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Abstract: This study addresses the issue of nonfragile state estimation for memristor-based fractional-
order neural networks with hybrid randomly occurring delays. Considering the finite bandwidth
of the signal transmission channel, quantitative processing is introduced to reduce network burden
and prevent signal blocking and packet loss. In a real-world setting, the designed estimator may
experience potential gain variations. To address this issue, a fractional-order nonfragile estimator
is developed by incorporating a logarithmic quantizer, which ultimately improves the reliability
of the state estimator. In addition, by combining the generalized fractional-order Lyapunov direct
method with novel Caputo–Wirtinger integral inequalities, a lower conservative criterion is derived
to guarantee the asymptotic stability of the augmented system. At last, the accuracy and practicality
of the desired estimation scheme are demonstrated through two simulation examples.
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1. Introduction

The origin of fractional calculus can be traced back to a question raised by L’Hôpital
in 1695. Until a few decades ago, the available literature on fractional calculus primarily
concentrated on theoretical analysis [1]. Commencing in 1960, the exploration of fractional
calculus expanded its application to the realms of physics, science, and bioengineering,
which received considerable attention [2–4]. As it turns out, fractional calculus can describe
real phenomena more accurately than integer-order calculus due to its properties of infinite
memory and heritability [5,6]. In recent years, research on fractional-order systems has
received considerable attention from numerous scholars. A plethora of novel findings
have been published on stability analysis, pinning control, synchronization, and other
related topics [7–9]. For instance, the design of a nonfragile controller has been addressed
in [10] for a class of delayed fraction-order uncertain systems. In addition, the authors
in [11] addressed the L∞-gain problem of incommensurate fractional-order systems with
hybrid time delays. What is striking is that the authors introduced a notable approach in
stability analysis that relied on the solution’s monotonicity and positivity rather than a
Lyapunov–Krasovskii functional.

It is worth noting that neural networks have become increasingly popular over the
last few decades due to their wide applications in fault diagnosis, image recognition,
signal processing, and more [12–14]. State estimation (SE) plays an important role in
these applications. So far, a substantial body of research results on SE issues has been
presented in the existing literature [15–19]. It is worth pointing out that these network
structures are often analyzed and designed with resistors to simulate neural synapses.
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Note, that Chua introduced the concept of memristor in 1971 [20]. Unfortunately, it
was not until 2008 that the first memristor component was produced by the HP Lab (as
seen in [21]). Unlike conventional resistors, this unique type of resistor offers several
advantages, including lower energy consumption, faster operation speed, and reduced
memory space requirements. Hence, memristors have been applied in many complex
systems, especially in neural networks, see [22–24]. In comparison to traditional neural
networks with n neurons, the number of equilibria of memristor-based fractional-order
neural networks increases from 2n to 22n2+n, leading to a wide range of applications.
Owing to these advantages, the dynamical analysis issues (e.g., dissipativity, stability, and
synchronization) for fractional-order memristive neural networks (FOMNNs) have recently
attracted considerable interest [25–27].

In contrast to the abundance of research findings on other dynamic analysis issues,
there is a scarcity of literature addressing the SE issue specifically in the context of FOMNNs.
Among the most available studies on the SE issue, the authors failed to consider the poten-
tial impact of gain variations in real-world scenarios [28–30]. The estimator gain pertur-
bations from complex environments may lead to the fragility of the traditional estimator
design. As a result, nonfragile techniques have drawn much attention for various types of
network systems to withstand the influence of gain perturbations [31]. In [32], a nonfragile
estimator was developed for delayed neural networks with randomly occurring nonlin-
earity. In [33], the study explored the nonfragile SE problem of delayed fractional-order
neural networks under an event-triggered mechanism. The authors in [34] addressed the
nonfragile SE issue of memristor-based fractional-order BAM neural networks with time-
varying delays. However, the stability criterion derived is delay-independent. Quantitative
processing has attracted significant attention as an efficient method for conserving network
resources. In networked control systems, quantitative processing, such as compressing and
decompressing sampled data, is frequently employed to minimize transmission load and
preserve network resources. In [35], the authors addressed the problem of quantized SE for
neural networks under cyber attacks. Despite this, there are few studies on designing a
fractional-order nonfragile estimator for delayed FOMNNs, which serves as motivation for
our research.

As is known, time delays always appear in real systems, which may impact the per-
formance or stability [26,34]. Time delays typically result from various factors, such as
limitations in the communication channel or bandwidth capacity. The common delays
include discrete delay [11], distributed delay [36], leakage delay [25], and others, which
have been addressed in numerous outstanding studies. For example, in [25], the Mit-
tag–Leffler stability issue for neutral-type fractional-order neural networks with leakage
delay was investigated. It is worth noting that in the context of random fluctuations in
the real environment, time-varying delays may occur in a probabilistic manner, typically
referred to as randomly occurring time-varying delays (ROTDs). For instance, the issue
of partial-neurons-based SE for recurrent neural networks with ROTDs was examined
in [15]. The discrete delay associated with a Bernoulli variable ϑ(t) was discussed. So
far, there have been plenty of interesting findings on fractional-order neural networks
with time delays. As far as we know, there is a lack of research on fractional-order neural
networks with ROTDs, particularly in the context of neural networks based on memristors.
Furthermore, the sensor output is often constrained by the inherent physical attributes
of components, which may lead to saturated measurement outputs [37]. Furthermore,
saturation may introduce nonlinear characteristics that could significantly impact the ac-
curacy of the estimation algorithm. Considering the saturation as well as the time delay
for FOMNNs is meaningful and practical and inspired by the aforementioned reasons, our
aim is to investigate the nonfragile SE problem for a class of FOMNNs with ROTDs and
sensor saturations. The key advantages of our investigation are outlined as follows:

(i) The nonfragile SE issue of memristor-based fractional-order neural networks is ad-
dressed subject to hybrid randomly occurring time-varying delays and sensor saturations.
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(ii) In order to guarantee the asymptotic stability of the augmented system, a delay-
dependent criterion has been derived using the Lyapunov theory. Different from the
previous excellent results in [36,38,39], a Caputo–Wirtinger integral inequality is utilized to
decrease conservatism.

(iii) Taking into account the finite bandwidth and potential gain variations, a fractional-
order nonfragile estimator is developed with quantized measurements.

(iv) To validate the usefulness of the proposed estimation algorithm for FOMNNs,
two numerical examples are provided.

2. Problem Formulation and Preliminaries

Several common definitions of fractional calculus have been presented, and some
useful lemmas are recalled here.

Definition 1 ([40]). The fractional integral operator of the function h̄(t) is defined by

Iα h̄(t) =
1

Γ(α)

∫ t

t0

(t − σ)α−1h̄(σ)dσ, α ∈ R+ (1)

where t ≥ t0 and the Gamma function Γ(z) =
∫ ∞

0 e−ttz−1dt.

Definition 2 ([40]). The Caputo’s derivative form of h̄(t) is

C
t0

Dα
t h̄(t) =

1
Γ(k − α)

∫ t

t0

(t − σ)k−α−1h̄(k)(σ)dσ, (2)

where t ≥ t0, and α ∈ (k − 1, k), h̄(t) ∈ Ck([t0, ∞),R).

In the follow-up, C
t0

Dα
t with order α can be replaced by Dα on [t0, t] . Then, consider

the following FOMNNs model with hybrid time-varying delays:

Dαξi(t) =− ci(ξi(t))ξi(t) +
n

∑
j=1

aij(ξ j(t))fj(ξ j(t)) + γ(t)
n

∑
j=1

bij(ξ j(t))fj(ξ j(t − ϱ(t)))

+ δ(t)
n

∑
j=1

eij(ξ j(t))
∫ t

t−d(t)
fj(ξ j(s))ds,

ξi(t0) = φ̃i(t0), t0 ∈ [−ρ̄, 0], ρ̄ = max
{

ϱ, d
}

,

(3)

where 0 < α < 1, ξi(t) is the ith neuron state; ci > 0, fj(·) represents the activation function,
ϱ(t), d(t) present time-varying transmission delays satisfying 0 ≤ ϱ(t) ≤ ϱ, 0 ≤ d(t) ≤ d

and ϱ̇(t) ≤ ϱ̄ < 1 in which ϱ, d are known real constants. The state feedback positive matrix
ci(ξi(t)) and the memristive connection weights aij(ξ j(t)), bij(ξ j(t)), eij(ξ j(t)) are described
as follows:

ci(ξi(t)) =
1
C̃i

[ n

∑
j=1

(W̃a
ij + W̃b

ij + W̃e
ij)× sgnij +

1
Ri

]
, aij(ξ j(t)) =

W̃a
ij

C̃i
× sgnij,

bij(ξ j(t)) =
W̃b

ij

C̃i
× sgnij, eij(ξ j(t)) =

W̃e
ij

C̃i
× sgnij

where W̃a
ij, W̃

b
ij, W̃

e
ij are the memductances of memristors Faij, Faij satisfying W̃a

ij =
1

Faij
, W̃b

ij =

1
Fbij

, C̃i stands for the capacitor. sgnij = 1 if i ̸= j, otherwise −1. According to the characteristics

of di(ξi(t)), zij(ξ j(t)), we have

ci(ξi(t)) =

{
c′i, |ξi(t)| ≤ T,
c′′i , |ξi(t)| > T,

zij(ξ j(t)) =

{
z′ij, |ξ j(t)| ≤ T,

z′′ij, |ξ j(t)| > T,
(4)
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in whichT > 0 represents the switching jump, c′i, c′′i , z′ij, z′′ij are constants, and ci(ξi(t)), zij(ξ j(t))
are switching by the states. The choice of state-dependent parameters are shown in the
following Algorithm 1:

Algorithm 1: The Switching of Memristance Parameters
Input: The constant value n, the initial value i = 1, j = 1.
Output: Obtain ci, aij, bij, eij.
while i ≤ n do

while j ≤ n do
if|ξi(t)| ≤ T then
ci = c′i, aij = a′ij, bij = b′ij, eij = e′ij
else
ci = c′′i , aij = a′′ij, bij = b′′ij, eij = e′′ij
j = j + 1;

i = i + 1;

According to the differential inclusions and set-valued maps [41], system (3) can be
rewritten as

Dαξi(t) ∈− co
{

c′i, c′′i
}

ξi(t) +
n

∑
j=1

co
{

a′ij, a′′ij
}

fj(ξ j(t)) + γ(t)
n

∑
j=1

co
{

b′ij, b′′ij
}

fj(ξ j(t − ϱ(t)))

+ δ(t)
n

∑
j=1

co
{

e′ij, e′′ij
} ∫ t

t−d(t)
fj(ξ j(s))ds, (5)

where co
{

c′i, c′′i
}
=

[
ci, ci

]
, co

{
z′ij, z′ij

}
=

[
zij, zij

]
, with ci = min

{
c′i, c′′i

}
, ci = max

{
c′i, c′′i

}
,

zij = min
{

z′ij, z′′ij
}

, zij = max
{

z
′
ij, z

′′
ij
}

.

For presentation simplicity, we denote
[
C,C

]
=

[
ci, ci

]
n×n,

[
Z ,Z

]
=

[
zij, zij

]
n×n, ξ(t) =

coln
{

ξi(t)
}

, f(ξ(t)) = coln
{

fj(ξ j(t))
}

, f(ξ(t− ϱt)) = coln
{

fj(ξ j(t− ϱ(t)))
}

. Then, system (5)
can be represented in matrix form as

Dαξ(t) = −C⋆ξ(t) +A⋆g(ξ(t)) + γ(t)B⋆f(ξ(t − ϱt)) + δ(t)E⋆
∫ t

t−d(t)
f(ξ(s))ds, (6)

where C⋆ ∈
[
C, C

]
, Z⋆ ∈

[
Z ,Z

]
are measurable functions. By means of Lemma 1 in [42],

neural network model (6) is further rewritten as

Dαξ(t) =− C⃗ξ(t) + A⃗f(ξ(t)) + γ(t)B⃗f(ξ(t − ϱ(t))) + δ(t)E⃗
∫ t

t−d(t)
f(ξ(s))ds, (7)

where C⃗ = C ′ + ∆C, Z⃗ = Z ′ + ∆Z , C ′ = C+C
2 , ∆C = HcFc(t)Nc, Z ′ = Z+Z

2 , ∆Z =
HzFz(t)Nz, with FT

c (t)Fc(t) ≤ In2 , FT
z (t)Fz(t) ≤ In2 , Hc =

[
Hc1,Hc2, · · · ,Hcn

]
, Fc(t) =

diag
{

0, · · · , 0︸ ︷︷ ︸
ℓ−1

, Fcℓ(t), 0, · · · , 0︸ ︷︷ ︸
n−ℓ

}
, Hz =

[
Hz1,Hz2, · · · ,Hzn

]
, Fz(t) =

{
Fz11(t),Fz12(t),

· · · ,Fznn(t)
}

, Nc = Nz = [In, In, · · · , In]︸ ︷︷ ︸
n

T .

Remark 1. Taking the phenomena of RODs into consideration, two stochastic variables γ(t), δ(t)
which obey the Bernoulli distribution are employed and satisfy the following statistical properties:
Pr

{
γ(t) = 1

}
= E

{
γ(t)

}
= γ̄, Pr

{
γ(t) = 0

}
= 1 − γ̄, Pr

{
δ(t) = 1

}
= E

{
δ(t)

}
=

δ̄, Pr
{

δ(t) = 0
}

= 1 − δ̄. Furthermore, analyzing the dynamic behaviors of FOMNNs is
challenging due to the state-dependent nature of memristive connection weights. As is it known that
the traditional methods for addressing the stability and SE of NNs are not applicable to memristor-
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based FONNs. Different from the existing excellent results [43–45], in this paper, we transform
FOMNNs (3) into a class of uncertain systems.

Assumption 1. The function f(·) : Rn → Rn satisfies f(0) = 0 and the following sector-bounded
condition: [

f(ν1)− f(ν2)− F⃗1(ν1 − ν2)
]T[f(ν1)− f(ν2)− F⃗2(ν1 − ν2)

]
≤ 0, (8)

in which ∀ν1, ν2 ∈ Rn, matrices F⃗1 and F⃗2 are known.

The measurement outputs ϑs(t) are as follows:

ϑs(t) =S(ϑ(t)), (9)

ϑ(t) =Cξ(t) (10)

where ϑ(t) represents the output vector. C is known constant matrices with appropriate
dimensions. The function S(·) : Rn → Rn is a saturation function defined as follows:

S(ϑ) ≜
[
ST

1 (ϑ1), ST
2 (ϑ2), · · ·ST

n (ϑn)
]T

where Sℓ(ϑℓ) ≜ sign(ϑℓ)min
{

ϑℓ,max, |ϑℓ|
}
(ℓ = 1, 2, · · · , n) with ϑℓ,max being the ℓth

element of ϑmax (i.e., the saturation level).
In many practical problems, the estimator gains K may undergo certain adjustments

or fluctuations due to the complex and changeable environment, which can result in system
fragility [32]. Hence, it is necessary to design a fractional-order nonfragile estimator to
reduce the influence of gain variation.

Dα ξ̂(t) =− C ′ ξ̂(t) +A′f(ξ̂(t)) + γ̄B′f(ξ̂(t − ϱt)) + δ̄E ′
∫ t

t−d(t)
f(ξ(s))ds

+ (K+ ∆K)(ϑs(t)− ϑ̂(t)),

ϑ̂(t) =Cξ̂(t),

(11)

where ξ̂(t) denotes the estimation of ξ(t), and K is the estimator gain to be designed.
∆K signifies the fluctuation with HkFk(t)Nk, FT

k (t)Fk(t) ≤ I . In addition, considering
the effect of quantization in [35,46], we introduce the quantitative process to save the
bandwidth and the logarithmic quantizer Q(z) = col

{
Q1(z1), Q2(z2), · · · , Qm(zm)

}
is

employed with

Ql(κl) =


υiu0, υiu0

1+ϵ < κl ≤ υiu0
1−ϵ , i = 0, ± 1, ± 2, · · · ,

0, κl = 0,
−Q(−κl), κl < 0

(12)

where 0 < υ < 1 denotes the quantization density, u0 is a scaling scalar, ϵ = 1−υ
1+υ . As

observed in [47], Q(κ) can be rewritten as

ϑq(t) ≜ Q(κ) = (I + ∆ι)κ, (13)

where −ϵ ≤ ∆ιi ≤ ϵ.
Next, define ν(t) = ξ(t)− ξ̂(t) and f̃(ν(t)) = f(ξ(t))− f(ξ̂(t)). The error dynamic is

shown as

Dαν(t) =− C ′ν(t)− ∆Cξ(t) +A′ f̃(ν(t)) + ∆Af(ξ(t)) + γ̄B′ f̃(ν(t − ϱt))

+ γ̄∆Bf(ξ(t − ϱt))δ̄E ′
∫ t

t−d(t)
f̃(ν(s))ds + δ̄∆E

∫ t

t−d(t)
f(ξ(s))ds
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− (K+ ∆K)
(
ϑq(t)− Cξ(t) + Cν(t)

)
+ ς(t), (14)

where ς(t) = γ̃(B′ + ∆B)f(ξ(t − ϱ(t))) + δ̃(E ′ + ∆E)
∫ t

t−d(t) f(ξ(s))ds, γ̃ = γ(t) − γ̄,

δ̃ = δ(t)− δ̄.

Definition 3 ([48]). A nonlinearity S(·) is said to satisfy a sector condition if

(S(x)− G1x)T(S(x)− G2x) ≤ 0, ∀x ∈ Rn. (15)

for real matrices G1 ∈ Rn×n and G2 ∈ Rn×n with G1 ≤ 0,G2 ≤ 0,G = G2 − G1 > 0. In this case,
the nonlinear function S(·) can be said to belong to the sector [G1,G2].

From (15), the nonlinear function S(·) can be rewritten as

S(Cξ(t)) = G1Cξ(t) + χ(Cξ(t)), (16)

Then, the nonlinearity χ(·) ∈ Y satisfies

Y ≜
{

χ : χT(Cξ(t))(χ(Cξ(t))− GCξ(t)) ≤ 0
}

, (17)

In what follows, letting ν⃗(t) ≜ col
{

ξ(t), ν(t)
}

, φ f (t) ≜ col
{

f(t), f̃(ν(t))
}

, φ f (t − ϱt) ≜
col

{
f(t − ϱ(t)), f̃(t − ϱ(t))

}
, the augmented system can be obtained from (7) and (14):

Dαν⃗(t) =C̃ ν⃗(t) + Ãφ f (t) + γ̄B̃φ f (t − ϱt))− K̃′(I + ∆ι)χ(C̄⃗ν(t))

+ δ̄Ẽ
∫ t

t−d(t)
φ f (s)ds + ς̃(t), (18)

where C̃ =

[
−C ′ − ∆C 0

−∆C − K̃(I + ∆ι)G1C− K̃C −C ′ − K̃G1C1

]
, Z̃ =

[
Z ′ + ∆Z 0

∆Z Z ′

]
, K̃′ =[

0
K̃

]
, B̃1 =

[
0 0
B⃗ 0

]
, Ẽ1 =

[
0 0
E⃗ 0

]
, ς̃(t) = γ̃B̃1 φ f (t − ϱt) + δ̃E1

∫ t
t−d(t) φ f (s)ds, K̃ = K+

∆K, C̄ =
[
C 0

]
.

Lemma 1 ([49]). Let the function ν⃗(t) ∈ Rnbe continuous and differential. Then, one has

1
2

Dαν⃗T(t)Qν⃗(t) ≤ ν⃗T(t)QDαν⃗(t), ∀α ∈ (0, 1)

Lemma 2 ([50]). Let ν⃗ : [ϱ, ϱ2] ∈ R+ → Rn be differentiable. There exist positive symmetric
matrix O > 0, and matrices L1,L2,L3 ∈ R3n×n satisfying the following relationship:

−
∫ ϱ2

ϱ
(Dαν⃗(ζ))TODαν⃗(ζ)dζ ≤ ΘTΦΘ, m − 1 < α < m

where

Φ =(ϱ2 − ϱ)
(
L1O−1LT

1 +
1
3
L2O−1LT

2 +
1
5
L3O−1LT

3
)

+ sym
{
L1g1 + L2(g1 − 2g2) + M3(g1 − 6g2 + 6g3)

}
,

Θ =col
{∫ ϱ2

ϱ
(Dαν⃗(ζ))dζ,

1
ϱ2 − ϱ

∫ ϱ2

ϱ

∫ ζ

ϱ
(Dαν⃗(ρ))dρdζ,

2
(ϱ2 − ϱ)2

∫ ϱ2

ϱ

∫ ζ

ϱ

∫ r

ϱ
Dαν⃗(ρ)dρdrdζ

}
,
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Definition 4 ([50]). Assume that a Lyapunov function V(t, ν⃗t) and a class−K functions δi(i =
1, 2, 3) satisfy

δ1∥⃗ν∥ ≤ V(t, ν⃗t) ≤ δ2∥⃗ν∥,
C
0 DαV(t, ν⃗t) ≤ −δ3∥⃗ν∥b + ct−α,

where 0 < α < 1, c > 0 is an arbitrary constant. Then, the fractional-order system (18) is
asymptotically stable.

3. Main Results

For brevity, we establish the following associated notations:

ζ⃗(t) = col
{⃗

ν(t), ν⃗(t − ϱt), ν⃗(t − ϱ), C
0 Dα

t ν⃗(t), φ f (t), φ f (t − ϱt),
∫ t

t−d(t)
φ f (s)ds

ϖ(t), χ(C̄⃗ν(t))
}

,

ϖ(t) = col
{ ∫ t

t−ϱ

C
0 Dα

t ν⃗(ζ)dζ,
∫ t

t−ϱ

∫ s

t−ϱ

C
0 Dα

t ν⃗(ζ)dζds, ϑ(t)
}

,

ϑ(t) =
∫ t

t−ϱ

∫ s

t−ϱ

∫ u

t−ϱ

C
0 Dα

t ν⃗(ζ)dζdsdu,

Theorem 1. Let the estimator gain matrix K be given, and let ∆K be known. For given positive
scalars ϱ, d , the augmented system (18) is stochastically asymptotically stable if there are definite
matrices P , Qℓ(ℓ = 1, 2), O, R, any matrix L1, L2, L3, Wl(l = 1, 2) and three positive scalars
κ1, κ2, κ3 such that

℧ =


Υ

√
ϱL̃1

√
ϱL̃2

√
ϱL̃3

∗ −O 0 0
∗ ∗ −3O 0
∗ ∗ ∗ −5O

 < 0, (19)

where Υ =

Ξ1 Ξ2 ℜ1
∗ Ξ3 ℜ2
∗ ∗ Ξ4

, Ξ1 =


Π1,1 0 0 Π1,4
∗ Π2,2 0 0
∗ ∗ Π3,3 0
∗ ∗ ∗ Π4,4

, Ξ2 =


Π1,5 Π1,6 Π1,7

0 Π2,6 0
0 0 0

Π4,5 Π4,6 Π4,7

,

Ξ3 = diag
{
−κ1I + d2R, − κ2I, −R

}
, Π1,1 = Q1 +Q2 − κ1J1 − sym

{
W1C̃

}
, Π1,9 =

−W1K̃
′(I + ∆ι), Π1,5 = W1Ã − κ1J1, Π1,6 = γ̄W1B̃, Π1,7 = δ̄W1Ẽ , Π1,4 = P −W1 +

C̃TW2, Π3,3 = −Q1, Π4,4 = ϱO− 2W2, Π4,7 = δ̄W2E , Π4,5 = W2Ã, Π4,6 = γ̄W2B̃,
Π4,9 = −W2(I + ∆ι), Π2,2 = −κ2J1 − (1 − ϱ̄)Q2, Π2,6 = −κ2J2, Π6,6 = −κ2I, Π4,9 =
−W2K̃

′(I + ∆ι), Π9,9 = −2κ3I, Π1,9 = C̄TGT, ℜ1 =
[
0 Ω1

]
, ℜ2 =

[
0 Ω2

]
, Ω1 =[

ΠT
1,9 0 0

]T, Ω2 =
[

0 ΠT
4,9 0 0

]T, L̃i =
[
0 0 0 0 0 0 0LT

i
]T, Ξ4 =

[
ω 0; 0 Π9,9

]
, ω = sym

{
L1g1 +

L2(g1 − 2g2) +L3(g1 − 6g2 + 6g3)
}

, Π9,9 = −2κ3I, J1 = diag2
{
I ⊗ F⃗T

1 F⃗2+F⃗T
2 F⃗1

2
}

,

J2 = −diag2
{
I ⊗ F⃗T

1 +F⃗T
2

2
}

, gℓ =
[
02n×(ℓ−1)2n, In, 02n×(3−i)2n

]
(ℓ = 1, 2, 3).

Proof. Choose the following Lyapunov–Krasovskii functional:

V(t, ν⃗(t)) =
4

∑
h=1

Vht, (20)

where

V1t =0 I(1−α)
t

(⃗
ν(t)TP ν⃗(t)

)
,

V2t =
∫ t

t−ϱ
ν⃗T(ζ)Q1ν⃗(ζ)dζ +

∫ t

t−ϱt
ν⃗T(ζ)Q2ν⃗(ζ)dζ,
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V3t =
∫ 0

−ϱ

∫ t

t+θ

(C
0 Dα

ζ ν⃗(ζ)
)TOC

0 Dα
ζ ν⃗(ζ)dζdθ,

V4t =d
∫ 0

−d

∫ t

t+θ

(C
0 Dα

ζ φ f (ζ)
)TRC

0 Dα
ζ φ f (ζ)dζdθ,

By fractionally differentiating Vht and taking the limit, we obtain

lim
ε→1−

C
0 Dε

tVt = lim
ε→1−

C
0 Dε

tV1t + lim
ε→1−

C
0 Dε

tV2t + lim
ε→1−

C
0 Dε

tV3t

=
d
dt

0 I(1−α)
t

(⃗
νT(t)P ν⃗(t)

)
+

d
dt
V2t +

d
dt
V3t

=C
0 Dα

t (⃗ν
T(t)P ν⃗(t)) +

ν⃗T(0)P ν⃗(0)
Γ(1 − α)

t−α +
d
dt
V2t +

d
dt
V3t, (21)

Based on Lemma 1, one has

C
0 Dα

t
(⃗
νT(t)P ν⃗(t)

)
≤
(C

0 Dα
t ν⃗(t)

)TP ν⃗(t) + ν⃗T(t)Pα
0 Dα

t ν⃗(t), (22)

d
dt
V2t ≤ν⃗T(t)

[
Q1 +Q2

]⃗
ν(t)− ν⃗T(t − ϱ)Q1ν⃗(t − ϱ)

− (1 − ϱ̃)⃗νT(t − ϱt)Q2ν⃗(t − ϱt), (23)

Applying Lemma 2, one obtains

d
dt
V3t =ϱC

0 Dα
t ν⃗(t)OC

0 Dα
t ν⃗(t)−

∫ t

t−ϱ

C
0 Dα

t ν⃗T(ζ)OC
0 Dα

t ν⃗(ζ)dζ

≤C
0 Dα

t ν⃗(t)ϱOC
0 Dα

t ν⃗(t) + ϖT(t)
[

ϱL1O−1LT
1 +

ϱ

3
L2O−1LT

2

+
ϱ

5
L3O−1LT

3 + sym
{
L1g1 + L2(g1 − 2g2) + L3(g1 − 6g2 + 6g3)

}]
ϖ(t), (24)

According to the Jessen’s inequality [51], we obtain

d
dt
V4t =d

∫ 0

−d
φT

f (ζ)Rφ f (ζ)dζ − d

∫ 0

−d
φT

f (t + ζ)Rφ f (t + ζ)dζ

= d2 φT
f (t)Rφ f (t)− d

∫ t

t−d
φT

f (ζ)Rφ f (ζ)dζ

≤ d2 φT
f (t)Rφ f (t)−

∫ t

t−d(t)
φT

f (ζ)dζR
∫ t

t−d(t)
φ f (ζ)ζ (25)

Based on Assumption 1, we have [
ν⃗(t)

φ f (t)

]T[
J1 J2
∗ I

][
ν⃗(t)

φ f (t)

]
≤ 0, (26)[

ν⃗(t − ϱt)
φ f (t − ϱt)

]T[
J1 J2
∗ I

][
ν⃗(t − ϱt)

φ f (t − ϱt)

]
≤ 0, (27)

Based on (16) and (17), one has

χT(C̄⃗ν(t))
[
χ(C̄⃗ν(t))− G C̄⃗ν(t)

]
≤ 0 (28)

Then, considering the system (18), for any matrix W1, W2, we have

0 =2
[⃗
νT(t)W1 +

C
0 Dα

t ν⃗T(t)W2
][

− C
0 Dα

t ν⃗(t) + C̃ ν⃗(t) + Ãφ f (t) + γ̄B̃φ f (t − ϱt)

+ δ̄Ẽ
∫ t

t−d(t)
φ f (s)ds − K̃′χ(C̄⃗ν(t)) + α̃B̃1 φ f (t − ϱt) + δ̃Ẽ1

∫ t

t−d(t)
φ f (s)ds

]
, (29)
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Taking (21)–(29) into account, it is implied that

lim
ε→1−

E
{C

0 Dε
tV(t, ν⃗(t))

}
≤2

(C
0 Dα

t ν⃗(t)
)T[P −W1 +W2C̃

]⃗
ν(t) + ν⃗T(t)

[
Q1 +Q2 − κ1J1

+W1C̃ + C̃TW1
]⃗
ν(t)− ν⃗T(t − ϱ)Q1ν⃗(t − ϱ) + ϱC

0 Dα
t ν⃗(t)O

× C
0 Dα

t ν⃗(t) + ϖT(t)
[

ϱL1O−1LT
1 +

ϱ

3
L2O−1LT

2 +
ϱ

5
L3O−1LT

3

+ sym
{
L1g1 + L2(g1 − 2g2) + L3(g1 − 6g2 + 6g3)

}]
ϖ(t)

+ 2⃗νT(t)
[
κ1J2 + Ã

]
φ f (t)− κ1 φT

f (t)φ f (t)− κ2ν⃗T(t − ϱt)J1

× ν⃗(t − ϱt) + 2κ2ν⃗T(t − ϱt)J2 φ f (t − ϱt)− 2⃗νT(t)W1K̃1

× ν⃗(t − ϱt)− 2⃗νT(t)W1K̃
′χ(C̄ψ̃(t)) + 2γ̄ν⃗T(t)W1B̃φ f (t − ϱt)

− κ3χT(C̄⃗ν(t))
[
χ(C̄⃗ν(t))− G C̄⃗ν(t)

]
− C

0 Dα
t ν⃗T(t)W2

C
0 Dα

t ν⃗(t)

+ C
0 Dα

t ν⃗T(t)W2Ãφ f (t) + γ̄C
0 Dα

t ν⃗T(t)W2Bφ f (t − ϱt)

− C
0 Dα

t ν⃗T(t)W2K̃
′χ(C̄⃗ν(t))− φT

f (t − ϱt)φ f (t − ϱt) + 2δ̄⃗νT(t)

×W1Ẽ
∫ t

t−d(t)
φ f (s)ds + 2δ̄C

0 Dα
t ν⃗T(t)W2

∫ t

t−d(t)
φ f (s)ds

+
ν⃗T(0)P ν⃗(0)

Γ(1 − α)
t−α

≤ ζ⃗T
t
[
Υ + ϱL̃Ô−1

1 L̃T + ϱ12L⃗Ô−1
2 L⃗T]ζ⃗t +

ν⃗T(0)P ν⃗(0)
Γ(1 − α)

t−α (30)

If ℧ = Υ + ϱL̃Ô−1L̃T < 0, the following inequation can be inferred:

lim
ε→1−

E
{C

0 Dε
tVt

}
≤ ζ⃗T(t)℧ζ⃗(t) +

ν⃗T(0)P ν⃗(0)
Γ(1 − α)

t−α

≤ λmin(℧)⃗νT(t)⃗ν(t) +
ν⃗T(0)P ν⃗(0)

Γ(1 − α)
t−α (31)

By utilizing the Schur complement to (19), (31) is satisfied. In light of the Definition 4,
it holds that lim

t→∞
∥E

{⃗
ν(t)

}
∥ = 0. Then, the stability of the augmented system (18) is

guaranteed. The proof has been completed. In light of the condition in Theorem 1, the
estimator gain can be inferred from the following theorem.

Remark 2. Distinct from [7–9] adopt Jessen’s inequality, this paper addresses the integral term∫ t
t−ϱ

C
0 Dα

t ν⃗T(ζ)OC
0 Dα

t ν⃗(ζ)dζ using novel Caputo–Wirtinger integral inequalities. Three definite

integral
∫ t

t−ϱ
C
0 Dα

t ν⃗(ζ)dζ,
∫ t

t−ϱ

∫ s
t−ϱ

C
0 Dα

t ν⃗(ζ)dζds,
∫ t

t−ϱ

∫ s
t−ϱ

∫ u
t−ϱ

C
0 Dα

t ν⃗(ζ)dζdsdu are intro-
duced to reduce the conservatism of the stable condition.

Theorem 2. Given the scalars ϱ > 0, d > 0, ϵ > 0. Under Assumptions 1, the augmented
system (18) is asymptotically stable if there are definite matrices P , Q1, Q2, O, R, any matrix
W,Li and positive scalars κℓ (ℓ = 1, 2, 3), r, s, u, t such that

℧̃ =

[
Υ̃′ ð⃗1

∗ −ð⃗2

]
< 0, (32)
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where Υ̃′ =


Υ′ √

ϱL̃1
√

ϱL̃2
√

ϱL̃3
∗ −O 0 0
∗ ∗ −3O 0
∗ ∗ ∗ −5O

, Ῡ′ =

Ξ̄1 Ξ′
2 ℜ̄1

∗ Ξ3 ℜ̄2
∗ ∗ Ξ4

,

Ξ̄1 =


Π̄1,1 0 0 Π̄1,4
∗ Π2,2 0 0
∗ ∗ Π3,3 0
∗ ∗ ∗ Π′

4,4

, X̃1 =

[
0 0
0 X

]
, X̃2 =

[
0
X

]
, ð⃗ =

[
H̃, rÑ , ℑTX̃1, seT

1 GT
c2,

ℑT H̄k, ϵleT
1 GT

c2N̄k, ℑTH̃k, uÑk, ℑTWH̄k, tN⃗k
]
, ð⃗2 = diag

{
r̃I, s̃I, l̃I, ũI, t̃I

}
, s̃ = diag

{
s, s

}
,

l̃ = diag
{
l, l

}
, ũ = diag

{
u, u

}
, t̃ = diag

{
t, t

}
, r̃ = diag

{
r, r

}
, Π̄1,1 = Q1 + Q2 −

κ1J1 − sym
{
WC̄ + X̃1Gc1

}
, Π̄1,9 = −X̃2, Π̄1,9 = −X̃2, Π̄4,9 = −µ̃X̃2, ℜ̄1 =

[
0 Ω̄1

]
, ℜ̄2 =[

0 Ω̄2
]
, Ω̄1 =

[
Π̄T

1,9 0 0
]T , Ω̄2 =

[
0 Π̄T

4,9 0 0
]T , Π̄4,9 = −µ̃X̃2, ej =

[
02n×(2j−2)n I2n

02n×(9−2j)n
]
, ℑ = e1 + µ̃e4. Then, if the LMI (32) is feasible, the estimator gain K is calcu-

lated by K = W⃗−1X .

Proof. Algorithm 2 illustrates the calculation process of the developed estimator gain
K. Then, define W = W1 and W2 = µ̃W (µ̃ > 0), W is a non-singular matrix. W =
diag

{
W̄, W⃗

}
. Then, Equation (29) can be converted into

0 =E
{

2ΞT(t)W
[
− C

0 Dα
t ν⃗(t) + C̄ ν⃗(t) + Āφ f (t) + γ̄B̃φ f (t − ϱt) + δ̄Ẽ

∫ t

t−d(t)
φ f (s)ds

− K̄2χ(C̄⃗ν(t)) + H̃d F̃d(t)Ñdν⃗(t) + H̃a F̃a(t)Ña φ f (t) + H̃b F̃b(t)Ñb φ f (t − ϱt)

+ H̃e F̃e(t)Ñe

∫ t

t−d(t)
φ f (s)ds −

(
K̄1∆̃ιGc2 + H̄k F̄k(t)N̄kGc1 + H̄k F̄k(t)N̄k∆̃ιḠc2

)⃗
ν(t)

−
(

H̄k F̄k(t)N⃗k∆ι + H̄k F̄k(t)N⃗k
)
χ(C̄⃗ν(t))

]}
, (33)

in which Ξ(t) = ν⃗(t)+ µ̃C
0 Dα

t ν⃗T(t), C̄ =

[
−C ′ 0

−K(G1C− C)′ −C −KC

]
, K̄1 =

[
0 0
0 KG1C2

]
,

K̄2 =

[
0
K

]
, Ā =

[
A′ 0
0 A′

]
, B̄ =

[
B′ 0
0 B

]
, H̃c =

[
Hc 0
0 Hc

]
, H̃z =

[
Hz 0
0 Hz

]
, Ñc =[

−Nc 0
−Nc 0

]
, Ña =

[
Na 0
Na 0

]
, Ñb =

[
γ̄Nb 0
γ̄Nb 0

]
, Ñe =

[
δ̄Ne 0
δ̄Ne 0

]
, H̄k =

[
0 0
0 Hk

]
, N̄k =[

0 0
0 Nk

]
, N⃗k =

[
0
Nk

]
, F̃c(t) = diag

{
Fc(t), Fc(t)

}
, F̃z(t) = diag

{
Fz(t), Fz(t)

}
, F̄k(t) =

diag
{
Fk(t), Fk(t)

}
, Gc1 =

[
0 0

C− G1C −C

]
, Gc2 =

[
0 0

−G1C 0

]
.

Algorithm 2: Gain Matrix K

Step I: Supply the matrix parameters with appropriate dimensions for the system
model (7) and (11).

Step II: Choose scalars ρ, d, ϵ
Step III: By using the Matlab LMI Toolbox, seek a feasible solution of the LMI (32)
based on the given scalars and matrices. If the feasible solution is not obtained,
return to Step I and II and reset the relevant parameters and matrices.

Step IV: Combining the feasible solution for the LMI (32) and the setting
X = W⃗K, obtain the estimator gain K.

For arbitrary scalars r > 0, the following inequalities hold:

2ℑTW
[
H̃c F̃c(t)Ñce1 + H̃a F̃a(t)Ñae5 + H̃b F̃b(t)Ñbe6 + H̃e F̃e(t)Ñee7

]
= H̃F̃ (t)Ñ ≤ r−1H̃H̃T + rÑ TÑ (34)
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where F̃ (t) = diag
{

F̃c(t), F̃a(t), F̃b(t), F̃e(t)
}

, H̃ =


WH̃c WH̃a WH̃b WH̃e
02n×n · · · · · · 02n×n
µ̃WH̃c µ̃WH̃a µ̃WH̃b µ̃WH̃e
05n×n · · · · · · 05n×n

,

Ñ =


Ñc 0 0 0 0 0 0 0 0
0 0 0 0 Ña 0 0 0 0
0 0 0 0 0 Ñb 0 0 0
0 0 0 0 0 0 Ñe 0 0

.

Analogously, for arbitrary positive scalars u, s, t, l, one obtains

−2ℑTWK̄1∆̃ιGc2e1 ≤ s−1ℑTWK̄1K̄
T
1 Wℑ+ ϵ2seT

1 GT
c2Gc2e1, (35)

−2ℑTWH̄k F̄k(t)N̄k∆̃ιGc2e1 ≤ l−1ℑTWH̄k H̄T
k Wℑ+ ϵ2leT

1 GT
c2N̄T

k N̄kGc2e1, (36)

−2ℑTW
[
H̄k F̄k(t)N̄kGc1e1 + H̄k F̄k(t)N⃗kGc1e9

]
= H̄k F̄(t)N̄k

≤ u−1ℑTH̄kH̄T
k ℑ+ uÑ T

k Ñk, (37)

−2ℑTWH̄k F̄k(t)N⃗k∆ιe
T
9 ≤ t−1ℑT H̄k H̄T

k ℑ+ ϵ2eT
9 tN⃗

T
k N⃗ke9, (38)

where H̄k =
[
H̄T

k W, 0, 0, µ̃H̄T
k W, 0, 0, 0, 0, 0

]T , N̄k =
[
N̄kGc1, 0 0 0 0 0 0 0 0, N⃗k

]
.

Merging Equations (21)–(28) and (35)–(38), we have

℧ ≤Υ′ + ϱL̃1O−1L̃T
1 +

ϱ

3
L̃2O−1L̃T

2 +
ϱ

5
L̃3O−1L̃T

3 + r−1H̃H̃+ rÑ TÑ

+ s−1ℑTWK̄1K̄
T
1 Wℑ+ ϵ2seT

1 GT
c2Gc2e1 + l−1ℑTWH̄k H̄T

k Wℑ
+ ϵ2leT

1 GT
c2

¯̄NT
k

¯̄NkGc2e1 + u−1ℑT H̄k H̄T
k ℑ+ uÑ T

k Ñk

+ t−1ℑTWH̄k H̄T
k Wℑ+ ϵ2eT

9 t
⃗̄NT

k
⃗̄Nke9 < 0 (39)

where Υ′ =

Ξ′
1 Ξ′

2 ℜ′
1

∗ Ξ3 ℜ′
2

∗ ∗ Ξ4

, Ξ′
1 =


Π′

1,1 0 0 Π′
1,4

∗ Π2,2 0 0
∗ ∗ Π3,3 0
∗ ∗ ∗ Π′

4,4

, Ξ′
2 =


Π′

1,5 Π′
1,6 Π′

1,7
0 Π2,6 0
0 0 0

Π′
4,5 Π′

4,6 Π′
4,7

,

Π4,4 = ϱO − 2µ̃W, F̃c(t) = diag
{

Fc(t), Fc(t)
}

, F̃z(t) = diag
{

Fz(t), Fz(t)
}

, F̃z(t) =
diag

{
Fz(t), Fz(t)

}
, Π′

1,2 = −WK̄1, Π′
1,9 = −WK̄2, Π′

1,1 = Q1 +Q2 − κ1J1 − sym
{
WC̄

}
,

Π′
1,4 = P −W+ µ̃C̄TW, Π′

1,5 = WĀ − κ1J1, Π′
1,6 = γ̄WB̄, Π′

1,7 = δ̄WĒ , Π′
4,4 = ϱO −

2µ̃W, Π′
4,5 = µ̃WĀ, Π′

4,6 = µ̃γ̄WB̄, Π′
4,7 = µ̃δ̄WĒ , Π′

4,9 = −µ̃W̄K̄, ℜ′
1 =

[
0 Ω′

1
]
, ℜ′

2 =[
0 Ω′

2
]
, Ω′

1 =
[
Π′T

1,9 0 0
]T , Ω′

2 =
[

0 Π′T
4,9 0 0

]T . Other terms Π2,2, Π2,6, Π3,3, Ξ4 are
mentioned in Theorem 1.

Denoting X = W⃗K and combining the Schur complement, it can be inferred that (39) is
satisfied if (32) holds. Then, the augmented system (18) is stochastically asymptotically stable.

When γ(t) = 1 and δ(t) = 1, and quantitative processing is not taken into account,
system (3) will transform into a common FOMNNs with mixed time-varying delays. Then,
the estimator (11) will degenerate into a traditional fractional-order nonfragile estimator
as follows:

Dα ξ̂(t) =− C ′ ξ̂(t) +A′f(ξ̂(t)) + B′f(ξ̂(t − ϱt)) + E ′
∫ t

t−d(t)
f(s)ds

+ (K′ + ∆K′)(ϑs(t)− ϑ̂(t)),

ϑ̂(t) =Cξ̂(t),

In this case, the following corollary is easily accessible from Theorem 2.
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Corollary 1. For the given ϱ > 0, d > 0, system (18) is asymptotically stable if there are
symmetric matrices P , Q1, Q2, O, R, any matrix W = diag

{
W̃, W⃗

}
and ten scalars κl >

0(l = 1, 2, 3), u⃗ > 0, r⃗ > 0 such that

℧̃′ =


Υ̃′′ ℑTWH̃k uÑk H̃ rÑ T

∗ −⃗uI 0 0 0
∗ ∗ −⃗uI 0 0
∗ ∗ ∗ −⃗rI 0
∗ ∗ ∗ ∗ −⃗rI

 < 0, (40)

where Υ̃′′ =


Ῡ′′ √

ϱL̃1
√

ϱL̃2
√

ϱL̃3
∗ −O 0 0
∗ ∗ −3O 0
∗ ∗ ∗ −5O

, Ῡ′′ =

Ξ̄1 Ξ2 ℜ̄1
∗ Ξ3 ℜ̄2
∗ ∗ Ξ4

, Ξ̄2 =


Π′

1,5 Π̄1,6 Π̄1,7
0 Π2,6 0
0 0 0

Π′
4,5 Π̄′

4,6 Π̄4,7

,

Ξ̄1 =


Π̄1,1 0 0 Π′

1,4
∗ Π2,2 0 0
∗ ∗ Π3,3 0
∗ ∗ ∗ Π′

4,4

, Wd =

[
−W̄C 0

−X (G1C− C) −XC

]
, Ñb =

[
Nb 0
Nb 0

]
, Ñe =

[
Ne 0
Ne 0

]
, Π̄1,1 = Q1 +Q2 − κ1J1 −WT

d +Wd, Π̄′
4,6 = µ̃WB̄, Π̄′

4,7 = µ̃WĒ , Π̄′
1,6 = WB̄,

Π̄′
1,7 = WĒ . The rest are defined in Theorem 2. The estimator gain K′ can be calculated by

K′ = W⃗−1X ′.

Remark 3. So far, this paper addresses the issue of nonfragile SE for FOMNNs with randomly
occurring time-varying delays. Different from the published results in [15,38], the derived result in
this paper is less conservative, utilizing a novel Caputo–Wirtinger integral inequality. In addition,
taking the switched property of di(ξ(t)), aij(ξ(t)), bij(ξ(t)), eij(ξ(t)) into consideration, we
employ the switching functions to reconstruct the FOMNNs (3) into an uncertain system, which
strikes a balance between conservatism and complexity.

4. Examples and Simulations

Two numerical simulations are offered to illustrate the effectiveness of the proposed
estimator algorithm.

Example 1. Consider the following parameters of FOMNNs (3) as

a11(ξ1) =

{
−0.5, |ξ1| ≤ 1,
−0.6, |ξ1| > 1,

a12(ξ1) =

{
1, |ξ1| ≤ 1,
0.5, |ξ1| > 1,

a21(ξ2) =

{
0.5, |ξ2| ≤ 1,
−0.7, |ξ2| > 1,

a22(ξ2) =

{
−0.22, |ξ2| ≤ 1,
−0.5, |ξ2| > 1,

b11(ξ1) =

{
−0.6, |ξ1| ≤ 1,
−0.5, |ξ1| > 1,

b12(ξ1) =

{
0.5, |ξ1| ≤ 1,
0.25, |ξ1| > 1,

b21(ξ2) =

{
0.5, |ξ2| ≤ 1,
−0.7, |ξ2| > 1,

b22(ξ2) =

{
−0.22, |ξ2| ≤ 1,
−0.5, |ξ2| > 1,

e11(ξ1) =

{
0.3, |ξ1| ≤ 1,
−0.4, |ξ1| > 1,

e12(ξ1) =

{
0.5, |ξ1| ≤ 1,
0.13, |ξ1| > 1,

e21(ξ2) =

{
0.2, |ξ2| ≤ 1,
1, |ξ2| > 1,

e22(ξ2) =

{
−0.7, |ξ2| ≤ 1,
−0.3, |ξ2| > 1,
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c11(ξ1) =

{
0.1, |ξ1| ≤ 1,
−0.3, |ξ1| > 1,

c22(ξ2) =

{
0.4, |ξ2| ≤ 1,
0.2, |ξ2| > 1,

C =

[
0.1 0.3
0.25 −0.4

]
, H = diag

{
1, 1

}
, N =

[
0.3 0.4; 0.4 0.3

]
. We choose the distribute

delay d(t) = 0.05 + 0.3|cos(t)| with d = 0.35.
Assume that the occurring probability of the time-varying delays ϱ(t), d(t) satisfy γ̄ =

E
{

γ(t)
}
= 0.7, δ̄ = E

{
δ(t)

}
= 0.9. Set the activation function as

f(ξ(t)) =
[
−0.4ξ1(t) + tanh(0.2ξ1(t)) + 0.3ξ2(t)

−0.2ξ2(t) + tanh(0.3ξ2(t))

]
,

then,

F⃗1 =

[
−0.4 0.3

0 −0.2

]
, F⃗2 =

[
−0.2 0.3

0 0.1

]
By employing the Matlab LMI Toolbox for the resolution of the LMIs (32), the following feasible

solutions can be obtained:

W⃗ =

[
0.0374 0.0037
0.0037 0.0332

]
, K =

[
−0.0688 −0.2333
−0.2146 0.2782

]
,

and κ1 = 1.1590, κ2 = 0.6043, κ3 = 0.2919, r = 0.2031, s = 0.3796, u = 0.3448, t = 0.3348.

In this simulation, the fractional-order estimation system subject to sensor saturation
is considered. According to the above parameters, all the simulation results with various
orders are present in Figures 1–3. Figures 1 and 2 illustrate the state and corresponding
estimates of neurons ξ1(t), ξ2(t), respectively. Figure 3 shows the errors with different
orders (α = 0.8, 0.9, 0.99) between ξi(t) and ξ̂i(t). Therefore, the validity of the proposed
theoretical results is verified in this numerical simulation.

0 5 10 15 20 25 30 35 40 45 50

time (sec)

-4

-3

-2

-1

0

1

2

3

1
(t

)

Figure 1. Responses of ξi(t) and ξ̂i(t) with α = 0.8, 0.9, 0.99.
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Figure 2. Responses of ξi(t) and ξ̂i(t) with α = 0.8, 0.9, 0.99.
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Figure 3. Estimation errors ei(t) under sensor saturation.

Example 2. In what follows, the following delayed FOMNNs model subject to sensor saturations
is considered:

Dαξ(t) = −C(t)ξ(t) +A(t)g(ξ(t)) + B(t)f(ξ(t − ϱ(t))), (41)

In this example, the following parameters are chosen:

a11(ξ1) =

{
−1.5, |ξ1| ≤ 1,
−1, |ξ1| > 1,

a12(ξ1) =

{
−0.2, |ξ1| ≤ 1,
0.6, |ξ1| > 1,

a21(ξ2) =

{
0.3, |ξ2| ≤ 1,
0.1, |ξ2| > 1,

a22(ξ2) =

{
−0.2, |ξ2| ≤ 1,
−0.6, |ξ2| > 1,
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b11(ξ1) =

{
−1, |ξ1| ≤ 1,
−0.5, |ξ1| > 1,

b12(ξ1) =

{
−0.35, |ξ1| ≤ 1,
0.65, |ξ1| > 1,

b21(ξ2) =

{
−0.3, |ξ2| ≤ 1,
0.5, |ξ2| > 1,

b22(ξ2) =

{
−0.5, |ξ2| ≤ 1,
−0.75, |ξ2| > 1,

c11(ξ1) =

{
1.5, |ξ1| ≤ 1,
1.3, |ξ1| > 1,

c22(ξ2) =

{
1.62, |ξ2| ≤ 1,
1.2, |ξ2| > 1,

H =
[
1 1; 1 1

]
, N =

[
0.2 − 0.2;−0.2 0.2

]
, G1 = diag

{
0.7, 0.85

}
, G = diag

{
0.4, 0.5

}
.

By means of the Matlab Tool to solve the inequalities (32), we have the following feasible
solutions:

W2 =

[
2.9114 3.2613
3.2613 8.9590

]
, K′ =

[
−0.7373 −0.4956
0.3563 1.6337

]
,

and κ1 = 0.201, κ2 = 0.1576, κ3 = 0.3506, u⃗ = 0.13, r⃗ = 0.3513.

In this simulation, Figures 4–6 show all the simulation results with different orders.
Under sensor saturation, Figure 6 depicts the estimation error with mixed time-varying
delays. Figures 4 and 5 show the trajectories of neurons ξ1(t), ξ2(t) and the corresponding
estimation, respectively. Under the different orders (α = 0.8, 0.9, 0.99, 1), it is clear that the
estimation errors converge to zeros finally, which verifies the effectiveness of the designed
estimator scheme. In addition, from Table 1, the maximal allowable delay ϱmax and the
number of decision variables (NDVs) can be obtained. This indicates that the allowable
upper bound is superior to the previous methods. In this paper, we introduce double
integrals and triple integrals, which require more decision variables than the methods
discussed in [38]. The method proposed in this paper is less conservative.

0 5 10 15 20 25 30 35 40 45 50

time (sec)

-4

-3

-2

-1

0

1

2

3

1
(t

)

Figure 4. Trajectories of ξ1(t) and ξ̂1(t) with α = 0.8, 0.9, 0.99, 1.
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Figure 5. Trajectories of ξ2(t) and ξ̂2(t) with α = 0.8, 0.9, 0.99, 1.
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Figure 6. The estimation errors ei(t) under sensor saturation.

Table 1. Maximal allowable delay ϱmax with different ϱ̄(α = 0.9).

Method ϱ̄ = 0.2 ϱ̄ = 0.5 ϱ̄ = 0.8 NDVs

[10] 3.1802 2.8591 2.1934 76
[38] 6.541 6.0684 4.9716 132

Theorem 1 6.7168 5.9754 5.0197 188

5. Conclusions

This paper investigates the nonfragile SE for FOMNNs with ROTDs subject to sensor
saturation. Considering the load on network bandwidth, a logarithmic quantizer is intro-
duced to design the fraction-order estimator. Based on a novel Caputo–Wirtinger integral
inequalities, a lower conversation criterion is established to guarantee the augmented
system is stochastically asymptotically stable. In the end, two numerical simulations are
shown to illustrate the validity of the proposed estimation scheme. Furthermore, it is
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possible to apply the proposed method and scheme to fractional-order uncertain systems
or complex-valued neural networks with an event-triggered scheme [52–54].
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Notation

XT the transpose of matrix X
I/0 the identity/zero matrix with appropriate order
Rn n-dimensional Euclidean space
∥⃗ν∥ the Euclidean norm in Rn

E mathematical expectation operator
∗ the symmetric term
z a, b, e
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