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Abstract: This paper addresses the decentralized composite optimization problem, where a network
of agents cooperatively minimize the sum of their local objective functions with non-differentiable
terms. We propose a novel communication-efficient decentralized ADMM framework, termed as
CE-DADMM, by combining the ADMM framework with the three-point compressed (3PC) commu-
nication mechanism. This framework not only covers existing mainstream communication-efficient
algorithms but also introduces a series of new algorithms. One of the key features of the CE-DADMM
framework is its flexibility, allowing it to adapt to different communication and computation needs,
balancing communication efficiency and computational overhead. Notably, when employing quasi-
Newton updates, CE-DADMM becomes the first communication-efficient second-order algorithm
based on compression that can efficiently handle composite optimization problems. Theoretical
analysis shows that, even in the presence of compression errors, the proposed algorithm maintains
exact linear convergence when the local objective functions are strongly convex. Finally, numerical

experiments demonstrate the algorithm’s impressive communication efficiency.

Keywords: decentralized composite optimization; ADMM; quasi-Newton; communication-efficient

mechanism

1. Introduction

The recent increase in the number of mobile devices with enhanced computing and
communication capabilities has led to significant development of multiagent systems [1,2].
Within these systems, many applications, including smart grid management [3,4], wire-
less communications [5], multi-robot coordination [6,7], large-scale machine learning [8],
etc., can be cast to decentralized optimization problems, in which a network of nodes
cooperatively solve a finite-sum optimization problem using local information.

A vast of decentralized optimization algorithms have been proposed, since the pioneer
work DGD [9], in which each node performs gradient descent and simultaneously com-
municates decision vector with its neighbors for consensus. As DGD requires diminishing
stepsize, which might slower the convergence rate, gradient tracking (GT) based algorithms
using constant stepsizes are then developed [10,11] and have been extensively investigated
under various scenarios [12-15], to name a few. However, GT-based methods require to
transmit both the decision vector and an additional gradient estimation vector, which in-
crease the communication cost. In parallel, another type of decentralized algorithms based
on alternating direction method of multipliers (ADMM) are proposed and analyzed [16,17].
Compared with GT-based algorithms, ADMM-type algorithms can achieve the same con-
vergence rate but require the transmission of only decision vector, which can be more
communication-efficient. Following this line, some decentralized optimization algorithms
are proposed for accelerating the convergence rate by introducing second-order informa-
tion [18-21]. More recently, Ref. [22] proposed a family of decentralized curvature aided
primal dual algorithms, which can include gradient, Newton, and BFGS type of updates.
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In the decentralized algorithms, it is of great significance to improve communication-
efficiency. The methods can be classified into two types. One method is to adopt com-
pressed communication scheme, using quantization [23] or sparsification [24,25] techniques
to reduce communication overhead per transmission. Recently, the compressed commu-
nication scheme has been combined with DGD [26,27], GT-based algorithms [28,29], and
ADMM-type algorithms [30,31]. Another method is to employ intermittent communication
scheme which aims to reduce the communication frequency. Such type of methods includes
event-triggered communication [32-34], lazy aggregation scheme (LAG) [35], etc. Besides,
there are also some works combining the both methods [36-38]. In particular, ref. [39]
combined event-triggered and compressed communication scheme with an ADMM-type al-
gorithm and proposed a communication-efficient decentralized second-order optimization
algorithm, which improve both computation and communication efficiency. It is worthy
noting that the information distortion arisen by compressed communication scheme may
have a negative effect on the convergence performance of the decentralized optimization
algorithms. To overcome this shortage, Ref. [40] developed an error-feedback commu-
nication scheme (EF21) to avoid the negative effect of information distortion. Recently, a
more general efficient communication scheme termed as three point compressor (3PC) is
proposed in [41], which provides a unified method including EF21 and LAG as special
cases. However, 3PC scheme is only investigated in distributed gradient descent algorithms
under the parameter-server framework.

Despite of the progress, the development of communication-efficient decentralized op-
timization algorithms over the general networks is still lack an in-deep analysis, especially
for the objective with non-differentiable part, i.e., decentralized composite optimization
problems. Note that such problems have widely applications in the field of machine
learning due to the existence of the non-differentiable regularization terms. Currently,
some decentralized composite optimization algorithms have been proposed [22,42-44], but
without employing efficient-communication schemes. Moreover, to the best of our knowl-
edge, no work has been reported on communication-efficient decentralized composite
optimization using second-order information. To fill this gap, in this paper, we incorporate
the general efficient communication scheme 3PC [41] into the ADMM-based decentralized
optimization framework [22], which result in a family of communication-efficient decen-
tralized composite optimization algorithms with theoretical guarantees. It is worthy noting
that such incorporation is not trivial as we need to overcome the negative effect arisen by
the propagation of communication error over networks. The main contribution of this work
can be summarized in the following two aspects:

»  First, we propose a flexible framework termed as CE-DADMM for communication-
efficient decentralized composite optimization problems. The framework not only
encompasses some existing algorithms, such as COLA [32] and CC-DQM [39], but
also introduces several new algorithms. Specifically, by incorporating quasi-Newton
updates into CE-DADMM, we derive CE-DADMM-BFGS, the first communication-
efficient decentralized second-order algorithm for composite optimization. Compared
with CC-DQM,, it avoids computing the Hessian matrix and its inversion, significantly
reducing the computational cost. Compared with DRUID [22], CE-DADMM can
reduce the communication cost due to the efficient communication scheme.

*  Second, we theoretically prove that CE-DADMM can achieve exact linear convergence
under the assumption of strong convexity by carefully analyzing the mixing error
arisen by the efficient communication scheme and the disagreement of decision vec-
tors. The dependency of the convergence rate on the parameters of the compression
mechanism is also established. Additionally, sufficient numerical experiments are
presented to substantiate the superior performance of our algorithms in terms of the
communication efficiency.

Notation. If not specified, ||x|| and ||A|| represent the Euclidean norm and the spectral

norm, respectively. For a positive definite matrix P > 0, let ||x||p := V'x"Px. Use [n] to
denote the set {1, - - - ,n}. The proximal mapping for a function g(-) : RY — R is defined by
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prox,,, (v) = argming_pa{g(0) + 5|6 — v|*}. Let I; represent the d-dimensional identity
matrix, and A ® B represent the Kronecker product of matrices A and B.

2. Problem Setting

In this paper, we study the decentralized composite optimization problem on an
undirected connected network with n agents (or, nodes), which takes the form

n
min{ fi(X)Jrg(X)}/ ©)
xeR? | i3
where x refers to the decision vector and f;(-) : R? — R is a convex and smooth function
accessible only by node i and g(-) : RY — R is a convex (possibly non-smooth) regularizer.
Next, we equivalently reformulate problem (1) into a compact form in terms of the
whole network following the same idea in [22]. Denote the communication graph as
G ={V, &}, where V := [n] is the set of agents and £ C V x V is the set of edges containing
the pair (i, j) if and only if agent i can communicate with agent j. There is no self-loops in
G, ie., (i,i) ¢ € forany i € [n]. Note that the edges in £ are enumerated in arbitrary order,
with e, := (i,]) € € denoting the k-th edge, where k € [m] and m := |£| is the number of
edges. The neighbor set of agentiis N; := {j € V: (i,j) € £}. Let x; € R? and z; € R be
the local decision vectors corresponding the ith-node kth-edge, respectively. We assume
that G is connected. Then, problem (1) is equivalent to the following constrained form:

n
min (x) 1 e(0) L
{xi},6,{z;;} {gﬂ( i)+ 5 )}
s.t. X; = Xj = Z Vek — (l,]) c gl

x; = 6, for one arbitrary / € V, (2)

where 8 € R? is an auxiliary variable for decoupling the smooth and non-smooth functions.
Denote the optimal solution of problem (1) and (2) as x* and {x}, z, 0"}, respectively. It is
straightforward to verify that x* = x* = z; = 6 foralli € [n] and k € [m].

In what follows, define X := [x1;x2;...;Xy] € R™ and z := [z1;20;...;2p] € R™. In
addition, define two matrices A; and A; € R"*" as follows: the k-th row of both A and A
represents the k-th edge ey. Specifically, the entries [As]; and [Ad]y; are both equal to 1 if
and only if the edge e; = (i, j); otherwise, they are 0. We also define S := (s; ® I;) € R™*4,
where s; € R" is a vector with a 1 at its I-th position and 0 elsewhere. Clearly, the matrix
ST extracts the component of X that corresponds to agent /, meaning that S x = x;. Let
F(x) := YI'; fi(x;). Then, problem (2) can be written as

min F(X) +g(0)

x,0,2
st. Ax=BzZ S'x=0, where A = [22 2 i‘j and B = EZﬂ (3)

Note that problem (3) is written from the network level, which will be the basis for
designing our algorithm.

3. Algorithm Formulation

In this section, we first introduce the basic iterations of our algorithm based on
ADMM method. Then, by combining compressed communication techniques with the
ADMM-based algorithm, we will devise our algorithm and discuss its relationship with
existing algorithms.
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3.1. Background: ADMM-Based Algorithm

ADMM is a powerful tool to solve an optimization problem with several blocks of
variables. To apply ADMM for solving problem (3), define its augmented Lagrangian as:

L(%,0,%;v,A):=F(X) +g(0) +v'(Ax—Bz) + A" (S'x—0)

2
+%||A)“<—BZH2+%HST§<—6 , 4)

where p; and g are positive constants, v € R?" and A € R are Lagrange multipliers.
Then, the kth-iteration in ADMM is written as

X141 = arg miin L(X,0:,Z; v, At) (5a)
011 = arg moin L(X11,0,Z;vt, At) (5b)
Zyy1 = arg miin L(X11,0:41,Z;vt, At) (5¢)
Vir1 = Vi + o (AXpy1 — BZpy) (5d)
A=A+ uo(S Xpp1 — 0141). (5e)

Define By = A — Ay, By = A, + Ay, Ly = ETEy, Ly = EJBy, D = (L, + L.
In addition, define E; = E; ® I;, and similarly for E,, Ls, L, and D. Similar as [22], if
we initialize the multiplier v; := [a; B,] € R2" with ey = —Bo, EuXo = 2%, there is
E.%: = 2%;. Let ¢, = E{ &, and approximate the augmented Lagrangian £(-) in (5a) by
employing a second-order expansion at x; as

R 1
L(X,0:,Z5;ve, M) = Lo(Xe) + (X — X¢) VLo (Xe) + EH* - it\ﬁ{,,
where L;(X;) is short for £(X, 0+, Z+; v¢, At), and Hy is an invertible matrix representing

the approximated Hessian of the augmented Lagrangian, then the iteration (5) can be
simplified as

Xps1 = % — H (VF(Re) + ¢+ SAs + 2Lk + moS(S % — 61) ) (6a)
;41 = prox, ., (STitH + Hf;l/\t) (6b)
P =@t %Lsf‘tﬂ (6c)
Arr = Ar 4 1p(S X1 — 041). (6d)

Compared with (5), the iteration (6) contains fewer vectors by eliminating the vector
Z and replacing v by ¢ to halve the dimension of v. Note that the iteration (6) is written
in terms of the whole network. To implement (6) in a decentralized manner, we require
the matrix H; be block-diagonal, so that each block can be computed independently by
each agent. Here, we assume that H; = diag{Hy, Hp, - - - ,Hy,; }. The choice of H; ; will
be discussed later. Then, agent i will perform the following iteration:

Xitr1 = Xjp — H;tl (vf(xi,t) +¢;+ % Z (Xif —Xj¢) + i (At + pg (xi — Bt))) (7a)

JEN;
u
Pit1=Pirt+ 72 'ZN(xi,tJrl = Xjt41) (7b)
JEN;
0r11 = i proxg (Xi,t+1 + Halﬂt) (7c)

Arvr = 8 (At + o (xig 11— 0141)), (7d)
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where §;; = 1if i = I, otherwise é;; = 0.

3.2. Communication-Efficient Decentralized ADMM

Recalling the iteration (7a) and (7b), it can be seen that agent i will communicate
the information on x to its neighbors at each iteration. However, such communication
might not be realized for scenarios with limited communication resources. To reduce the
communication overhead, we introduce the idea of compressed communication scheme
into iteration (7), which results in our algorithm, termed as communication-efficient decen-
tralized ADMM for composite optimization (CE-DADMM).

To compress the communication, we first give a definition of compressor.

Definition 1 (Compressor). A randomized map C : R — R? is called a compressor if there
exists a constant & € [0,1) such that E||C(x) — x||* < (1 — 6)||x||* holds for any x € R4,

In Definition 1, the compressor is characterized using the relationship between the
compression error and the original state. Clearly, 6 refers to the compression ratio. We can
also call C a 6-compressor. In our algorithm, we do not apply C(-) directly to the transmitted
x, as it will lead to a non-dismissing compression error. Instead, we will adopt a general

compressor termed as Three Point Compressor (3PC) [41], whose definition is given below.

Definition 2 (Three Point Compressor, see [41]). A randomized map Cyy : R? x R? x RY — R4
is called a three point compressor (3PC) if there exist constants 0 < A < 1and B > 0 such that

2 2
E[[|Chy(x) = x|*] < (1= A)|h—y|?+Blx—y|>, ¥xyhecR’, ®)
where y and h are parameters of the compressor.

3PC can be realized using é-compressor C. Two examples of Cy, y are given below [41]:

EF21: Chy(x) :=h+C(x—h), 9)

CLAG: Chy (x) = {:+ Clx=h), ftﬂ:r;vﬂz S LT
It can be checked that A := 1 — /6 and B := 17‘5\/5 for EF21, and A := 1 — /4 and
B:= max{ 1,5\/5'9} for CLAG.

Next, we formulate our algorithm based on 3PC, whose pseudo code is presented in
Algorithm 1. We introduce a new state y; ; relating to x; ;, which refers to the estimation on
x; ; of agent i’s neighbors. The computation of H; ;(y; ;) ! relies on y; ;, and since y; ; consists
of compressed information, this significantly reduces the computational cost associated
with the inverse of H; ;(y; ¢). Then, at iteration ¢, agent i transmits the compressed vector
Cyis1,x;,_1 (Xi ) rather than x;  to its neighbors, which lead to the new iterations as below:

1
Xit+1 = Xip — (Hit(yit)) (Vf(xi,t) +i+ % Y (yie— i)

JEN;
+ 61 (At + no(yir — 9t))> (11a)
Piry1 =P+ % 2 (Vige1 = Vi) (11b)
JEN;
0r 11 = i proxy <YI,t+l + M&lf\t) (11¢)

A1 =0y (At + 1o (Vi1 — 9t+1))- (11d)
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Algorithm 1 CE-DADMM

1: Initialization: x;0 = 0,y,0 =0, ¢i,0 =0,00=0,A=0p;; = Vfl(())
2: fort=0,1,... do
3: for agent i do

4 Compute Hl.jtl using (13), (14), or (15) according to its choice;

5: Compute x; ;41 using (11a);

6: Yit+1 = Cy;pxi, (Xit41) // Compressing information
7: Broadcast y;;y; toneighbors

8: Piri1 = Pir + 5 Lien: (Yits1 — ¥je1)

9: ifi = [ then // Dealing with the non-smooth function
10: 0:11 = ProxXg,,, (Vi1 + - At)

11: Abyr = Ar+ pg(Yiee1 — 0111)

12: end if

13: end for

14: end for

3.3. Discussion

Our algorithm CE-DADMM presents a flexible framework that accommodates gra-
dient updates, Newton updates, and quasi-Newton updates, depending on the choice of
matrix H;tl. Here, H;tl has the following general structure:

- -1
Hi,tl = (Jit + (| Ni| + Gigre +€)1a) (12)

where € > 0 is used to provide additional robustness and J; ; is a matrix to be determined.
A detailed discussion is presented below.
Case 1: Gradient Updates. By choosing J;; = 0, (12) equals to

- —1
Hi,t1 = ((Hz|Ni| 4+ Sing +€)1y) . (13)

Clearly, H; is diagonal. The computation of H; ! requires O(d) computational cost. Com-
pared with COLA [45], CE-DADMM considers the presence of the non-smooth term g(-)
and allows for more options in the choice of the compression mechanism C. When g(-)
is excluded, only the lazy aggregation compression mechanism is applied, and Gradient
Updates are used, CE-DADMM aligns with the form of COLA.

Case 2: Newton Updates. By choosing J;; = V2fi(y;;), (12) equals to

H,' = (V2fi(yir) + (el Ni| + Saue +€)1s) (14)

According to the definition of F(¥;), V2F(§:) is a block diagonal matrix with the ith
block being V2f;(y; ). The computation of H, ! incurs O(d®) computational cost. When
CE-DADMM uses Newton updates, excludes g(-), and adopts the same communication
compression approach as CC-DQM [39], it recovers the form consistent with CC-DQM.

Case 3: Quasi-Newton Updates. Inspire by the distributed BFGS scheme in [22],
we can derive a novel decentralized algorithm termed as CE-DADMM-BFGS, which com-
bines the BFGS method with communication-efficient mechanisms. According to secant
condition, each agent i constructs a model of the inverse Hessian directly using the pairs
{qit sit} defined as

Qi = (VfilYirr1) = VSilyir) + (h|Ni| + pe +€)sip and i := yi 141 — Y

The Hessian inverse approximation is then iteratively updated as:

(s )T ca: )T (s )T
H;}Jrl _ Sz,t(_rsz,t) + (Id . Sz,t(_:lz,t) )(Hi,t)71 (Id _ qz,tgrsz,t) ) (15)
qi,tsi,t ql‘,tsi,t ql‘,tsi,t
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Notably, the explicit inverse of H; ;1 is unnecessary, as this expression serves merely as
a formal representation. Consequently, the computational cost for each agent is reduced
from O(d®) to O(d?).

4. Convergence Analysis

In this section, we propose a unified framework to analyze the proposed algorithms
that incorporate gradient, Newton, and BFGS updates, along with a communication-
efficient mechanism. First, we make the following assumptions throughout of the paper.

Assumption 1. Each f; is twice continuously differentiable, m ¢-strongly convex, and M g—smooth,
ie., mely = szi(xi) = Myly, where Mg > mg > 0. HOE R - Ris proper, closed, and
convex, i.e., (x —y) " (sx — sy) > 0 holds for any subgradients sx € 9g(x) and sy € 9g(y).

Assumption 2. Each V2 f; is Lipschitz continuous with constant Ly, i.e., | V2f;(x) — V2fi(y) | <
L¢|x — y|| holds for any x,y € R%.

Assumption 3. Each H;; is uniformly upper bounded, i.e., for any t > 0, there exists a constant
Y > 0 such that H; ; < I,

It is worthy noting that Assumption 3 is only required for the quasi-Newton update
case. Next, we introduce the optimal condition of problem (3), which is independent of the
algorithm and has been proved in [22]. The result is given below.

Lemma 1 (optimal condition, see Lemma 2 in [22]). Suppose (X*,z*, a*,0*,A*) is a primal-
dual optimal pair of problem (3), if and only if the following holds:

VEF(X*) + EJ a* + SA* =0, (16a)
0g(8*) —A* 30, (16b)

EsX* =0, (16¢)

E, X" = 23%, (16d)

STx* = 6" (16e)

Moreover, there exists a unique dual optimal pair [a*; A*] € RU"V4 that lies in the column space

OfC .— {;‘_Sr] c R(m+1)dxnd

Now, we are ready to analyze our algorithm CE-DADMM. First, we write (11) into a
compact form:

$ip1 =% — (H) 7 (V) + ¢+ SLayi+S(Ah+ma(STyi—01)))  (17a)
Moo o
Pry1 =P+ EZLsYtJrl (17b)
) 1
0;+1 = prox,, up (8 Fer1 + EM) (17¢)
A1 = At + (S Fre1 — Op41). (17d)

According to the discussion in Section 3.1, we have E,%; = 2Z; and ¢, = E;—at hold
in (17). Then, it follows from Lemma 1 that the convergence of CE-DADMM can be obtained
by showing (%, 2!, &!, 0", A") converges to (x*,z*, a*, 0%, A*).

Due to the existence of the efficient communication scheme, we need to analyze the im-
pact of communication error on the convergence of CE-DADMM. Define & := [e1;ep; - - - ; €],
where e; := y; — x; for all agent i. Clearly, & describes the error caused by efficient commu-
nication scheme. Regarding &, the following result holds.
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Lemma 2. The error &1 in CE-DADMM satisfies ||&41||> < (1 — A)||&]|* + B|| %1 — %¢||%,
where A and B are the parameters of 3PC.

Proof. According to the definition of 3PC, we have
8r1)l® = 1§11 — R [|* < (1= A)[[&]|* + B[R4 — %%,
which completes the proof. [

Clearly, if 3PC is set as EF21 (9), it follows from Lemma 2 that

A PR
1_\/5 t+1 t .

lewal? < Vallel? +
If 3PC is set as CLAG (10), we have
lerall? < V3l +max{5,g}|it+1 “x
1—+0

Then, to characterize the suboptimality of the iterates when (5a) is replaced by (17a),
we introduce the following error term:

1y := VF(X) — VF(Xpe1) + Ji(Xei1 — X¢). (18)
The bound of the error term (18) is give below, which is important for our main result.

Lemma 3. It holds that ||r¢|| < T||Xp41 — Xe|| + ve(||€ 11| + [|€¢]), where ¢ and «y; correspond
to the update case as below:

Case 1: T = My, vt = 0. (19)
L

Case 2: T = min{ZMf, 7f||>”(t+1 — x| + Lf|ét||}, 7t =0. (20)

Case 3: T <2y, e < 2(Mg + ). (21)

Proof. See Appendix A. [

Lemma 3 extends the results in [17,18] by providing an upper bound on the error
introduced when replacing the exact sub-optimization step (5a) with a one-step update
using the compressed variable (17a). Under Newton updates, as the error ||&:|| approaches

zero, the term % [Xt+1 — X¢|| + L¢|&[| becomes smaller than 2My in (20). In the case of
Quasi-Newton updates, the error ||r|| remains bounded by a constant, ensuring it do not
grow indefinitely.

Let (Tzlﬁ”ax and 011;11;11 denote the maximum and minimum eigenvalues of L, respec-
tively. Let o5y denote the maximum eigenvalue of Ls. Denote by ol the smallest
positive eigenvalue of CCT, where C is given in Lemma 1. Define ¥; := [X, Z¢, &y, 64, /\t]T
V5 1= [Xs, Z, i, 05, Ax] T, and Hy = diag[e, 22, %, Ho, uia] Consider the following Lya-
punov function:

7

Vi = [[9 = %l +Clle] (22)

Clearly, V; converges to zero implies that ¥; converges to the optimal solution. We will use
V} to establish the convergence result of our algorithm, which is given below.
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Theorem 1. Suppose Assumptions 1-3 hold. Let pn, = 2uy, ¢1 = 7(7II;faxu9 + 25y,
02 = 305 tg + 171, and c5 = 2u3(1+ (all;fax)z) + 442, If T satisfies

2m Mg _ {e+B(6—Cl—p9) 4—c2+(1—A)(6—cl—ue)}
= _— min > 2 7 2 4
Tf + 2BY; 22-A)7

then the iterates generated by CE-DADMM satisfy Vi1 < ﬁVt, where

2111fo 1
€+B(6—c1—ug) — (77 +2Byf) ey 7 M0 3o
8B + 7+ (€2+2T152+C3B) ’€+4u9+(71]f113xu(9, O’III%X ’

H6%min

7t = min

d—c+(1—A)(6—c1— ) —2Q2—A)T? WO, O 3 23)
(1—A)8+H7+ (2— A)cs "7(mg+Mg) 7 716 (°

min

Proof. See Appendix B. [

Clearly, Theorem 1 implies that CE-DADMM can achieve exact linear convergence at
a rate of O(p') with p = %m The larger #; is, the faster CE-DADMM converges. To ensure
positive #; in (23), it can be obtain that the step size uy should not be too large. Besides,
excessive compression of x; should be avoided. This is because, when the compression ratio
A is very small, B approaches infinity. According to (23), as B — oo, the first term in (23)
becomes negative. It is worth noting that when 7, 9 = 0, the compression ratio A can be
arbitrarily small, making the approach highly applicable in scenarios with extremely limited
bandwidth. Also, at this situation, we can get the fastest convergence rate and the smallest
communication cost. However, setting #;,y; = 0 implies solving the subproblem (5a)
exactly, which may result in high computational cost. This shows a trade-off between
communication cost and computation cost in decentralized optimization.

5. Numerical Experiments

In this section, CE-DADMM is compared with existing state-of-the-art algorithms,
including DRUID [22], PG-EXTRA [42], P2D2 [43], and CC-DQM [39], in distributed
logistic/ridge/lasso regression problems. Noting that CC-DQM do not support non-smooth
terms.

Datasets. We use real-world datasets from the LIBSVM library (Available Online: https:
/ /www.csientu.edu.tw/~cjlin/libsvmtools/datasets /binary.html, accessed on 3 December
2024): a%a (32,561 samples, 123 dimensions) and ijecnn1 (49,990 samples, 22 dimensions).
The samples are evenly distributed across n agents. The distribution of samples across
agents for the a9a dataset (left) and ijenn1 (right) is shown in Figure 1. Our experiments are
implemented in Python 3.10.13.

Experimental setting. The communication graph is randomly generated, with connec-
tions based on a Bernoulli distribution (p = 0.5) among n = 10 agents, as shown in Figure 2.
We evaluate performance based on the total communication bits and the number of iter-
ations. CE-DADMM employs compression mechanisms EF21 and CLAG, using a Top-K
compressor to reduce dimensions to 30 dimensions for the a9a dataset and 6 dimensions
for the ijcnn1 dataset. In the experiment, we examine the algorithms from two perspectives:
the number of iterations and total communication bits. The number of iterations refers to
the number of times the algorithm runs, while total communication bits is calculated based
on the cumulative number of bits of variable y transmitted between agents. Additionally,

—x*
we define erry := H:{’;_;H

to measure the algorithm’s convergence.


https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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Figure 1. Distribution of samples across agents for the a9a dataset (left) and ijcnn1 (right).

Figure 2. Random communication graph of network with 10 agents.

5.1. Distributed Logistic Regression

The distributed logistics regression solves problem (1) with ¢(x) = 72|x[}1, fi(*) :
RY — R defined as:

1 & —bjalx T 2
fI(X) = ;Zlog 1+€ %] +7||x” , (24)
ij=1

where a;; € R4 represents the feature vector, b;; € {—1,1} denotes the label, and m; is
the number of sample data for agent i. The parameters 7; = 1072 and 7, = 107 are
regularization terms.

In Figures 3 and 4, when measured by the number of iterations, CE-DADMM with EF21
and CLAG compression mechanisms performs on par with DRUID without compression,
and surpasses P2D2 and PG-EXTRA in both convergence speed and accuracy. Additionally,
we observe that CE-DADMM, when using (quasi) Newton methods, significantly reduces
the number of iterations required to reach a given accuracy compared to first-order methods.
When measured by total communication bits, the introduction of EF21 and CLAG in
CE-DADMM allows for a substantial reduction in communication overhead compared
to DRUID, even under the same update scheme. Notably, when using quasi-Newton
updates, CE-DADMM requires fewer communication bits to achieve the same accuracy
than DRUID-Newton updates, and also outperforms P2D2 and PG-EXTRA in this regard.
When achieving the same convergence accuracy as shown in Table 1, the detailed numerical
results are presented in Tables 2 and 3. Note that for P2D2 and PG-EXTRA, since they fail
to reach the predefined convergence accuracy, we use the number of iterations required for
them to converge to their optimal values as a benchmark.
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Figure 3. Performance comparison of distributed logistic regression the on a9a dataset: Plots of

iteration number (left) and total communication bits (right) versus distance error.
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Figure 4. Performance comparison of distributed logistic regression the on ijcnn1 dataset: Plots of
iteration number (left) and total communication bits (right) versus distance error.

Table 1. Convergence accuracy (err;) for different experiments.

Distributed Logistic Regression Distributed Ridge Regression Distributed LASSO

a%a ijennl a%a ijennl a%a ijennl
Convergence 1x 10745 1x 10755 1x 10768 1x 10768 1x 10745 1% 10758
Error (err;)

Table 2. Comparison of iterations.
Distributed Distributed Distributed
Method Logistic Regression Ridge Regression LASSO
a%a ijennl a%a ijennl a%a ijennl

P2D2 468 811 - - 4230 409
PG-EXTRA 470 813 - - 4231 410
CC-DQM - - 246 79 - -
DRUID-Gradient 845 884 977 176 3348 445
CE-DADMM-Gradient:EF21 845 884 977 171 3348 446
CE-DADMM-Gradient:CLAG 845 884 980 170 3349 446
DRUID-Newton 154 559 197 60 1910 318
CE-DADMM-Newton:EF21 155 559 252 60 1912 318
CE-DADMM-Newton:CLAG 155 559 194 64 1912 318
DRUID-BFGS 684 566 330 77 2890 399
CE-DADMM-BFGS:EF21 478 567 325 73 2890 400
CE-DADMM-BFGS:CLAG 478 566 327 69 2890 399
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Table 3. Comparison of communication bits.
Distributed Distributed Distributed
Method Logistic Regression Ridge Regression LASSO
a% ijennl a% ijennl a%a ijennl

P2D2 116,056,832 38,539,264 - - 862,720,000 29,344,768
PG-EXTRA 125,088,000 30,080,000 - - 861,520,000 20,101,504
CC-DQM - - 20,782,080 1,219,680 - -
DRUID-Gradient 146,340,480 27,382,784 169,200,768 5,451,776 579,820,032 13,784,320
CE-DADMM-Gradient:EF21 35,692,800 7,468,032 41,268,480 1,444,608 141,419,520 3,767,808
CE-DADMM-Gradient:CLAG 35,650,560 7,459,584 41,352,960 1,427,712 141,419,520 3,759,360
DRUID-Newton 26,670,336 17,315,584 34,117,248 1,858,560 330,781,440 9,850,368
CE-DADMM-Newton:EF21 6,547,200 4,722,432 10,644,480 506,880 80,762,880 2,686,464
CE-DADMM-Newton:CLAG 6,504,960 4,713,984 8,152,320 532,224 80,720,640 2,678,016
DRUID-BFGS 118,457,856 17,532,416 57,150,720 2,385,152 500,501,760 12,359,424
CE-DADMM-BFGS:EF21 20,190,720 4,790,016 13,728,000 616,704 122,073,600 3,379,200
CE-DADMM-BFGS:CLAG 20,148,480 4,773,120 13,770,240 574,464 122,031,360 3,362,304

5.2. Distributed Ridge Regression

The distributed ridge regression solves problem (1), whose f;(-) is the same as in (24)

but with g(x) = 0.

In Figures 5 and 6, we observe that when measured by the number of iterations,
CE-DADMM with EF21 and CLAG compression mechanisms performs similarly to DRUID
without compression. However, CE-DADMM using (quasi) Newton updates converges
faster compared to CC-DQM, which also employs an communication-efficient mechanism.
On the other hand, when CE-DADMM employs first-order method, its convergence is
slower than second-order method, CC-DQM, due to the latter benefiting from additional
Hessian information. When measured by total communication bits, CE-DADMM with
(quasi) Newton updates requires fewer bits to achieve the same accuracy compared to
CC-DQM. Additionally, CE-DADMM benefits from communication-efficient mechanisms,
resulting in a substantial reduction in communication bits needed to achieve the same
convergence accuracy compared to DRUID. Similarly, the corresponding numerical results
are also presented in Tables 2 and 3.
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Figure 5. Performance comparison of distributed ridge regression on the a%a dataset: Plots of iteration

number (left) and total communication bits (right) versus distance error.
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Figure 6. Performance comparison of distributed ridge regression on the ijecnnl dataset: Plots of
iteration number (left) and total communication bits (right) versus distance error.

5.3. Distributed LASSO

The distributed LASSO solves problem (1) with g(x) = 72|/x|1, fi(-) : R* — R
defined as:

1 & 71
(x) = — a;ix — bil|? + 2 ||x|1?, 25
0= g X a0+ 3 25)

where a;;, b;j, and m; are as defined in Section 5.1. The parameters y; = 1072 and 9, = 107
are regularization terms.

In Figures 7 and 8, when measured by the number of iterations, CE-DADMM performs
similarly to DRUID and outperforms P2D2 and PG-EXTRA in terms of convergence speed
and accuracy, indicating that the introduction of the 3PC compression mechanism does not
negatively affect the convergence speed of the CE-DADMM algorithm. When measured
by total communication bits, after introducing the EF21 and CLAG compression mecha-
nisms, CE-DADMM significantly reduces communication overhead compared to DRUID,
while also outperforming P2D2 and PG-EXTRA, demonstrating that the communication
compression mechanisms can significantly lower communication costs between agents.
Similarly, the corresponding numerical results are also presented in Tables 2 and 3.
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Figure 7. Performance comparison of distributed LASSO on the a9a dataset: Plots of iteration number

(left) and total communication bits (right) versus distance error.
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Figure 8. Performance comparison of distributed LASSO on the ijennl dataset: Plots of iteration
number (left) and total communication bits (right) versus distance error.

6. Conclusions

This paper presents a communication-efficient ADMM algorithm for composite op-
timization, named as CE-DADMM. The algorithm utilizes the ADMM framework with
the 3PC communication mechanism, effectively adapting to various communication and
computational demands while balancing communication efficiency and computational
cost. Notably, when employing quasi-Newton updates, CE-DADMM becomes the first
compression-based second-order communication-efficient algorithm. Theoretical analysis
demonstrates that the proposed algorithm achieves linear convergence when the local
objective functions are strongly convex. Numerical experiments further validate the effec-
tiveness and superior performance of the algorithm. Future work will focus on extending
the algorithm to fully asynchronous settings and stochastic problems.
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Appendix A. Proof of Lemma 3

Proof of Lemma 3. First, according to (18), it follows from the triangle inequality and
Cauchy-Schwartz inequality that

el < IVE(xt) = VE(Xe) | + [Tell%Xe1 — e[ (A1)

For case 1 (gradient updates), there is J; = 0. By Assumption 1, we obtain
el < [[VEXe) = VERe1) | < Ml[Xee1 = %ef|-

For case 2 (Newton updates), there is J; = V2F(§;). Applying Assumption 1 and
(A1) yields

el < 2M ([0 — Xe]- (A2)
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In parallel, by the fundamental theorem of calculus, we can obtain
VF(&41) — VF(Xt)
= [ VER 4 (- )% (R %)
= /Ol(VZF(SitH + (1= 8)%) = VZE(31)) (Xes1 — Xe)ds + VZE(§r) (Xep1 —%t),  (A3)
which implies that
IVE(Re1) = VE(Re) = V2E(§1) (Resr — %)

= | [ (v2E 5+ (1= %) - VRGO e - 50

1
< [ IVPF(s% + (1= 9)%) = V2F@) %141 — Xl ds
1
< [ Lplls(Ris =50 + (= 90l 1811 — s
1
< [ Lyslifens = il%ds + Lyl = 91l [0 =
L¢ - _ _ . .
= (Fleea =l + Lyl ) I~ (A0

The result for case 2 can be obtained by comparing (A2) and (A4).
For case 3 (quasi-Newton updates), according to Assumption 3, the secant condition
H; 18: = q, and the definition of {q;, s;}, we have

[rell = IVF(%) = VF(R41) +Je(Xe1 — %) |
= ||[VF(x¢) = VE(§1) +Ji(§t — %) — (VF(X¢11) = VE(Fi41) +Je(Frr1 — Xe41))
+ VE(§:) — VF(Yt+1) +Ji(Fe1 — 1)
< NVE®) = VEg) +Je(§r = %) | + IVEXe11) — VE(Fr11) +Je(Fra1 — K1) ||

b —
+IVE:) = VE(§te1) +J1(Fra1 — 70|
< 2(My + ) (|18l + l[&l]) + 20pl[%e1 — X, (A5)

which completes the proof of case 3. [

Appendix B. Proof of Theorem 1

Lemma Al. Let (x4, Ay) be the unique dual optimal pair which lies in the column space of C as
established in Lemma 1. The following inequality holds:

mm(”"‘tﬂ — |+ ([ A1 — Al ) < |EJ (@1 — o) + S(Ap1 — A |2 (A6)

Proof. We rewrite (17b) and (17d) as

Mz
o | e 2E5:| . [ 0 }
=%+ - 0:i1.
|:At+1] [AJ |:HQST YR L) T
——_—— ——v

=N =M

First, we show that the column space of M belongs to the column space of N. We fix all
yiasy', ie,y =y - ;y'], thenit holds that Ny = My’, which shows col(M) C col(N).
By setting p, = 2y, we conclude that [a;11 — &,; Ay — A lies in the column space of
C O
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Lemma A2. The following two inequalities hold:
(Aty1— A1) (8141 — 6:) >0, (A7)
(A1 = A4) T (8141 — 0,) > 0. (A8)

Proof. From the definition of the proximal operator, it holds that
. - 1 2
;41 = argmin {g(ﬂ) + %HSTW“ + —A— BH } (A9)
0 Ho
By the optimal condition of (A9) and the dual update (17d), we obtain

. 1
0€ag(6r11) — 1g (STYt+1 + @At — 9t+1) = 0g(0r+1) — Aty
which implies that A¢ € 9g(6;). Then, it follows from the convexity of g(-) that

(Aty1— Ae) T (81 — 0r) € (0(0y41) — 9g(64)) " (6141 — 6;) > 0.

Similarly, using (16b), we also have

(A1 = A) T (81— 04) € (98(0p1) — 9(64)) T (8111 — 6,) > 0.

The proof is completed. [

. M
Proof of Theorem 1. To make the proof more concise, let ©;;1 = % (%41 — %% +
WHVF (%141) — VF(%:) %> As F(x) is strongly convex with Lipschitz continuous

gradient, the following inequality holds:

Ori1 < (Xpr1 — %) | (VF(X¢41) — VF(%4))

— (Xp1 — %) "1 — €(Xp1 — %) T (Rpp1 — Xe) — (Xpg1 — %) VB (mpp1 — o)

IN

&3]

-
=1

2

— 1z (Xe1 — %) "By (Zrh1 — 26) — (K1 — %) TS (Apy1 — A+ (0141 — 6y))

[x1

3 Ey
+ %(f(m — %) "Ls (8151 — &) 4 1g(Xp1 — %) 'SST (841 — &). (A10)
g5 Z6
For 51, we have
- o = 12 < < |12 < < 112
=281 < e([%e — %ul|” = [[Xe1 — X l|” = [|Xe51 — %e[[7). (A11)

For 2, since E] a; 1 = E. a; + B2 L5111, it follows from (16¢) that

2By = —2(§r11 — &41)  EJ (ap1 — )
4
= - LT(MH - “t)T("‘tJrl —uy)) + zeglE:(‘Xﬂrl —ay)
Z

2
= e = ol = g — aal® = llagn — ae?) + 2/ 1 B (wpn — )

2
< Ul — = o — ol = flarr — ae?)

- ~ 1
+4p8/ B Bs€p 1 + m”“rﬂ — % (A12)
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For B3, using z; = 1E,%; and (16d), there is
283 = — 4y (21 — 2) (141 — 24)
= 20z (|2t — Zu|* = 12641 — Zul* = (1261 — 2]). (A13)
For &4, using (16e), we have
28y = —2(Fi41 — €41 — %) | S(Arr1 — Aw+ po(0r1 — 64))
= — 2(%(7\#1 —At) + 011 — 9*)T(M+1 — A+ 1g(Bi11 — 61))
+28/ 1S(Aps1 — Aw + 1g(0r1 — 61))

2
- @(/\tﬂ —A0) T (A1 — A) —2(Agsr — Ae) T (811 — ;)

<0, using (A7)
—2u9(0r41 — 04) " (Br11 — 01)—2(0;11 — 0,) T (Arp1 — M)

<0, using (A8)

5 1
+ 2H93L15(;9(/\t+1 —As) + 6 —6r)

IN

1
E(”M — All? = A1 = All® = [[Aezr — Ad)l?)
+ 1p([10r — 0. ]* — 18r11 — 0.]1% — [|6r51 — 6:]|)

- ~ 1 1L
+ 898/ 1SS & p1 + mHAtH — AP+ ZeHBtJrl — 0. (Al4)
For s, using E. a; 1 = E{ & + B2Ls§:41 and (16¢), we have

285 = pz(Fra1 — &141) | Ls (811 — &)
= HZ?tTJrlEsTES(étH — &) — UzétTHLS(étH — &)
= 2(apy1 — &) Es(&1 — &) — 28y Lo(8111 — &)

< np(841 — &) "B Es(81 — &) + 1y oy — > + 128/ Loy (A15)
For Eg, using (17d) and (16e), we have
2B = 2Up¥, 1SS " (8141 — &) — 21198/ 1SS (811 — &) — 21X, SS (8141 — &)
= ZHG(%Q(MH —At) + 041 — 9*)TST(ét+1 — &) — 2u98,1SS " (&1 — &)
< 8ug(&r11— &) SST (81 — &)

1 o7 ~ -
gy It = AP+ 101 — 0. + 202, SS e (A16)

Substituting (A11)—-(A16) into (A10) yields
2011 < e(||% — Zel|2 = [|Rer1 — Kl = [|Re21 — 5|2
1 < e(][xe = % [|7 = [[%pa1 — %l|© = (X1 — X [|7)
b 2pz (|2 — 2al® — 1261 — 2] — [1Ze1 — 2e])7)
2
+ E(”M — o ||® = lepgr — e ||* — [loepgr — ee|?)
+ 1g([10r — 0,]1* — 118111 — 01> — [|6r11 — 6¢]|)

1
+ @(HM = Al? = A = Adl? = A — Ad)?)
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+ 4ueétT+1Lsét+1 + ng(&41 — &) ' Ls(841 — &) + HzétTJ,1Lsét

[x1
~

+ 81198/, 1SS " &1 + Bg(&41 — &) ' SST (8111 — &) + 2198/, 1SS &

[11

8

1 1 Ho Ho
+ @HMH — o *+ pTgH“t“ —a]|*+ Z||9t+1 —0.]* + ZHGL‘—H — 0

1 1 - -
+ A1 = Al H 4= A1 = Al = 2(Repr — %) Tre, (A17)
4pg Ho
where E7 and Eg can be further estimated as

By < ok (Angll@rl” + nol| €1 — &% + a8 4 &)
L

W - W -
< Umax(iz + 6“9)||et+1||2 + Ur];fax(iz + 2”9)“&”2, (A18)

and

Eg < 8pg|[@r1]|* + Sual|@ri1 — &> + 2108, 1 &
< 25|11 [* + 17pg]|&¢ 1%, (A19)

where (A19) uses the fact that the largest eigenvalue of SS' is 1. Finally, substituting (A18)
and (A19) into (A17), we obtain

20141 < e(lIxe = %ll? = I1%es1 = %l = %1 = %))

+ 202120 = 2| = |12 = 2l = [|Zes1 — 2¢7)

2 , 2 1 , 2 1 )
+ — o —ax||” — (— — —)[|&+1 —&x || — (— — —)||@t+1 — &

qu | (u 4p9)|| 41 — x| (uz He)” |

3y, 3y,

+ 1|0 — 0,7 — TG||9t+1 — 0. — TQ||9t+1 — 0

1 3ug 3ug N s
A = AP = S5 A = Al = S0 A1 — Al = 2(%e1 — %) 1

Ho 4 4
+erll@ ]+ cafle (A20)

Recall the definitions of ¥ and #;, and define H, = diagle, 4uy, ﬁ, 34&, ﬁ} and

H3 = diag[e, 4u6,0, %, &] The inequalities 1 > Hy and H; > Hjz hold, along with
the assumption that ¢ > 0. Thus, (A20) can be rewritten as

20¢41 + [[Ve1 — ‘7t|\%{3 +2(Xp1 — %) "1+ (& — 1) € lP + (E — o) [[&?
~ (g oess = 0l 5210041 = 0.1 + o l1Aesa = AP
< 19 =Vl — 19001 = ll3y, + Gl@I — Cllerall®. (A21)
To establish linear convergence, we need to show the following holds for some #; > 0:
(L7 (1901 = 9ellFy, +Ell@ea %) < 196 — 9y, + Sl (A22)
Note that
(191 = ¥l + Elleea]l?)

~ ~ _ _ 2
=1t (€||Xt+1 — %P + 202|261 — 24P + :”“H—l — ae]l® + 10141 — 047
Z

1 "
oA = AP+ Elleal?). (A23)
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Next, we establish an upper bound for each component of (A23), primarily using the
inequality (Y1, a;)? < Y, mx? and p, = 2yy. First, according to Lemma A1, we obtain

2 1
L || + T 1A — A

Z

1
< ——— By (a1 — &) + S(Appq — A 12
H'90'rnir1
1 . . . . . .
= — |l = (VF(XtH) — VF(%:) + €(Xe41 — X¢) + 2M9E,] (Ze11 — Zt) + 1S (0111 — 6)
ueamin
< . T« < 2
— HoLs (& 41 — &) — 19SS ' (841 — &) + ft) |
7 - - - - - -
< — (||VF(Xt+1) — VF(%)|1? + €2[|%e11 — %[> + 4ot ugllzen — 22
Ho0 hin
+ ugl10rc1 — 0% 4+ 205 (1 + (oe)?) (18ea l* + (&)%) + ||ft||2)- (A24)

Next, since Z; 11 — Zx = %Eu(f(tﬂ — X4), we have
202|211 — 24 )1? < Mool Xer1 — %1% (A25)
Then, from (17d) and (16e), we obtain
. L 1
Mol 0111 — 041 = 1| T (K1 — % + &11) + E(/\tﬂ - A7

< dpgll%es1 — %el? + 2n e P+ 2l Aes1 — Ad A26

< AplReen = %"+ dug B 74 Sl Ae = AR (A26)
Finally, substituting (A24)—(A26) into (A23), applying Lemma 2, we obtain
(1941 — ¥y, + Ell&all?)

7 - - g g - -
< (IVF ) = VFR) P o €%t = %17 + Aot 2041 — 21

min

+ g 101 — 0417 + 205 (1 + (o)) (&1 1% + [[&l1?) + Hrtllz)

2 - - ~
A = Adll® (e + duo Fomtano) [t — Xl + (4 + &)}

7 g g . .
— L (IIVF(Ri41) = VE(%) P + o 1201 — 262 + 14310,01 — 04]%)

Ho Umin

< Ut{

2 7c3(2—A)\ 1« 12
A — AP+ (A= A)E+ o + 2222 e
o [Aer1 — Adll (( )(4+¢) hoo T >|| al

7
— (24277 + 03B) ) [Res1 —
PL90’111111

+ (e -+ datp + 10k [ %1 — %2}

< 20441 + ||Vig1 — ‘7t||%-[3 +2(Rpp1 — %) T (E— ) |8 P+ (€ — o) |18
1 o 1
- m““t-‘rl — | - ZHBtH —0.* - %”At—&—l — AP
<2041 + [ VF(Re1) = VE&)|P + (e + (& = E7)B) 1RKe 1 — Xe 1> + 4usgl| 241 — 2|
+(E—EBs+(1—A)&—Tp)) & +2(Xe1 — %) "1t
1 Ho
- m(““tﬂ — P+ (A — )\*Hz) - Z||9t+1 — 0.
g
4

+(B@a+2) +

3
+ —=16111 _6t||2+r||At+1 — A2 (A27)
Mo
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To ensure that both sides of inequality (A27) hold, we need to separately consider and
determine the coefficient of #7;. We consider the terms in (A27) separately:

—2(X¢11 — %) 1y

[ g
< Gl + z %+ % |[®

- - ~ 1, . -
< O(T7 +2B77) ||Res1 — %> +2(2 — A) TP ||&])> + Z||Xt+1 — %1% (A28)
and
L (e — P+ A — A?)
4“9 t+1 * t+1 *
7 - - - - - -
< Tgo” <||VF(Xt+1) — VF(%) |2+ €2[|%e11 — %e||* + 4okt ndl|Ze1 — 22
min
+ 15101 — 0% + 205 (1 + (o)) (l1&ea[* + (|24 ]1%) + Hrtllz), (A29)
and
" o i 1
f||9t+1 — 04]|* < pgl|Res1 — Xu||? + 1g| @1 ] + mﬂ/\m — Ml% (A30)

Substituting (A28)—(A30) into (A27) and by properly choosing #, we obtain

(Bug + (17 +2B77)) %1 — %> + (1 — A)pg +2(2 — A)Z77) [|& )2
7
4}1@0’Jr

min

1.,. B 1 5 B
+ (o )1 = %P o A — A+ (IVF(Re11) = VE(x0)2
+ (€2 + 272 + 3B) %e41 — %% + o 121 — 22

F 181011 — 0P +22— A) (13 + (043 +297) ]2

7 g g - .
] (IVEGe) = VEGIP + ok 2 = 21 + w1001 — 0P

Y min
2
2 7(2— A) T2
A = AP (- A)(4 227 ) (912 4 g2 4 ImaxHz vy g 12
g = MIEE (A= A)(E+6) + = T =2 2up + i+ ))&
7
+ (BA+8) + — (2 + 27 + c3B) ) [Re31 —

HOT min
+ (e + 41tp + Thikte) %1 — %2}
<2041 + || VF(Xe41) — VF(R) 1> + 4ugll2e41 — 24
+ (e (@ enB) R = %l + 252011 = 07+ s — AP
+(E =+ (1= A) (- a))le]* (A31)

To make (A31) hold, #; is chosen such that

7
;7t<B(4 &)+ ——(E 427 + 353))

0 Umin

<e+ (6~ E1—ng)B— (7 +2B77) — (€ +277 + BE3),

9% min

n((1—A) 4+ + . (- A)Es)

M9 min
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- - 7 -
SE—E+(1-A)(E—E1—pp) —2Q - AT — ———(2— A)E3,
HgUmin

’7(€+4H9+C’L“u><2mef 1 v, 7 7 < 2 7

t 0] >~ s > Mo, t ~ -

e myg+Mp L MoTmin My + My dpgols

280k Tl 7 3 7 2 3

Utﬂ S 4“9 - mjxuel 17t _}:9 S % - 4 l:lf 7 ’7t7 S 87/
min Umin Umin Umin Ho Ho

which implies (23). Then, we can prove that (A22) holds. The proof is completed. []
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