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Abstract: In this article, we consider the following fractional (p, q)-Laplacian problem (—A)}'u +
(=A)u + V() (|u|P~2u + |u]72u) = f(u) + Alu|""%u, where x € RN, (—A)} is the fractional p-
Laplacian operator ((—A)z? is similar), 0 <51 <s; <1<p<g < g, 93, = NI:]ZM, r>qs, fisa ct

real function and V is a coercive function. By using variational methods, we prove that the above

problem admits a sign-changing solution if A > 0 is small.
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1. Introduction

For the fractional (p, q)-Laplacian problem
(=) u+ (=) u+ V) (JulP~2u+ |ul"2u) = fu) + Alul2u, ©)

we will prove it admits a sign-changing solution, where x € RN, 0 <s; < s, <1< p <

q< g, qs, = NZYZM, r>q;,V: RN — R is a positive continuous function and f : R — R
is a continuous real function.

1.1. Physical Background

The definition of the fractional p-Laplacian can be seen in [1]. For the physical
background, we refer the reader to [2-7]. These papers tell us that the fractional p-Laplacian
can describe financial markets, optimization, phase transformation, semi-permeable film,
anomalous diffusion and minimal surface problems. Problem (1) models two different
materials and it is called the double-phase equation (see e.g., [8]).

1.2. Related Works and Our Main Results

Recently, many authors have been concerned with the fractional (p, q9)-Laplacian
equations. For the critical and supercritical cases, the existence of multiple solutions is
obtained in [8]. In the meantime, for the problem

(=2)pu + (=A)qu+ V(@) (|ulP~2u + |u|T2u) = K(x) f(u), x € RY, @)

wheres € (0,1),1<p<g< %, V : RN — R, Isernian [9] showed that it admits a positive
ground state solution. In 2022, the existence of the least energy sign-changing solution
of problem (2) was given by Cheng et al. in [10]. We also quote the papers [11-13] for
the p-Laplacian or fractional p-Laplacian in a bounded domain. For other results, please
see [1,8,14-20] and the references therein.

The main goal of the present paper is to investigate the problem in (1). We assume that
(V) V.€ C(RN,R),0 < Vp = inf V(x)and lim V(x) =

400, where Vj > 0 is
x€RN |x| =400

a constant.
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(f1) f € CY(R,R)and lim 0

|t]—0 1t~
(f2) thereis o € (p,qt,), C > Osuch that |f(t)| < C(|¢]P~1 +[¢]71).
(f3) there exists 6 € (q,q:,) such that 0 < 0F(t) < f(t)t for all [t| > 0, where F(t) =
fgf(s)ds.

(fs) themap t +— ‘{‘gt,)l is strictly increasing for all |¢| > 0.

Theorem 1. Let 0 <51 <s3 <1 <p<g< g, 95, = Nljgzq, r>qi, (V)and (fi) — (f1)
hold. Then there is Ay > 0 such that Problem (1) possesses one sign-changing solution wy when
A € (0,Ap).

Remark 1. r > g3, is called critical or supercritical. We do not confirm that wy is a least energy
sign-changing solution.

1.3. Our Motivations and Novelties
Like [21], a natural question for us is
For the (p, q)-Laplacian problem (1), does there exist a sign-changing solution?

Our motivation in this paper is to give this question an affirmative answer. It is
different from [22,23] since (10), (11) and (15) are new and crucial.

1.4. Methods

We summarize our methods here. We adopt the idea from [22] or [24] to cut off the
functional (see (4)). Then we shall prove (6) admits a minimizer wy. Furthermore, we need
to prove that the minimizer wy is a critical point of I, x (see (5)). Finally, we borrow the
idea from [22] to make a L*-estimation such that ||wp|| g~y < K, which implies that we
do not make any truncations.

1.5. Organization

This paper is organized as follows. Section 2 provides some preliminaries. Section 3
is divided into two parts, which will prove Theorem 1. The last Section is the conclusions
and our future direction. Throughout this paper, we use the standard notations.

e CorC; (i =1,2,..) denote some positive constants (possibly different from line to
line) and C(-) denotes some positive constant only dependent on -.

e ||'|lp (1 <1< c0)is the standard norm in the usual Lebesgue space L (RN).
e For a function u(x), u™ (x) := max{u(x),0}, u~(x) := min{u(x),0}. Clearly, u =
ut +u.

e Rt :=10,+00).

2. Preliminary Results

From now on, we always assume that (V) and (f1) — (fs1) hold unless a special
statement is made. We continue to use the notations and work space W¥? (RN) as in [8].
Since the potential V is coercive, we introduce the subspace

E= {u e WP (RN) W24 (RN) : /RN V() (Jul? + [u]T)dx < oo}

equipped with the following norm ||u|| = ||u||; + ||u|2, where

Jullh = <[u]é’1,p+/RN V(x)lul”dx>;, Jull» = ([u]zz,q+/RN V(x)u|qu)‘17.
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For []s, » and [-]s, 4, see [8]. Formally, the corresponding energy functional of (1) is

1 1 A
1) =l + Ll [ FGodx =T [ luf'dx, we E ©

It is well-known that the functional I is not well-defined on E. In order to overcome
this difficulty, similar to [22],

' F(H) +AK|t772t, if |t > K,
where K > 0, 0 € (0,45,).
Thus, it holds that
(h) ‘l‘imo h\?lﬁ? = 0, and for any & > 0, there exists a positive constant C(e) > 0 such that
t—

Ik (B)] < elt|P~1 + (1+ AK9)C(e) |17,V t € R.

(h2) 0 < 0H) g (t) < hyg(£)t Y|t| > 0, and hy x(t)t — gH) k(t) is increasing with respect

to t, for all t > 0 where H) k() = fot ha k(s)ds.

B ()
[tla—t

(h3) the map t — is strictly increasing for all || > 0.

For the auxiliary functional

1 1
I = Zful? + = ‘7—/ Hy, g (u)dx, 5
Ak (1) p||“||1 + q||”\|2 N Ak (u)dx ®)

(hy) implies that I, x € C'(E,R). We want to prove that

= inf I 6
my x uelf\r}u,,( Ak () (6)

admits a minimizer, where the corresponding Nehari manifold M g is given by
Myk={ueckE: ut £0, (I/’\,K(u),uﬂ =0}. (7)

3. Proof of the Main Results
3.1. Some Lemmas

To begin with, we give several lemmas that will be used in the sequel.

Lemma 1. For any u € E with u™ # 0, there is a unique pair (sy, t,) of positive numbers such
that s,u™ + t,u™ € M . Moreover,

I syt + ) = max I sut +tu).
Ak (5u uld”) B Ak ( )

Proof. The proof is standard (see e.g., [21]). For u € E with u* # 0, we can deduce from
(h1) and (h,) that there exist C1(A, K), C2(A, K) > 0 such that

Hax (1) > C1(A,K)|ul® — Co(A, K)[ul?. 6)
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Lets,t >0, ¢p k(s,t) := I) g(su™ + tu~). One has
Pr k(s t)
LT T NS ST
S—lsu™ +tu”||] 4 = [lsuT 4 tu ||y
p q ©)

+ Co(A, K)sP[[u ||y + Co(A, K) P ||~ || v
— C1(A, K)s? ||| o — CL(A, K) £ lu™ || o

Denote (RN)* := {x € RN : u(x) > 0} and (RN)™ := {x € RN : u(x) < 0}. It
holds that
lsu™ + tu~ ||}

|t (x) —ut(y)|”
—gP
=5 /(RN +dy/RN L dx =y NP
g5t () =t ()|
+/RN B y/RN |x — y|NFPs1
1
— gl () = st ) (10
]RNJr y ]RN |xf |N+psl

= (x) —u”(y)|”
—l-t”./(RN)dy/(RN)dx PR

+ s /RN V(x)|ut|Pdx + ./]RN V(x)|u|dx.

Obviously,

gl x) —tu (y)|”
/RN - y/RN |x —y NP
+ - P
- Ll G )
<max{|s|”, |t| }/(R dy/RN |x —y[NFTpsr

The result also holds for the third integral in (10). We can estimate the term [[su™t +
tu~ || similarly. Thus, we obtain

(11)

P k(s t) = —coas|(s,t)| = +oo. (12)

Note that ¢, x(0,0) = 0. The continuity of ¢, x shows that it admits a global maximum
point (s, t,) € RT x R*.

Next, similar to ([21], Lemma 2.3), we can prove that the maximum point cannot be
achieved on the boundary of (0, +c0) x (0, +00).

The remaining part sets out to prove the uniqueness. We divide it into two cases. Case
1: Foru € M, . If there exists a pair 5§ > 0,f > 0 such that 5u™ + fu~ € M x. We shall
discuss the case 0 < < 5. Clearly,

s eyt
'/RNh;L,K(su Vsu"dx

<P ||u |17 + 5|3
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< |t (2) —u” ()P~ ut (x) — Jut ()P
p
o /RN)* /<RN)+ [x —y[N o ety

u (x)—u 711/{ — |u
0o [, RO ) ),

|x, |N+slp

: 0 () =~ () () ()]
5 far Ju iy

|x ‘N+qu
, x) —ut )7 ut (y) — [ut (y)]9
45 /RN /RN P dxdy

=P\l ut )+ 3|ut|] + P A+ P A+ 5TAs +5A,
u € M,k gives

S Yt e = [ 7 4 a5+ Ar + Az + Ag + A (13)

If § > 1, in view of (h3), we obtain

x@Eut) k)], g

0 RN[(s‘uﬂql ol (") dx
14
<= Dt + (T — 1) Ay + (77— 1) A (9

<0.

This is a contradiction. Similarly, we can have f > 1. Therefore, 5 = f = 1. Case 2: For
u ¢ M) k. Using the method in ([25], page 90), the desired conclusion is obtained. [

Lemma 2. There exists B > 0 such that ||u™|| > B forallu € M, k.

Proof. For u € M, g, we only prove the result for u™. It is easy to check that

PIP2(u(x) —uy)) (uh (x) —ut(y))
/]RN /RN |x — y|NtPa dxdy )

ut () —ut (y))
/]RN /]RN |x— N7 dxdy.
Combining with (h), it is shown that

I+ e g < e [t e ARTOCGE) [t a6)

Choosing ¢ = %, we obtain
1
ST + 3 < Cllu* ], (17)

which implies the desired conclusion. [

Lemma 3. m, x > 0.
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Proof. For u € M, g, with (hy), (10), (15) in hand, we have
1,, o1, B
Iy (u) =T g (u) — g@\,K(”)z” ) — §<IA,K(”)f” )
LoINe e (LY e
>(5-5) I+ (5 -5 )11 s

1T 1\, —p (1 1\, _q
(5 g ) (G- g ) is
Jointly with Lemma 2, we derive my g > 0. O

Lemma 4. m, g is achieved.

Proof. Let {u,} be a minimization sequence. Since > g > p, similar to (18), we obtain
1 1 1 1
mgcton(1) 2 (5= g Y+ (3= 5 )l

1 1 _ 1 1 _
(53 ) Il (G- g )12

Thus, {u;f} is bounded in E. Using ([26], Lemma 2.5), up to a subsequence, there
exists a 1y € E satisfying uoi # 0 and

(19)

lim [ = /R k(g ddx. 20)

Here, we only prove uoi = 0. If not, in consideration of (10), we deduce that
1 1
0= (I} g (un), 1) > ;Iluffllf + allu?ﬂlg + 0n(1). (21)

This is in contradiction with Lemma 2. Based on Lemma 1, there exist sg, fyp > 0 such
that

<I//\,K(S()u()Jr + touoi), Sou0+> = <I§\,K(S()M0+ + touoi), t0u0*> =0. (22)

Obviously, similar to (10), u, € M, g shows that (I/’\/K(uo),uar ) < 0. Similarly,

I o (up),u;) < 0. In the spirit of ([27], Lemma 3.2), we have 0 < sp,ty < 1. Using (10)
ALK 0 P g

again, we find that
Isouo™ +toro ™[I} < fluo™ +uo™ ||} (23)

Taking into account (hy), we have

my K

<Irk (souo™ + toug ™) — ;<1/ (souo™ +toug™ ), (souo™ + touo™))
1, (24)
< liggf(IA,K(”n) - q<IA,K(”n)r“n>)

= lim T g (un) = my k.
It indicates that sgug™ + tgug ™~ is the minimizer. O

3.2. Proof of Theorem 1

We are devoted to proving Theorem 1 in this section. From Lemmas 14, we find
that (6) possesses a minimizer wg := soup " + toug~ . There are two methods to ensure that
the minimizer wy is a critical point of I} x. One method can be seen in ([21], Section 3).
The other method can be used as ([28], lemma 3.6). Using a standard Moser iteration (see
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e.g., [22] or [23]), we can draw the conclusion that Ay > 0 such that ||wy|| LNy < Kwhen
A € (0,Ap). Thus, wy is a sign-changing solution of the initial problem (1), which means
that in (4), we do not make any truncations.

4. Conclusions and Future Studies

With the above analysis made, the following conclusions can be drawn. Under the
assumptions of Theorem 1, problem (1) admits a sign-changing solution. As mentioned in
Remark 1, the sign-changing solution wy does not necessarily mean that it is a least energy
sign-changing solution. Our future work will study the ground state or least energy sign-
changing solution to (1). Maybe it is an open problem since it appears as the supercritical
term |u|""u.
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