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Abstract: We take a look at the fractional Kirchhoff problem in this paper. Using a variational
approach, we show that there exists a ground state solution for this problem. Furthermore, using the
approach developed by Szulkin and Weth, we also find that positive ground state solutions exist for
the fractional Kirchhoff equation with p = 4.
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1. Introduction

The following non-autonomous fractional Kirchhoff equation will be investigated in

this work:
a+b/

wherea, b > 0,4 <p <2} := ﬁ and the fractional Laplace operator is defined as

%u|2dx)( Au+u=Q(x)|ulP2u, x € R3, (1)

_C3s

u(x) — u(y) , —2u(x)
(—A)Su = C3’SP.V. /1‘33 mdy = T

u(x+y) +u(x—y)
R3 ‘y|3+25

dy. (2)

The constant C3 5 is positive and varies with the dimensions 3 and s:

-1
A= I SN

It is important to note that the stationary fractional Kirchhoff model with critical
growth and homogeneous Dirichlet boundary conditions in a bounded domain O ¢ RN
was first developed by Fiscella and Valdinoci [1]:

([ o ol

u=2~0

— u(y)]PK(x — y)dxdy) Lxu=Af(x,u)+ |ul>"2u in Q,
©)
in RN\Q,

where the Kirchhoff function M (covering the situation M(t) = a + bt) is expressed. The fol-
lowing defines the nonlocal integro-differential operator L:

)= fu o

the measurable function K : RN\ {0} — (0, 4+-o0) satisfies the following assumptions: there
exists § > 0and s € (0,1) such that

(x+y)+ulx—y) — 2u(x))K(y)dy, x € RN,

B)x|~(N+2) < K(x) < 61 x|~(N*2) vx € RN\ {0}.
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Under appropriate conditions on M and f, they established the existence of non-negative
solutions for equation (3). We refer to [1] for further information on (3) on the physical back-
ground and its applications. Furthermore, as an extension of the classical d’Alembert wave
equations in the fractional setting, the model of (3) can be understood as a generalization of
the well-known Kirchhoff model introduced by Kirchhoff [2]. For further information and
results about the nonlocal operator Lk, we also refer to [3,4] and their references, where
the operator Ly (x) reduces to (—A)% if K(y) = |y|~(N+29),

In [5], Autuori, Fiscella, and Pucci established the existence and asymptotic behavior
of non-negative solutions to (3) with a generalized Kirchhoff function. The existence and
multiplicity of solutions for a nonhomogeneous fractional p-Laplacian equation of the
Schrodinger—Kirchhoff type was subsequently investigated by Pucci, Xiang, and Zhang [6].
For the non-degenerate fractional Kirchhoff equation (i.e., M(0) = 0), Caponi and Pucci
analyzed the existence and asymptotic behavior of a nontrivial mountain pass solution
in [7]. The PohoZaev identity of (1) was established by Zhang et al. [8] using the s-harmonic
extension approach developed in [9], and they obtained the existence of ground state
solutions for s € [3,1) as well as the non-existence result for s € (0, 3].

Due to the appearance of the term b( [g|(—A)2u[?dx) (—A)*u, which is of order four,
the fractional Kirchhoff problem (1) is significantly more complex and difficult from the
perspective of calculus of variation than the traditional fractional Laplacian equation. Thus,
elucidating the implications of this nonlocal term is a basic challenge for research on the
problem (1). Yang and Rédulescu [10] recently proved non-degeneracy and uniqueness for
positive solutions to Kirchhoff equations with subcritical growth. To be more exact, they
showed that the fractional Kirchhoff equation

(a4 [ J(=8)2uPdx) (=8)u+u = ul2u, inRY,
where % <s<1,2<p <2 = szst/ has a unique non-degenerate positive ra-
dial solution. Yang [11] proved that for dimensions N > 4s, uniqueness breaks down,
i.e., there exist two non-degenerate positive solutions that appear to be completely different
from the results of the fractional Schrodinger equation or the low dimensional fractional
Kirchhoff equation. They derived the existence of solutions to the singularly perturbed
problems [12,13] by combining the Lyapunov-Schmidt reduction approach with this non-
degeneracy conclusion. We refer to [14-22] for more results of fractional Kirchhoff-type

equations employing variational methods.
The fractional Schrodinger equation is as follows, witha =1,b = 0:

(=A)u+V(x)u= f(x,u), xRS, (4)
which is related to the standing wave solution §(f,x) = exp(—ict)u(x) of the time-
independent fractional Schrédinger equation:

z‘%—lf + (=AY + (V(x) —c)p = f(x,9), x € R>.

As a result of extending the Feynman path integral from Brownian-like to Levy-like quan-
tum mechanical paths, the above equation is a fundamental equation of fractional quantum
mechanics [23]. Because the fractional Laplace operator (—A)® is nonlocal, the conventional
analytical methods for elliptic PDEs employing classical Laplacian operator —A cannot
be directly applied to problem (4). We refer to [24] and the references therein for more
information on the distinctions between classical and fractional Laplace. The s-harmonic
extension strategy was developed by Cafferelli and Silvestre [9] to convert the nonlocal
Equations (1) and (4) into a local problem in the upper half-space. Because of this, a lot of
individuals have used this useful method to resolve different fractional Laplacian difficul-
ties. We also refer to [25,26] for more results regarding nonlocal issues using the fractional
Laplace operator.
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Inspired by the previously listed studies, the focus of this research is on whether a
ground state solution to (1) exists under the following conditions:

2
(Ql)‘ fim Q(x) = Qe >0, and Q(x) € L= (R?) with 4 < p < 2{.
X|— 400

(Q2) Q(x) > Qw, Vx € R¥and Q(x) — Qw > 0 on a positive measure set.

We also note that Xie and Ma, in [27], obtained the existence of a positive ground
state solution (1) with s = 1 and 4 < p < 6 under the aforementioned constraints. The au-
thors in [28] produced a result for the Schrodinger-Poisson system that was comparable.
For further results involving the aforementioned comparable conditions, see [29-31], and
references therein. To the best of our knowledge, it appears that no studies have been per-
formed regarding the existence of the ground state solution of (1). Assuming (Q1) — (Q2),
our response in this paper will be in the affirmative.

For simplicity, we will suppose a = 1. Problem (1) then reduces to the following equation:

(1 + b/R3 |(—A)%u|2dx) (=A)u+u=Q(x)|ulP~2u, x € R3. (5)

The critical points of the functional

b s 2
1) = 3l + 3 ([ 1-0)8fdr) — 2 [ Qlulrdx,

are represented by the solutions of (5), where we define on H*(R?) with the norm

. . 1
— s 2 2 2
Jull = ([ 1= suPax+ [ uar)?.

It is important to note that we are unable to use the variational methods in the standard
sense since the fractional Sobolev space H*(R?) is only continuously embedded into L!(R?),
2 <t < 2%. Furthermore, the introduction of the nonlocal term

512
/]Rs\(—A)2u| dx

presents another challenge. It makes it difficult to analyze whether Palais-Smale sequences
of I are compact because, generally speaking, we do not know

Tim [ (=)t Px = /R3 (=A)3ul2dx
from u, — u in H*(R3?). Restricting I to the radial space H,,(R?), which is compactly
embedded into Lt(Rg’), 2 <t < 2§, is one technique to recover the compactness. Directly
verifying that I satisfies the Palais-Smale condition in H*(R3) is quite challenging. We
require certain characteristics of the positive ground state solution of the following equation
in order to move beyond these obstacles:

(—A)u+u = Q(x)|ulP~2u, x € R?, 6)

which is crucial in determining if the Palais—-Smale sequences of I are compact. The solutions
of (6) are the critical points of the functional

1 1
lo(u) = 5lull® = [ QUx)ul?dx:

The Nehari manifold associated with I can be defined as follows:

Ng = {u € HY(R?)\ {0} :< Iy (u),u >= o}.
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Regarding the limit problem,
(=A)u+u = QeolulP~2u, x € R3. (7)

For convenience, we just write Qs = 1. For the functional and Nehari manifold, we use
the notation I, and N, respectively; that is,

1 1
Lao(u) = gl = [ ulv,

and
No := {u e HS(R3)\ {0} :< I (u),u >= o}.

By (Q2), we also have that ce, > ¢, where

o 1= Inf I dcg:= inf [ .
o= B, () and e = Inf Tol

This paper’s initial conclusion is as follows.

Ho_ M

Theorem 1. With (Q;) — (Q2) as hypotheses, s € (3,1) where y = %4, and0 < b < =0

RS
GCQ

pe (42 andb = % Then there is a ground state solution for problem (1).

Studying the existence of a positive ground state for the following equation is another
goal of this paper:

(1 + b/R3 |(—A)%u|2dx) (=A)*u(x) +u = K(x)u®, in R>, (8)

Assume that
(K1) lim K(x) = Ke >0, and K(x) € L®(R3).
‘x‘~>+oo

(K2) K(x) > Koo, Vx € R3 and K(x) — K > 0 on a positive measure set.

This paper’s second result says the following.

Theorem 2. Assume that s € (0,1) and (K1) — (Kp) hold. Then there is a positive ground state
solution for problem (8).

The usual Nehari manifold approach is rendered worthless for problem (8) due to the

combination of the nonlocal term ( Jr3 1(—=A) 3 u|2dx) (—A)*u and the nonlinearity Q(x)u®.

In order to find a way around this problem, we took a hint from [32], where they discovered
that the quasilinear Schrodinger equation with three times growth has infinitely many
geometrically distinctive solutions. For a few related papers, see [29,33], along with the
citations therein.

2. Preliminary Results

The subsequent vanishing lemma is a version of P.L. Lions’ concentration—compactness
principle. We have access to [34,35].

Lemma 1. Let {uy,} be a bounded sequence in H*(R®) and it satisfies

lim su 1y (x)|?dx = 0,
58 ) 1)

where R > 0. Then, u, — 0 in L' (R3) for every 2 < t < 2.
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To demonstrate Theorem 1, we first set
N = {u € HY(R3)\ {0} : (I'(u),u) = o}.
In the following lemma, we then gather some characteristics of the Nehari manifold .

Lemma 2.

(i) N isa C reqular manifold diffeomorphic to the sphere of H*(R3).

(i) 1 is bounded from below on N

(iii) u is a critical point of I if and only if u is a critical point of I constrained on N

Proof. There is a unique t > 0 such that tu € N for any u € H*(R?)\{0} with |lu| =
In actuality, g(t) > 0 for t > 0 small and g(t) — —oco as t — oo, where g(t) = (I'(tu), tu
are given by p € (4,2f). As a result, ¢ has a positive maximum, and tu € N and ¢'(t) =
exist for some t > 0. Assume that t; > t > 0 exists and that t;u € N. That implies that

1 1 2 _ [,p4 p—4 P
(7 )= (47 -0t [ Qs

which is not conceivable. Thus, #'u € N if and only if t = t'.
Note that u € N, then

1.
)

0

2
_ 2 ANS 12 o p
0=l +b( [, 1) uPax) ~ [ Qwlulrax
> Jull - Callul,

which means that ||u||?> > C, for some C, > 0. We can determine that G(u) := (I'(u), u) is
a C! function by using the information that I € C?(H*(R3),R). Note that

(G'(u),u) = (1" (u), u)

2
—2||u||2+4b</R3 |(_A)éu|2dx) —p/R3Q(x)|u|de

= (2= p)lulP? + (4—p)b</R3 |<—A>5u|2dx)2
<(2-p)lulr< (2-p)c <0.

(ii) follows immediately from

2
1 1 2 1 1 S 2 1 1 2
= _ — — _— — — > _— — .
I (2 p>||u| +(4 p)b(/ﬂ@u A)2ul dx) (2 p>||u|| >G>0

(iii) The conclusion that u € N if u # 0 is a critical point of I is obvious. Let, however, u
represent a critical point of the functional I on V. G'(u) # 0 and

(a0 = ')~ S 6/

lead to the conclusion that I'(u) = 0. O

In the following result, we outline some of the known results concerning the positive
solutions of (7), which are important to our proof and come from [36,37].
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Proposition 1. There is only one ground state solution for the equation (7) up to translation
Weo € HPTL(R3) N C®(R3), which fulfills the following asymptotic decay conditions and is
positive, radially symmetric, and radially declining:

G

G
1+ |x|3+25 S

< T+ P forall x € R3, where0 < C; < Cy.

Weo (X)

Using the concentration—compactness method, which was developed in [38] (also
see [35]), the existence of the following result may be obtained.

Lemma 3. If (Q1) — (Qy) holds, then wg € H®(R®) is the positive ground state solution for
problem (6).

As with Lemma 2, it is evident that, given any function u € H*(R3) \ {0}, there is a
unique function Tu € N such that Io(Tu) = max Io(tu).
>

Lemma 4. For any u € H*(R3) \ {0}, assume that tu and Tu are its projections on N and N,
respectively. Then, T < t.

Proof. For u € H%(R?) \ {0}, it follows from tu € N and tu € N, that

Plul+ ([ 1-m)tuax) =1 [ olupax
and
2 =7 [ Q(x)luldx.
We deduce from (Q;) that
N LI G
Jrs Q(x)[ulPdx
_42(ﬁw|(—A)%updx)2+-ﬁ’2jﬁ3Q(xMqux
Jra Q(x)[u|Pdx

P2

<2,
which implies that T <¢. O

According to the conditions of Theorem 1, I satisfies the mountain pass structure.
Then, we know that

d = inf I(v(1)),
Inf max (v(1))

where T = {y € ([0,1], H*(R3)) : 9(0) = 0, I(7(1)) < 0}. By using a version of the
mountain pass theorem without the (PS) condition (see [35] [Theorem 2.10]), there exists a
sequence {u,} C H*(R3) such that

I(uy) — dand I'(u,) — 0in (H¥(R%))™!, asn — co.

As in [35], we have that

d=inf I(u) = inf max I(fu) > 0.
ueN ueHs(R3)\ {0} 20

Furthermore, for n large enough,



Fractal Fract. 2024, 8,113 7 of 20

d +o(1)|Junl| = I(un) = —(I'(ttn), ttn)

L

P
> (53 Il + (5= ) ( [ 1) tupax)’
> (53 )l

which implies that {u, } is bounded in H*(IR®). Hence, up to a subsequence,
u, — uin H*(R3),
Uy — uin L?OC(RS) forg € [2,27),
un(x) = u(x) a.e. in R3,

To finish this section, we give a lemma which will be used later.

Lemma 5. Let {u,} be a (PS), sequence of I. Moreover, there exists u € H®(R3) such that
Uy — uwithu # 0. Then,

lim |(—A)%un|2dx:/R3|(—A)%u|2dx.

n—-+oo JRR3
Proof. We claim that

lim |(—A)%un|2dx:/R3|(—A)%u|2dx. ©)

n—-+oo JRR3

In fact, we may assume that

. A 2 —
nl_l)Too R3|( A)zu,ldx = A

for some A > 0. Then, we have
. -
/RS I(—A)Sul2dx < A.

For each ¢ € H*(R3), the weak convergence of {u,} implies that

/]R3 Uppdx — /]R3 ug, and /RS(— A)3u,(—A)3 pdx —>/ A)3u(—A)3 pdx.
Moreover, we deduce that
/3 (x)|un|P™ unqodx—>/ xX)|u|P2uqdx.
R
Using the above facts, we obtain
on(1) = (I'(n), @)
= ( A)du,(— )%(pdx—i-/RBun(pdx
—I—b/ %un|2dx /R3(—A)%un(—A)%(pdx—/RS Q(x)|un|”_2un<pdx+on(l)
> [ (~8)3u(-a)3pdx+ [ updx
+b/ Zu\zdx/RS(—A)fu(—A)%q)dx—/R3 Q(x)|ulP2ugpdx.

(10)
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We only need to consider the case that [ps |(—=A)2ul?dx < A. Insuch a case, (I'(u), ¢) < 0.
In particular, (I'(u), u) < 0. Set

hi(t) := (I'(tu), tu) for t > 0.

Then, inequality (10) implies that #1(1) < 0. Moreover, we have

2
(1) :t2/R3 |(_A)%u|2dx+t2/R3 ude+bt4</R3 |(_A)5u|2dx) —tr’/R3 Q(x)|ulPdx
25
> _ P 14
> Slul2 =t [ Q@lulrdx

which yields that #1(t) > 0 for t > 0 since 4 < p < 2%. Clearly, hy(t) is continuous. Thus,
there exists a tg € (0,1) such that hy(tg) = (I'(tou), tou) = 0. That is, topu € N, and hence,
I(tou) = max I(tu). Moreover,

te[0,1]

d < I(ton) = I(tou) — %(1’(@), fout)
:5 (—A)iuzdx—i-t%/ u?dx + 11 tp/ Q(x)|ulPdx
4 Jrs 3 4 p)0Jes
s 1 1
52 2 i1 p (11)
4/ INEP dx+4/ 2 dx + (4 p) /R3Q(x)|un| dx

= liminf{l(un) - %U’(un), un>}

n——+o0o
- d + (O (1),
this contradiction implies that (9) holds trueand u € N. [

3. Proof of Theorem 1
Lemma 6. Let {u,} bea (PS)4 sequence of I constrained on N, that is, u, € N and

I(uy) = d, I'|p(uy) — 0in (HS(R3))!

Then, going to a subsequence if necessary, one of the alternatives below holds.
(i)  There exists a solution il # 0 of problem (5), a number | € N, and {yk} C R® with

lyk| — +00f0r each 1<k<land \yn — yR2| — oo for ky # kalas n — +oo), nontrivial
solutions w', - - -, w! of the problem (7), such that

1

Z (-—vh)

I(uy) — 1(71) + Z Lo ("
k=1

O/
(12)

(ii) There exists a solution @° € H*(R3), 7, € R3 with |§,| — +oo, a number | € N,
and {yk} C R3 with |yk| — +oo foreach 1 < k < I, | — yi2| — ~+oo and |y — y*2| —
+oo for k1 # ky(as n — +o0), nontrivial solutions wl, -, w! of the problem (7), such that

1
Un =" (- — ) — Zwk('—yﬁ) ,
k=1 13)

I(uy) — J(@ +2100
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where @ is a nontrivial weak solution of the following problem:
1+b/ 8)3uldx) (~A)u+u = ul 2 (14)
and . b s 2 1 ¢
Jw) = gl + 5 ([, 1)) [ 15)

Proof. Since {u,} is bounded in H*(R3), we can prove that I’(1,) — 0. In fact, we have

on(1) = Il|N(“n) = I/(”n) - AnG’(”ﬂ)z

for some A, € R. Thus, we obtain

0n(1) = (I'|n(un), ) = (I'(un), tn) = An(G'(ttn), tn)-

By u, € N and (G'(uy), uy) < 0, we have A, — 0 for n — +oo. Thus, I’(u,) — 0. Since
{un} is bounded in H°(R3), then, up to a subsequence, u, — i in H*(R3),
n — din L?OC(R3) for g € [2,2F), un(x) — ii(x) a.e. in R3.

We consider separately the two cases 7 # 0 and i = 0.

Case (i): @l # 0. If uy, — i in H*(R3), then the proof is complete. It follows from
Lemma 5 that I’ (i) = 0; hence, i is a weak solution of Equation (5). Thus, we assume that

uy - il in H%(R3). Setting u}, = u, — ii, we have u}, — 0in H3(R3). We claim that
I(uy) = I(@1) + Io(ul) + 0,(1), and Ieo(ul) = 0,(1) in(H*(R3))~?

Indeed, it follows from the Brezis—Lieb lemma that

(@l f]R3 —8)2uyPdx = [ps |(~ A) 3y Pdx — Jre |(=4)2dx + 04(1);

(@2) |uy, ‘2 = |“n|2 |i1]3 +0n(1)

(@3) Jps Q(x)|ub|Pdx = [ps Q(x)|un|Pdx — [s Q(x)]il|Pdx + 0,(1).
Moreover, by [35], we have

(@) = Dl = 0u(), [ (Q(x) = 1)lup"Pulgdx = 0, (1), Yo € H'(EY),

R3
and
/RS Q(x)\un|p_2un(pdx:/R Q(x )\u [P~ 2 1(pdx+/ x)|alP~ 2ugodx—l—on( ), VgoeHs(R3).
Therefore,

1 b s 21
I(uy) = Ellun\|2+1(/R3 |(—A)7un|2dx) - ?/R3 Q(x)|uy|Pdx

_ 1 112 1 ~112 b 512 2 1 ~|p

= Sl g+ ([, I-a)iarax)” 2 [ oxalvdx
1 v 1ip

5 Jop QU

R YRS RTE S ST S AV aRa) L 1P
= T+ e+ 2 [ iayiapax)’ <L [ olarax

1
5 o bl

= 1) + Lo () + 0n(1).
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And, for all ¢ € H*(R3?), we obtain

0 [ 1=8) 2P (=) un(=8)Fgx = [ Q) mal Pngd + 0 (1)
- (—A)%ﬁ(—A)%q)dx—i-/RS ﬁ(pdx—i-b/R3 |(—A)%ﬁ|2dx/RS(—A)%ﬁ(—A)%cpdx
~ | Q) 2apdx — [ juy P ulgdx +0,(1)

= (I'(1), ¢) + (I (1), @) + 0 (1).

Thus, we obtain that I, (1)) = 0, (1) in(H*(R3)) 1. So, the claim is proved.

Let us define _

J := limsup sup lul|?dx.
n—s+eo yecR3/Bi(y)

If vanishing occurs, i.e., § = 0, then u}, — 0, and u} — 0in L'(R3) for t € (2,2%)
is evident from Lemma 1. The proof is then finished when |u}|| — 0 and consequently
ul — 0in H%(R3).

If nonvanishing happen, that is, § > 0, then we can presume that there is a {y},} C R3

such that . 5
/ lub|?dx > =.
JB1(vh) 2

Then, for some w' € H*(IR3), we obtain, going to a subsequence if needed,

1 1 1 1 1
|yn‘ — +0o, Wy = un(' +yn) —w.

Since

)
12

dx > =,
/Bl(o)|wn| x> 2

5
1 2d > -,
/Blm) fw 2

and w! # 0. However, {y}:} must be unbounded since u};, — 0 in H*(R?®) implies it. It is
assumed that |y}| — 400, up to a subsequence. Furthermore, we derive I, (w') = 0 from
Lo (1) = 0u (1)

Let us define u2 = u, — u — w' (- — y}) next. In H*(R?), we have u2 — 0. We conclude
the result from the Brezis-Lieb lemma:
01) fis | ()3 132dx = fis | (—A) a2 — [y [(~A) 3 — fys |(~ ) Feo! P + 04 (1),
(b:2) [ |3 = Junl3 — |ul3 = [w0' |5 + on (1),
(b.3)

[ Qlidrax = [ Q)ulirax— [ Q)R (x = y})lPdx +0u(1)
= [ Qluldx = [ Q(x)lafrdx— [

R3

then

Q(x)|w" (x — ) [Pdx + 0u(1).
Thus,
Leo () = Too(t13) — Too(w") + 04 (1)

and
[(un) = 1(1) + Too(tt3) + 0n(1) = I(1) + Lo (w") + Lo (113) + 04(1).

Similarly, we have that
I (up) = 0a(1) in (H*(R%)) ™.



Fractal Fract. 2024, 8,113

11 of 20

Similar to the above arguments, define

o := limsup sup |u?|dx.
n—+400 ycR3 By (y

If vanishing takes place, the proof is finished and [u3| — 0. A sequence {y2} C R®
and a nontrivial w? € H*(R3) such that w? = u2(- +y2) — w? # 0in H*(R®) exist
if nonvanishing happens. Thus, I}, (w?) — 0 remains. Furthermore, y2| — +co and
ly2 — yL| — -+oo are implied by u2 — 0in H*(R3). The next step is iteration: we obtain
sequences of points {yX} C R3 such that, for k; # k and uf = uk=1 — wk=1(. — k-1,
lyk| — +oo, such that k > 2

uk — 0 in H(R®) and I (w*) =0

Huy) — I(d) + i TIo(wh).
k=1

and
1

Up—u— ), wk<' _]/Ircz)
k=1

’ —0
(16)

Recall that if w* is a nontrivial solution of I, then Is (wk) > (oo > 0, where o is the least
energy associated with the functional .. Equation (16) implies that the iteration stops at
some finite index ! + 1. This is because {u, } is bounded in H(R3). Therefore, u,1 — 0in
He. The proof is now complete.

Case (ii) ## = 0, that is, u,, — 0 in H*(R3). Similar to Case (i), we obtain that

I(uy) = J(un) +o0n(1),and ]I(un) = ox(1) in (Hs(Rs))_l' 17)

Letting

0 := lim sup sup |up | 2dx.
n—+40 ycR3 Bi(y

If § = 0, it follows from Lemma 1 that u,, — 0in L!(R3) for t € (2,2%). Then, ||u,| — 0
and I(u,) — 0, which is a contradiction.

Our arguments are then extended to the following case: J > 0. Since {7} C R? exists,
we may assume that the following holds true:

' 5
2
dx > —.
-/Bl<y~°>|””| *72

n

Following that, if a subsequence needs to be extracted, we obtain, for some W' € H° (R3),
|7n] = +oo, wh = un(- + ) — a’.
Since 5
/ |wl|?dx > =,
B1(0) 2
then 5
/ 1@ 2dx > 2,
B;(0) 2

and w! # 0. {#%} must be unbounded, as u, — 0 in H*(R3?) implies. We assume that
|79] — o0, up to a subsequence.
Furthermore, we derive

/H%s |(—A) 20l |Pdx — /RS |(—A) 20 2dx and J'(@°) = 0 (18)
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from Lemma 5 and (17). Similarly, let us define w}, = w9 — @°(- — ), we have w) — 0in

H*(R®). From the Brezis-Lieb lemma, we obtain that
(€1) fpsl(— Yiwl|2dx = Jrs I( (—A) 2wt [2dx — Jgs |(=A) 20 |2dx;
(c2) |wyl5 = |w0|2 |@°15 + on(1);
(€3) Jgs lwh|Pdx = [ps [wh|Pdx — [gs [@°|Pdx 4 04(1).
Thus, by (18) we have

J(0n) = 5 ] +1(./R3|<—A>zun| ax) = [l
1 112 02?/ AV 012 2_1/ 1p _1/ 20(P
= Slbl 51t ([ 180 Pr) [ s = [t
= (@) + Lo(wy) +0n(1).

For all ¢ € H*(R3), we obtain

0n(1) = (J'(un), (- = 73))
= [L-apat-a)ipdx+ [ alpdx

R3
+0 [ N8R P [ (-a)ia(-a)idn = [ o) ahods-+ou(1)
- Rs(—A)%wo(_A)%q)der/Rg ?Ifoqoderb/R3 |(—A)§w°|2dx/R3(—A)%w0(_A)%q,dx

— [ 12 gdx — [ jw} 2] g+ 04(1)
= (J'(@°), ¢) + (I (wn), 9) + 0n(1).
Using the above facts, we obtain
oo (wy) = 04(1) in(H*(R?)) 7!

If w) — 0in H*(R3), then this completes the proof. Otherwise, w) — 0 in H*(R3). We also
repeat the procedure carried out in the proof of Case (i), there exist sequences of points
{7} € R3 with

741 = +eo and |3 — 7| = oo for ki # kz.

Letting

wk — wk 1_ k—l( glfl 1),

from which, for k > 2, we have that wX — 0 in H*(R3), I’, (@) = 0 and
I(up) — J(@°) + Z Too (w

Since {u,} is bounded in H*(R3) and I (w¥) > coo > 0, then the above iteration stops at
some finite index | + 1. This completes the proof. [

Remark 1. It is easy to see that case (i) of Lemma 6 occurs if u, — u in H¥(R3) with u # 0.
On the other hand, if u = 0, then case (ii) of Lemma 6 holds true, and the min—max energy level
must be d < deo, where do is the ground state energy of J.

Lemma 7. Let {u,} bea (PS), sequence. Then, {uy} is relatively compact for all d € (0, cco).
Proof. Let us consider a (PS); sequence {u,} and use Lemma 6, since Io(w") > co for

all k, when I(u,) — d < c, it is easy to see that I = 0 holds true in case (i) of Lemma 6,
and case (ii) in Lemma 6 does not occur for d < ceo < deo. [
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Proof of Theorem 1. In order to prove the existence of a ground state solution of (5),
by Lemma 6 and Remark 1, it is sufficient to check that

d < Ceo. (19)

Now, remark again that wg is a positive ground state solution of (6), then it follows
from Lemma 4 that there exists t > 0 such that twg € N with t > 1. Thus,

4 < I(twg) = I(twg) — 3 (I'(fwg), twg)

tz s 2 t2 2 1 1
— _ + + (=== )¢ P
3|( A)ZZUQ| dx 4 /3dex <4 p)f /3Q(X)|WQ‘ dx

]. S 1 ]. ].
p|= _ 5 2 - 2 - = 14
<t [ /3\( A)2wg|7dx + /3dex+( )/SQ(JC)WQ dx}

= t”(; - ;) ol = Peq.
Moreover, )
0= lwgl+ #b( [ 1(~8)bwalax) ~1# [ Q(x)lwolds
< Hllwg? + bllwe||* — #[wgl?,

which satisfies the following properties,

1 _1

1 —4
t< (14 blwg)?) " = (1+ pz_pszQ) o (20)

2(p+1)
p—1

Recalling 0 = , we deduce that

d < I(twg) < theg < (1 + Gch> "0 < Coo
The proof of Theorem 1 is thus concluded. O
4. Proof of Theorem 2
This section demonstrates the existence of the following problem’s ground state solution.

(1+ b/RS (=) duaPax ) (~A)u(x) + u = K(x)w®, in B 1)

The weak solutions of (21) correspond to critical points of the following functional:

1 b s 21
Z(u) = Sl + 3 ( [, 1(=8)3uPdx) = 3 [ K(xpuiax

Let M be the Nehari manifold associated to Z(u):
M= {u € HS R\ {0} : (Z'(u),u) = 0}.

The competing effect of the nonlocal term ( Jr3 [(=4) Su |2dx) with the nonlinearity K (x)u?

makes it impossible to find ground states on M. We need the following set to construct the
variational framework:

®= {u e H (R%) : b(/RS |(—A)%u|2dx)2 < /RSK(x)|u|4dx}
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It is easy to see that © # @ since K(x) > K.

Lemma 8. Let (Kq) — (K2) hold, then we have that

(i) Forall u € ©, there is a unique t,, > 0 such that ¢’ (t) > 0 for 0 < t < t,, and ¢'(t) < 0 for
t > t,, where g(t) = Z(tu). Moreover, tyu € M and I(t,u) = r?anI(tu).
>

(ii) Thereis p > O such that d :== inf Z(u) > inf Z(u) > 0, where S, := {u € H*(R®) :
ueM ues,
[ull = o}

Proof. (i) For each u € O, it is easy to check that g(t) > 0 for t > 0 small enough, and
g(t) < 0fort > 0 large enough. Then, g(t) has a positive maximum point in (0, +c0).
Moreover, the maximum point f satisfies that ¢’(t) = 0, that is,

ul|? = tz('/RSK(x)|u|4dx b(/ﬂ'@ |(A)iu|zdx)2>.

Thus, there exists a unique ¢, > 0 such that g/(t,) = 0.
(ii) By the Sobolev embedding theorem, we have

1
Z(u) > 5 llull® = Cllu*.

Then, there is a small p such that insf Z(u) > 0. For any u € M, there exists 6u > 0 such
UES,
that fu € S,; thus, we have that Z(u) = Z(t,u) > Z(6u) and (ii) follows. [

Lemma 9.

(i)  For each compact subset W of © N Sy, there exists Tyy > 0 such that t,, < Ty forallw € W.
(ii) Ifu ¢ ©, then tu ¢ M forany t > 0.

Proof. (i) Suppose by contradiction that there exist a compact subset W of ® N S; and a
sequence w, € W such that ty, — +00 and w, — win HS(R3), then

b(/RS \(fA)%wn|2dx)2f/RSK(x)Iwnl‘de = b(/ﬂ'@ |(—A)%w|2dx)2—/Rs K(x)|w|*dx < 0.

Hence,

I(tw,wy) 1 15, s )2 1
=) 2 (o [ 18y kwnPx) = [ K wafdx ) —eo,

2
o,

which yields a contradiction by the fact that Z (¢, w,) > 0.
(ii) If there exists a t > 0 such that tu € M, we have that

Mk :t2</RS K(x)|u|4dx—b(/R3|(—A)iu2dx)2> >0,

which implies that # € ®. This completes the proof. [

We define the mapping 11 : @ — M by i(u) = t,u. Let U := @ N W and define
m := 1it|y. Then, 1 is a bijection from U to M. Moreover, by Lemmas 8 and 9, as in the
proof of [39], we have that the mapping m is a homeomorphism between U and M, and the

inverse of m is given by m~!(u) = ﬁ Define the functional ®(u) : U — R by

The following properties play important roles in the proof.
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Lemma 10.

(i) {m(wy)} is a (PS) sequence of I if {wy,} is a (PS) sequence of ®; {m~'(u,)} is a (PS)
sequence of @ if {u, } C M is a bounded (PS) sequence of Z.

(ii) wis a critical point of @ if and only if m(w) is a nontrivial point of Z. Moreover, the corre-
sponding values of & and 1L coincide and irL}f D= i/r\}lf 7.

(iii) A minimizer of Z on M is a ground state of Equation (1).

Proof of Theorem 2. Given a minimizing sequence {w,} C U such that ®(w,) — iﬂf D,

this allows us to use the Ekeland variational principle to suppose ®'(w;) — 0. Then, using
Lemma 10 we can deduce that for u,, = m(w,) € M, Z'(u,) — 0and Z(u,) = ®(wy,) — c.
Be aware that in H%(R3), u, is bounded. Then, up to a subsequence, u, — u in H*(R?),
Uy — uin L?OC(R3) for g € [2,2%), un(x) — u(x) a.e. in R3.

We then carry on with our reasoning by making a distinction between u# = 0 and
u # 0.

In the first case, we claim that

lim |(7A)5un|2dx:/Rs|(7A)%u|2dx. 22)

n—+oo JR3

Indeed, we may suppose that

/3|(—A)%u|2dxg lim [ |(—A)3uydx = A > 0.
R

n—+oo JR3
By the fact that Z’(u,) — 0, u is a solution of the following equation:

(1+bA)(=A)*u(x) +u = K(x)u?, in R

Then,
140 R3|(—A)%u|2dx) /R3|(—A)%u|2dx+/R3u2dx
A S92 2
< (1+bA) /RS\(—A)Zu\ dx+/RSu dx (23)
_ 4
= /]1&3 K(x)u*dx
Set

ho(t) := (Z'(tu), tu), for t > 0.

If [ |(=A)2u|?dx = A, the (22) holds. If [ |(—A)2ul?dx < A, by (22) we have that
hy(1) < 0. Similar to Lemma 8, by (23) we obtain that there exists #; > 0 such that ju € M.
It follows from (Z'tyu, tju) = 0 and t; > 1 that

2
512 2 512
/R3|(—A)2u| dx—i—/R3u dx+b</Rs|(—A)2u| dx)

1 s 1 s 2
> t%/w |(—A)2u|2dx+t%/R3u2dx+b</R3|(—A)zu|2dx>
_ 4
= /RSK(x)u dx.

This contradicts with (23) and then t; < 1. Thus,
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1 t2
d<ZI(hu)=TZI(hu)— Z(I’(tlu), tiu) = Zl|\u||2

< HlulP < IIMnH2 +on(1)

= T(uy) — Z<I (n), tn) +0n(1)
=d+o0,(1).

(24)

So, t; = 1 and (22) hold. Thus, Z'(u) = 0. Again by (24), we obtain Z(u) = d.
We now consider the second case, that is, is {u, } vanishing or nonvanishing. If {u, }
is vanishing, i.e.,

lim su lun (x)|?dx =0,
n*>+ooye]]§5 1(y) "

it follows from Lemma 1 that u,, — 0, in L(R3),t € (2,2%), then ||u,| — 0 and Z(u,) — 0,
which is a contradiction of Z(u,) — d. Therefore, {u, } is nonvanishing. Then, there exist
{xn} C R?and &y > 0 such that

2dx > 6. 25
Jy o P = o )

Denote @, (+) := uy(- + xu), up to a subsequence, i, — #in H*(R®), i, — #in L] (R®) for
g € [2,2¢) and i, (x) — ii(x) a.e. in R3. By using (25) we have i # 0.

Without loss of generality, we may assume that K, = 1. Since u, — 0, for all
@ € H*(R3), we obtain

0u(1) = (Z'(un), @)
_/ A)duy(— )%(pdx+/R3un(pdx
b / 8)hunfx [ (~8)3un(—=8) gdx— [ K(x)uigdx +o0(1)

. 2
where J (1) = |ju? + % ( Jrs |(—A)iu|2dx) — 1 Jgs u'dx is the energy functional asso-
ciated with the following equation:

(146 [ (-8 bunfee) (~aYu(x) +u =, in B

By the arbitrary nature of ¢, 7’ — 0in (H*(R3))~!. Since i, — # in H*(R®) we may
suppose that

[ a)iupr < tim [ (-a)sudx = 4>

n—+oo JR3

By the fact that 7' (ii,) — 0, i is a solution of the following equation:
(1 + bA) (=A)u(x) +u=u®, in R

Then,
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JR3 R3
< (1+bA) /R3\(—A)%ﬁ\2dx+ [ i 26)
:/ itdx,
R3
and
~ 1 !(~ ~ 1 ~12
J(@) - 3(7'(@), 1) = )a
1, 0 L
< 313l + 00(1) = § 1l + 00(1) o
= Z(un) 4<I/(”n) Un) +0n(1)
:d+0n(1)
Letting

My = {u e H (R¥)\ {0} : (T (1), u) = o}.
0, = {u € HY(R?) : b(/R3 |(_A)%u|2dx)2 < /R3 |u4dx}, and d; := inf J(u)

It follows from (26) that 7 € ®;. Similar to Lemma 8, there exists t, > 0 such that trii € My,
and J (tpif) = max;~o J (tu). Moreover, we claim that f, < 1. Otherwise, t, > 1. We
deduce from (J (fi), toii) = 0 that

- - 2
) 2 S ~12
'/R3|(—A)2u| dx+/Rau dx+b('/R3|(—A)2u| dx)

1 s 2 1 -2 s 20 \2
> t%/RB|(—A)2u| dx—l—t%/Rau dx+b(/R3|(—A)2u| dx )

= / itdx,
R3

which contradicts (26). Then, t; < 1. Thus,

2
& < T (i) = T (120) — (T (1), to1) = 2]
L2
< lal (28)
= 7(@) — (@), 1) < d+o,(1)

We deduce from the fact that Z(u) < J (u) that

d=inf maxZ(tu) < inf maxJ(tu) =d;.
uel t>0 ue® NSy t>0

Then, it follows from (28) that t, = 1 and d; = J (ii) = d. By (26) and K(x) > 1, we have
ii € ©. From Lemma 8, there exists f > 0 such that fii € M. Then, by d; = J(i1) = d,
we have

d <Z(ta) < J(H) < J(i1) = d.

Therefore, Z (fii) = d.

By using the arguments of the two cases above, we can conclude that d has been
reached. The ground state of (21) is the corresponding minimizer. Next, we shall demon-
strate that (21)’s ground state solution is positive. It is possible to perform the entire
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analysis above word for word by substituting Z (1) with Z* (u), with the functional Z (u)
defined by

1 b s 21
1) = 5P+ 3 ([ 1a)3ulax) = 3 [ Kot .

In this way, we obtain a ground state solution u for the following equation:
(1+ b/3 (=) 3uldx) (~A)u +u = K(x)|u* P, in R, (29)
R
By using u~ as a test function in (29) we obtain
0 =<1 +b/]1{3 |(—A)7u|2dx> /R3(—A)§u(—A)§u7dx+ /]1{3 lu™ > dx
> [ la)iu Pt [ uPax =0,
R3 R3

which yields that u~ = 0, and hence, u > 0. Furthermore, if u(xy) = 0 for some xy € R3,
then (—A)Su(xg) = 0. It follows from (2) and u(xy) = 0 that

 Cags u(x0+y)+u(x0—y)d

S —
(=A)u(x) = 2 Jrs |y|3+25

y=0
which implies u = 0. Therefore, u is positive. [
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