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Abstract: In this paper, we present the existence of a mild solution for a class of a neutral stochastic
integro-differential system over a Hilbert space. Such systems are influenced by both multiplicative
and fractional noise, alongside non-instantaneous impulses, with a Hurst index H in the interval
( 1

2 , 1). Additionally, the systems under consideration feature state-dependent delays (SDDs). To
address this, we develop an approach to reformulate the neutral stochastic integro-differential system,
incorporating SDDs and non-instantaneous impulses, into an equivalent fixed-point (FP) problem
via an appropriate integral operator. By integrating stochastic analysis with the theory of resolvent
operators, we employ Banach’s FP theorem to establish both the existence and uniqueness of the
solution. Furthermore, we explore the Ulam–Hyers–Rassias stability of the system. Lastly, we provide
illustrative examples to demonstrate the practical applicability of our results.
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1. Introduction

The exploration of SDD differential equations has attracted considerable research at-
tention owing to its practical relevance and the inherent complexity of its qualitative theory,
which differs from that of conventional delay differential equations. Consequently, there
has been significant interest in investigating various properties associated with this class of
equations, as evidenced by the literature [1–5]. Conversely, the utilization of mathematics
to model real-world phenomena or human-induced events often results in dynamical
systems with inherent randomness. Stochastic differential equations (SDEs) provide a
mathematical framework for describing the time evolution of systems or phenomena that
are subject to random influences. In recent years, both finite and infinite-dimensional SDEs
have emerged as focal points of research across diverse fields. These neutral stochastic
integro-differential systems have gained significant attention due to their ability to effec-
tively represent diverse phenomena across various scientific and engineering domains.
They serve as valuable models for understanding and analyzing population dynamics,
physics, electrical engineering, ecology, medicine, biology, and numerous other fields. The
versatility of these systems makes them instrumental in studying complex real-world phe-
nomena and addressing practical problems in different disciplines. For a comprehensive
overview of SDEs and their applications, readers are directed to works such as [6–13].

The theory of impulsive differential equations (IDEs) provides an effective tool for
accurately simulating a wide range of real-world scenarios, such as frequency-modulated
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systems, biological phenomena involving thresholds, and rhythmic bursting models in
biology and medicine. In IDEs, impulses are distinguished from continuous evolution
processes by abrupt and instantaneous perturbations, which begin abruptly and last for
a negligible amount of time relative to the process as a whole. However, instantaneous
impulses (II) might not adequately capture the dynamics of evolution in many real-world
scenarios. For example, when a patient receives medication that is customized to meet
their specific hemodynamic balance, drug absorption happens gradually and continuously.
Consequently, such gradual processes are not well represented by II [14–16].

The influence of drug consumption on memory represents a phenomenon that re-
mains incompletely understood within the framework of the recently proposed impulsive
conditions discussed in reference [17]. In these particular cases, the field of fractional
calculus (FC) offers a promising approach for gaining deeper insights into the underlying
mechanisms [18]. Consequently, there is currently a growing interest among the scientific
community in developing robust mathematical models that incorporate historical infor-
mation inputs. These models aim to provide a more comprehensive understanding of
the impact of drug intake on memory function, thereby contributing to advancements in
this field of study. In this context, the concept of fractional derivatives (FD) stands out
as particularly effective, especially in complex models with hereditary properties. This
paper aims to explore the existence outcomes concerning a specific set of impulsive neutral
stochastic integro-differential equations with state dependence.

Additionally, stability analysis plays a key role in areas such as FD, numerical anal-
ysis, economics, and optimization theory. Various forms of stability are discussed in
the literature, including Mittag-Leffler stability, Lyapunov stability, exponential stability,
and Hyers–Ulam (HU) stability [19]. Recently, HU stability has become a topic of grow-
ing interest in the analysis of FDEs, with several papers being dedicated to this type of
stability [20,21]. We draw inspiration from the work presented in [22] and thoroughly
examine the considered model.

d[Ψ(v)− ∑n
i=1 Γi(v, Ψϱ(v,Ψv))] = AΨ(v) +

∫ v
0 G(v − u)Ψ(u)du + ∆(v, Ψϱ(v,Ψv))

+Υ(v, Ψϱ(v,Ψ),
∫ v

0 h(v, u, Ψϱ(v,Ψ))du) +
∫ v

0 λ(v, s, Ψϱ(u,Ψ)
)dBH(u)

+
∫ v

0 g(v, s, Ψϱ(u,Ψ))dB(u), v ∈ ⋃n
i=0(ui, vi+1], n ∈ N,

Ψ(v) = Si(v, Ψϱ(v,Ψv)), v ∈ ⋃n
i=1(vi, ui],

Ψ(v) = η(v) ∈ B, v ∈ (−∞, 0],

(1)

Based on the value of H, the fractional Brownian motion (fBm) process exhibits the
following characteristics:

If H = 1
2 , then the process corresponds to a Brownian motion or a Wiener process,

which is a special case of fBm. In this case, the increments of the process are uncorrelated
and exhibit no long-term dependence.

If H > 1
2 , then the increments of the process are positively correlated. This means that

if the process increases (or decreases) over a certain period, it is more likely to continue in
the same direction over subsequent periods. This positive correlation indicates a persistent
behavior in the process.

If H < 1
2 , then the increments of the process are negatively correlated. This implies

that if the process increases (or decreases) over a certain period, it is more likely to reverse
its direction and move in the opposite direction over subsequent periods. This negative
correlation suggests a mean-reverting behavior in the process.

In summary, depending on the value of H, the fBm process can exhibit characteris-
tics such as uncorrelated increments (Brownian motion), positive correlation (persistent
behavior), or negative correlation (mean-reverting behavior).
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SDEs featuring SDD have garnered significant attention in recent years. Numerous
researchers have delved into both the qualitative and quantitative aspects of various
stochastic systems exhibiting such delays. In the considered framework, the state variable
Ψ(·) is defined to be an element of a separable real Hilbert space (N , (·, ·), | · |).

Let us consider the operator A : D(A) ⊂ N → N , which is a closed and linear genus, a
semigroup denoted as (T(v))t>0. Additionally, we have G(v) as another operator which is
closed and linear with its domain D(g(v)) ⊂ D(A). The history function Ψt : (−∞, 0] → N
describes the temporal evolution of Ψ from −∞ to the current time t. It is defined as
Ψt(ϑ) = Ψ(v + ϑ) for ϑ ∈ (−∞, 0], and it belongs to the abstract phase space denoted as
B. Furthermore, w(v) represents a Brownian motion taking place in Hilbert space (a real
separable) (K, (·, ·)K, | · |K). Here, n ∈ N and the sequence 0 = v0 = u0 < v1 < u1 <
v2 < · · · < vn < un < vn+1 < . . . consists of predetermined numbers. The functions Γ, ϱ,
Υ, ∆, Si, λ, and g operate within appropriate domains. Specifically, Γ : [0, ξ]×B → N ,
ϱ : [0, ξ]×B → (−∞, ξ], ∆ : [0, ξ]×B → N , Si : [0, ξ]×B → N , λ : △×B → L0

2(K,N ),
and g : △×B → L0

2(K,N ). Here, △ = {(v, u) : 0 ≤ u ≤ v ≤ ξ}.
In this work, we present the existence of solutions for system (1) using the resolvent

operator and fixed-point (FP) methods, which are thoroughly examined throughout the
manuscript. The initial result provides sufficient conditions to ensure both the existence
and uniqueness of a mild solution for system (1). This is achieved by applying Banach’s
fixed-point theorem, particularly under the assumption that the nonlinear terms adhere to
Lipschitz conditions. Additionally, we investigate the Ulam stability of the system.

2. Preliminaries

We consider the notation (N , ⟨·, ·⟩N , ∥ · ∥N ) and (⟨·, ·⟩K, ∥ · ∥K) to represent two
real, separable Hilbert spaces. Additionally, we define the complete probability space
(Ω,F, {Ft}t≥0),P, which has a normal filtration {Ft}t≥0 that satisfies the standard prop-
erties: it is increasing, right continuous, and F0 contains all P-null sets. Furthermore,
{n(v) : v ≥ 0} represents a K-valued Wiener process defined on the probability space
(Ω,F, {Ft}t≥0), with an associated covariance operator W.

E(⟨n(v), x⟩K⟨n(u), y⟩K) = (v ∧ u)⟨Wx, y⟩K,

for all x, y ∈ K, where W is a positive, self-adjoint operator of trace class acting on K.
With regard to {Ft}t≥0, we specifically designate n(v) as a K-valued W-Wiener process. In
particular, we introduce the subspace K0 = W

1
2 K of K equipped with the inner product to

delineate stochastic integrals regarding the W-Wiener process n(v).

⟨u, v⟩K0 = ⟨W
−1
2 u,W

−1
2 v⟩K.

We assume the existence of a full orthonormal system, ei, inside K in the setting of a
Hilbert space. Furthermore, for every i = 1, 2 . . . , there is a bounded sequence of positive
real numbers λi such that Wei = λiei. Moreover, we have a sequence of independent
standard Brownian motions ni(v)i>1 such that

n(v) =
+∞

∑
i=1

√
λi ni(v)ei for v ≥ 0 and Fv = Fn

v ,

where {n(u) : 0 ≤ u ≤ v} generates the σ-algebra Fn
v . The set of all Hilbert–Schmidt

operators mapping from K0 to N is denoted as L0
2 := L2(K0,N ). This space has a separable

Hilbert structure, and, for any v ∈ L0
2, it has the norm ∥v∥2

L0
2
= tr(vW

1
2 )(vW

1
2 ). It is clear

that this norm simplifies for any bounded operator v ∈ L0
2 and can be given as

∥v∥2
L0

2
= tr(vWv∗) =

∞

∑
i=1

∥∥∥√λivei

∥∥∥2
.
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Denote the Banach space of strongly measurable, square integrable random variables
by L2(Ω,F,P;N ), equipped with a norm:

∥v∥L2(Ω,N ) = (E∥v∥2
N )

1
2 .

The phase space denoted as B, as delineated by Hale and Kato in [23], is acknowledged
to address the challenge posed by infinite delay. The phase space β is required to exhibit
the attributes delineated in the lemma presented below.

Lemma 1 ([24]). The stage of abstraction, denoted as (B, || · ||), is a seminormed linear space with
F0 (measurable) functions contained within mapping (−∞, 0) → N . It satisfies the following:

1. If m : (−∞, ξ) → N is a continuous function over the interval [0, ξ], m|[0,ξ] belongs to
the space of continuous functions C([0, ξ],N ), and m0 belongs to B, then the following
conditions are satisfied:

mv ∈ B, |m(v)| ≤ K|mt|B
|mv|B ≤ N(v)|m0|B+ N(v), where sup{|m(u)| : 0 ≤ u ≤ v}.

In this case, K is a positive constant, N : [0, ∞) → [0, ∞) is a continuous function, and
H : [0, ∞) → [0, ∞) is locally bounded. Notably, the function m(·) is independent of H and N.

2. B is a complete phase space.
3. On the set ℜ(−) = {ρ(u, ψ) : (u, ψ) ∈ [0, ξ]×B}, extended to B, the mapping t 7→ ϕt is

well defined. Moreover, the mapping J ϕ : ℜ(−) → (0,+∞) is characterized by a continuous
and bounded function such that, for every v ∈ ℜ(−), |ϕt|B ≤ J ϕ(v)|ϕ|B.

Lemma 2 ([25]). Consider v : (−∞, ξ] → N as a function satisfying v0 = ϕ and v|[0,ξ] ∈
PC([0, ξ],N ). Then

∥vt∥B ≤ (Nξ + Jϕ)∥ϕ∥B + Nξ sup
v∈[0,ξ]

{∥v(σ)∥ : σ ∈ [0, max{0, v}]}, v ∈ R(−)
⋃
[0, ξ]

where
Jϕ = sup

v∈[0,ξ]
Jϕ(v), Hξ = sup

v∈[0,ξ]
H(v), Nξ = sup

v∈[0,ξ]
N (v)

Lemma 3 ([26]). For any q ≥ 1 and for any arbitrary predictable process z(·) taking values
in L0

2(K,N ),

sup
s∈[0,v]

E
∥∥∥∥∫ s

0
z(r)dB(r)

∥∥∥∥2q

N
≤ Cq

(∫ t

0
∥z(r)∥2

L0
2
dr
)q

, v ∈ [0,+∞),

where Cq = (q(2q − 1))q.

Before delving deeper into the core discoveries of this investigation, let us offer a
concise introduction to the concept of the Hausdorff measure of noncompactness from [27].

Definition 1. Within the normed space Y, consider W as a bounded subset. The following defines
the Hausdorff measure of noncompactness, or MNC for short:

ϖ(W) = inf{ϵ ≥ 0 : W has a finite cover by balls of a radius less than ϵ}.
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Lemma 4 ([27]). Let W, W1, and W2 be bounded subsets of the normed space Y. Then, the
Hausdorff measure of noncompactness satisfies the following properties:

• W1 ⊆ W2 then ϖ(W1) ⊆ ω(W2) (monotonicity);
• ϖ(W) = ϖ(W);
• ϖ(W1 +W2) ≤ ϖ(W1) + ϖ(W2), where W1 +W2 = {x + y : x ∈ W1, y ∈ W2};
• ϖ(λW) ≤ |λ|ϖ(W) for any λ ∈ R;
• ϖ(a +W) ≤ ϖ(W) for every a ∈ Y;
• ϖ(W) = 0 if W is relatively compact;
• With a Lipschitz constant α, we can obtain the following for any Lipschitz continuous mapping

G : D(G) ⊆ Y → Y:

ϖ(G(W)) ≤ αϖ(W), f or any subset W ⊆ D(G).

Definition 2. A mapping K : Q ⊂ E → E is a ϖ-contraction if it is continuous and bounded,
and, for any bounded and noncompact subset E ⊂ U in a Banach space E , the image K(E) satisfies
ϖ(K(E)) ≤ αϖ(E) for a constant 0 < α < 1.

We also can see similar results in [28].
In order to investigate the existence of mild solutions for Equation (1), it is essential to

introduce partial integro-differential equations and resolvent operators, which will serve
as fundamental tools in establishing the main outcomes. Let us denote by X and M two
Banach spaces. The space E := L(X,M) represents the Banach space from X to M of
bounded linear operators equipped with the operator norm. In the case where X = M, we
can use the abbreviated notation L(X).

In the following discussion, we will consider a framework where X1 is a Banach space.
We define A and B as closed linear operators acting on X1. Furthermore, we define X2 as
the Banach space D(A) equipped with the graph norm ∥z∥X2

= ∥Az∥+ ∥z∥ for z ∈ X2. We
also define C(R+,X2) as the space of continuous functions mapping from R+ to X2. With
these definitions in place, we can now proceed to analyze the following system:{

φ́(v) = Aφ(v) +
∫ v

0 G(v − u)φ(u)du f or v ∈ [0, ξ]

φ(0) = φ0 ∈ X1.
(2)

Definition 3 ([29]). For system (2), the resolvent operator is a bounded linear function mapping
R(v) ∈ L(X1), v ≥ 0, as long as it fulfills the requirements listed below:

• R(0) = Id and ∥R(v)∥L(X1)
≤ Deδt for constants D and δ.

• For each x ∈ X1, R(v)x is continuous for t ≥ 0.
• R(v) ∈ L(X2) for t ≥ 0. For x ∈ X2, R(.)x ∈ C1(R+,X1) ∩ C(R+,X2) and

R
′
(v)x = AR(v)x +

∫ v

0
G(v − u)R(u)xdu = R(v)Ax +

∫ v

0
R(v − u)G(u)xdu, f or v ≥ 0.

The following presumptions are needed in the sequel:
(R1) For a C0 semigroup (u(v))v≥0 on X1, A is its infinitesimal generator.
(R2) A closed linear operator from D(A) to X1 and G(v) ∈ L(X2,X1) for all v ≥ 0 is G(v). The
derivative v 7→ G ′(v)z remains bounded and uniformly continuous over the non-negative real
numbers, while the mapping v 7→ G(v)z for all z ∈ X2 remains bounded and is differentiable.
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Lemma 5 ([30]). Assuming the truth of both statements (R1) and (R2), we can conclude that R(·),
which is the corresponding resolvent operator, attains compactness if, for v > 0, the C0 semigroup
S(·) is compact.

Building on the contributions of Grimmer [29], we propose the concept of mild solu-
tions for the neutral stochastic integro-differential Equation (1) that incorporates NII.

Lemma 6 ([12]). If
∫ ξ

0 ||ζ(u)||2du < ∞, then we obtain

E
∥∥∥∥∫ ξ

0
ζ(u)dBH(u)

∥∥∥∥2

≤ 2Hξ2H−1
∫ ξ

0
∥ζ(u)∥2du.

Definition 4. We define a stochastic process Ψ : (−∞, ξ] → N as a mild solution to problem (1) if
it satisfies the following conditions:

1. For any v ≥ 0, Ψ(v) is measurable and Ft-adapted.
2. Ψ(v) has cdlag paths over v ∈ [0, ξ]. The initial condition Ψ = ϕ0 ∈ B is such that

Ψ0 ∈ L0
2(Ω,N), v|[0,ξ] ∈ PC([0, ξ],N), and it adheres to the integral equation associated

with the problem.

Ψ(v) =



η(v), v ∈ (−∞, 0],
R(v)(ϕ(0)− Γ(0, ϕ(0))) + ∑m

i=0 Γi(v, Ψϱ(v,ϱv)) +
∫ v

0 R(v − u)∆(u, Ψϱ(u,ϱu))du

+
∫ v

0 R(v − u)

[
Υ(v, Ψϱ(v,Ψ),

∫ v
0 h(v, ε, Ψϱ(v,Ψ))dε)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 λ(u, ω, Ψϱ(u,ϱu))dBH(ω)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 g(u, ς, Ψϱ(u,ϱu))dB(ς)

]
du, v ∈ [0, v1];

Si(v, Ψϱ(v,ϱv)), v ∈ ⋃n
i=1(vi, ui];

R(v − ui)Si(u, Ψϱ(u,ϱu)) + ∑m
i=0 Γi(v, Ψϱ(v,ϱv))

+
∫ t

ui
R(v − u)∆(u, Ψϱ(u,ϱu))du +

∫ v
ui
R(v − u)

[
Υ(v, Ψϱ(v,Ψ),

∫ v
0 h(v, ε, Ψϱ(v,Ψ))dε)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 λ(u, ω, Ψϱ(u,ϱu))dBH(ω)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 g(u, ς, Ψϱ(u,ϱu))dB(ς)

]
du, v ∈ ⋃n

i=1(ui, vi+1].

3. Main Results

Let Bξ be the set consisting of all functions Ψ : (−∞, ξ] → N satisfying the following
conditions: Ψ0 ∈ B and Ψ|[0,ξ] ∈ PC([0, ξ],N ). Here, PC([0, ξ],N ) denotes the set of
functions with cdlag paths on the interval [0, ξ] and N is a given space.

∥Ψ∥ξ = ∥Ψ0∥B + sup
u∈[0,ξ]

(E(∥Ψ∥2))
1
2 , Ψ ∈ Bξ .

Now consider the operator Θ : Bξ → Bξ defined by
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(ΘΨ)(v) =



η(v), v ∈ (−∞, 0],
R(v)[ϕ(0)− Γ(0, ϕ(0))] + ∑m

i=0 Γi(v, Ψϱ(v,ϱv)) +
∫ v

0 R(v − u)∆(u, Ψϱ(u,ϱu))du

+
∫ v

0 R(v − u)

[
Υ(v, Ψϱ(v,Ψ),

∫ v
0 h(v, ε, Ψϱ(v,Ψ))dε)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 λ(u, ω, Ψϱ(u,ϱu))dBH(ω)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 g(u, ς, Ψϱ(u,ϱu))dB(ς)

]
du, v ∈ [0, v1];

Si(v, Ψϱ(v,ϱv)), v ∈ ⋃n
i=1(vi, si];

R(v − ui)Si(u, Ψϱ(u,ϱu)) + ∑m
i=0 Γi(v, Ψϱ(v,ϱv))

+
∫ t

si
R(v − u)∆(u, Ψϱ(u,ϱu))du +

∫ v
ui
R(v − u)

[
Υ(v, Ψϱ(v,Ψ),

∫ v
0 h(v, ε, Ψϱ(v,Ψ))dε)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 λ(u, ω, Ψϱ(u,ϱu))dBH(ω)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 g(u, ς, Ψϱ(u,ϱu))dB(ς)

]
du, v ∈ ⋃n

i=1(ui, vi+1].

(3)

Let η(.) : (−∞, ξ] → N be the function defined by

η(v) =

{
η(v) v ∈ (−∞, 0];
R(v)η(0) v ∈ [0, ξ].

Therefore, η0 = η.
We are able to break down Ψ(v) = η(v) + y(v), v ∈ (−∞, ξ]. Clearly, Ψ satisfies

Equation (3) if and only if y0 = 0 and
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(y)(v) =



−R(v)Γ(0, η(0)) + ∑∞
i=0 Γi

(
v, ηϱ(v,ηv+yv)

+ yϱ(v,ηv+yv)

)

+
∫ v

0 R(v − u)∆

(
v, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu)

)
du

+
∫ v

0 R(v − u)

[
Υ(v, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu),
∫ v

0 h(v, ε, ηϱ(u,ηs+yu)
+ yϱ(u,ηs+yu)dε)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 λ

(
u, ω, ηϱ(ω,ηω+yω)

+ yϱ(ω,ηω+yω)

)
dBH(ω)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 g

(
u, ς, ηϱ(ς,ης+yς)

+ yϱ(ς,ης+yς)

)
dB(ς)

]
du, v ∈ [0, v1];

Si

(
v, ηϱ(v,ηv+yv)

+ yϱ(v,ηv+yv)

)
, v ∈ ⋃n

i=1(vi, si];

R(v − si)Si(u, ηϱ(u,ηs+yu)
+ yϱ(u,ηs+yu))

+∑m
i=0 Γi

(
ui, ηϱ(ui ,ηsi

+ysi )
+ yϱ(ui ,ηsi

+ysi )

)

+
∫ v

ui
R(v − u)∆

(
v, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu)

)
du

+
∫ v

ui
R(v − u)

[
Υ(vi, ηϱ(v,ηs+yui )

+ yϱ(ui ,ηs+yui )
,
∫ v

0 h(vi, ε, ηϱ(ui ,ηs+yui )
+ yϱ(ui ,ηs+yui )

dε)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 λ

(
u, ω, ηϱ(ω,ηω+yω)

+ yϱ(ω,ηω+yω)

)
dBH(ω)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 g(u, ς, ηϱ(ς,ης+yς)

+ yϱ(ς,ης+yς))dB(ς)

]
du, v ∈ ⋃n

i=1(ui, vi+1].

(4)

Define B
ξ
0 =

{
y ∈ Bξ : y0 = 0 ∈ B

}
. For any y ∈ B

ξ
0,

∥y∥ξ = ∥y0∥B + sup
s∈[0,ξ]

(E(∥y(u)∥2))
1
2 = sup

s∈[0,ξ]
(E(∥y(u)∥2))

1
2 , y ∈ Bξ .

The Banach space property of (Bξ
0, ∥·∥

B
ξ
0
) can be easily verified. For every set r > 0,

Br = {y ∈ B0
ξ : E||y||2 ≤ r}.

In B0
b, for each r, Br is a bounded, closed, and convex set. Lemma 2 is applied in

this context.∥∥∥η̄ϱ(v,η̄s+yu) + yϱ(v,η̄s+yu)

∥∥∥
≤ 2

(
∥η̄s + yu∥2

B +
∥∥∥yϱ(v,η̄s+yu)

∥∥∥2

B

)
≤ 4

(
(Nξ + Jη)2E∥η̄0∥2

B +N2
ξ sup

0≤u≤ξ

E∥η̄(u)∥2(Nξ + Jη
)2E∥y0∥2

B +N2
ξ supE∥y(u)∥2

)

≤ 4

(
N2

ξ sup
0≤uξ

E∥y(u)∥2 +N2
ξM

2E∥η(0)∥2 + (Nξ + Jη)2∥η∥2
B

)
≤ 4

(
N2

ξr + (N2
ξM

2K2 +
(
Nξ + Jη)2

)
∥η∥2

B

)
= r̂, v ∈ [0, ξ].
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Now we can define Π : Bξ
0 → B

ξ
0 by

(Πy)(v) =



η(v), v ∈ (−∞, 0];

−R(v)Γ(0, η(0)) + ∑∞
i=0 Γi

(
v, ηϱ(v,ηv+yv)

+ yϱ(v,ηv+yv)

)

+
∫ v

0 R(v − u)∆

(
v, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu)

)
du

+
∫ v

0 R(v − u)

[
Υ(v, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu),
∫ v

0 h(v, ε, ηϱ(u,ηs+yu)
+ yϱ(u,ηs+yu)dε)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 λ

(
u, ω, ηϱ(ω,ηω+yω)

+ yϱ(ω,ηω+yω)

)
dBH(ω)

]
du

+
∫ v

0 R(v − u)

[ ∫ v
0 g

(
u, ς, ηϱ(ς,ης+yς)

+ yϱ(ς,ης+yς)

)
dB(ς)

]
du, v ∈ [0, v1];

Si

(
v, ηϱ(v,ηt+yv)

+ yϱ(v,ηt+yv)

)
, v ∈ ⋃n

i=1(vi, si];

R(v − si)Si(u, ηϱ(u,ηs+yu)
+ yϱ(u,ηs+yu))

+∑m
i=0 Γi

(
ui, ηϱ(ui ,ηsi

+ysi )
+ yϱ(ui ,ηsi

+ysi )

)
+
∫ v

ui
R(v − u)∆

(
v, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu)

)
du

∫ v
ui
R(v − u)

[
Υ(vi, ηϱ(v,ηs+yui )

+ yϱ(ui ,ηs+yui )
,
∫ v

0 h(vi, ε, ηϱ(ui ,ηs+yui )
+ yϱ(ui ,ηs+yui )

dε)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 λ

(
u, ω, ηϱ(ω,ηω+yω)

+ yϱ(ω,ηω+yω)

)
dBH(ω)

]
du

+
∫ v

ui
R(v − u)

[ ∫ v
0 g(u, ς, ηϱ(ς,ης+yς)

+ yϱ(ς,ης+yς))dB(ς)

]
du, v ∈ ⋃n

i=1(ui, vi+1].

(5)

Here, M̃ = supv∈[0,ξ] ||R(v)||2.

3.1. Existence Under Lipschitz Conditions

The Banach FP theorem, which is applied in the demonstration, is based on the
following assumptions:

(H1) Γ : [0, ξ]×B → N, ∆ : [0, ξ]×B → N, g : △×B → L0
2(K,N), and λ : △×B →

L0
2(K,N) are all continuous. Additionally, there exist constants M1, M2, LΥ, MΥ, Lh, M3,

and M4, all greater than zero, such that

m

∑
i=0

E∥Γi(v, v1)− Γi(v, v2)∥2
ξ ≤ M1∥v1 − v2∥2

B,

E∥∆(v, v1)− ∆(v, v2)∥2
ξ ≤ M2∥v1 − v2∥2

B,

E∥Υ(v, v1, v2)− Υ(u, u1,2 )∥ ≤ LΥ∥v1 − u1∥+ MΥ∥v2 − u2∥
E∥h(v, v1, v2)− h(u, u1, u2)∥ ≤ Lh∥v2 − u2∥

E∥g(v, v1)− g(v, v2)∥2
L2

0
≤ M3∥v1 − v2∥2

B,

E∥λ(v, v1)− λ(v, v2)∥2
L2

0
≤ M4∥v1 − v2∥2

B,

for all v ∈ [0, ξ], and v1, v2 ∈ B.
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(H2) There exists Li > 0, i = 1, 2, . . . , n such that the function Si : (vi, ui] × B →
N, i = 1, 2 . . . , n is continuous.

E∥Si(v, v1)−Si(v, v2)∥2
H ≤ Li∥v1 − v2∥2

B

for all v ∈ [0, ξ] and v1, v2 ∈ B.

Theorem 1. Given Ψ0 ∈ L0
2(Ω,N ) and assuming that (R1), (R2), (H1), and (H2) hold true, a

unique mild solution of (1) exists under the following condition:

N2
ξ sup

1≤i≤n
4
(
(1 + M̃)2Li + 2M1 + M̃2(M2 + (LΥ + Lh MΥξ) + M32Hξ2H−1 + M4)ξ

)
< 1. (6)

Proof. To establish this result, it suffices to demonstrate the existence of a unique FP for
the mapping Π. For any y, z ∈ B0

ξ and v ∈ [0; v1], we obtain the following:

E∥(Πy)(v)− (Πz)(v)∥2
N

≤ 3E

∥∥∥∥∥ ∞

∑
i=0

Γi

(
v, ηϱ(v,ηt+yv)

+ yϱ(v,ηt+yv)

)
−

∞

∑
i=0

Γi

(
v, ηϱ(v,ηt+yv)

+ zϱ(z,ηz+yz)

)∥∥∥∥∥
2

N

+ 3E
∥∥∥∥∫ v

0
R(v − u)

(
∆
(

u, ηϱ(u,ηs+yu)
+ yϱ(u,ηs+yu)

)
− ∆

(
z, ηϱ(u,ηs+yu)

+ zϱ(z,ηz+yz)

))
du
∥∥∥∥2

N

+ 3E
∥∥∥∥∫ v

0
R(v − u)

(
Υ(v, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu),
∫ v

0
h(v, ε, ηϱ(u,ηs+yu)

+ yϱ(u,ηs+yu))dε)

)
du

−
∫ v

0
R(v − u)

(
Υ(v, ηϱ(u,ηs+yu)

+ zϱ(u,ηs+zu),
∫ v

0
h(v, ε, ηϱ(u,ηs+yu)

+ zϱ(u,ηs+zu))dε)

)
du
∥∥∥∥2

N

+

∥∥∥∥∫ v

0
R(v − u)

(∫ s

0
λ
(

u, ω, ηϱ(ω,ηω+yω)
+ yϱ(ω,ηω+yω)

)
− λ

(
u, ω, ηϱ(ω,ηω+yω)

+ zϱ(ω,ηω+zω)

)
dBH(ω)

)
du
∥∥∥∥2

N

+

∣∣∣∣∫ v

0
R(v − u)

(∫ s

0
g
(

u, ς, ηϱ(ς,ης+yς)
+ yϱ(ς,ης+yς)

)
− g
(

u, ς, ηϱ(ς,ης+yς)
+ zϱ(ς,ης+zς)

)
dB(ς)

)
du
∥∥∥∥2

N

≤ 3M1

∥∥∥yϱ(v,η̄+yv) − zϱ(v,η̄+zv)

∥∥∥2

N
+ (3M̃2M2)

∫ u

0

∥∥∥yϱ(v,η̄+yv) − zϱ(v,η̄+zv)

∥∥∥2

N
du

+ M̃2(LΥ + Lh MΥv1)
∥∥∥yϱ(v,η̄+yv) − zϱ(v,η̄+zv)

∥∥∥2

N
du

+ (3M̃2M32Hv2H−1
1 )

∥∥∥yϱ(v,η̄+yv) − zϱ(v,η̄+zv)

∥∥∥2

N
+ (3M̃2M4)

∫ u

0

∥∥∥yϱ(v,η̄+yv) − zϱ(v,η̄+zv)

∥∥∥2

N
du

≤ 3
(

M1 + M̃2(M2 + (LΥ + Lh MΥv1) + M32Hv2H−1
1 + M4v1)

)
×N2

ξE∥y(v)− z(v)∥2
N

≤ 3N2
ξ [M1 + (M̃)2(M2 + (LΥ + Lh MΥv1) + M32Hv2H−1

1 + M4v1)]E∥y(v)− z(v)∥2
N .

Considering v ∈ ⋃n
i=1(vi, si], we obtain

E∥(Πy)(v)− (Πz)(v)∥2
N ≤

∥∥∥Si

(
v, ηϱ(v,ηt+yv)

+ yϱ(v,ηt+yv)

)
−Si

(
v, ηϱ(v,ηt+yv)

+ zϱ(v,ηt+zv)

)∥∥∥
≤ Li

∥∥∥yϱ(v,η̄+yv) − zϱ(v,η̄+zv)

∥∥∥2

B

≤ LiN
2
ξE∥y(v)− z(v)∥2

N .
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In a similar manner, where v ∈ ⋃n
i=1(ui, vi+1], we obtain

E∥(Πy)(v)− (Πz)(v)∥

≤ 4N2
T

(
(M̃)2Li + 2M1 + M̃2

(
M2 + (LΥ + Lh MΥ(vi+1 − ui)) + M32H(vi+1 − ui)

2H−1

+M4(vi+1 − ui))
)
E∥y(v)− z(v)∥2

N .

As a result, we obtain that, for every v ∈ [0, ξ],

E∥(Πy)(v)− (Πz)(v)∥

≤ 4N2
ξ

(
(1 + M̃)2Li + 2M1 + M̃2(M2 + (LΥ + Lh MΥξ) + M32Hξ2H−1 + M4)ξ

)
E∥y(v)− z(v)∥2

N .

Because Π is a contraction mapping, as required by Theorem 1, there is only one
FP, y ∈ B0

ξ . For any v ∈ (−∞, ξ], m(v) = η̄(v) + y(v). This suggests that only one mild
solution to Equation (1) is v.

3.2. Ulam–Hyers–Rassias Stability

Assume that ψ ∈ PC([0, ξ],ℜ) are non-decreasing. Let ζ ≥ 0 and ε > 0. Now,
considering the subsequent inequality,

E

∥∥∥∥∥d

(
Ψ̃(v)−

n

∑
i=1

Γi(v, Ψ̃ϱ(v,Ψv))

)
−AΨ̃(v)−

∫ v

0
G(v − u)Ψ̃(u)du − ∆(v, Ψ̃ϱ(v,Ψv))

− Υ(v, Ψ̃ϱ(v,Ψ),
∫ v

0
h(v, u, Ψ̃ϱ(v,Ψ))du)−

∫ v

0
λ(v, s, Ψ̃ϱ(u,Ψ)

)dBH(u)

−
∫ v

0
g(v, s, Ψ̃ϱ(u,Ψ)

)dB(u)
∥∥∥∥2

≤ ζψ, v ∈
n⋃

i=0

(uk, vk+1], n ∈ N,

E
∥∥Ψ̃(s)−Sk(v̂, Ψ(v̂))

∥∥2 ≤ εζ, v ∈ (vk, uk],

E|Ψ̃(0)− Ψ̃0|2 ≤ εζ. (7)

Construct a vector space

χ = PC([0, ξ],ℜ) ∩ C((sk, vk+1],ℜ).

Definition 5. System (1) exhibits UHRs concerning (ψ, ζ) if there exists a positive constant
C(M,L,P ,ψ) such that for every solution Ψ̃ ∈ χ of inequality (7), there exists a function
Ψ ∈ PC([0, ξ],ℜ) of system (1) with the property that

E|Ψ̃(s)− Ψ(s)||2 ≤ C(M,L,p,ψ)ε(ψ(ε) + ζ), v ∈ [0, ξ].

Remark 1. A function Ψ̃ ∈ χ is deemed a solution of (7) if and only if there exists
Q ∈ ⋂K

i=0((uk, vk+1],ℜ] and q ∈ ⋂K
i=0((vk, uk],ℜ) such that the following apply:

1. E|Q(s)|2 ≤ εψ(s), v ∈ ⋂K
i=0(uk, vk+1];E||q(s)||2 ≤ εζ, v ∈ ⋂K

i=0(uk, vk];
2. d[Ψ̃(v)− ∑n

i=1 Γi(v, Ψ̃ϱ(v,Ψ̃v)
)] = AΨ̃(v) +

∫ v
0 G(v − u)Ψ̃(u)du + ∆(v, Ψ̃ϱ(v,Ψv))

+ Υ(v, Ψ̃ϱ(v,Ψ),
∫ v

0 h(v, u, Ψ̃ϱ(v,Ψ))du) +
∫ v

0 λ(v, s, Ψ̃ϱ(u,Ψ)
)dBH(u)

+
∫ v

0 g(v, s, Ψ̃ϱ(u,Ψ)
)dB(u) + Q(s), v ∈ (uk, vk+1];

3. Ψ̃(v) = Sk(v̂, Ψ̃(v̂))dv̂ + q(s), v ∈ (vk, uk].

By Remark 1, we have
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d[Ψ̃(v)−
n

∑
i=1

Γi(v, Ψ̃ϱ(v,Ψv))] =AΨ̃(v) +
∫ v

0
G(v − u)Ψ̃(u)du + ∆(v, Ψ̃ϱ(v,Ψv))

+Υ(v, Ψ̃ϱ(v,Ψ),
∫ v

0
h(v, u, Ψ̃ϱ(v,Ψ))du) +

∫ v

0
λ(v, s, Ψ̃ϱ(u,Ψ)

)dBH(u)

+
∫ v

0
g(v, s, Ψ̃ϱ(u,Ψ)

)dB(u) + Q(s), v ∈ (uk, vk+1],

Ψ̃(s) =Sk(v̂, Ψ̃(v̂))dv̂ + q(s), v ∈ (vk, uk],

I1−v
0+ Ψ̃(v)/v=0 =Ψ̃0.

Lemma 7. If a function Ψ̃ ∈ χ is a solution of (7), then the following apply:

(i) E

∣∣∣∣∣
∣∣∣∣∣Ψ̃(v)−R(v)[η(0)− Γ(0, η(0))]−

m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv))−
∫ v

0
R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du

−
∫ v

0
R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du

∣∣∣∣∣
∣∣∣∣∣
2

,

≤ M̃2v1

∫ v1

0
ψ(v)dv, v ∈ [0, v1].

(ii) E

∣∣∣∣∣
∣∣∣∣∣Ψ̃(v)−R(v − ui)Si(u, Ψ̃ϱ(u,ϱu))−

m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv))

−
∫ v

ui

R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du +
∫ v

ui

R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

−
∫ v

ui

R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

−
∫ v

ui

R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du

∣∣∣∣∣
∣∣∣∣∣
2

,

≤ M̃2ξ
∫ v

0
ψ(v)dv, v ∈

n⋃
i=1

(ui, vi+1]. k = 1, 2, . . . , m.

According to Remark 1, the following applies:
Case 1: For v within the interval [0, v1], it holds that

d[Ψ̃(v)−
n

∑
i=1

Γi(v, Ψ̃ϱ(v,Ψv))] = AΨ̃(v) +
∫ v

0
G(v − u)Ψ̃(u)du + ∆(v, Ψ̃ϱ(v,Ψv))

+Υ(v, Ψ̃ϱ(v,Ψ),
∫ v

0
h(v, u, Ψ̃ϱ(v,Ψ))du) +

∫ v

0
λ(v, s, Ψ̃ϱ(u,Ψ)

)dBH(u)

+
∫ v

0
g(v, s, Ψ̃ϱ(u,Ψ)

)dB(u) + Q(s), v ∈ (uk, vk+1].
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Then

Ψ̃(v) =R(v)[η(0)− Γ(0, η(0))]−
m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv)) +
∫ v

0
R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du

+
∫ v

0
R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

+
∫ v

0
R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

+
∫ v

0
R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du.

From the above, we can obtain

E

∣∣∣∣∣
∣∣∣∣∣Ψ̃(v)−R(v)[η(0)− Γ(0, η(0))]−

m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv))−
∫ v

0
R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du

−
∫ v

0
R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du

∣∣∣∣∣
∣∣∣∣∣
2

≤ E||
∫ v

0
R(v − u)Q(t)dt||2 ≤ M̃2v1

∫ v

0
ψ(u)du.

Case 2: For v ∈ (vk, uk], we have

E|Ψ̃(s)−Sk(v, Ψ̃(v))|2 ≤ εζ.

Case 3: For v ∈ (uk, vk+1], we have

d[Ψ̃(v)−
n

∑
i=1

Γi(v, Ψ̃ϱ(v,Ψv))] = AΨ̃(v) +
∫ v

0
G(v − u)Ψ̃(u)du + ∆(v, Ψ̃ϱ(v,Ψv))

+Υ(v, Ψ̃ϱ(v,Ψ),
∫ v

0
h(v, u, Ψ̃ϱ(v,Ψ))du) +

∫ v

0
λ(v, s, Ψ̃ϱ(u,Ψ)

)dBH(u)

+
∫ v

0
g(v, s, Ψ̃ϱ(u,Ψ)

)dB(u) + Q(s).

Then

Ψ̃(v) = R(v)[η(0)− Γ(0, η(0))]−
m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv)) +
∫ v

0
R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du

+
∫ v

0
R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

+
∫ v

0
R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

+
∫ v

0
R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du
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From the above, we can obtain

E

∣∣∣∣∣
∣∣∣∣∣Ψ̃(v)−R(v)[η(0)− Γ(0, η(0))]−

m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv))−
∫ v

0
R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du

−
∫ v

0
R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du

∣∣∣∣∣
∣∣∣∣∣
2

,

≤ E||
∫ v

0
R(v − u)Q(t)dt||2 ≤ M̃2ξ

∫ v

0
ψ(v)dv.

To establish stability, we predicate our analysis on the following assumptions:
(H3) Positive constants Mk exist for k = 1, 2, . . . , m such that

E|Sk(s, y(s))−Sk(s, z(s))|2 ≤
m

∑
k=1

MkE|y(s)− z(s)|2∀ s ∈ (sk, tk].

(H4) Let ψ ∈ C([0, ξ],ℜ) be a non-decreasing function. There exists a constant cψ > 0 such
that

∫ s
0 ψ(v) dv < cψψ(v) for all v ∈ [0, ξ].

Lemma 8 ([31]). Consider the set ℑ0 = ℑ ∪ {0}, where ℑ = 1, 2, . . . , m, and the subsequent
inequality is satisfied.

Ψ(s) ≤ a(s) +
∫ s

0
b(ε)y(η)dη + Σ0<ηk<ηαky(ηk̄), η ≥ 0.

Given that x, a, b ∈ PC(ℜ+,ℜ+), where a is non-decreasing and b(s) > 0, and αk > 0 for
k ∈ ℑ, it follows that, for s ∈ ℜ+,

Ψ(s) ≤ a(s)(1 + α)ke
(∫ s

0
b(ε)dε

)
, s ∈ (sk, sk+1], k ∈ ℑ0,

where α = supk∈ℑ{αk} and s0 = 0.

Theorem 2. Under the fulfillment of assumptions (H1), (H3), and (H4), system (1) attains
UHRs concerning (ψ, ζ).

Proof. Suppose Ψ̃ ∈ χ represents a solution of inequality (7), while φ denotes the unique
solution of (1).

Case 1: For v within the interval [0, v1], it follows that
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E

∣∣∣∣∣
∣∣∣∣∣Ψ̃(v)−R(v)[η(0)− Γ(0, η(0))]−

m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv))−
∫ v

0
R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du

−
∫ v

0
R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du

∣∣∣∣∣
∣∣∣∣∣
2

≤ E||
∫ v

0
R(v − u)Q(t)dt||2 ≤ M̃2v1

∫ v

0
ψ(u)du ≤ M̃2v1cψψ(ε)

≤ cpcψψ(s),

where cp = M̃2v1.

Case 2: For v ∈ (vk, uk], we have

E|Ψ̃(s)−Sk(s, Ψ̃(s))|2 ≤ εζ.

Case 3: For v ∈ (uk, vk+1], we have

E

∣∣∣∣∣
∣∣∣∣∣Ψ̃(v)−R(v)[η(0)− Γ(0, η(0))]−

m

∑
i=0

Γi(v, Ψ̃ϱ(v,ϱv))−
∫ v

0
R(v − u)∆(u, Ψ̃ϱ(u,ϱu))du

−
∫ v

0
R(v − u)

[
Υ(v, Ψ̃ϱ(v,Ψ),

∫ v

0
h(v, ε, Ψ̃ϱ(v,Ψ))dε)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
λ(u, ω, Ψ̃ϱ(u,ϱu))dBH(ω)

]
du

−
∫ v

0
R(v − u)

[ ∫ v

0
g(u, ς, Ψ̃ϱ(u,ϱu))dB(ς)

]
du

∣∣∣∣∣
∣∣∣∣∣
2

,

≤ E||
∫ v

0
R(v − u)Q(t)dt||2 ≤ M̃2ξ

∫ v

0
ψ(v)dv ≤ M̃2ξcψψ(ε) ≤ cpcψψ(ε).

Hence, for v ∈ [0, v1], we have

E||Ψ(v)− Ψ̃(v)||2

≤ 4

[
cpcψψ(ε) +N2

ξ

{
M1 + M̃2(M2 + (LΥ + Lh MΥv1) + M32Hv2H−1

1 + M4v1)

}]

×
∫ v

0
E||Ψ(v)− Ψ̃(v)||2

≤ 4

[
cpcψψ(ε) +N2

ξ

{
M1 + M̃2(M2 + (LΥ + Lh MΥξ) + M32Hξ2H−1 + M4ξ)

}]

×
∫ v

0
E||Ψ(v)− Ψ̃(v)||2.

(8)

For v ∈ (vk, uk], we have
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E||Ψ(v)− Ψ̃(s)||2 =E||Ψ(v)−Sk(vk, Ψ̃(vk))||2

=E||Ψ(v)−Sk(uk, Ψ(uk)) +Sk(uk, Ψ(uk))−Sk(uk, Ψ̃(uk))||2

≤2{E||Ψ(v)−Sk(uk, Ψ(uk))||2 + E||Sk(uk, Ψ(uk))−Sk(uk, Ψ̃(uk))||2}
≤2{εζ + Σk

i=0Mk||Ψ(v)− Ψ̃(v)||2}. (9)

For v ∈ (uk, vk+1], k=1,2,. . . ,m,

≤ 4

[
cpcψψ(ε) +N2

ξ

{
M1 + M̃2(M2 + (LΥ + Lh MΥξ) + M32Hξ2H−1 + M4ξ)

}]

×
∫ v

ui

E||Ψ(v)− Ψ̃(v)||2 + 4ξν−1
k

∑
i=1

Mk||Ψ(v)− Ψ̃(v)||2}.

(10)

By consolidating Equations (8) through (10), we can formulate an inequality resem-
bling that described in Lemma 8. This inequality applies to s ∈ W, as v falls within the
interval (vk, sk+1], with k ∈ P0.

E|Ψ(v)− Ψ̃(v)|2 ≤ 4

[
cpcψψ(ε) + ξν−1

k

∑
i=1

Mk||Ψ(v)− Ψ̃(v)||2}

cpN
2
ξ

{
M1 + M̃2(M2 + (LΥ + Lh MΥξ) + M32Hξ2H−1 + M4ξ)

}]
+ 2εϕ

×
∫ v

ui

E||Ψ(v)− Ψ̃(v)||2

≤4cpεcψ(ψ(s) + ζ)(1 + M)ke
∫ s

0 Wds,

where M = sup{ξυ−1Mk}, W =cpN
2
ξ

{
M1 + M̃2(M2 + (LΥ + Lh MΥξ) + M32Hξ2H−1 + M4ξ)

}
.

Then

E||Ψ(v)− Ψ̃(v)||2 ≤ 5C(M,L,p,ψ)ε(ψ(ε) + ζ), ∀v ∈ [0, ξ].

In this instance, C(M,L,p,ψ), depending on M,L, p, ψ, is a constant. Thus, (1) is UHRs
with reference to (ψ, ζ).

4. Example

Let us now examine the following instance:
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

∂
∂t

[
y(ξ, η)− ∑2

i=0 Pi(ξ, m − ξ, x, y(m, ϱ(||y(ξ)||, η)))du
]
= ∂2

∂η2 y(ξ, η) +
∫ ξ

0 a(ξ − m) ∂2

∂η2 y(ξ, η)

+
∫ ξ
−∞ P2(ξ, m − ξ, x, y(m, ϱ(||y(ξ)||,

∫ ξ
0 h(ξy(m, ϱ(||y(ξ)||))dξ))dm

+
∫ ξ
−∞ P3(ξ, m − ξ, x, y(m, ϱ(||y(ξ)||, η)))dm

+
∫ ξ

0

∫ m
−∞ P4(m, z − m, x, y(z, ϱ(||y(ξ)||, η)))dBH(z)dm

+
∫ ξ

0

∫ m
−∞ P5(m, z − m, x, y(z, ϱ(||y(ξ)||, η)))dB(z)dm, (ξ, η) ∈ ⋃n

i=0(mi, ξi+1]× [0, π];
y(ξ, η) =

∫ ξ
−∞ P5(ξ, m − ξ, x, y(m, ϱ(||y(ξ)||, η)))dm, (ξ, η) ∈ ⋃n

i=0(ξi, mi]× [0, π];
y(ξ, 0) = y(ξ, π) = 0, ξ ≤ 0
y(ξ, η) = η(ξ, η), ξ ∈ (−∞, 0],

(11)

where the fixed real numbers η ∈ B, 0 = ξ0 = m0 < ξ1 < m1 < ξ2 < . . . ξn < mn < ξn+1 = 1.
A continuous function, a : ℜ+ → ℜ+, is ϱ. Furthermore, the functions Pi : ℜ4 → ℜ,
i = 1, 2, 3, 4, are taken into consideration as continuous functions. Additionally, there is a
continuous function εi, κi : ℜ → ℜ, i = 1, 2, 3, 4.
Determine the value of η(τ)(η) = η(τ, η) ∈ B.

Ψ(ξ)(η) = y(ξ, η),

ϱ(ξ, η)(η) = ϱ(||η(0)||),
2

∑
i=0

Γi(ξ, v)(η) =
2

∑
i=0

P1(ξ, m, x, v(m)(η))dm,

Υ(ξ, v, w)(η) =
∫ 0

−∞
P2(ξ, m, x, v(m),

∫ u

0
(w, x, m, v(m))du(η))dm,

∆(ξ, v)(η) =
∫ 0

−∞
P3(ξ, m, x, v(m)(η))dm,∫ ξ

0
λ(ξ, m, v)(η) =

∫ ξ

0

∫ 0

−∞
P4(ξ, m, x, v(m)(η))dBH(m)dm,∫ ξ

0
g(ξ, m, v)(η) =

∫ ξ

0

∫ 0

−∞
P5(ξ, m, x, v(m)(η))dB(m)dm,

Thus, it is necessary that we verify the nonlinear function hypotheses here.

m

∑
i=0

E||Γi(v, v1)− Γi(v, v2)||2ξ ≤ 1
60

||v1 − v2||2B,

E||∆(v, v1)− ∆(v, v2)||2ξ ≤ 1
10

||v1 − v2||2B,

E||Υ(v, v1, v2)− Υ(u, u1, u2)|| ≤
1

10e
||v1 − u1||+

1
5
||v2 − u2||

E||h(v, v1, v2)− h(u, u1, u2)|| ≤
1

e10 ||v2 − u2||

E||g(v, v1)− g(v, v2)||2L2
0
≤ 1

e2 ||v1 − v2||2B,

E||λ(v, v1)− λ(v, v2)||2L2
0
≤ 1

5
||v1 − v2||2B,

E||Si(v, v1)−Si(v, v2)||2H ≤ 1
15

||v1 − v2||2B.
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Here, M1 = 0.016, M2 = 0.2, LΥ = 0.271, MΥ = 0.2, Lh = 0.000045, M3 = 0.367,
M4 = 0.2, Li = 0.067, and M̃2 = 0.001. Hence, from inequality (7), we obtain 0.250 < 1,
and also

E||Ψ(v)− Ψ̃(v)||2 ≤ 5C(M,L,p,ψ)ε(ψ(ε) + ζ), ∀ v ∈ [0, ξ],

≤ 0.583.

All the conditions outlined in Theorem 1 are fulfilled. Therefore, Equation (11)
has a unique solution and meets the requirements of Theorem 2 as well. Consequently,
Equation (11) is UHR stable.

5. Conclusions

We have achieved diverse forms of existence outcomes for a category of stochastic
integro-differential systems with neutral characteristics. These systems encompass SDDs
and NII occurring within Hilbert spaces. Our approach to obtaining these results involves
the application of functional analysis and stochastic analysis methodologies. Moving
forward, our research aims to explore the concept of controllability within this framework.
By doing so, we anticipate the ability to extend these processes to address more intricate
scenarios, hence improving the system’s performance in general. Additionally, we plan to
integrate numerical techniques that incorporate various criteria to analyze and evaluate
our findings. In summary, our future endeavors involve expanding upon our findings,
investigating controllability, and incorporating numerical methodologies to provide a
comprehensive treatment of the system’s behavior.
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