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Abstract: Two new methods for handling a system of nonlinear fractional differential equations
are presented in this investigation. Based on the characteristics of fractional calculus, the Caputo
fractional partial derivative provides an easy way to determine the approximate solution for systems
of nonlinear fractional differential equations. These methods provide a convergent series solution by
using simple steps and symbolic computation. Several graphical representations and tables provide
numerical simulations of the results, which demonstrate the effectiveness and dependability of
the current schemes in locating the numerical solutions of coupled systems of fractional nonlinear
differential equations. By comparing the numerical solutions of the systems under study with the
accurate results in situations when a known solution exists, the viability and dependability of the
suggested methodologies are clearly depicted. Additionally, we compared our results with those
of the homotopy decomposition method, the natural decomposition method, and the modified
Mittag-Leffler function method. It is clear from the comparison that our techniques yield better
results than other approaches. The numerical results show that an accurate, reliable, and efficient
approximation can be obtained with a minimal number of terms. We demonstrated that our methods
for fractional models are straightforward and accurate, and researchers can apply these methods
to tackle a range of issues. These methods also make clear how to use fractal calculus in real life.
Furthermore, the results of this study support the value and significance of fractional operators in
real-world applications.

Keywords: Adomian decomposition method; homotopy perturbation method; Elzaki transform;
fractional KdV system; system of nonlinear wave equations; Caputo operator

MSC: 35A20; 34A25; 35L05; 26A33

1. Introduction

Numerous academics have demonstrated the benefit of fractional calculus (FC) in gen-
erating specific solutions for an extensive number of linear and nonlinear partial differential
equations in a number of recent articles. The creation of models and solutions for various
physical problems are the primary goals of scientific efforts in engineering and physics.
A foundation for the generalisation of differentiation to non-integer orders is provided
by FC theory. An appropriate explanation of modelling problems including the ideas of
non-locality and memory effect that cannot be sufficiently provided by integer-order opera-
tors is given by the fractional derivative operators [1,2]. FC defines physical phenomena
more aggressively and precisely than classical calculus. Fractional calculus has gained
significant attention in recent times. Fractional order nonlinear models are extensively em-
ployed in several domains and hold significance in nonlinear wave phenomena [3,4]. Many
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well-known mathematicians have made contributions to this topic in different works by
suggesting an extensive number of fractional operators. FC frequently yields findings that
are noticeably more accurate than those from classical calculus. It has demonstrated how
several real-world scenarios behave dynamically among two integers. Furthermore, frac-
tional operators possess more dimensions in comparison with integer differential operators.
Notable fractional derivative formulations include those of Caputo [5], Miller [6], Riemann–
Liouville [7], Caputo–Fabrizio [8], and Atangana–Baleanu [9]. Additionally, in this field of
study, the Liouville–Caputo is regarded as the best fractional filter. Furthermore, we are
aware that a wide range of non-local real-world phenomena that depend upon previous
interactions are described by the Caputo fractional derivative. They have been applied in
many different fields, including biology [10], nanotechnology [11], electrodynamics [12],
chaos theory [13], biotechnology [14], continuum mechanics [15], and many more [16–19].

The majority of real-world problems are too complex to be modelled without the
use of nonlinear fractional differential equations (NFDEs). NFDEs are therefore quite
important in the present era. Numerous fields, including engineering, economics, ecology,
and mathematical biology, have used NFDEs [20]. It is noteworthy that the mathematical
sciences, which are regarded as the most interesting and demanding fields of study, present
difficulties in developing the precise and explicit solutions to NFDEs. NFDEs can be broadly
divided into two categories: integrable and non-integrable components. However, a
significant number of nonlinear problems are difficult to solving analytically, and thus
this development is insufficient due to the fact that NFDEs of both types cannot be solved
exactly using any one technique [21]. Over the past few decades, work has been carried
out in developing approaches for finding precise solutions to NFDEs. Many approaches
are employed, but, depending on the problem’s nature, the researcher’s background,
and the observatory context, each approach has benefits and drawbacks. Furthermore,
the strategies employed to achieve this goal are always problem-specific. For this reason,
some of these techniques are excellent when applied to specific issues but not when applied
to others. Integral transformations have been identified as one of the most useful and
effective methods in applied mathematics for resolving this problem. Many academics have
developed and used a variety of strategies in recent years to find solutions for differential
equations with fractional orders, such as the Yang transform decomposition method [22,23],
exp-function algorithm [24], homotopy analysis transform method [25], natural transform
decomposition method [26,27], finite element method [28], fractional residue power series
method [29], finite difference and meshfree techniques [30], optimal homotopy asymptotic
technique [31], radial basis functions and finite difference method [32], reduce differential
transform method [33], Adams–Bashforth–Moulton method [34] and many more [35–38].

In this paper, we provide two new methods for the solving nonlinear fractional KdV
system and nonlinear fractional dispersive long wave system of the following structures:

Dδi
t fi(x, t) = ji(x, t) + Lifi(x, t) + Nifi(x, t), mi − 1 ≤ δi ≤ mi ∈ N, i = 1, 2, · · · , n,

∂ki fi

∂tki
(x, 0) = jiki

(x), ki = 0, 1, 2, · · · , mi − 1, i = 1, 2, · · · , n,
(1)

where Li and Ni are linear and nonlinear operators, respectively, of f = f(x, t) and its
derivatives, which may contain other fractional derivatives of orders less than δi, ji(x, t)
are known analytic functions, and Dδi

t indicates the Caputo fractional derivative of order
δi. The system (1) assumes the homogeneous form when ji(x, t) = 0. “Korteweg” and
“de Vries” developed a dimensionless version of the equations for the study of dispersive
wave occurrences in quantum mechanics and plasma physics called the (KdV) equation.
The classic KdV equation was created in 1895 by Korteweg and de Vries as a nonlinear
partial differential equation to model waves on the surface of shallow water. This particular
solvable model has been the subject of numerous research studies. Recently, many scholars
have suggested new applications of the classical KdV equation, such as representing
acoustic waves on a crystal lattice, ion-acoustic waves in a plasma, and long internal
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waves in a density-stratified ocean. Boiti et al. [39] first suggested the classical long wave
dispersive system, which explained the dynamical behaviours of nonlinear and dispersive
long gravity waves in two horizontal directions on shallow waters of uniform depth.
Numerous investigations have focused on this classical system because integer-order
equations have strong integrability.

The Elzaki transform decomposition method (ETDM) and the homotopy perturbation
transform method (HPTM) are two unique approaches that have been examined in this
work. Tarig Elzaki developed the Elzaki transform, which greatly simplifies the time do-
main solution of ordinary and partial differential equations. Adomian has been working
on a numerical method of solving functional equations since the 1980s [40,41]. It provides
analysis in the form of a rapidly converging series that leads to the precise solutions. It is re-
garded as a potent technique for handling partial and differential equations of both integer
and non-integer order, that are linear and nonlinear, homogeneous and nonhomogeneous.
He first proposed the homotopy perturbation method (HPM) in 1998 [42], and it leads to a
very quick convergence solution in the form of a series [43,44]. In summary, the original
fractional partial differential equation (FPDE) is converted into its corresponding partial dif-
ferential equation (PDE) by approximating the Caputo-type temporal fractional derivative
using the Elzaki transform approach. The initial FPDE can be easily and quickly solved by
using the homotopy perturbation approach and the Adomian decomposition method to the
resulting PDE. As a useful and efficient mathematical tool for solving nonlinear equations,
it usually only requires one iteration to produce a highly precise solution. Researchers
can use this study as a primary reference to investigate these methodologies and use it in
many applications to acquire accurate and approximate outcomes in a few easy steps. Our
techniques provide infinite series as a result in the numerical cases. When expressed in
closed form, the series offers a precise solution to the associated equations. The suggested
techniques provide a high degree of accuracy at a low computational cost.

The structure of this research study is as follows. Section 1 of the paper contains the
article’s introduction and goal. In Sections 2 and 3, the basic ideas of fractional calculus
are discussed. In Sections 4 and 5, we present an overview of the proposed methodologies.
Section 6 covers the convergence analysis of the proposed methods. A few numerical
examples are shown in Section 7 to demonstrate the effectiveness of the proposed solutions.
Section 8 presents the conclusion of the manuscript.

2. Basic Concept

In this part, we are going to provide some fundamental ideas, definitions, and charac-
teristics of FC related to present work.

Definition 1. The Caputo fractional derivative is defined as [45–47]

Dδf(x) =

{
1

Γ(n−δ)

∫ x
0

fn(t)
(x−t)δ−n+1 dt, n − 1 < δ < n,

dn

dxn f(x), n = δ.
(2)

with properties

Jδ
t Dδ

xg(t) = g(t)−
m

∑
k=0

gk(0+)
tk

k!
, f or t > 0, and n − 1 < δ ≤ n, n ∈ N.

Dδ
t Jδ

t g(t) = g(t).

(3)

Definition 2. The Riemann–Liouville (RL) fractional derivative is defined as [45–47]

Dδf(x) =

{
dn

dxn f(x), δ = n,
1

Γ(n−δ)
d

dxn

∫ x
0

f(t)
(x−t)δ−n+1 dt, n − 1 < δ < n,

(4)
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with n ∈ Z+, δ ∈ R+, and

D−δf(x) =
1

Γ(δ)

∫ x

0
(x − t)δ−1f(t)dt, 0 < δ ≤ 1. (5)

Definition 3. The RL fractional integral is defined as [45–47]

Jδf(x) =
1

Γ(δ)

∫ x

0
(x − t)δ−1f(t)dt, t > 0, δ > 0. (6)

with properties

Jδtn =
Γ(n + 1)

Γ(n + δ + 1)
tn+δ,

Dδtn =
Γ(n + 1)

Γ(n − δ + 1)
tn−δ.

(7)

3. Elzaki Transform (ET)

Definition 4. The Elzaki transform (ET) of f(t) is defined as [48]

E{f(t)} = M(u) = u
∫ ∞

0
e
−t
u f(t)dt, t > 0, (8)

with u indicating the transform variable.

We may obtain the ET of partial derivatives by utilising integration by parts in
Equation (8) as below:

1. E[tn] = n!un+2.

2. E[f′] =
M(u)

u
− uf(0).

3. E[f′′] =
M(u)

u2 − f(0)− uf′(0).

4. E[fn] =
M(u)

u2 −
n−1

∑
i=0

u2−n+if(i)(0).

ET of Caputo Fractional Derivative

Theorem 1. If J(s) is the Laplace transform of f(t), then ET M(u) of f(t) is given by [49]

M(u) = uJ

(
1
u

)
. (9)

Theorem 2. Let M(u) be the ET of the function f(t), then [49]

E[Dδ
xf(x)] = u−δE[f(x)]−

n−1

∑
i=0

u2−δ+if(i)(0), where n − 1 < δ < n. (10)

4. Analysis of the HPTM

In order to better understand the fundamental concept and algorithm of the HPTM,
we examine the below general nonlinear fractional model:

Dδ
t f(x, t) = L[x]f(x, t) + N[x]f(x, t), 0 < δ ≤ 1, (11)

with
f(x, 0) = ξ(x).
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Here, Dδ
t = ∂δ

∂tδ indicates the Caputo fractional operator, L[x] is linear, and N[x] is a
nonlinear operator.

Executing the ET, we have

E[Dδ
t f(x, t)] = E[L[x]f(x, t) + N[x]f(x, t)], (12)

1
uδ

{M(u)− u2f(0)} = E[L[x]f(x, t) + N[x]f(x, t)]. (13)

Thus we obtain

M(u) = u2f(0) + uδE[L[x]f(x, t) + N[x]f(x, t)]. (14)

Executing the inverse ET, we have

f(x, t) = f(0) + E−1[uδY[L[x]f(x, t) + N[x]f(x, t)]]. (15)

In the context of the homotopy perturbation method, we have

f(x, t) = f(0) + ϵ[E−1[uδY[L[x]f(x, t) + N[x]f(x, t)]]]. (16)

with parameter ϵ ∈ [0, 1].
Assuming the solution is in the form of

f(x, t) =
∞

∑
k=0

ϵkfk(x, t), (17)

with

N[x]f(x, t) =
∞

∑
k=0

ϵk Hn(f). (18)

The below process can be operated to obtain He’s polynomials as

Hn(f0, f1, ..., fn) =
1

Γ(n + 1)
Dk

ϵ

(
N

(
∞

∑
k=0

ϵifi

))∣∣∣∣∣
ϵ=0

, (19)

where Dk
ϵ = ∂k

∂ϵk .
By substituting (17) and (18) in (16), we obtain

∞

∑
k=0

ϵkfk(x, t) = f(0) + ϵ ×
(
E−1

[
uδE{L

∞

∑
k=0

ϵkfk(x, t) +
∞

∑
k=0

ϵk Hk(f)}
])

. (20)

Equating the similar components of ϵ, we obtain

ϵ0 : f0(x, t) = f(0),

ϵ1 : f1(x, t) = E−1
[
uδE(L[x]f0(x, t) + H0(f))

]
,

ϵ2 : f2(x, t) = E−1
[
uδE(L[x]f1(x, t) + H1(f))

]
,

.

.

.

ϵk : fk(x, t) = E−1
[
uδE(L[x]fk−1(x, t) + Hk−1(f))

]
,

k > 0, k ∈ N.

(21)
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Thus, the approximate solution is computed as

f(x, t) = lim
ϵ→1

∞

∑
k=0

ϵkfk(x, t). (22)

5. Analysis of the ETDM

In order to better understand the fundamental concept and algorithm of the HPTM,
we examine the below general nonlinear fractional model:

Dδ
t f(x, t) = L(x, t) + N(x, t), 0 < δ ≤ 1, (23)

with
f(x, 0) = ξ(x).

Here, Dδ
t = ∂δ

∂tδ indicates the Caputo fractional operator, L is linear, and N is a nonlin-
ear operator.

Executing the ET, we have

E[Dδ
t f(x, t)] = E[L(x, t) + N(x, t)],

1
uδ

{M(u)− u2f(0)} = E[L(x, t) + N(x, t)].
(24)

Thus we obtain
M(u) = u2f(0) + uδE[L(x, t) + N(x, t)]. (25)

Executing the inverse ET, we have

f(x, t) = f(0) + E−1[uδE[L(x, t) + N(x, t)]. (26)

Assuming the solution is in the form of

f(x, t) =
∞

∑
m=0

fm(x, t). (27)

Here, we calculate the nonlinear term as

N(x, t) =
∞

∑
m=0

Am, (28)

with

Am =
1

m!

[
∂m

∂ℓm

{
N

(
∞

∑
k=0

ℓkxk,
∞

∑
k=0

ℓktk

)}]
ℓ=0

. (29)

By substituting (27) and (28) into (26), we obtain

∞

∑
m=0

fm(x, t) = f(0) + E−1uδ

[
E

{
L(

∞

∑
m=0

xm,
∞

∑
m=0

tm) +
∞

∑
m=0

Am

}]
. (30)

Similarly
f0(x, t) = f(0), (31)

f1(x, t) = E−1
[
uδE{L(x0, t0) +A0}

]
.

Thus, the approximate solution for m ≥ 1 is computed as

fm+1(x, t) = E−1
[
uδE{L(xm, tm) +Am}

]
.
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6. Convergence Analysis

Here, we illustrate the suggested technique existence results.

Theorem 3. Suppose the precise solution of (11) is Z(x, t) and let Z(x, t), Zn(x, t) ∈ H, and
δ ∈ (0, 1), with H illustrating the Hilbert space. The attained solution ∑∞

q=0 Zq(x, t) tends to
Z(x, t) if Zq(x, t) ≤ Zq−1(x, t) ∀q > A, i.e., for all x > 0∃A > 0, such that ||Zq+n(x, t)|| ≤
δ, ∀q, n ∈ N.

Proof. Consider a sequence of ∑∞
q=0 Zq(x, t).

Y0(x, t) =Z0(x, t),

Y1(x, t) =Z0(x, t) +Z1(x, t),

Y2(x, t) =Z0(x, t) +Z1(x, t) +Z2(x, t),

Y3(x, t) =Z0(x, t) +Z1(x, t) +Z2(x, t) +Z3(x, t),
...

Yq(x, t) =Z0(x, t) +Z1(x, t) +Z2(x, t) + · · ·+Zq(x, t).

(32)

We have to prove that Yq(x, t) forms a “Cauchy sequence” to attain the desired out-
come. Assume

||Yq+1(x, t)−Yq(x, t)|| = ||Zq+1(x, t)|| ≤ δ||Zq(x, t)|| ≤ δ2||Zq−1(x, t)|| ≤ δ3||Zq−2(x, t)|| · · ·
≤ δq+1||Z0(x, t)||.

(33)

For q, n ∈ N, we have

||Yq(x, t)−Yn(x, t)|| =||Zq+n(x, t)|| = ||Yq(x, t)−Yq−1(x, t) + (Yq−1(x, t)−Yq−2(x, t))

+ (Yq−2(x, t)−Yq−3(x, t)) + · · ·+ (Yn+1(x, t)−Yn(x, t))||
≤||Yq(x, t)−Yq−1(x, t)||+ ||(Yq−1(x, t)−Yq−2(x, t))||
+ ||(Yq−2(x, t)−Yq−3(x, t))||+ · · ·+ ||(Yn+1(x, t)−Yn(x, t))||

≤δq||Z0(x, t)||+ δq−1||Z0(x, t)||+ · · ·+ δq+1||Z0(x, t)||
=||Z0(x, t)||(δq + δq−1 + δq+1)

=||Z0(x, t)||1 − δq−n

1 − δq+1 δn+1.

(34)

As 0 < δ < 1, and Z0(x, t) are bound, so assume δ = 1 − δ/(1 − δq−n)δn+1||Z0(x, t)||,
and we obtain

||Zq+n(x, t)|| ≤ δ, ∀q, n ∈ N. (35)

Hence, {Zq(x, t)}∞
q=0 forms a “Cauchy sequence” in H. Hence it is proved that the

sequence {Zq(x, t)}∞
q=0 is a convergent sequence in the limit limq→∞ Zq(x, t) = Z(x, t) for

∃Z(x, t) ∈ N, which complete the proof.

Theorem 4. Assume that ∑k
h=0 Zh(x, t) is finite and Z(x, t) reveal the series solution. Considering

δ > 0 with ||Zh+1(x, t)|| ≤ ||Zh(x, t)||, the maximum absolute error is illustrated as:

||Z(x, t)−
k

∑
h=0

Zh(x, t)|| < δk+1

1 − δ
||Z0(x, t)||. (36)
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Proof. Let ∑k
h=0 Zh(x, t) be finite, which indicates that ∑k

h=0 Zh(x, t) < ∞.
Assume

||Z(x, t)−
k

∑
h=0

Zh(x, t)|| =||
∞

∑
h=k+1

Zh(x, t)||

≤
∞

∑
h=k+1

||Zh(x, t)||

≤
∞

∑
h=k+1

δh||Z0(x, t)||

≤δk+1(1 + δ + δ2 + · · · )||Z0(x, t)||

≤ δk+1

1 − δ
||Z0(x, t)||.

(37)

which is proved.

Theorem 5. The outcome of (23) is unique at 0 < (x1 + x2)(
tδ

Γ(δ+1) ) < 1.

Proof. Suppose H = (C[J], ||.||) with the norm ||ϕ(t)|| = maxt∈J |ϕ(t)| is Banach space, ∀
continuous function on J. Let I : H → H be a nonlinear mapping, thus

fC
l+1 = fC

0 + E−1[uδE[L(fl(x, t)) + N(fl(x, t))]], l ≥ 0.

Suppose that |L(f)− L(f∗)| < x1|f − f∗| and |N(f)− N(f∗)| < x2|f − f∗|, where f := f(x, t)
and f∗ := f∗(x, t) are two separate function values, and x1, x2 are Lipschitz constants.

||If − If∗|| ≤ maxt∈J |E−1
[
uδE[L(f)− L(f∗)]

+ uδY[N(f)− N(f∗)]|
]

≤ maxt∈J

[
x1E

−1[uδE[|f − f∗|]]

+ x2E−1[uδE[|f − f∗|]]
]

≤ maxt∈J(x1 + x2)
[
E−1[uδE|f − f∗|]

]
≤ (x1 + x2)

[
E−1[uδE||f − f∗||]

]
= (x1 + x2)(

tδ

Γ(δ + 1)
)||f − f∗||

(38)

I is a contraction as 0 < (x1 + x2)(
tδ

Γ(δ+1) ) < 1. The outcome of (23) is unique in terms
of Banach fixed point theorem.

Theorem 6. The outcome of (23) is convergent.
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Proof. Assume fm = ∑m
r=0 fr(x, t). To show that fm is a Cauchy sequence in H. Consider,

||fm − fn|| = maxt∈J |
m

∑
r=n+1

fr|, n = 1, 2, 3, · · ·

≤ maxt∈J

∣∣∣∣∣E−1

[
uδE

[
m

∑
r=n+1

(L(fr−1) + N(fr−1))

]]∣∣∣∣∣
= maxt∈J

∣∣∣∣∣E−1

[
uδE

[
m−1

∑
r=n+1

(L(fr) + N(fr))

]]∣∣∣∣∣
≤ maxt∈J |E−1[uδE[(L(fm−1)− L(fn−1) + N(fm−1)− N(fn−1))]]|
≤ x1maxt∈J |E−1[uδE[(L(fm−1)− L(fn−1))]]|
+ x2maxt∈J |E−1[uδE[(N(fm−1)− N(fn−1))]]|

= (x1 + x2)(
tδ

Γ(δ + 1)
)||fm−1 − fn−1||

(39)

Let m = n + 1, then

||fn+1 − fn|| ≤ x||fn − fn−1|| ≤ x2||fn−1fn−2|| ≤ · · · ≤ xn||f1 − f0||, (40)

where x = (x1 + x2)(
tδ

Γ(δ+1) ). Similarly, we have

||fm − fn|| ≤ ||fn+1 − fn||+ ||fn+2fn+1||+ · · ·+ ||fm − fm−1||,
(xn + xn+1 + · · ·+ xm−1)||f1 − f0||

≤ xn
(

1 − xm−n

1 − x

)
||f1||,

(41)

As 0 < x < 1, we obtain 1 − xm−n < 1. Hence,

||fm − fn|| ≤
xn

1 − x
maxt∈J ||f1||. (42)

Since ||f1|| < ∞, ||fm − fn|| → 0 when n → ∞. Hence, fm is a Cauchy sequence in H,
demonstrating that the series fm is convergent.

7. Application
7.1. Example

Assuming the nonlinear fractional KdV system of the form

∂δf
∂tδ

= −κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t),

∂δg
∂tδ

= −κgxxx(x, t)− 3κf(x, t)gx(x, t),
(43)

with

f(x, 0) = b2 sech2

(
g
2
+

bx
2

)
, g(x, 0) =

√
κ

2
b2 sech2

(
g
2
+

bx
2

)
.

Case I: Application of HPTM
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Executing the ET, we have

E
[

∂δf
∂tδ

]
= E

[
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

]
,

E
[

∂δg
∂tδ

]
= E

[
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

]
.

(44)

Thus we obtain

1
uδ

{M(u)− u2f(0)} = E

[
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

]
,

1
uδ

{M(u)− u2g(0)} = E

[
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

]
,

(45)

M(u) = u2f(0) + uδ

[
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

]
,

M(u) = u2g(0) + uδ

[
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

]
.

(46)

Executing the inverse ET, we have

f(x, t) = f(0) + E−1

[
uδ

{
E

(
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

)}]
,

g(x, t) = g(0) + E−1

[
uδ

{
E

(
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

)}]
,

f(x, t) = b2 sech2

(
g
2
+

bx
2

)
+ E−1

[
uδ

{
E

(
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

)}]
,

g(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
+ E−1

[
uδ

{
E

(
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

)}]
.

(47)

In the context of the homotopy perturbation method, we have

∞

∑
k=0

ϵkfk(x, t) = b2 sech2

(
g
2
+

bx
2

)
+ ϵ

(
E−1

[
uδE

[
− κ

(
∞

∑
k=0

ϵkfk(x, t)

)
xxx

− 6κ

(
∞

∑
k=0

ϵk Hk(x, t)

)
+

6

(
∞

∑
k=0

ϵk Hk(x, t)

)]])
,

∞

∑
k=0

ϵkgk(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
+ ϵ

(
E−1

[
uδE

[
− κ

(
∞

∑
k=0

ϵkfk(x, t)

)
xxx

− 3κ

(
∞

∑
k=0

ϵk Hk(x, t)

)]])
.

(48)

Equating the similar components of ϵ, we obtain
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ϵ0 : f0(x, t) = b2 sech2

(
g
2
+

bx
2

)
,

ϵ0 : g0(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
,

ϵ1 : f1(x, t) =

sinh

(
g
2 + bx

2

)
κb5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
,

ϵ1 : g1(x, t) =
1
2

sinh

(
g
2 + bx

2

)
√

2κ
3
2 b5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
,

ϵ2 : f2(x, t) =
1
2

b8κ2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

) t2δ

Γ(2δ + 1)
,

ϵ2 : g2(x, t) =
1
4

b8√2κ
5
2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

) t2δ

Γ(2δ + 1)
,

ϵ3 : f3(x, t) =

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ3

cosh7

(
g
2 + bx

2

) t3δ

Γ(3δ + 1)
+

3
2

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ3Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

ϵ3 : g3(x, t) =
1
2

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ

7
2

cosh7

(
g
2 + bx

2

)
√

2

t3δ

Γ(3δ + 1)
+

3
4

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ

7
2 Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

...

Thus, the approximate solution is computed as
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f(x, t) = f0(x, t) + f1(x, t) + f2(x, t) + f3(x, t) + · · ·

f(x, t) = b2 sech2

(
g
2
+

bx
2

)
+

sinh

(
g
2 + bx

2

)
κb5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
+

1
2

b8κ2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

) t2δ

Γ(2δ + 1)
+

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ3

cosh7

(
g
2 + bx

2

) t3δ

Γ(3δ + 1)
+

3
2

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ3Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

g(x, t) = g0(x, t) + g1(x, t) + g2(x, t) + g3(x, t) + · · ·

g(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
+

1
2

sinh

(
g
2 + bx

2

)
√

2κ
3
2 b5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
+

1
4

b8√2κ
5
2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

)

t2δ

Γ(2δ + 1)
+

1
2

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ

7
2

cosh7

(
g
2 + bx

2

)
√

2

t3δ

Γ(3δ + 1)
+

3
4

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ

7
2 Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

Case II: Application of ETDM
Executing the ET, we have

E
[

∂δf
∂tδ

]
= E

[
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

]
,

E
[

∂δg
∂tδ

]
= E

[
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

]
.

(49)

Thus we obtain

1
uδ

{M(u)− u2f(0)} = E

[
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

]
,

1
uδ

{M(u)− u2g(0)} = E

[
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

]
,

(50)
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M(u) = u2f(0) + uδ

[
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

]
,

M(u) = u2g(0) + uδ

[
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

]
.

(51)

Executing the inverse ET, we have

f(x, t) = f(0) + E−1

[
uδ

{
E

(
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

)}]
,

g(x, t) = g(0) + E−1

[
uδ

{
E

(
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

)}]
,

f(x, t) = b2 sech2

(
g
2
+

bx
2

)
+ E−1

[
uδ

{
E

(
− κfxxx(x, t)− 6κf(x, t)fx(x, t) + 6g(x, t)gx(x, t)

)}]
,

g(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
+ E−1

[
uδ

{
E

(
− κgxxx(x, t)− 3κf(x, t)gx(x, t)

)}]
.

(52)

Assuming the solution is in the form of

f(x, t) =
∞

∑
m=0

fm(x, t), g(x, t) =
∞

∑
m=0

gm(x, t). (53)

Considering the nonlinear terms by the Adomian polynomial as f(x, t)fx(x, t) =

∑∞
m=0 Am, g(x, t)gx(x, t) = ∑∞

m=0 Bm, f(x, t)gx(x, t) = ∑∞
m=0 Cm. So, we have

∞

∑
m=0

fm(x, t) = f(x, 0) + E−1

[
uδE

[
− κfxxx(x, t)− 6κ

∞

∑
m=0

Am + 6κ
∞

∑
m=0

Bm

]]
,

∞

∑
m=0

gm(x, t) = g(x, 0) + E−1

[
uδE

[
− κfxxx(x, t)− 3κ

∞

∑
m=0

Cm

]]
,

∞

∑
m=0

fm(x, t) = b2 sech2

(
g
2
+

bx
2

)
+ E−1

[
uδE

[
− κfxxx(x, t)− 6κ

∞

∑
m=0

Am + 6κ
∞

∑
m=0

Bm

]]
,

∞

∑
m=0

gm(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
+ E−1

[
uδE

[
− κfxxx(x, t)− 3κ

∞

∑
m=0

Cm

]]
.

(54)

Similarly,

f0(x, t) = b2 sech2

(
g
2
+

bx
2

)
,

g0(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
,

On m = 0

f1(x, t) =

sinh

(
g
2 + bx

2

)
κb5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
,
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g1(x, t) =
1
2

sinh

(
g
2 + bx

2

)
√

2κ
3
2 b5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
,

On m = 1

f2(x, t) =
1
2

b8κ2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

) t2δ

Γ(2δ + 1)
,

g2(x, t) =
1
4

b8√2κ
5
2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

) t2δ

Γ(2δ + 1)
,

On m = 2

f3(x, t) =

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ3

cosh7

(
g
2 + bx

2

) t3δ

Γ(3δ + 1)
+

3
2

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ3Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

g3(x, t) =
1
2

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ

7
2

cosh7

(
g
2 + bx

2

)
√

2

t3δ

Γ(3δ + 1)
+

3
4

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ

7
2 Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

Thus, the approximate solution for (m ≥ 3) is computed in the same manner
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f(x, t) = f0(x, t) + f1(x, t) + f2(x, t) + f3(x, t) + · · ·

f(x, t) = b2 sech2

(
g
2
+

bx
2

)
+

sinh

(
g
2 + bx

2

)
κb5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
+

1
2

b8κ2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

) t2δ

Γ(2δ + 1)
+

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ3

cosh7

(
g
2 + bx

2

) t3δ

Γ(3δ + 1)
+

3
2

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ3Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

g(x, t) = g0(x, t) + g1(x, t) + g2(x, t) + g3(x, t) + · · ·

g(x, t) =
√

κ

2
b2 sech2

(
g
2
+

bx
2

)
+

1
2

sinh

(
g
2 + bx

2

)
√

2κ
3
2 b5

cosh3

(
g
2 + bx

2

) tδ

Γ(δ + 1)
+

1
4

b8√2κ
5
2

(
2 cosh2

(
g
2 + bx

2

)
− 3

)

cosh4

(
g
2 + bx

2

)

t2δ

Γ(2δ + 1)
+

1
2

sinh

(
g
2 + bx

2

)(
cosh4

(
g
2 + bx

2

)
− 9 cosh2

(
g
2 + bx

2

)
+ 9

)
b11κ

7
2

cosh7

(
g
2 + bx

2

)
√

2

t3δ

Γ(3δ + 1)
+

3
4

sinh

(
g
2 + bx

2

)(
2 cosh2

(
g
2 + bx

2

)
− 3

)
b11κ

7
2 Γ(2δ + 1)

cosh7

(
g
2 + bx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

Inserting δ = 1, we obtain

f(x, t) = b2 sech2

(
g
2
− κb3t

2
+

bx
2

)
, g(x, t) =

√
κ

2
b2 sech2

(
g
2
− κb3t

2
+

bx
2

)
. (55)

Four diagrams are shown in Figure 1: (a) the precise solution of f(x, t), (b) representing
the HPTM solution of f(x, t), (c) representing the ETDM solution of f(x, t), and (d) rep-
resenting the 2D comparison of the precise and proposed schemes solution for g(x, t).
The graphical results demonstrate how closely the exact solution and the analytical solution
match up. Figure 2 is split into two sections: the solutions for the suggested strategies
are given in (a) at δ = 0.6 and (b) at δ = 0.8. Similarly, Figure 3 presents two diagrams:
(a) the 3D surface solution of the suggested methods and (b) the 2D surface solution of the
suggested methods of f(x, t). In a similar way, four diagrams are shown in Figure 4: (a) the
precise solution of f(x, t), (b) representing the HPTM solution of f(x, t), (c) representing
the ETDM solution of f(x, t), and (d) representing the 2D comparison of the precise and
proposed schemes solution for g(x, t). Figure 5 is split into two sections: the solutions for
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the suggested strategies are given in (a) at δ = 0.6 and (b) at δ = 0.8. Similarly, Figure 6
presents two diagrams: (a) the 3D surface solution of the suggested methods and (b) the 2D
surface solution of the suggested methods of g(x, t). The precise results and approximate
results achieved by the proposed strategies for δ = 0.85, 0.90, 0.95 and δ = 1 are compared
in Tables 1 and 2. The absolute error analysis between the suggested techniques and
other methods is presented in Tables 3 and 4, demonstrating the superior accuracy of the
proposed strategies over the other methods.

Figure 1. Plot (a) representing the precise solution, (b) HPTM solution, (c) ETDM solution, and
(d) representing the comparison of the precise and proposed schemes solution for f(x, t).

Figure 2. Plot (a) representing our approaches solution at δ = 0.6, (b) representing our approaches
solution at δ = 0.8 for f(x, t).
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Figure 3. Plot (a) representing 3D behavior of our approaches solution (b) representing 2D behavior
of our approaches solution at different orders of δ = 0.4, 0.6, 0.8, 1 for f(x, t).

Figure 4. Plot (a) representing the precise solution, (b) HPTM solution, (c) ETDM solution, and
(d) representing the comparison of the precise and proposed schemes solution for g(x, t).

Figure 5. Plot (a) representing our approaches solution at δ = 0.6, (b) representing our approaches
solution at δ = 0.8 for g(x, t).
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Figure 6. Plot (a) representing 3D behavior of our approaches solution (b) representing 2D behavior
of our approaches solution at different orders of δ = 0.4, 0.6, 0.8, 1 for g(x, t).

Table 1. Numerical representation of the precise and our approaches solution for f(x, t).

t x δ = 0.85 δ = 0.90 δ = 0.95 δ = 1 (Appro) δ = 1 (Exact) δ = 1 (Error)

0.0 0.1967317176 0.1967054903 0.1966848785 0.1966687124 0.1966687124 0.0000000000000
0.2 0.1874935332 0.1874664560 0.1874451775 0.1874284891 0.1874284890 1.000000000× 10−10

0.01 0.4 0.1780204208 0.1779928319 0.1779711521 0.1779541496 0.1779541496 0.0000000000000
0.6 0.1684252406 0.1683974529 0.1683756179 0.1683584941 0.1683584941 0.0000000000000
0.8 0.1588113800 0.1587836770 0.1587619095 0.1587448390 0.1587448390 0.0000000000000
1 0.1492713947 0.1492440275 0.1492225242 0.1492056616 0.1492056615 1.000000000× 10−10

0.0 0.1969165494 0.1968633087 0.1968190098 0.1967822290 0.1967822293 1.000000000× 10−10

0.2 0.1876843872 0.1876294025 0.1875836580 0.1875456805 0.1875456805 0.0000000000000
0.03 0.4 0.1782149127 0.1781588717 0.1781122532 0.1780735534 0.1780735534 0.0000000000000

0.6 0.1686211600 0.1685647004 0.1685177379 0.1684787553 0.1684787553 0.0000000000000
0.8 0.1590067250 0.1589504244 0.1589035980 0.1588647309 0.1588647308 1.000000000× 10−10

1 0.1494643939 0.1494087637 0.1493624982 0.1493240987 0.1493240987 0.0000000000000

0.0 0.1970819829 0.1970098889 0.1969482590 0.1968956906 0.1968956906 0.0000000000000
0.2 0.1878552650 0.1877807852 0.1877171266 0.1876628354 0.1876628354 0.0000000000000

0.05 0.4 0.1783890954 0.1783131634 0.1782482731 0.1781929383 0.1781929382 1.000000000× 10−10

0.6 0.1687966638 0.1687201455 0.1686547628 0.1685990137 0.1685990137 0.0000000000000
0.8 0.1591817521 0.1591054325 0.1590402270 0.1589846343 0.1589846343 0.0000000000000
1 0.1496373527 0.1495619268 0.1494974915 0.1494425606 0.1494425602 0.0000000000000

Table 2. Numerical representation of the precise and our approaches solution for g(x, t).

t x δ = 0.85 δ = 0.90 δ = 0.95 δ = 1 (Appro) δ = 1 (Exact) δ = 1 (Error)

0.0 0.0983658588 0.0983527451 0.0983424392 0.0983343562 0.0983343562 3.890000000× 10−12

0.2 0.0937467665 0.0937332279 0.0937225887 0.0937142445 0.0937142445 1.650000000× 10−12

0.01 0.4 0.0890102104 0.0889964159 0.0889855760 0.0889770748 0.0889770748 3.830000000× 10−12

0.6 0.0842126203 0.0841987264 0.0841878089 0.0841792470 0.0841792470 1.840000000× 10−12

0.8 0.0794056900 0.0793918385 0.0793809547 0.0793724195 0.0793724195 2.450000000× 10−12

1 0.0746356973 0.0746220137 0.0746112621 0.0746028307 0.0746028307 1.040000000× 10−12

0.0 0.0984582746 0.0984316543 0.0984095049 0.0983911146 0.0983911146 2.800000000× 10−12

0.2 0.0938421935 0.0938147012 0.0937918289 0.0937728402 0.0937728402 1.016000000× 10−11

0.03 0.4 0.0891074563 0.0890794358 0.0890561266 0.0890367767 0.0890367767 6.580000000× 10−12

0.6 0.0843105799 0.0842823502 0.0842588689 0.0842393776 0.0842393776 2.180000000× 10−12

0.8 0.0795033624 0.0794752122 0.0794517990 0.0794323654 0.0794323654 7.860000000× 10−12

1 0.0747321969 0.0747043818 0.0746812490 0.0746620493 0.0746620493 3.220000000× 10−12
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Table 2. Cont.

t x δ = 0.85 δ = 0.90 δ = 0.95 δ = 1 (Appro) δ = 1 (Exact) δ = 1 (Error)

0.0 0.0985409915 0.0985049444 0.0984741294 0.0984478452 0.0984478452 2.600000000× 10−12

0.2 0.0939276325 0.0938903926 0.0938585632 0.0938314176 0.0938314176 3.100000000× 10−12

0.05 0.4 0.0891945477 0.0891565817 0.0891241365 0.0890964691 0.0890964691 7.900000000× 10−12

0.6 0.0843983319 0.0843600727 0.0843273813 0.0842995068 0.0842995068 1.600000000× 10−12

0.8 0.0795908760 0.0795527162 0.0795201134 0.0794923171 0.0794923171 6.600000000× 10−12

1 0.0748186763 0.0747809633 0.0747487457 0.0747212800 0.0747212800 5.300000000× 10−12

Table 3. Comparative analysis among our approaches solution homotopy decomposition method
(HDM), the natural decomposition method (NDM), and the modified Mittag-Leffler function method
(MMLFM) for f(x, t).

x t Error NDM Error HDM Error MGMFM Error of Proposed Methods

−10 0.1 2.95039 × 10−8 2.99039 × 10−8 5.0551 × 10−10 0.0000000000
0.2 2.30335 × 10−7 2.33335 × 10−7 1.76949 × 10−9 2.00000 × 10−11

−5 0.1 3.93592 × 10−6 3.96592 × 10−6 1.05846 × 10−6 0.0000000000
0.2 0.0000308049 0.0000338049 0.000037098 2.00000 × 10−10

5 0.1 0.000202966 0.00000397592 0.0000138323 0.0000000000
0.2 0.000515586 0.0000378049 0.0000633656 2.00000 × 10−11

10 0.1 2.11254 × 10−8 2.96039 × 10−8 6.59404 × 10−10 1.00000 ×10−12

0.2 2.28173 × 10−7 2.37335 × 10−7 3.01639 × 10−9 3.00000 × 10−12

Table 4. Comparative analysis among our approaches solution with NDM, HDM, and MGMFM
for g(x, t).

x t Error NDM Error HDM Error MGMFM Error of Proposed Methods

−10 0.1 2.08624 × 10−8 2.18624 × 10−8 3.57125 × 10−10 5.00000×10−14

0.2 1.62872 × 10−7 1.64872 × 10−7 1.25122 × 10−9 8.30000 × 10−12

−5 0.1 2.78312 × 10−6 2.88312 × 10−6 7.48447 × 10−6 7.50000 × 10−12

0.2 0.0000217824 0.0000287824 0.0000262322 6.78000 × 10−11

5 0.1 2.9094 × 10−6 2.98312 × 10−6 9.78092 × 10−6 1.03000 × 10−12

0.2 0.0000238036 0.0000247824 0.000044806 7.70000 × 10−12

10 0.1 2.19313 × 10−8 2.09624 × 10−8 4.6629 × 10−10 3.47000 × 10−13

0.2 1.79991 × 10−7 1.72872 × 10−7 2.13291 × 10−9 1.51000 ×10 −12

7.2. Example

Assuming the nonlinear fractional dispersive long wave system of the form

∂δf
∂tδ

= −gx(x, t)− 1
2

(
f2(x, t)

)
x

,

∂δg
∂tδ

= −
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

,

(56)

with

f(x, 0) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
, g(x, 0) = −1 +

1
2

κ2 sech2

(
b
2
+

κx
2

)
.

Case I: Application of HPTM
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Executing the ET, we have

E
[

∂δf
∂tδ

]
= E

[
− gx(x, t)− 1

2

(
f2(x, t)

)
x

]
,

E
[

∂δg
∂tδ

]
= E

[
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

]
.

(57)

Thus we obtain

1
uδ

{M(u)− u2f(0)} = E

[
− gx(x, t)− 1

2

(
f2(x, t)

)
x

]
,

1
uδ

{M(u)− u2g(0)} = E

[
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

]
,

(58)

M(u) = u2f(0) + uδ

[
− gx(x, t)− 1

2

(
f2(x, t)

)
x

]
,

M(u) = u2g(0) + uδ

[
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

]
.

(59)

Executing the inverse ET, we have

f(x, t) = f(0) + E−1

[
uδ

{
E

(
− gx(x, t)− 1

2

(
f2(x, t)

)
x

)}]
,

g(x, t) = g(0) + E−1

[
uδ

{
E

(
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

)}]
,

f(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
+ E−1

[
uδ

{
E

(
− gx(x, t)− 1

2

(
f2(x, t)

)
x

)}]
,

g(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
+ E−1

[
uδ

{
E

(
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

)}]
.

(60)

In the context of the homotopy perturbation method, we have

∞

∑
k=0

ϵkfk(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
+ ϵ

(
E−1

[
uδE

[
−
(

∞

∑
k=0

ϵkgk(x, t)

)
− 1

2

(
∞

∑
k=0

ϵk Hk(x, t)

)
x

]])
,

∞

∑
k=0

ϵkgk(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
+ ϵ

(
E−1

[
uδE

[
−
((

∞

∑
k=0

ϵkfk(x, t)

)
+

(
∞

∑
k=0

ϵkfk(x, t)

)
xx

+

(
∞

∑
k=0

ϵk Hk(x, t)

))
x

]])
.

(61)

Equating the similar components of ϵ, we obtain
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ϵ0 : f0(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
,

ϵ0 : g0(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
,

ϵ1 : f1(x, t) = −1
2

κ3

cosh2

(
b
2 + κx

2

) tδ

Γ(δ + 1)
,

ϵ1 : g1(x, t) =
1
2

κ4 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) tδ

Γ(δ + 1)
,

ϵ2 : f2(x, t) = −1
2

κ5 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)
,

ϵ2 : g2(x, t) =
1
4

κ6

(
2 cosh2

(
b
2 + κx

2

)
− 3

)

cosh4

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)
,

ϵ3 : f3(x, t) = −1
4

κ7

(
2 cosh3

(
b
2 + κx

2

)
− 3 cosh

(
b
2 + κx

2

)
+ 2 sinh

(
b
2 + κx

2

))

cosh5

(
b
2 + κx

2

) t3δ

Γ(3δ + 1)
+

1
4

κ7 sinh

(
b
2 + κx

2

)
Γ(2δ + 1)

cosh

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

ϵ3 : g3(x, t) =
1
4

κ8

(
2 sinh

(
b
2 + κx

2

)
cosh3

(
b
2 + κx

2

)
+ 4 cosh2

(
b
2 + κx

2

)
− 6 sinh

(
b
2 + κx

2

)
cosh

(
b
2 + κx

2

)
− 5

)

cosh6

(
b
2 + κx

2

)

t3δ

Γ(3δ + 1)
− 1

8

κ8

(
4 cosh2

(
b
2 + κx

2

)
− 5

)
Γ(2δ + 1)

cosh6

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

...

Thus, the approximate solution is computed as
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f(x, t) = f0(x, t) + f1(x, t) + f2(x, t) + f3(x, t) + · · ·

f(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
− 1

2
κ3

cosh2

(
b
2 + κx

2

) tδ

Γ(δ + 1)
− 1

2

κ5 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)

− 1
4

κ7

(
2 cosh3

(
b
2 + κx

2

)
− 3 cosh

(
b
2 + κx

2

)
+ 2 sinh

(
b
2 + κx

2

))

cosh5

(
b
2 + κx

2

) t3δ

Γ(3δ + 1)
+

1
4

κ7 sinh

(
b
2 + κx

2

)
Γ(2δ + 1)

cosh

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

g(x, t) = g0(x, t) + g1(x, t) + g2(x, t) + g3(x, t) + · · ·

g(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
+

1
2

κ4 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) tδ

Γ(δ + 1)
+

1
4

κ6

(
2 cosh2

(
b
2 + κx

2

)
− 3

)

cosh4

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)
+

1
4

κ8

(
2 sinh

(
b
2 + κx

2

)
cosh3

(
b
2 + κx

2

)
+ 4 cosh2

(
b
2 + κx

2

)
− 6 sinh

(
b
2 + κx

2

)
cosh

(
b
2 + κx

2

)
− 5

)

cosh6

(
b
2 + κx

2

)

t3δ

Γ(3δ + 1)
− 1

8

κ8

(
4 cosh2

(
b
2 + κx

2

)
− 5

)
Γ(2δ + 1)

cosh6

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

Case II: Application of ETDM
Executing the ET, we have

E
[

∂δf
∂tδ

]
= E

[
− gx(x, t)− 1

2

(
f2(x, t)

)
x

]
,

E
[

∂δg
∂tδ

]
= E

[
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

]
.

(62)

Thus we obtain

1
uδ

{M(u)− u2f(0)} = E

[
− gx(x, t)− 1

2

(
f2(x, t)

)
x

]
,

1
uδ

{M(u)− u2g(0)} = E

[
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

]
,

(63)
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M(u) = u2f(0) + uδ

[
− gx(x, t)− 1

2

(
f2(x, t)

)
x

]
,

M(u) = u2g(0) + uδ

[
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

]
.

(64)

Executing the inverse ET, we have

f(x, t) = f(0) + E−1

[
uδ

{
E

(
− gx(x, t)− 1

2

(
f2(x, t)

)
x

)}]
,

g(x, t) = g(0) + E−1

[
uδ

{
E

(
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

)}]
,

f(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
+ E−1

[
uδ

{
E

(
− gx(x, t)− 1

2

(
f2(x, t)

)
x

)}]
,

g(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
+ E−1

[
uδ

{
E

(
−
(

f(x, t) + fxx(x, t) + f(x, t)g(x, t)

)
x

)}]
.

(65)

Assuming the solution is in the form of

f(x, t) =
∞

∑
m=0

fm(x, t), g(x, t) =
∞

∑
m=0

gm(x, t). (66)

Considering the nonlinear terms by the Adomian polynomial as f2(x, t) = ∑∞
m=0 Am,

f(x, t)g(x, t) = ∑∞
m=0 Bm. So, we have

∞

∑
m=0

fm(x, t) = f(x, 0) + E−1

[
uδE

[
− gx(x, t)− 1

2

(
∞

∑
m=0

Am

)
x

]]
,

∞

∑
m=0

gm(x, t) = g(x, 0) + E−1

[
uδE

[
−
(

f(x, t) + fxx(x, t) +
∞

∑
m=0

Bm

)
x

]]
,

∞

∑
m=0

fm(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
+ E−1

[
uδE

[
− gx(x, t)− 1

2

(
∞

∑
m=0

Am

)
x

]]
,

∞

∑
m=0

gm(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
+ E−1

[
uδE

[
−
(

f(x, t) + fxx(x, t) +
∞

∑
m=0

Bm

)
x

]]
.

(67)

Similarly,

f0(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
,

g0(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
,

On m = 0

f1(x, t) = −1
2

κ3

cosh2

(
b
2 + κx

2

) tδ

Γ(δ + 1)
,
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g1(x, t) =
1
2

κ4 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) tδ

Γ(δ + 1)
,

On m = 1

f2(x, t) = −1
2

κ5 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)
,

g2(x, t) =
1
4

κ6

(
2 cosh2

(
b
2 + κx

2

)
− 3

)

cosh4

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)
,

On m = 2

f3(x, t) = −1
4

κ7

(
2 cosh3

(
b
2 + κx

2

)
− 3 cosh

(
b
2 + κx

2

)
+ 2 sinh

(
b
2 + κx

2

))

cosh5

(
b
2 + κx

2

) t3δ

Γ(3δ + 1)
+

1
4

κ7 sinh

(
b
2 + κx

2

)
Γ(2δ + 1)

cosh

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

g3(x, t) =
1
4

κ8

(
2 sinh

(
b
2 + κx

2

)
cosh3

(
b
2 + κx

2

)
+ 4 cosh2

(
b
2 + κx

2

)
− 6 sinh

(
b
2 + κx

2

)
cosh

(
b
2 + κx

2

)
− 5

)

cosh6

(
b
2 + κx

2

)

t3δ

Γ(3δ + 1)
− 1

8

κ8

(
4 cosh2

(
b
2 + κx

2

)
− 5

)
Γ(2δ + 1)

cosh6

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
,

Thus, the approximate solution for (m ≥ 3) is computed in the same manner
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f(x, t) = f0(x, t) + f1(x, t) + f2(x, t) + f3(x, t) + · · ·

f(x, t) = κ

[
tanh

(
b
2
+

κx
2

)
+ 1

]
− 1

2
κ3

cosh2

(
b
2 + κx

2

) tδ

Γ(δ + 1)
− 1

2

κ5 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)

− 1
4

κ7

(
2 cosh3

(
b
2 + κx

2

)
− 3 cosh

(
b
2 + κx

2

)
+ 2 sinh

(
b
2 + κx

2

))

cosh5

(
b
2 + κx

2

) t3δ

Γ(3δ + 1)
+

1
4

κ7 sinh

(
b
2 + κx

2

)
Γ(2δ + 1)

cosh

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

g(x, t) = g0(x, t) + g1(x, t) + g2(x, t) + g3(x, t) + · · ·

g(x, t) = −1 +
1
2

κ2 sech2

(
b
2
+

κx
2

)
+

1
2

κ4 sinh

(
b
2 + κx

2

)

cosh3

(
b
2 + κx

2

) tδ

Γ(δ + 1)
+

1
4

κ6

(
2 cosh2

(
b
2 + κx

2

)
− 3

)

cosh4

(
b
2 + κx

2

) t2δ

Γ(2δ + 1)
+

1
4

κ8

(
2 sinh

(
b
2 + κx

2

)
cosh3

(
b
2 + κx

2

)
+ 4 cosh2

(
b
2 + κx

2

)
− 6 sinh

(
b
2 + κx

2

)
cosh

(
b
2 + κx

2

)
− 5

)

cosh6

(
b
2 + κx

2

)

t3δ

Γ(3δ + 1)
− 1

8

κ8

(
4 cosh2

(
b
2 + κx

2

)
− 5

)
Γ(2δ + 1)

cosh6

(
b
2 + κx

2

)
Γ(δ + 1)2

t3δ

Γ(3δ + 1)
+ · · ·

Inserting δ = 1, we obtain

f(x, t) = κ

[
tanh

(
b
2
− κ2t

2
+

κx
2

)
+ 1

]
, g(x, t) = −1+

1
2

κ2 sech2

(
b
2
− κ2t

2
+

κx
2

)
. (68)

Four diagrams are shown in Figure 7: (a) the precise solution of f(x, t), (b) representing
the HPTM solution of f(x, t), (c) representing the ETDM solution of f(x, t), and (d) repre-
senting the 2D comparison of the precise and proposed schemes solution for f(x, t). Figure 8
is split into two sections: the solutions for the suggested strategies are (a) at δ = 0.6 and
(b) at δ = 0.8. Similarly, Figure 9 presents two diagrams: (a) the 3D surface solution of
the suggested methods and (b) the 2D surface solution of the suggested methods of f(x, t).
In a similar way, four diagrams are shown in Figure 10: (a) the precise solution of g(x, t),
(b) representing the HPTM solution of g(x, t), (c) representing the ETDM solution of g(x, t),
and (d) representing the 2D comparison of the precise and proposed schemes solution for
g(x, t). Figure 11 is split into two sections: the solutions for the suggested strategies are
(a) at δ = 0.6 and (b) at δ = 0.8. Similarly, Figure 12 presents two diagrams: (a) the 3D
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surface solution of the suggested methods and (b) the 2D surface solution of the suggested
methods of g(x, t). The precise results and approximate results achieved by the proposed
strategies for δ = 0.85, 0.90, 0.95 and δ = 1 are compared in Tables 5 and 6. The convergence
of fractional-order solutions towards integer-order solutions has been confirmed by the
graphical and tabular representations. We just compute the iteration up to three terms,
and our solution series swiftly converges to the exact result. To increase the approximate
outcomes accuracy, a few additional iterations can be examined. The similarity of the
results obtained validates the accuracy of the suggested strategies.

Figure 7. Plot (a) representing the precise solution, (b) HPTM solution, (c) ETDM solution, and
(d) representing the comparison of the precise and proposed schemes solution for f(x, t).

Figure 8. Plot (a) representing our approaches solution at δ = 0.6, (b) representing our approaches
solution at δ = 0.8 for f(x, t).



Fractal Fract. 2024, 8, 708 27 of 31

Figure 9. Plot (a) representing 3D behavior of our approaches solution (b) representing 2D behavior
of our approaches solution at different orders of δ = 0.4, 0.6, 0.8, 1 for f(x, t).

Figure 10. Plot (a) representing the precise solution, (b) HPTM solution, (c) ETDM solution, and
(d) representing the comparison of the precise and proposed schemes solution for g(x, t).

Figure 11. Plot (a) representing our approaches solution at δ = 0.6, (b) representing our approaches
solution at δ = 0.8 for g(x, t).
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Figure 12. Plot (a) representing 3D behavior of our approaches solution (b) representing 2D behavior
of our approaches solution at different orders of δ = 0.4, 0.6, 0.8, 1 for g(x, t).

Table 5. Numerical representation of the precise and our approaches solution for f(x, t).

t x δ = 0.85 δ = 0.90 δ = 0.95 δ = 1 (Appro) δ = 1 (Exact) δ = 1 (Error)

0.0 0.6212187486 0.6214906374 0.6217042030 0.6218716422 0.6218716423 1.000000000× 10−10

0.2 0.6444483848 0.6447131499 0.6449211053 0.6450841376 0.6450841376 0.0000000000000
0.01 0.4 0.6670170245 0.6672736736 0.6674752408 0.6676332571 0.6676332571 0.0000000000000

0.6 0.6888447873 0.6890924668 0.6892869767 0.6894394532 0.6894394530 2.000000000× 10−10

0.8 0.7098640809 0.7101020819 0.7102889792 0.7104354810 0.7104354810 0.0000000000000
1 0.7300199762 0.7302477367 0.7304265814 0.7305667650 0.7305667650 0.0000000000000

0.0 0.6192994288 0.6198531806 0.6203133115 0.6206951914 0.6206951914 0.0000000000000
0.2 0.6425789196 0.6431184078 0.6435667139 0.6439385559 0.6439385560 1.000000000× 10−10

0.03 0.4 0.6652044551 0.6657276375 0.6661623278 0.6665228333 0.6665228332 1.000000000× 10−10

0.6 0.6870951836 0.6876002972 0.6880199133 0.6883678769 0.6883678768 1.000000000× 10−10

0.8 0.7081824931 0.7086680680 0.7090713960 0.7094058153 0.7094058152 1.000000000× 10−10

1 0.7284104181 0.7288752834 0.7292613573 0.7295814362 0.7295814362 0.0000000000000

0.0 0.6175763673 0.6183285204 0.6189704734 0.6195172196 0.6195173196 0.0000000000000
0.2 0.6408999140 0.6416330073 0.6422585524 0.6427912241 0.6427913242 1.000000000× 10−10

0.05 0.4 0.6635758880 0.6642871204 0.6648938791 0.6654105586 0.6654105588 2.000000000× 10−10

0.6 0.6855225729 0.6862095191 0.6867953348 0.6872942801 0.6872942802 1.000000000× 10−10

0.8 0.7066704457 0.7073310765 0.7078944323 0.7083739909 0.7083739910 1.000000000× 10−10

1 0.7269626128 0.7275953039 0.7281347285 0.7285938426 0.7285938428 2.000000000× 10−10

Table 6. Numerical representation of the precise and our approaches solution for g(x, t).

t x δ = 0.85 δ = 0.90 δ = 0.95 δ = 1 (Appro) δ = 1 (Exact) δ = 1 (Error)

0.0 −0.8823471142 −0.8823800363 −0.8824059711 −0.8824263486 −0.8824263486 0.0000000000000
0.2 −0.8854327834 −0.8854709940 −0.8855010772 −0.8855247034 −0.8855247035 1.000000000× 10−10

0.01 0.4 −0.8889474516 −0.8889902843 −0.8890239912 −0.8890504544 −0.8890504544 0.0000000000000
0.6 −0.8928312777 −0.8928780207 −0.8929147917 −0.8929436531 −0.8929436532 1.000000000× 10−10

0.8 −0.8970215594 −0.8970714795 −0.8971107385 −0.8971415458 −0.8971415458 0.0000000000000
1 −0.9014546801 −0.9015070442 −0.9015482149 −0.9015805166 −0.9015805166 0.0000000000000

0.0 −0.8821169699 −0.8821827459 −0.8822377760 −0.8822836646 −0.8822836646 0.0000000000000
0.2 −0.8851651264 −0.8852417744 −0.8853058122 −0.8853591540 −0.8853591540 0.0000000000000

0.03 0.4 −0.8886469628 −0.8887331398 −0.8888050644 −0.8888649271 −0.8888649270 1.000000000× 10−10

0.6 −0.8925029621 −0.8925972288 −0.8926758414 −0.8927412285 −0.8927412285 0.0000000000000
0.8 −0.8966705829 −0.8967714520 −0.8968555144 −0.8969253977 −0.8969253977 0.0000000000000
1 −0.9010862160 −0.9011921955 −0.9012804676 −0.9013538180 −0.9013538180 0.0000000000000
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Table 6. Cont.

t x δ = 0.85 δ = 0.90 δ = 0.95 δ = 1 (Appro) δ = 1 (Exact) δ = 1 (Error)

0.0 −0.8819140022 −0.8820017099 −0.8820772985 −0.8821421948 −0.8821421948 0.0000000000000
0.2 −0.8849281965 −0.8850307991 −0.8851190436 −0.8851946812 −0.8851946811 1.000000000× 10−10

0.05 0.4 −0.8883802308 −0.8884959228 −0.8885952736 −0.8886803266 −0.8886803265 1.000000000× 10−10

0.6 −0.8922108917 −0.8923377318 −0.8924465260 −0.8925395737 −0.8925395737 0.0000000000000
0.8 −0.8963577949 −0.8964937704 −0.8966102864 −0.8967098601 −0.8967098601 0.0000000000000
1 −0.9007573493 −0.9009004363 −0.9010229459 −0.9011275725 −0.9011275725 0.00000000E+00

8. Conclusions

We prove that our methods for fractional models are clear-cut and accurate, and re-
searchers can apply these methods to tackle a wide range of issues. In this study, we
successfully apply two innovative methods to give an approximation solution for NFDE
systems with a generalised fractional derivative. We put the approaches to the test in two
distinct scenarios. The generated results are shown as a series and, due to their quick
convergence, the pace of convergence reveals some remarkable insights. The tables and
plots show that the suggested strategies are more accurate and successful than the other
approaches. To verify the viability and accuracy of these proposed methodologies, we
compare our obtained numerical results with the exact solution. We observe that the
fractal solution yields the exact solution only after a few iterations. The use of fractional
orders has led to the creation of several different solutions. These solutions have been
understood through a variety of representations, which have made clear some important
characteristics of the fractional models under investigation. It has been observed that
when the arbitrary order becomes closer to integer order, the test issues’ findings converge
to the integer-order solution. The numerical findings demonstrate conclusively that the
suggested procedures are simple to implement and provide accurate outcomes for the
suggested systems. The mathematical results demonstrate the precision, dependability,
and effectiveness of the suggested methods, and they can be a useful tool for resolving
non-integer order DE that arises in the applied sciences.
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