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Abstract: This work considers an optimization problem based on step response characteristics. We
lay a foundation for it by designing a rapid transient response analysis algorithm with variable time
steps. This method applies to linear ordinary differential equations with real order. Numerical tests
of the algorithm in the integer case show significant improvement even for higher order systems.
This suggests a new method for acquiring step response characteristics for the fractional order case
for which we have constructed an explicit expression of the inverse Laplace transform.
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1. Introduction

This paper deals with the computer-aided analysis of transient responses. We aim to
support optimization problems connected with the design process of control systems. Such
systems may have multiple variable parameters both in the structure and the controller.
These optimization problems often rely on estimating output signals. An improvement in
the calculation time at this step improves the overall efficiency of the chosen optimization
strategy. This research describes an algorithm for acquiring step response characteristics. It
provides additional speed by implementing novel strategies for choosing the size of the
variable time step. This method is based on explicit inverse Laplace transform expressions,
which are crucial for faster step response analysis. We are going to test the developed algo-
rithm in comparison with standard computer-aided means of transient response analysis
like Matlab. Another point of interest is the fact that most of the available programs for
step response analysis do not support fractional order systems. So, differential equations
with powers of derivatives that are real non-integer numbers are not suitable for these
programs. In order to apply the developed algorithm in this case, we have acquired an
explicit expression for the inverse Laplace transform of a feedback control system with a
fractional order controller. No reduction or approximation techniques are required to use
the developed method.

There are a few programs for determining step response characteristics. Quite of-
ten, they are part of major mathematical software like Matlab (current version is 2024b),
Mathematica (current version is 14.1.0), Maple (current version is 2024.2), etc. The fastest
and most notable is Matlab’s Control System Toolbox, which provides algorithms for the
design and tuning of linear control systems [1]. It has tools to work with both frequency
domain and state-space methods. The validation of the design is possible by verifying step
response characteristics like overshoot, settling time, rise time, etc. However, this toolbox is
suited for integer-order differential equations. This means that the powers of derivatives in
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these equations are positive integers. In case of a fractional order system, one has to refer
to various toolboxes created by independent researches.

Fractional calculus is an evolving field of mathematics. There are different ways one
can define a real or a complex power of a differential operator [2]. In the course of research
and development of fractional calculus, it was established that a fractional-order derivative
must satisfy a few conditions. It should be a linear operator and, if an integer was chosen
as a power for a real-order derivative, it must yield the same result as an integer derivative
would [3]. Some other properties like the index law or the Leibniz rule must be met as well.
The first fractional derivatives that satisfy these conditions are the Riemann-Liouville and
the Grunwald-Letnikov types [4-6].

Some physical phenomena are better described using mathematical models based
on fractional derivatives and integrals [7]. A process under consideration is usually not
isolated and may be affected by external perturbation forces. Therefore, integer operators
may be inadequate for describing the trajectories of state variables. Fractional operators
have a continuous set of derivative orders to choose, so there is room for optimization.
The approximation of experimental data with different algorithms has proven to be more
effective in various phenomena [8,9].

Classic control theory relies heavily on the second-order approximation. Higher
order integer systems are quite often modeled this way [10]. Such an approximation
provides explicit formulas for main step response characteristics like overshoot or settling
time [11]. Similar efforts were found in the fractional-order case—it can be shown that for
some dynamic systems, overshoot is unavoidable [12]. The authors in [12] have studied
a certain class of fractional-order systems having commensurate orders between 1 and 2.
An analytical inverse Laplace transformation of a fractional-order transfer function may
present a challenge. Single-order transfer functions of this type are studied in [13].

A fractional-order linear quadratic regulator was created in [14] for controlling the
current through a magnetic levitation system. For the state feedback law, a fractional-
order state observer was constructed to estimate all of the states. The stabilization of a
magnetic levitation system using a fractional-order proportional-integral-derivative (PID)
controller, a fractional-order sliding mode, and fuzzy control approaches were compared
and combined in [15].

The tuning of a closed-loop proportional-integral controller coupled with a single-
order-time-delay fractional-order system is studied in [16]. The tuning was based on the
root locus analysis. One and two degree-of-freedom fractional order PID controllers were
designed in [17], both in simulation and real time. The design of such a controller requires
the determination of five parameters, which was framed as an optimization problem.
Dominant poles were identified based on the chosen transient response characteristics.
The cost function was then formulated from the characteristic equation of the closed-
loop system at those poles. A study on fractional-order PID controllers and curve-fitting
approximations of their parameters is given in [18]. This work also provides real-time
examples of process plants using such control strategies and approximation techniques.

Fractional-order calculus, while powerful in theory, sees limited applications. One
of the reasons is the necessity of becoming familiar with different concepts and finding
the right software. There are special programs for fractional-order modeling and control,
mainly in Matlab. The authors in [19] created a Matlab toolbox for processing experimental
data with the main focus on user accessibility. A system identification algorithm is used to
obtain a model as a second-order plus dead-time system. A fractional-order PID controller
is computed based on this estimation and some preset performance specifications.

The CRONE controller is one of the first fractional-order controllers for dynamic
systems [20] which has seen various applications. The CRONE toolbox is capable of
fractional-order modeling, system design, and identification. While certain steps were
made for automating this process, a good deal of learning is required to successfully
implement this strategy. A few strategies for multiple-input multiple-output systems are
available as well.
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The FOMCON open source toolbox for Matlab analyzes fractional-order transfer
functions in a classical form of a polynomial divided by a polynomial. It is connected to the
FOTF (Fractional-Order Transfer Functions) Matlab toolbox, which is also open source [21].
This toolbox has both time and frequency domain identification of fractional-order systems,
as well as approximation methods and means for fractional-order PID control [22]. With its
GUI and active support by the creators it is now, arguably, the best fractional-order toolbox
for Matlab.

Other important mentions include the Ninteger toolbox for Matlab, which focuses on
approximations of non-integer-order derivatives [23,24]. It has many pre-coded formulas
for fractional-order PID and a couple of generations of CRONE controllers. FLOreS is
a developing toolbox which focuses on the design of fractional-order controllers using
loop-shaping [25]. This provides a graphical approach using special closed-loop sensitiv-
ity functions.

In this work we have created an algorithm capable of rapid step response analysis.
The structure of the paper is as follows: Section 2 describes the optimization problem we
aim to assist with our method. It also lists the dynamic systems under consideration both in
the integer- and fractional-order cases. Section 3 presents a full description of the developed
algorithm with a diagram and comments about the inner workings of the variable time
step approach. Section 4.1 presents numerical tests which showcase the advantage of the
designed method. Section 4.2 is an extension of the developed approach for a particular
type of fractional-order system for which we have acquired an explicit expression for the
inverse Laplace transform.

2. Materials and Methods
2.1. Problem Statement

Consider an engineering system under design (see Figure 1). The plant has a set of
internal parameters, ¥ = (X1, X2, ---,Xn), Xi € X, the controller has its defining values,
0 = (w1,wa, ..., wy), wj € ), and the output is measured as a set of characteristics,
ii= (n,n2,---,1p), 1x € H, where X,Q) and H € R are feasible sets. The optimization
problem under consideration is to minimize an objective function which depends on the
output characteristics f(7j); for example, a weighed sum

- k k k
f(7) = aamy' +aomy® + -+ apnyy,

where a; € R, i = 1,2,...,p are real numbers and k; > 0. At the same time, since the
output vector depends on ¥ and @, we can write it as a vector function 7 = # (), &). Then,
the optimization problem is

min f(if) = _min _f(7(X,@) ). 1)
xeX, weQ)
A chosen optimization algorithm @ (usually formulated as a set of rules; for example,
simulated annealing [26]) would have the output characteristics 7 as the input and an
(1 x (n+m)) vector 7 = (X, @) as the output, so

7= (X/ JJ) = (Xl/XZ/"'/XTl/ aJ1,(U2,...,CUm) = cD(ﬁ) = CD( ’7(7_6/&}) )

The choice of ® depends on different factors, is a subject of research, and is discussed in var-
ious sources [27-31]. Here we shall focus on the foundation of such a problem—obtaining
the vector 7. Particularly, we are going to consider step response analysis.

If we look at Figure 1, we see that an increase in speed at this part speeds up the
solution of the whole optimization problem. Later, we are going to show that standard
computational methods and algorithms for step response analysis can be improved.
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Figure 1. Scheme of the optimization.

2.2. Control Systems Under Consideration

A model of a physical process is often represented as a system of ordinary differential
equations (ODEs). The classical approach involves converting this system to a transfer
function. Such an operation involves a certain integral transformation like the Laplace or
the Z-transform. This algebraically relates the system model to the complex images of both
input and output signals. Replacing a differential equation with an algebraic expression
simplifies the modeling of interconnected systems. State-space methods (also known as the
time-domain approach [11]) can achieve the same results. However, these methods apply
to multiple-input multiple-output systems and enhance the capabilities of closed-loop
feedback control. State-space methods can be used to represent nonlinear systems that have
backlash, saturation, and dead zones, while easily handling nonzero initial conditions.

2.2.1. Integer-Order Dynamic Systems

In this work, we consider linear time-invariant systems. As for the integer case, a
common single-input single-output system is
Aan qn—1 qn—2 d
FI}I, + ai’l—l dtnf‘ll/ + anfz dtn—g + e + al% + 110 (2)
= bou(t) 4 by (t) + bou”" (£) 4 - - - 4 by_qu=D(¢).

After applying the Laplace transformation, this equation has a transfer function of

H(S) _ C(S) _ bn,1s"_1 + -+ bys+ by 3)
R(s) s"+4a, 15" 1 +---+ays+ap’

where s is a complex variable and both ag, a3, ... ,4,_1 and by, by, ... ,b,_1 are real
numbers. It is a relation between the systems input R(s) and output C(s) complex images,
if one was to obtain them via a Laplace transformation. This allows us to look at Equation (2)
as a subsystem, so a connection of two subsystems, H(s) and T(s), results in a simple
multiplication H(s)T(s). In order to obtain a time domain signal, one has to perform an
inverse Laplace transform, which in many cases may be quite difficult. However, for (3), it
comes down to a simple partial fraction expansion [32].

An alternative way to deal with Equation (2) is to rewrite it with a matrix representation
via state space. The components of vector X(t) are referred to as state variables. The function
u(t) is the input, while y(t) is the system’s output. State variables are linear combinations



Fractal Fract. 2024, 8,710

50f 16

of the output function y(t) and its derivatives. They can be chosen in an infinite amount of
ways. Quite often, it is

x1(t) = y(1), x2(t) = y' (1), 23(t) = y" (1), ... () =y" D ().
In a general case this choice of state variables ¥ results in

AX(t) + Bii(t),

Cx(t) + Dii(t), @)

where ¥ € R is a vector containing the state variables, i € R1*? is the output vector,
ii € R is the input vector, and A € R"™", B € R™, C € RF*", D € RP*" are
corresponding matrices. Then, the Equation (2) or, equally, the transfer function (3) is
represented by what is called a controller canonical form (CCF) as follows:

X(t) = AccrX(t) + Becru(t), 5
_ - (G))
y(t) = CccrX(t),
where
0 1 0 0 0 0
0 0 1 0 0 0
Accr= 1| 0 0 0 0 o | Bccr=10|; (6)
0 0 0 1 0 0
0 0 0 0 1 0
—ay —ay —ay v —lp—p —lp-] 1

and CCCF = (bOI bl/ bZ/ ey bnfz/ bt’l—l)'
The solution of the linear time-invariant state Equation (5) and (6) is known [11] to be

t
%(t) = efccrt gy 4 eAccrt /O AT Becru(t)dt,  y(t) = CecrR, @)

where ) € R1" is a vector of initial values of state variables. The expression eAccr? is
called the state transition matrix or matrix exponent and is defined as

AZ 12 A3 B
efcert = It Accrt + —5i—+ =57

+...,

where [ is a n X n unit square matrix.

Expression (7) allows one to acquire an explicit expression of the steady state signal
value. Consider the input to be a step function u(t) = Kus(t), where K € R and us(t) is a
Heaviside step function. If we substitute this input to (7), it can be shown [33] that if A
is non-singular and does not have an eigenvalue equal to zero, the steady state reaches a
constant value xg; and yss as t — oo:

Xss = _AE(ljFBCCFK/
Yss = —CccrActpBecrK.

(®)

For convenience, we shall consider systems with zero initial conditions and positive steady
state values, although one can easily change the method described further for the oppo-
site case.
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2.2.2. Fractional-Order Dynamic Systems

The algorithm described in this work is suitable for fractional-order dynamic systems.
Various physical processes have been described by fractional calculus, including processes
in porous media, capacitance and fractance theory, and fluid dynamics. By a fractional
dynamic system, we assume an inhomogeneous fractional-order differential equation,
following the notation of the classic work [34]

ayDPry(t) + a,_1DPr1y(t) 4 - - - + ay DP1y(t) + agDPoy(t) = u(t), 9)

where B, > By—1 > Bu—2 > ...Bo > 0and ay, a1, ... ,a, are real numbers. We consider
Caputo’s fractional-order derivative [6], defined as

1 /‘t y" 1 (1)drt
0

PO = T b o

where y =m+6, m € Z, § € (0,1] and T is Euler’s gamma function. If 7 < 0, then itis a
fractional integral of order — and

_ 1 toy(n)dr
"ry(t) = F(—’y)/o (t— 1)+

Consider a fractional-order ordinary differential Equation (9) describing a linear system.
Its transfer function is

1
) o ansﬁn + anilsﬂn—l + -4 alsﬁl —+ gosﬁo '

F(s (10)
In order to build the inverse Laplace transform of this expression, Podlubny introduced
the function

S (k)i
&ty B) = 2P 1y (j+ k)it

ST G+ ka+ B) (11)

withk >0, k € Z, « > 0, B > 0, which is built upon a Mittag—Leffer function introduced
in [35]. The most convenient property of it is its fractional differentiation. If A < §3,

D&(ty; o, B) = Ck(t v, B — A). (12)

Let us introduce a notation similar to the one in [34]:

—1)m
gnlt, ¥) = é Lon—0 % Yko-thy ko _p=m, (M5 Ko, k1, Kn—2)
ko>0;...k, >0 (13)

< T ()t~ B — B, p).

where ¢ = B, + Z](z:—()2<ﬁn71 — Bj)kj and (m;ko, ki, ..., ky—2) are the multinomial coeffi-
cients. '

m!

sko ki, .. kyg) = ——————.
(m3 ko, Ky 2) = T k]

The summation with these coefficients in (13) is performed over all non-negative integers
ko, k1,...,ky—2, for which ko + ky + - - - 4+ k,—» = m. This function is the inverse Laplace
transform of (10) derived in [34]. Later in this work, we are going to address a more general
case of fractional-order transfer functions.

3. The Developed Algorithm
Numerical Tests

The standard approach towards the determination of step response characteristics is
to have equal time steps and measure the entire response all the way to the settling time.
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Then, to determine the overshoot, for example, one simply finds a maximum of the array of
signal values. The idea behind the developed algorithm is to gain additional computational
speed with a variable time step. This can be achieved if we acknowledge the fact that a step
response for a stable linear time invariant system

1. starts with f(t) =0;
2. reaches a known steady state value (unity, for example);
3.  isa continuous function for t > 0.

The third item in the fractional-order case needs a further explanation. If a complex
function is analytic at all finite points of the complex plane, it is called an entire (or integral)
function. If « and S are real and positive, the series in (11) and (13) converge for any value
function of y and ¢, so &k (t,y; &, B) is an entire function [4,36]. This means that it is infinitely
differentiable for any given finite time ¢ and, therefore, continuous.

Here, we construct a special procedure (see Figure 2 for a diagram) for a faster deter-
mination of the main step response parameters like percentage overshoot PO, rise time
tr, peak time fpeq, and settling time Ts. This method also pays attention to the number
of oscillations k. The algorithm accepts a transfer function F(s) as an input and outputs
PO, Ts, tr, t peak and k. This procedure is an improvement on the one in [37]. First, we
introduce the variables and their initial values:

e  t—time (in seconds) for modeling a step response within the algorithm; starts from
Zero.

*  four—the value of the step response signal at the current time ¢, f.; —at the previous
time step.

e fl,,—the value of the step response signal’s derivative at the current time ¢, f,’,m.—at
the previous time step.

¢ At—time step. This value changes with the algorithm’s progression, depending on the
step response curve. The initial value is close to zero so much that one can ignore any
signal changes before the first time step (0, At), for example 1 ms. This value increases
rapidly (see case 3b in the rise cycle in Figure 2).

* t,r—the current recorded reference time. This value changes when the signal crosses
a decimal value for the first time. It is also compared to the intervals of time between
oscillations, if any.

*  n—number of decimal values of amplitude the signal has crossed.

*  k—number of local extrema.

*  tpiy—the minimum of the recorded t,.¢. The time step At is calculated based on
this parameter. This provides the algorithm with the ability to distinguish possible
rapid oscillations.

. N,n.—the number of undershoots in case 3b.

*  tuax—the largest reference time t,, £ This is used as a measure for determining T.

*  texcur—the time of a current detected local extremum, ¢,y prep.—the time of the previ-
ous one.

*  fpeakeur—the amplitude of a current detected local extremum, fpeqkprep,—Same for the
previous one.

*  t394,—the moment when the signal reaches a £3% range of the steady state value
(1, for example).

* POy —current recorded value of percentage overshoot. May change depending on
the curve.
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[ Initialization of variables. ]

No

l Yes
while 1 % I: The rise cycle. n++
feur =L7'(F(s), t) Yes ifn=1=>tpro=t
elseifn=9 =>tgrop=t,
- )
(1)Is (n+1)0.1 < feyr <(n+2)0.17 tg = troo - tg 10, break

No —

while Ts = 0% The main cycle
t=t+At fou=L7(F(s) t)

No l
% (3) Then £y, < (n+1)0.1 t=t-4t Nyp +* forey, = four
(3a) if Nun, > 10=> At =1.1At, fprey, = feur, repeat cycle % for speed
(3b) if 0.9 <fcu,: <71=> Nsp' it if Nsp' >10=> fpreu = fcu,:, break %

fprev. =L71(F(s) t - At), break %

!

tmax. = tref.

trer =(2t+At)/2, ifn+k=1=> tmin =tref,

ifn>1=> f’cu,: =(fcu,:_fprev.)/At %

|

Is feur f,prev, <0AND n>87?

l Yes

Yes
2)Is fCUE >(n+1)0.17? t=t-At At=At/2, Nyn =0, fbrev. = fcu/:
repeat cycle

(3) if feur: < fprev, AND N> 8 => t =t - At, fey, = L7(F(s) t),

% II: Extremum search.
k##, tref = (2t +At)/ 2, fpeak cur = (feur * forev.)/ 2,

POcur. =( fpeak. cur = 1) 100, f;c)eak prev. = fpeak cur./
if POCU,; > PO => PO =P0cu,;, tpeak= t;

N

Is this the first extremum? ——71

1rpeak prev. = fpeak cur. ; Y
es
| tmax. = Max (tmax. , tex. cur )/

No No l 1

tref. = tex. cur ~ tex. prev..
tmin. = mMin (tmin. , tref. ) tmax. = Max (tmax. , tref. )/

wx. prev. = tex. cur./

‘ v /% III: Settling time search.
€ | tg=t m=0
Is 0.97 < fry, < 1.03? % the 3% range — 3%~ " b

/
.

Whlle tS tj% + tmax_ AND m =0

N\

o |
t=t+At, four =L71(F(s) t)
f =f f =f if fcu/: E[0.97, 7.03] => break
prev. cur, ' prev. cur. \ else => Ty = t3g

Figure 2. A block diagram of the developed algorithm.
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The initial values for all of the mentioned parameters are zero except for those that
were specifically mentioned otherwise. Let us go through the procedures in Figure 2 step by
step. The rise cycle is responsible for an ordered recording of time moments when the signal
has crossed decimal values for the first time. An efficient way to decide, whether to start it,
is to check and see if the current signal value is significantly higher than the maximum or
previous values. The check for n < 1 is there because the first few values of f.,,. may be
extremely small (maybe even considered negative) due to the way a computer completes
calculations. We have noticed this happening more frequently with higher order systems.

The rise cycle consists of three cases. The first one means that f.,. has fell in between
the decimal values consequently, so the cycle stops (the orange dots in Figure 3). The
second one represents an overshoot of the next decimal value. Time ¢ is shifted one At back
and the time step At is halved. The third case is an undershoot of the next decimal value
and is the most interesting in terms of optimization. Case 3a is a correction of At, which
adds significant speed to the calculations. Case 3b accommodates for the no overshoot
case—a slow rise between 0.9 and 1.0 values. Case 3c accommodates the situation when
feur. > fprev. but the signal later never reaches the next decimal value. Otherwise, an infinite
loop may occur in some cases. Also, in order to detect the global extremum later, the time
is shifted a step back while the f}ev. is shifted two steps back.

Amplitude

N
¢
\I..

0.7¢
05¢

0.31

0.1¢
0

Figure 3. The developed algorithm records time of two types of occurrences—crossings of decimal

ty Time ta = T

values (the orange dots) and local extrema (the green dots). The minimum and maximum values of
the reference time t,,¢._are used as independent measures for finding settling time as well as keeping
the sampling rate small enough to automatically provide for the Shannon-Nyquist-Kotelnikov
theorem [37].

After the rise cycle a new procedure is initiated—the extremum search (green dots
in Figure 3). Along the way, t,, £ Emin.s and t,,y. are evaluated. The last one is a measure
of how long to continue the check for the signal being in the 3% range of the steady state
value. This serves as an independent marker for the input transfer function F(s), so the
user does not have to provide the algorithm with any additional information about the
expected signal. If the signal stayed in the 3% range for a duration of ¢4y, the algorithm
stops as it has reached its final goal.

4. Results and Discussion
4.1. Numerical Tests

For testing purposes the developed algorithm was coded in Matlab. This provides the
ability to measure execution time using the tic toc feature. Secondly, there is the oppor-
tunity to compare the computational time with the Matlab’s Control System Toolbox [1]
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built-in stepinfo function. We have tested transfer functions of linear systems from the

second to sixth order : )
F(s) = 0 , (14)
ans" +a, 18" 1+ +ays +ag

where by = gy is to provide for a unity step response. The coefficients were random and
uniformly distributed 4; = rand, a; € (0,1). The polynomial in the denominator was
checked for positive roots. If there was at least one, meaning that the system is unstable,
the coefficients were re-calculated. The procedure for testing the efficiency of the developed
algorithm was as follows: In order to equalize the starting conditions of both methods,
a pause of ten seconds using pause (10) preceded every computation for both methods.
Each transfer function was tested ten times, and at each iteration, two computational
times were recorded. One time is by Matlab’s stepinfo function #y,,, and the other
by the developed algorithm £, . The ratios of the mean times of the compared methods
<tag. >/ < tmatap > are presented in the last column of Table 1.

Table 1. Transfer functions of increasing order with random coefficients. The last row represents the
ratio between the mean computational times of the two methods.

F(s) PO T, tR S
ay = 0.82,a1 = 0.96,a5 = 0.01, by = ay 0 351 205 0.2
ap =0.89,a1 = 0.39,ap = 0.13,bg = a9 11.7 15.2 4.68 0.61
as = 0.96,ap = 0.49,a7 = 0.8,a9 = 0.14,by = a9 0 204 9.83 0.26
a3 =0.2,ap =0.25,a1 = 0.62,a9 = 0.47,by = ag 19.5 13.7 1.17 0.27

s = 0.35,a3 = 0.82,a, = 0.48,

a; = 0.98,a = 0.063, by = ag 3.26 203 57.6 0.52
ailzzoﬁéﬁozzoéiﬁozzoﬁf' 845 502 224 0.86

"o 0,;? 2:68451: a%’f’é});,%fi“;; 0.6, 9.94 364 951 0.82
oy o 00y M2 25 24 oo
a6 = 0.063,a5 — 0.41,a; — 0.89, a3 — 0.88, o s 1o A

ap = 0.94,&1 =0.34, apg = 0.094, bo =4ap

We have mentioned before that acquiring the output characteristics is, in a way, a bottle
neck of the optimization problem (1), as seen in Figure 1. In this work we have tried to
solve this by creating a faster method for acquiring those characteristics.

First, let us look at second-order systems (Figure 4). Such systems have exact formulas
for overshoot PO and peak time t,,,,, as well as explicit formulas for the rise time tg and
settling time Ts approximations. Because of that, second-order systems are commonly used
as approximations in engineering. Four types of step response curves of such systems
are distinguished based on the location of roots on the complex plain, namely undamped,
underdamped, critically damped, and overdamped. Two of them are shown in Figure 4.

Third-order systems already may yield a different behavior. The left curve in Figure 5,
while having almost no overshoot, has an oscillatory component. Depending on the mod-
eled process and the scale of these oscillations, one may find a second-order approximation
inadequate. The two examples of fourth-order systems we show in Figure 6 differ even
more. The right curve exhibits a fractal behavior of sorts—a sequence of damped oscilla-
tions. At the same time, the left curve is also representative as follows: as the order of the
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differential equation increases, one can observe very frequent oscillations with a rather small
amplitude. This quality continues to the fifth and sixth order cases (see Figures 7 and 8).

a2 = 0.82, a1 = 0.96, a0 = 0.01, b0 = a0 a2 =0.89, a1 = 0.39, a0 =0.13, b0 = a0
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Figure 4. Step responses of second-order systems.
a3=0.96, a2 = 0.49, a1 = 0.8, a0 = 0.14, b0 = a0 a3=0.2,a2 = 0.25, a1 = 0.62, a0 = 0.47, b0 = a0
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Figure 5. Step responses of third-order systems.
a4 =0.35, a3 = 0.82, a2 = 0.48, a1 = 0.98, a0 = 0.063, b0 = a0 a4 =0.92, a3 = 0.27, a2 = 0.81, a1 = 0.13, a0 = 0.11, b0 = a0
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Figure 6. Step responses of fourth-order systems.

At last, we discuss the computational time difference. This is where the ideas dis-
cussed before and highlighted in Figure 1 come to fruition. On average, the developed
algorithm outperformed the Matlab’s built-in stepinfo function in 65% of the calculations.
Table 1 shows the highlights of the numerical experiments. One can see that the devel-
oped algorithm can be up to 4-5 times faster. In a multi-variable optimization task (1),
this will considerably reduce the resources needed to find a solution. Also, it may be a
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significant advantage in a limited computational power environment. This result brings
us to a conclusion that the developed algorithm should be adapted to fractional-order

dynamical systems.

a5 =0.052, ad = 0.22, a5 = 0.026, ad = 0.63,
a3 =0.46, a2 = 0.96, a1 = 0.79, a0 = 0.45, b0 = a0 a3 =0.65, a2 = 0.6, a1 = 0.51, a0 = 0.068, b0 = a0
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Figure 7. Step responses of fifth-order systems.
a6 = 0.063, a5 = 0.41, ad = 0.89,
a6 = 0.16, a5 = 0.4, a4 = 0.64, a3 =0.88, a2 = 0.94, a1 = 0.34, a0 = 0.094, b0 = a0
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Figure 8. Step responses of sixth-order systems.
As for the fractional order case, consider the following transfer functions:

bo bo
’ Tl == ’
azs/32 + alslgl + ap alsﬁl + ap

T, =

where by = ag and 1, B2 € R to provide for a unity step response. We have checked both
systems for stability and built their step responses using the FOMCON toolbox [22]. As
seen in Figure 9, they are pretty similar to the ones in Figures 4 and 5. As long as one has a
method for explicit inverse Laplace transformation, it is possible to implement the designed
algorithm for fractional-order systems. We are going to address the problem of obtaining
such a rule in the next section. If this rule for the inverse Laplace transform is about as fast
as the one known for linear integer-order systems, then the benefit in computational speed
is going to be similar. For example, in Figure 4, for a no-overshoot curve, there is a decrease
in computational time of around 500%. This would speed up tremendously the solution of
optimization problem (1) for fractional-order systems. We hope to approach this in more
detail in future research. Now, let us discuss an explicit expression for the inverse Laplace
transform for a class of linear fractional-order systems.



Fractal Fract. 2024, 8,710 13 of 16
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Figure 9. Step responses of two fractional-order linear systems.

4.2. An Explicit Formula for the Fractional Order Case

The numerical test results are a motivation for a similar approach in the fractional-
order case. One of the main features of the developed algorithm is the assumption that a
variable time step At can benefit the processing speed of a step response. This, however, can
be achieved only in the presence of a fast method for the inverse Laplace transform. In the
integer case for a transfer function like (3), it is carried out by a partial fraction expansion,
which comes down to a sum of exponents. In the fractional-order case, the process is far
more complicated and requires additional effort, which we address below.

Consider a more general inhomogeneous fractional-order differential equation with
the left part the same as in (9) and

ayDPry(t) + a,_1DPr1y(t) + - - - + a; DPry(t) + agDPoy(t) (15)
= boDu(t) + by D*1u(t) + byD*2u(t) + - - - + byD*Nu(t),
where ay > ay_1 > --- > a1 > ag and by, by, ... ,by are real numbers. Let a; < B,

i=1,2,...,N. A Laplace transformation yields a more general result than the (10) trans-

fer function:
. Dns*N 4 bpy_18*N-1 + - -« ++ b1s%1 4 bys™0

F(s) = , 16
(s) apsPr +a, _1sPn-1 + -« 4 aysP1 4 agsPo (16)
The inverse Laplace transformation of (16) is shown in [34] to be
N
f(t) =} biD%gu(t, ). (17)
i=1
By applying (13) with the differentiation rule (12), we can rewrite (17) as
N
f(t) =) bigult, p —a;). (18)
i=1

For example, let us consider a fractional-order PI ADH controller. The transfer function
of this controller is known to be
u
Ge(s) = ue) _ Kp + Ks* + Kps", A, >0,
E(s)
where U(s) is the controller’s output and E(s) is the signal error. A system (10) with this
controller has a transfer function of
Kps/\ + K7 + KDSwr)L

= 19
ansPr +a,_1sPn—1 + - .. 4 aysP1 + agsPo + Kpst + Kj + Kpstth (19

Gclosed (S)
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In order to acquire an explicit formula for the unit step response of such a system,
one must perform several operations. First, we need to rearrange the denominator powers
B, Bun-1,Bn—2,---,B1,Bowith A, (4 + A) and 0 (from the K; addend) in a descending order:

ﬁi’l/ 51171/ ,Bl’l—ZI ey ,Bl/ ,BO/ /\/ (V + /\)/O — ,Bj1+3/ :B::l-&-Z/ ‘8:+1’ R4 :BT’ :BB
After this, the ordering of the coefficients in the denominator is changed accordingly:
an, anflr An—2,+++, al/ aO/ KP/ KI, KD — a:(1+3/ a;+2/ u;kl_l,_]/ sy aT/ as'

Now, the highest power in the denominator has an index of n + 3. This means that the
function in (13) must be changed to

— 1 =" .
g:;—i—:i,cont.(tf l)b*) - a;+3 Zzzo ml Zk0+k1+~~-+kn+1:m,(mr kO/ kl/ ey kn+1)
ko>0;...k;41>0 (20)
a*

k; "
+1(_a \" Thia
XTI (255 ) et = 12 Brs = Bia ¥7),

where ¢* = By 5+ T (Bryn — BK;:
There are three addends in the numerator of (19). Using the rule for differentiation
(18), we can write the inverse Laplace transform explicitly:

f(t) = (KPD)L + K +KDDA+H)g:Fz+3,CtmL(t/ ¢*) =

= KPg;:JrS,cont.(tf l[J* - A) + Klg;:JrS,cont.(tf l[J*) + KDg;JrB,cont.(tf l[J* —A— “l/l).

To find the unit step response, one needs to integrate this expression with time . As an
integral of order —1, in the end, we obtain

]/step(t) = Kpg;;JrS,cont.(t’ I/J* —A+ 1) + Klg;‘z+3,cont.(t/ l/J* + 1) (21)
+KDg:L+3,cont.(t/ (r’f‘< —A - H + 1)'

Therefore, we have acquired an explicit expression of an output signal y () of a linear
fractional-order system with a PI* D¥ controller in a feedback loop.

As seen in Figure 2, one of the key requirements of the developed algorithm is the calcu-
lation of the current signal value based on the inverse Laplace transform
feur. = L7Y(F(s),t). This part distinguishes it from a lot of other methods for process-
ing a step response. For example, Matlab’s 1sim function typically provides the user with a
sequential array of signal values. This means that, generally, one cannot ask it to output
a signal value at a specified moment, only within a sequence. If a process starts with
t = 0 and one would like to know the value of the signal at t = tg # 0, those types of
programs must first calculate the system’s behavior at all of the previous moments of time.
Quite often, the time steps are equally spaced, either automatically or specified by the user.
Matlab’s step function does use variable step solvers, but only for systems with internal
delays [1].

This is why for the acquirement of step response characteristics, employing the
L~1(F(s),t) procedure saves the effort of computing and saving signal values at previous
time steps. The developed algorithm is able to choose the time step At and moments of
time t based on the described mechanisms which depend only on the step response curve.
We believe this is the reason behind the advantages in the calculation time described in
Table 1. Since (21) is an explicit expression of a step response of a linear fractional-order
system at any time moment ¢, the developed method easily applies to this general case.

5. Conclusions

1.  In this work, a new method for determining step response characteristics is proposed.
Based on the conception of a variable time step which depends on the step response
curve, this task can be formulated as a new deterministic algorithm. A full description
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of the algorithm is presented along with a block diagram. It is able to efficiently
handle both integer- and fractional-order systems. This decreases the time it takes to
process output signals when modeling dynamical systems. Therefore, the algorithm
reduces computational costs for a class of optimization problems.

2. Numerical tests in the integer-order case yielded significant improvements in computa-
tional time. Matlab’s Control System Toolbox built-in functions were used as reference.
With the mean values of the calculation time of the developed algorithm being up to
4-5 times lower, this approach showed a significant improvement. The mentioned
advantage remains true for highly oscillating systems of a higher order. Therefore,
the developed algorithm is useful for solving optimization problems which rely on
step response characteristics.

3. A general type of inhomogeneous fractional-order ordinary differential equations
and its transfer function were considered. Using the inverse Laplace transformation,
we obtained an explicit expression for the time-domain signal of a PI* D¥-controlled
fractional-order linear system. This expression combined with the results of numerical
tests suggest a generalization of the developed approach for the fractional-order case.
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