i fractal and fractional

[

Article

Quantized Nonfragile State Estimation of Memristor-Based
Fractional-Order Neural Networks with Hybrid Time Delays
Subject to Sensor Saturations

1

Xiaoguang Shao !, Yanjuan Lu ?, Jie Zhang *, Ming Lyu ! and Yu Yang 3

check for
updates

Citation: Shao, X.; Lu, Y,; Zhang, J.;
Lyu, M,; Yang, Y. Quantized
Nonfragile State Estimation of
Memristor-Based Fractional-Order
Neural Networks with Hybrid Time
Delays Subject to Sensor Saturations.
Fractal Fract. 2024, 8, 343. https://
doi.org/10.3390/ fractalfract8060343

Academic Editor: Anténio Lopes

Received: 21 May 2024
Revised: 28 May 2024

Accepted: 29 May 2024
Published: 6 June 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Automation, Nanjing University of Science and Technology, Nanjing 210094, China

School of Electronics and Information Engineering, Changchun University of Science and Technology,
Changchun 130022, China

School of Electrical Engineering, Guangxi Technological College of Machinery and Electricity,
Nanning 530007, China

*  Correspondence: jie_zhang_njust@163.com

Abstract: This study addresses the issue of nonfragile state estimation for memristor-based fractional-
order neural networks with hybrid randomly occurring delays. Considering the finite bandwidth
of the signal transmission channel, quantitative processing is introduced to reduce network burden
and prevent signal blocking and packet loss. In a real-world setting, the designed estimator may
experience potential gain variations. To address this issue, a fractional-order nonfragile estimator
is developed by incorporating a logarithmic quantizer, which ultimately improves the reliability
of the state estimator. In addition, by combining the generalized fractional-order Lyapunov direct
method with novel Caputo-Wirtinger integral inequalities, a lower conservative criterion is derived
to guarantee the asymptotic stability of the augmented system. At last, the accuracy and practicality
of the desired estimation scheme are demonstrated through two simulation examples.
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1. Introduction

The origin of fractional calculus can be traced back to a question raised by L’'Hopital
in 1695. Until a few decades ago, the available literature on fractional calculus primarily
concentrated on theoretical analysis [1]. Commencing in 1960, the exploration of fractional
calculus expanded its application to the realms of physics, science, and bioengineering,
which received considerable attention [2—4]. As it turns out, fractional calculus can describe
real phenomena more accurately than integer-order calculus due to its properties of infinite
memory and heritability [5,6]. In recent years, research on fractional-order systems has
received considerable attention from numerous scholars. A plethora of novel findings
have been published on stability analysis, pinning control, synchronization, and other
related topics [7-9]. For instance, the design of a nonfragile controller has been addressed
in [10] for a class of delayed fraction-order uncertain systems. In addition, the authors
in [11] addressed the L-gain problem of incommensurate fractional-order systems with
hybrid time delays. What is striking is that the authors introduced a notable approach in
stability analysis that relied on the solution’s monotonicity and positivity rather than a
Lyapunov—Krasovskii functional.

It is worth noting that neural networks have become increasingly popular over the
last few decades due to their wide applications in fault diagnosis, image recognition,
signal processing, and more [12-14]. State estimation (SE) plays an important role in
these applications. So far, a substantial body of research results on SE issues has been
presented in the existing literature [15-19]. It is worth pointing out that these network
structures are often analyzed and designed with resistors to simulate neural synapses.
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Note, that Chua introduced the concept of memristor in 1971 [20]. Unfortunately, it
was not until 2008 that the first memristor component was produced by the HP Lab (as
seen in [21]). Unlike conventional resistors, this unique type of resistor offers several
advantages, including lower energy consumption, faster operation speed, and reduced
memory space requirements. Hence, memristors have been applied in many complex
systems, especially in neural networks, see [22-24]. In comparison to traditional neural
networks with n neurons, the number of equilibria of memristor-based fractional-order
neural networks increases from 2" to 22"+, leading to a wide range of applications.
Owing to these advantages, the dynamical analysis issues (e.g., dissipativity, stability, and
synchronization) for fractional-order memristive neural networks (FOMNNSs) have recently
attracted considerable interest [25-27].

In contrast to the abundance of research findings on other dynamic analysis issues,
there is a scarcity of literature addressing the SE issue specifically in the context of FOMNN .
Among the most available studies on the SE issue, the authors failed to consider the poten-
tial impact of gain variations in real-world scenarios [28-30]. The estimator gain pertur-
bations from complex environments may lead to the fragility of the traditional estimator
design. As a result, nonfragile techniques have drawn much attention for various types of
network systems to withstand the influence of gain perturbations [31]. In [32], a nonfragile
estimator was developed for delayed neural networks with randomly occurring nonlin-
earity. In [33], the study explored the nonfragile SE problem of delayed fractional-order
neural networks under an event-triggered mechanism. The authors in [34] addressed the
nonfragile SE issue of memristor-based fractional-order BAM neural networks with time-
varying delays. However, the stability criterion derived is delay-independent. Quantitative
processing has attracted significant attention as an efficient method for conserving network
resources. In networked control systems, quantitative processing, such as compressing and
decompressing sampled data, is frequently employed to minimize transmission load and
preserve network resources. In [35], the authors addressed the problem of quantized SE for
neural networks under cyber attacks. Despite this, there are few studies on designing a
fractional-order nonfragile estimator for delayed FOMNNSs, which serves as motivation for
our research.

As is known, time delays always appear in real systems, which may impact the per-
formance or stability [26,34]. Time delays typically result from various factors, such as
limitations in the communication channel or bandwidth capacity. The common delays
include discrete delay [11], distributed delay [36], leakage delay [25], and others, which
have been addressed in numerous outstanding studies. For example, in [25], the Mit-
tag—Leffler stability issue for neutral-type fractional-order neural networks with leakage
delay was investigated. It is worth noting that in the context of random fluctuations in
the real environment, time-varying delays may occur in a probabilistic manner, typically
referred to as randomly occurring time-varying delays (ROTDs). For instance, the issue
of partial-neurons-based SE for recurrent neural networks with ROTDs was examined
in [15]. The discrete delay associated with a Bernoulli variable ¢(t) was discussed. So
far, there have been plenty of interesting findings on fractional-order neural networks
with time delays. As far as we know, there is a lack of research on fractional-order neural
networks with ROTDs, particularly in the context of neural networks based on memristors.
Furthermore, the sensor output is often constrained by the inherent physical attributes
of components, which may lead to saturated measurement outputs [37]. Furthermore,
saturation may introduce nonlinear characteristics that could significantly impact the ac-
curacy of the estimation algorithm. Considering the saturation as well as the time delay
for FOMNN s is meaningful and practical and inspired by the aforementioned reasons, our
aim is to investigate the nonfragile SE problem for a class of FOMNNSs with ROTDs and
sensor saturations. The key advantages of our investigation are outlined as follows:

(i) The nonfragile SE issue of memristor-based fractional-order neural networks is ad-
dressed subject to hybrid randomly occurring time-varying delays and sensor saturations.
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(ii) In order to guarantee the asymptotic stability of the augmented system, a delay-
dependent criterion has been derived using the Lyapunov theory. Different from the
previous excellent results in [36,38,39], a Caputo-Wirtinger integral inequality is utilized to
decrease conservatism.

(iii) Taking into account the finite bandwidth and potential gain variations, a fractional-
order nonfragile estimator is developed with quantized measurements.

(iv) To validate the usefulness of the proposed estimation algorithm for FOMNNS,
two numerical examples are provided.

2. Problem Formulation and Preliminaries

Several common definitions of fractional calculus have been presented, and some
useful lemmas are recalled here.

Definition 1 ([40]). The fractional integral operator of the function h(t) is defined by

1

0 = £y

/t:(t — o) n(o)do, aeR* 1)

where t > to and the Gamma function T'(z) = fooo e~f¥14t.

Definition 2 ([40]). The Caputo’s derivative form of h(t) is

Coin(n) = ot [ (- o) (o), @)

T(k—a) Jy
where t > to,and « € (k—1,k), h(t) € C¥([to, ), R).

In the follow-up, %D;" with order « can be replaced by D* on [to, t] . Then, consider
the following FOMNNSs model with hybrid time-varying delays:

n

DAGi(t) = —¢i(Gi(t))gi(t) + i:l”ij(gj(t))fj(gj(t)) +(t) Y by (§i(1)4(E;(t — e (1))
=

j=1
Fo) Les(@0) [ (&),
j=1 t=o(t)

Zi(to) = ¢i(to), to € [-p,0], P =max{g,0},

where 0 < « < 1,&;(¢) is the ith neuron state; ¢; > O,fj(-) represents the activation function,
o(t),0(t) present time-varying transmission delays satisfying 0 < o(t) <, 0 <d(t) <?d
and ¢(t) < ¢ < 1in which ¢, d are known real constants. The state feedback positive matrix
¢i(¢i(t)) and the memristive connection weights a;;(G;(t)), bi;(Z;(t)), e;(Z;(t)) are described

as follows:
n We.
1 Ta b e 1 1]
ci(&i(t)) = E[Z(WU + Wi +Wi]-) X sgnj + f]’ a;i(&i(t)) = T X sgnij,
roj=1 1 i
Wb, We.
bij(G;(t) = é%] x sgnij, e;(Ei(t)) = éfl] X sgMj
1 1

Ta \Ob e : . . . : g _— 1 yob
where Wi i Wij' Wi j are the memductances of memristors Faij, Faij satisfying W i = Ey Wij =

%ij/ C; stands for the capacitor. sgn;; = 1if i # j, otherwise —1. According to the characteristics
of d;(i(t)),zij(g;(t)), we have

o G <T,
ci(Gi(t)) = {C;/, &(H)] > T,

PPN £ S 10|
zij(gj(t)) {z;}, &G0l > T,
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inwhich € > 0 represents the switching jump, c/, ¢/, z/; i z! jj are constants, and ¢; (¢;(t)), zi(8;(t))
are switching by the states. The choice of state-dependent parameters are shown in the

following Algorithm 1:

Algorithm 1: The Switching of Memristance Parameters

Input: The constant value 7, the initial valuei =1,j = 1.
Output: Obtain c;, a;, bjj, ej;.
while i < n do
while j < n do
if|g;(t)| < ¥ then
Ci = C;, al-]- = a;]-, bl] = b:], eij = 6:]
else

According to the differential inclusions and set-valued maps [41], system (3) can be
rewritten as

DGi(1) € — coch e/ }i(1) +ico{a;,a;;}@<¢j<t>>+ EyMECHATTCIEON

]_

+6(t co{elj, }/t o ©)

where co{c}, ¢/} = [¢;, ], co{z}, z..} = [;i]-,f,'j], with¢; = min{c}, ¢/}, ¢&; = max{c},¢/'},

1]/ ]
]—mm{zu,zq} Zj = max{zll,zu} -

For presentation simplicity, we denote [C,C]| = [cl,E,]nX 2 Z] = [;ij’zij]nxn’ &) =
col, {&i(t)}, f(&(t)) = colu {£;(&;(t))}, f(E(t—@r)) = coln{£(&;(t —(t)))}. Then, system (5)

can be represented in matrix form as
t
DY) = ~C2(1) + A"g(E(1) + (B E( — 0)) +o0E" [ AE())ds,  (©

where C* € [C,C|, Z* € [Z, Z] are measurable functions. By means of Lemma 1 in [42],
neural network model (6) is further rewritten as

DG (t) = — C&(t) + Af(E(1) + v (D BEE(t — a(t)) + () E tta(t) f(g(s))ds,  (7)

where C = C'+AC, Z = 2/ +AZ, €' = Y5, AC = HI(DN,, 2/ = 52, AZ =
7-[ZS:Z<t)-/\/—Z/ with §g<t)gjc<t) S Inzl 9:;[<t>3:2(t) S In2/ 7{C = [HClIHC2/' t /H ] EFC( ) =
diag{L, i .__‘ 4 9’ EFCé(t)’ \0’ o 0,}’ M, = [%le HZZ/‘ o ern} :‘FZ - {flel 212( )
(-1 n—/{
: /gzrm(t }/ -/\/.C = NZ = [In/Inr' o /In}T .
%/_/

n

Remark 1. Taking the phenomena of RODs into consideration, two stochastic variables y(t), 6 (t)
which obey the Bernoulli distribution are employed and satisfy the following statistical properties:
Pri{y(t) =1} = E{v()} = 7, Pr{y(t) = 0} = 1—7, Pr{é(t) = 1} = E{6(t)} =
5, Pr{é(t) = 0} = 1— 6. Furthermore, analyzing the dynamic behaviors of FOMNNS is
challenging due to the state-dependent nature of memristive connection weights. As is it known that
the traditional methods for addressing the stability and SE of NNs are not applicable to memristor-
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based FONNSs. Different from the existing excellent results [43—45], in this paper, we transform
FOMNN' s (3) into a class of uncertain systems.

Assumption 1. The function £(-) : R" — R" satisfies f(0) = 0 and the following sector-bounded
condition:

- T -
[f(v1) = f(va) = Fi(11 —v2)] " [f(11) — f(12) — Ba(v1 —12)] <0, (8)
in which Yvq, vy € R", matrices Ey and Fy are known.

The measurement outputs 9 (t) are as follows:

Bs(t) =6(8(t)), ©)
9(t) =C&(t) (10)

where ¢(t) represents the output vector. C is known constant matrices with appropriate
dimensions. The function &(-) : R” — R”" is a saturation function defined as follows:

S(9) 2 [61(01), &1(8), - &L ()]

where &(8,) £ sign(8)min{ 8 max, [0/} (¢ = 1,2,---,n) with 8.y being the (th
element of Opax (i-e., the saturation level).

In many practical problems, the estimator gains X may undergo certain adjustments
or fluctuations due to the complex and changeable environment, which can result in system
fragility [32]. Hence, it is necessary to design a fractional-order nonfragile estimator to
reduce the influence of gain variation.

DUE(0) = = C'2(0) + ARED) + 4B RE —00) +58" [ (E(s))as
+ (X 4+ 8K)(85(1) — (),
B(t) =€&(1),

(11)

where ¢(t) denotes the estimation of &(t), and X is the estimator gain to be designed.
AX signifies the fluctuation with H;Fy(t)Ny, F (£)F(t) < Z. In addition, considering
the effect of quantization in [35,46], we introduce the quantitative process to save the
bandwidth and the logarithmic quantizer Q(z) = col{Q1(z1), Qa(22), -+, Qu(zm)} is
employed with

i

Yty o 5y < Vo o0, 41, £2, .-,

UZuO’ 1+e€ — 1-e’
Qi(7) =10, =0, (12)

79(7%1)/ 7 < 0
where 0 < v < 1 denotes the quantization density, ug is a scaling scalar, € = % As
observed in [47], Q(5¢) can be rewritten as

8q(t) £ Q(x) = (T+ A1)z, (13)

where —e < Ay; < e.
Next, define v(t) = &(t) — &(t) and F(v(t)) = f(&(t)) — £f(é(t)). The error dynamic is
shown as

D*v(t) = — C'v(t) — ACE(t) + A'f(v(t)) + AAF(E(t)) + ¥B v (t — or))
too

t
+ JABAE(t — 01))5E! / Hu(s))ds + 6AE /t o ()

t—0(t)
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— (X + AK) (8q(t) — CE(t) + C(t)) +c(t), (14)

where ¢(t) = (B + AB)f(E(t — a(1)) + 6(E' + AE) [{ o4 fE(s))ds, ¥ = 7(t) =7,
5=46(t)—4.

Definition 3 ([48]). A nonlinearity &(-) is said to satisfy a sector condition if
(6(x) = G1x)T(&(x) — Gox) <0, Vx € R". (15)

for real matrices Gy € R"*" and G, € R"" with G1 <0,G, <0,G = Gy — Gy > 0. In this case,
the nonlinear function &(-) can be said to belong to the sector [G1, Ga|.

From (15), the nonlinear function &(+) can be rewritten as

S(CZ(t) = Gi€a(t) + x(CE(1)), (16)
Then, the nonlinearity x(-) € Y satisfies

Y2 {x:xT(Cg(t) (x(€g(t) — Geg(h) <0}, (17)
In what follows, 1ett1ng 7(t) £ col{E(t), v(t)}, @s(t) = col{£(t), fv(t))}, @f(t—a1) £

col{f(t —o(t)), o(t))}, the augmented system can be obtamed from (7) and (14):

D (t) =Cii(t) + Aps(t) + 7Bos(t — o)) — K'(Z + A)x(Ev(t))
+6€ @s(s)ds +&(t), (18)
t—0o(t)

. —C' = AC 0 5 ZI+AZ 0 P
where € = {—AC—ic(IJFAl)gle—ice —c’—icglel]' z= [ AZ z']' =

0] 0 0] ~ [0 0] . » i
2] 8= g o) &= |F o) 6 = Bientt - o) 8 g po)s, K =+
AK€ = [C0].

Lemma 1 ([49]). Let the function V(t) € R"be continuous and differential. Then, one has

%D”‘ﬁT(t)Qﬁ(t) < 7T (1) QD (), Va < (0,1)

Lemma 2 ([50]). Let U : [0, 02] € R — R" be differentiable. There exist positive symmetric
matrix O > 0, and matrices £q, £, £5 € R satisfying the following relationship:

Qz
—/ ) TODH(()dl < ©TdO®, m—1<a < m
where

1 1
© =(02 — 0)(£10718] + 2 £0718] + £ £0718])
+sym{ €181 + £2(81 — 282) + M3(g1 — 682 +683) },

@zcol{/ (D*F(Q) gi/ / (D*¥(0))dpde,
g /Qz / / D dpdrdg}
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Definition 4 ([50]). Assume that a Lyapunov function V(t,V;) and a class—X functions 6;(i =
1,2,3) satisfy

allvll < V(t, ) < &Y,
SD*V(t,7) < —&3||7)|" +ct™%,

where 0 < a < 1,c¢ > 0 is an arbitrary constant. Then, the fractional-order system (18) is
asymptotically stable.

3. Main Results

For brevity, we establish the following associated notations:

£(6) = col{7(e), 7t = 1), 7t =), §DATIE), y(0) oyt —e, [ os(o)is
@ (t), x(E7(H)},

t t s
o(t) = col{ /t_QngV(g)dg, /t_g /t_Qnga(g)dgds, ()},
_ t s u Cornms
8(t) = /t_g /t_g /t_QODtv(g)dgdsdu,

Theorem 1. Let the estimator gain matrix X be given, and let AX be known. For given positive
scalars ¢, d , the augmented system (18) is stochastically asymptotically stable if there are definite
matrices P, Qp(¢ =1, 2), O, R, any matrix £1, £, L3, W;(I = 1,2) and three positive scalars
K1, K, k3 such that

Y o& ok, ol
0 0

x* =0
0= * * =30 0 <0 (19)
* * * -50
5 E, R Iy, 0 0 Ihg Ihs Ihe ILy
- ~ x II 0o 0| - 0 II 0
where Y = [* Hy |, & = . j’z M 0 |’ Hy = 0 5’6 K
oo * * x [yy [Mys Tlye Ilyy

B3 = diag{—xZ +d*R, —1oZ, — R}, IIig = Q1+ Q — 931 — sym{WiC}, Thjy =
—WiK'(Z+A), Ths = WA — 131, Thie = YWiB, Ty = OWiE, Ty = P— Wy +
CTW,, T35 = —Qy, Tlyg = 00 — 2W,, Ty = SW,&, Tly5 = WA, Tlye = YW, B,

Mo = -Wo(Z+A), Thp = =031 — (1 —0)Qp, T = —k2Jp, g = —42Z, Iy =
—szz/(I—FA[), Iy = —2K3Z, Iy = (_?TQT, R = [0 Ql}/ R, = [0 Qz], 0O =
117,007, @, = [0111,00]", & = [0000000£7]", & = [w0;01Igg], w = sym{L1g; +

- . ETE,+ETF
£5(81 —282) + £3(g1 — 682 +693) }, o9 = —2K3Z, Jy = diag,{Z ® 252 2; 2-11,
. ET+ET
J2 = *dlag2{1® ! 2 2 }' 8= [02n><(f71)2n/ Ly, 02n><(37i)2n} (f =12, 3)-

Proof. Choose the following Lyapunov—Krasovskii functional:

4
V(ET(8) =) Vi, (20)
h=1

where
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0t o N T AC
Va= [ /+9 (o D£7(2)) " OF DEw()dcd,
Vi —d/ /+9 tof(C Rngq’f(g)d@d@,
By fractionally differentiating V}; and taking the limit, we obtain
hr{1 SD§V; = hm oDiVy + hm SD§Vy + hm o DiV3;
e—1—
d T . d d
=0 I( “)(v (£)PU(t)) + d—tVzt + d—tV3t
T -
_CparsT = V(0)PV(0), o 4 4a
=g DF (V" () PU(t)) + T(1—a) £+ dtVzt + dtV3t’ (21)
Based on Lemma 1, one has
§D3 (7" (0PU(1)) <(oDi(r) " PU(t) + 77 (Y PEDLT(2), 22)
d _ _ _ _
5 <tT(£)[ Q1+ Qa]¥(t) — 7" (t — 0) QiT(t — o)
— (1= 0)7" (t — 1) Qa¥(t — 01), (23)

Applying Lemma 2, one obtains
V=S DEAOSDIT(E) - [ §DFTT(Q)O§ D)L
<SD¥i(t)oO§ DU (t) 4+ @7 (t) [Qslolsf - %sw*lsg
+ 52307123? +sym{£1g1 + £2(g1 — 282) + L£3(g1 — 682 +683) } |@(t),

According to the Jessen’s inequality [51], we obtain

d 0 0
Vu=> [ o[ @ORe;©)dg 0 [ gf(t+0Rs(t +0)dE
t
= [ (ORes (-2 [ of Ry (0

<] Rps)— [ of@aiR [ as(0)

t—o(t)

Based on Assumption 1, we have

ol [ 2[5

[V(t ) } [31 32] [17(’5 —o1) }
pr(t—ar)] |* Z]|ef(t—ot)
Based on (16) and (17), one has

X" (€5(1)) [x (€3(t)) - GET(H)] <0

Then, considering the system (18), for any matrix Wy, W5, we have

IN

0,

IN

0,

0 =2[7" (YW1 + G D7 (1) Wy [ — § DFT(t) + Ci(t) + Ay (t) + YBos(t — or)
+06E f pf(s)ds — X' x(C(t)) + &Bl(pf(t —o01) +6& /tta(t) @f(s)ds],

t—o(t)

(24)

(25)

(26)

(27)

(28)

(29)
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Taking (21)—(29) into account, it is implied that

lim E{SD{V (¢, 7(t))} <2(SDFT(1)) T [P — Wi+ WoCli(t) + 77 (1) [ Q1 + Q2 — 131

e—=1—

+ Wi C + CTWyJ9(t) — 7T (t — 0) Q17 (t — @) + 0§ DET(H) O

« SD() + @ (1) | 0210127 + gszo—lsg + gsg,o—lsg

+ sym{ €181 + £2(g1 — 282) + £3(g1 — 682 + 683) } | @(t)

+207 (1) [i132 + A] s (1) —x19f ()@ (1) — k2¥T (£ — 01) 31

X V(= 0r) + 210" (t — 00)Joqs (t — 0r) — 20T (YW1 Ky

X (= gr) — 207 ()W K x (B (1)) + 2907 (1)W1 B (t — o1)
— kaxT(B9()) [ (EU(t)) — GEU(t)] — §DLTT (£)Wa§ Dyi(t)

+ DI (Y Wo Ay (1) + 7§ DEFT () Wa By (t — o1)

t

t
x Wi € @f(s)ds + 256 DV (1) W / @f(s)ds

t—o(t) t=o(t)

7T (0)PT(0) ,

7t
I'(l—a)

+

> UT(0)P¥(0)

< ZTIY + 08O ET + 01280, 18717 + i) £ (30)

IfU =Y+ 0807187 < 0, the following inequation can be inferred:

7T (0)PT(0), 4

Jim E{§D{V.} < (0000 + 5o !
vT 7
< Amin O )70 + T T 61

By utilizing the Schur complement to (19), (31) is satisfied. In light of the Definition 4,
it holds that tlim |E{¥(t)}|| = 0. Then, the stability of the augmented system (18) is
— 00

guaranteed. The proof has been completed. In light of the condition in Theorem 1, the
estimator gain can be inferred from the following theorem. O

Remark 2. Distinct from [7-9] adopt Jessen’s inequality, this paper addresses the integral term
/, tt_ 0 §DvT(2)O§ DEV(T)dE using novel Caputo-Wirtinger integral inequalities. Three definite

. t - o t - .
integral [;_, G D{(2)dg, s o S 6DT(R)dlds, [, [, i, 6 DiV()dCdsdu are intro-
duced to reduce the conservatism of the stable condition.

Theorem 2. Given the scalars ¢ > 0, d > 0, € > 0. Under Assumptions 1, the augmented

system (18) is asymptotically stable if there are definite matrices P, Q1, Qa2, O, R, any matrix
W, £; and positive scalars k; ({ =1, 2, 3), t, 5, u, tsuch that

* —

-
Y0 1 <0, (32)
02
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Y’ \/éfll \/@éz \/@ég 5 = R
where Y’ = : _*O 720 8 .Y — " Eé Ro |,
* ok [y
* * * -50
M,; O 0 Tl
= | * 1Ihbp 0 0 5 [0 0] 5 0] 5 15 or &T® TAT
B * Iz 0 |7 = {0 X}' = {X} 0= [H N, 314, 5¢; Gy,
* * * HﬁM

C\THk, e[el GCZNkf T’Flk LL/\Tk CxT\/\?FIk ’tﬁk] 32 diag{fl 5l, ~I flI U} §:diag{s, 5},

= diag{l, [}, i = dlag{u, up, t = dlag{t t}, = diag{x, t} M, = Q1+ 9y —
Kldl - Sym{WC + chcl} H19 =X, [ig=—-X, [y = —dy, Ry = [0], Ry =
0], O = [H1T9OO] - [OH£9OO] My = —iky, 4 = [02n><(2j72)n Ly
0211 (9-2j)n } S = eg + jfieg. Then, if the LMI (32) is feasible, the estimator gain X is calcu-
lated by K = WX,

Proof. Algorithm 2 illustrates the calculation process of the developed estimator gain
XK. Then, define W = Wy and W, = W (i > 0), W is a non-singular matrix. W =
diag{W, W}. Then, Equation (29) can be converted into

t

Ags(t) + 7Bos(t — ar) + 8E o)
HoFo ()N (t) + HyFy () Nyos (t — 1)

~ ~ ~ t - ~ — ~ -
+mawmﬂﬂm%@M&4xAc + ARE(t)NgGer + AeFe () NA,Goo ) (1)

@f(s)ds

— (FFe(t)NeA, + HiFe () Ne) x (B(1))] }, (33)
_ —C' 0 _ 0 0
. . - o ~Crya~T o o
inwhich E(t) = v(t) + fig D{ V' (t), C = { K(Ge—e) —C— CKG} Xy = [0 ng1GJ'
- |0 —_.A/ 0 5 B 0 ~ He O ~ H, O o
:KZ— |:9<:|I“4_ |:0 A/:|IB_ |:0 B/HC |:0 HC:|/ HZ |:0 %Z:|’ NC_

[—NC 0} N, = WZ 8}, N, = |:'7Nb o]/ N, = [@Ne o}, A, — {o 0]/ 8 —
[8 /\O/Jf Ni = [AO[J/ Fo(t) = diag{Fc(t), Fc(t)}, E(t) = diag{F=(t), F=(t)}, Fe(t) =

. 0 0 0 0
dlag{?k(t), g’uk(t)}, Ga = l:e_gle —6]’ Go = [_gle 0:|.

Algorithm 2: Gain Matrix X

Step I: Supply the matrix parameters with appropriate dimensions for the system
model (7) and (11).

Step II: Choose scalars p, d, €

Step III: By using the Matlab LMI Toolbox, seek a feasible solution of the LMI (32)
based on the given scalars and matrices. If the feasible solution is not obtained,
return to Step I and II and reset the relevant parameters and matrices.

Step IV: Combining the feasible solution for the LMI (32) and the setting
X = WX, obtain the estimator gain X.

For arbitrary scalars v > 0, the following inequalities hold:

23T W[H Fe(t)Neey + HaFo(t)Naes + Hy By (1) Nyes + HeFe(£) Neer]
=HFHON < "HAT + NN (34)
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WH. ‘WH, WHb WH,
7 7 02n><n : 02n><n
where F(t) = diag{F.(t), F(t), B,(t), Ft)}, H = AWH, WA, HWHb WH, |’
B 05n><n . 0571><n
N 000 O 0o 0 0O
v 0 000N O 0 00
10 000 O N, O 0 Of
0 000 0O O N. 00O
Analogously, for arbitrary positive scalars u, s, t, [, one obtains
—23TWK A, Gepey < s 1STWI KT WS + €25ef GLGpey, (35)
—ZSTWHka(f)NkALGQel <I 10TWHkHTW\S +€ [Q{G Nk NiGeoey, (36)
—2QTW[H F(t) Nk Gerer + HiFe (1) Nk Gereo| = HLE(HN,
<u 'STHALS + uWNI A, (37)
—2STWHF (1) NiAed < ¢ 1STAATS + e2ed tN] Nyeo, (38)
where H; = [HkTW, 0,0, ﬁHkTW, 0,0, 0,0, 0] T, N = [NxGs, 00000000, le].
Merging Equations (21)-(28) and (35)—(38), we have
U <Y + 08,0787 ¢ ggzo—lzg + gzzgo—lzg Fo Y A 4 NN
+ 5 I TWI KT WS + €2sef GLGpey + 1T STWH A WS
+ €%1e] GLNI Ny Geger +u 'STH AT S + uN TN,
+t ISTWH AT WS + e2eltN] Nieg < 0 (39)
5 oz ow m, o o I, M, I, T,
’ - =T * I§EY) 0 0 = 0 Iy 0
WhereY—[:: :3 3:2/%_ * « Iz 0 |2 |0 0 o |’
~u4 * * * Iy, Mys 1o ~Hf;,7
gy = QO*Z}T[W F.(t) = diag{F.(t) )}, E(t) = diag{FE(t), E(t)}, E(t) =

dlag{FZ } le == _Wg_<1/

1) g = —WKy, 1) | = Q1 + Qp — k131 — sym{WC},

1477) W—f—‘uc W, T} 5 = WA — 13y, T} ¢ = YWB, T}, = SWE, T, = 00 —

27W, Ty 5 = AWA, Iy = AYWB, I, = fIoWE, My =

T T
[00], O = [I1500], Q) = [0} 00]
mentioned in Theorem 1.

—AWX, R =

0.0y], =
. Other terms Il 5, Ily6, 1133, E4 are

Denoting X = WX and combining the Schur complement, it can be inferred that (39) is
satisfied if (32) holds. Then, the augmented system (18) is stochastically asymptotically stable.
When (t) = 1 and §(t) = 1, and quantitative processing is not taken into account,
system (3) will transform into a common FOMNNSs with mixed time-varying delays. Then,
the estimator (11) will degenerate into a traditional fractional-order nonfragile estimator

as follows:

DE(0) =~ C'é() + AHE0) + BREC -+ [
+ (X + AKX (85 () = 8(1)),
—ed(n),

In this case, the following corollary is easily accessible from Theorem 2. [

d(t)
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Corollary 1. For the given ¢ > 0, d > 0, system (18) is asymptotically stable if there are
symmetric matrices P, Q1, Qz, O, R, any matrix W = diag{W, W} and ten scalars x; >
0(1=1,2,3), i >0, ¥> 0such that

Y STWH, wN, A eNTT
* —ul 0 0 0
0=« * —ul 0 0 | <0, (40)
* * * —7I 0
* * * * —7I |
Y Jo& Jo& /0%3 = = @ I s Ihe ILy
whereY" = | * Y 0 0 Y — L*l iz gl s _ 0 Ihe O
B T I O L el e
* * * —-50 =4 H‘,L5 ﬁf;/(, r_LL,7
I, O 0 H/1,4
= * Hzrg 0 0 o —WC 0 ~ A Nb 0 T
B S s o WS {—X(gle—e) —xel N = a0 Ne =

< * *  TI,
N 0] - ~ - IWB, T] IWE, T :
[N 0], My = Q1+ Q —mdy = Wy +Wa, TTyg = iWB, Iy, = iWE, T, = WB,

1), = WE. The rest are defined in Theorem 2. The estimator gain X' can be calculated by
K =Wty

Remark 3. So far, this paper addresses the issue of nonfragile SE for FOMNNs with randomly
occurring time-varying delays. Different from the published results in [15,38], the derived result in
this paper is less conservative, utilizing a novel Caputo—Wirtinger integral inequality. In addition,
taking the switched property of d;(¢(t)), a;j(3(t)), bij(S(t)), eij(E(t)) into consideration, we
employ the switching functions to reconstruct the FOMNNSs (3) into an uncertain system, which
strikes a balance between conservatism and complexity.

4. Examples and Simulations

Two numerical simulations are offered to illustrate the effectiveness of the proposed
estimator algorithm.

Example 1. Consider the following parameters of FOMNNSs (3) as

=05, & <1, L Eml <,
a11(G1) = {—0.6, >, a12(¢1) = {0'5, &> 1,

e {°5, 5L, - (02 S
e {55 8120 o= {03 B,
oo ={°5, 25, e - {02 IS
e ={%, il e =35 sl
e21(G2) = {(1)2 |€|2‘§2|>§1/1, en(G2) = {:g; gz: i 1
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01, [&1] =<1,

c11(61) = {_0‘3’ &l > 1,

04, \§2| <1,
C —
22(82) {0.2’ &2 > 1,

C= [00"215 _0034}, H = diag{1, 1}, N = [0.30.4; 0.4 0.3]. We choose the distribute
delay d(t) = 0.05 + 0.3|cos(t)| with d = 0.35.

Assume that the occurring probability of the time-varying delays o(t), d(t) satisfy ¥ =
E{y(t)} =07, § =E{6(t)} = 0.9. Set the activation function as

_ [—0.4&1 () + tanh(0.2¢1 (t)) + 0.3¢2(t)
fe() = [ 0285 (1) + tanh (0382 () }

then,

= —-04 03 = —-02 03
h= [ 0 —0.2]’ b= [ 0 0.1}
By employing the Matlab LMI Toolbox for the resolution of the LMIs (32), the following feasible
solutions can be obtained:

- [0.0374 0.0037] % — {—0.0688 —0.2333}

W= 100037 00332 02146 0.2782

and k1 = 1.1590, xp = 0.6043, x3 = 0.2919, v = 0.2031, s = 0.3796, u = 0.3448, t = 0.3348.

In this simulation, the fractional-order estimation system subject to sensor saturation
is considered. According to the above parameters, all the simulation results with various
orders are present in Figures 1-3. Figures 1 and 2 illustrate the state and corresponding
estimates of neurons &1 (t), ¢x(t), respectively. Figure 3 shows the errors with different
orders (x = 0.8, 0.9, 0.99) between ¢;(t) and &(t). Therefore, the validity of the proposed
theoretical results is verified in this numerical simulation.

3 T T T
&1(t) with o = 0.8
—— & (t) with a = 0.8
2 —— & (t) with a =09 |
i —fl(t) with o = 0.9
\\ & (t) with o = 0.99
1R £1(t) with v = 0.99 | -
I e e e S =
W
1 ]
2 J’ .
31 ]
_4 ’ Il Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50

time (sec)

Figure 1. Responses of &;(t) and & (t) with & = 0.8, 0.9, 0.99.
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5 T T T T T T T T T T
— — —-&(t) with a = 0.8
———-&(t) witha =08 |
&(t) with a = 0.9
—— &(t) with a = 0.9
&(t) with a = 0.99| |
&(t) with a = 0.99
=
W NS T T e e P
3t )
_4 1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

time (sec)

Figure 2. Responses of &(t) and & (t) with « = 0.8, 0.9, 0.99.

T T T i T
— ex(t) with a = 0.8
et e(t) with « = 0.8
e1(t) with o = 0.9
ey(t) with o = 0.9
(
2

e;(t) with a = 0.99
s (t) with o = 0.99

~—

-

_1 0 1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

time (sec)

Figure 3. Estimation errors ¢;(t) under sensor saturation.

Example 2. In what follows, the following delayed FOMNNs model subject to sensor saturations
is considered:

D¢(t) = —C()¢(t) + A(t)g(S(1)) + B(H){(E(t — o(t))), (41)

In this example, the following parameters are chosen:

=15, & <1, )02, &l <1,
a11(81) = {_1, &l > 1, a12(81) = {0.6, @l > 1,

03, & <1,

01, |&]>1, 2(é2) =

a1 (82) = { {‘0'2' el =

—0.6, |G| >1,
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bu@)—{:;’ alst bn(gl)_{—o.ga al<1,

5 [¢&i]>1, 0.65, [&1|>1,
03, |&| <1, 05, |&] <1,
b - b =
z(é2) {0.5, al>1 28T s ms,
15 |5 <1, 162, |&| <1,
c - C —
n(é) {1.3, &l > 1, 2(62) 12, |&|>1,

H=[1111], N =[02 —0.2;-0.20.2], G; = diag{0.7,0.85}, G = diag{0.4,0.5}.
By means of the Matlab Tool to solve the inequalities (32), we have the following feasible
solutions:

Wy = {2,9114 3.2613], % — {0.7373 0.4956}

3.2613 8.9590 0.3563 1.6337
and k1 = 0.201, xp = 0.1576, k3 = 0.3506, ii = 0.13, ¥ = 0.3513.

In this simulation, Figures 4—6 show all the simulation results with different orders.
Under sensor saturation, Figure 6 depicts the estimation error with mixed time-varying
delays. Figures 4 and 5 show the trajectories of neurons &1 (t), ¢2(t) and the corresponding
estimation, respectively. Under the different orders (x = 0.8, 0.9, 0.99, 1), it is clear that the
estimation errors converge to zeros finally, which verifies the effectiveness of the designed
estimator scheme. In addition, from Table 1, the maximal allowable delay gmax and the
number of decision variables (NDVs) can be obtained. This indicates that the allowable
upper bound is superior to the previous methods. In this paper, we introduce double
integrals and triple integrals, which require more decision variables than the methods
discussed in [38]. The method proposed in this paper is less conservative.

3 T T T
& (t) with a = 0.8
————— él(t) with a = 0.8
2 ——&(t) witha =09 |
& (t) with @ = 0.9
&(t) with a = 0.99
1k 51 (t) with a =0.99 | 4
o &) witha=1
& () with a =1
otk -
wr
-1 b
-2 b
3F )
_4 Il Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50

time (sec)

Figure 4. Trajectories of & (t) and ¢; (t) with & = 0.8, 0.9, 0.99, 1.
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5 [ T T T
: —— — &(t) witha =038
4t ———-&(t) with e = 0.8 |
& (t) with a = 0.9
——— &(t) with a = 0.9
3k &(t) with a = 0.99
&(t) with a = 0.9
2 &(t) witha =1 4
&(t) with a =1
3 ]
»4 Il Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50
time (sec)
Figure 5. Trajectories of & (t) and & (t) with « = 0.8, 0.9, 0.99, 1.
8 T T T
———— e (t) with a = 0.8
6 - ey(t) with a =0.8 | |
e (t) with a = 0.9
e (t) with a = 0.9
40 e (t) with o = 0.99
1 es(t) with a = 0.99
‘\. e (t) witha =1
ey(t) with a =1
T
6} ]
_8 = 4
_1 0 1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
time (sec)
Figure 6. The estimation errors e¢;(#) under sensor saturation.
Table 1. Maximal allowable delay gmax with different g(a = 0.9).
Method 0=202 0=205 0=028 NDVs
[10] 3.1802 2.8591 2.1934 76
[38] 6.541 6.0684 49716 132
Theorem 1 6.7168 5.9754 5.0197 188

5. Conclusions

This paper investigates the nonfragile SE for FOMNNs with ROTDs subject to sensor
saturation. Considering the load on network bandwidth, a logarithmic quantizer is intro-
duced to design the fraction-order estimator. Based on a novel Caputo-Wirtinger integral
inequalities, a lower conversation criterion is established to guarantee the augmented
system is stochastically asymptotically stable. In the end, two numerical simulations are
shown to illustrate the validity of the proposed estimation scheme. Furthermore, it is



Fractal Fract. 2024, 8, 343 17 of 19

possible to apply the proposed method and scheme to fractional-order uncertain systems
or complex-valued neural networks with an event-triggered scheme [52-54].

Author Contributions: Conceptualization, Y.L. and ].Z.; Methodology, X.S.; Software, X.S., ].Z., M.L.
and Y.Y,; Investigation, X.S. and Y.Y.; Writing—original draft, X.S.; Writing—review & editing, Y.L.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.
Notation
xT the transpose of matrix X

Z/0 theidentity/zero matrix with appropriate order
R” n-dimensional Euclidean space

||7]]  the Euclidean norm in R"
E mathematical expectation operator
* the symmetric term
z a,b,e
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