder fixed-point theorem and non-compactness measure
method were employed to prove the existence of mild solutions, while Banach contraction
mapping principle was utilized to establish the uniqueness of mild solutions. Moving
forward, we aim to further explore the regularity and stability of mild solution to delay
diffusion equations with the Hilfer fractional derivative.
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