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Abstract: In this work, we study the large-x asymptotic of classical solutions to the non-linear
Benjamin equation modeling propagation of small amplitude internal waves in a two fluid system. In
our analysis, we extend known H*-well-posedness results to the case of the variable-weight Sobolev
spaces. The spaces provide a direct control over the asymptotics of classical solutions and their weak
derivatives, and permit us to compute the bulk large-x asymptotic of classical solutions explicitly
in terms of input data. The asymptotic formula provides a precise description of the qualitative
behaviour of classical solutions in weighted spaces and yields a number of weighted persistence and
continuation results automatically.
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1. Introduction

Studies of the uniqueness, existence, and qualitative properties of solutions to disper-
sive partial differential equations constitute a substantial body of modern research. In this
paper, we concentrate on analysing a specific problem: the nonlinear Benjamin equation

wp + ity — PH[uxe] — Yibwex +6(u?)x =0, u(0) =uyg, x €R=(-o00,00), (1)

where «, 8, y,  are real parameters and

Hul(x) = B [ u(y),

is the standard Hilbert transform. The quasilinear PDE (1) was originally introduced by
T.B. Benjamin in his studies of the propagation of internal waves in a two-fluid system [1,2].
We note that setting § = 0 in (1) provides the classical Korteweg—de Vries equation (KdV),
while letting v = 0 recovers the well-known Benjamin-Ono (BO) equation as a special case.

The analysis of (1), particularly the study of its low-regularity solutions, has garnered
significant attention in the specialized literature. A variety of methods have been employed,
ranging from bilinear estimates to the I-method (see for example, [3—6]). Historically, the
first low-regularity results were obtained in [6], within the L?(IR) settings. These results
were subsequently extended to the H*(R), —% < s < 0 settings in [4]. Our work extends
these findings by exploring well-posedness in the newly introduced H; (R) spaces, offering
enhanced control over asymptotic behavior. The well-posedness analysis in [4,6] is local
in time.

The first global well-posedness results in H*(R), for —3 < s < 0, were obtained in [5].
The local analysis follows a similar approach to that in [4,6], but employs a refined bilinear
estimate for a frequency cut-off operator I applied to the quadratic nonlinearity (uv). In
addition to demonstrating local solvability, this technique provides explicit estimates for
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the growth rate of mild solutions and their intervals of existence. When combined with a
continuation method, this approach establishes global well-posedness.

Furthermore, studies on variable dispersion, such as those examining special cases
of the KdV and BO equations (see, for example, [7-11] and references therein), have
shown how dispersion affects wave propagation and stability. Our research endeavours
to consider the existing understanding of the impact of variable dispersion on the well-
posedness and asymptotic properties of solutions to the nonlinear Benjamin equation
within the framework of weighted Sobolev spaces. The study of low dispersion properties
of a fractional variant of the Benjamin-Bona-Mahony (BBM) equation within Z; ,-spaces for
Zsr(R) := H*(R) N L?(|x|*"dx) has been carried out in [12], highlighting the importance
of these spaces in controlling the asymptotic behaviour of solutions.

The local and global analyses in [4-6] do not extend to the critical case of H - (R). The
main obstacle is that the bilinear estimate used in [4,6], as well as its I analogue from [5],
fails for s < — %. The critical case was recently addressed in [3], where the main tool used
was the Besov-Bourgain spaces.

A distinctive feature of Equation (1) is its non-locality, primarily due to the presence of
the global in space Hilbert transform . This non-locality presents significant challenges in
predicting the long-term behaviour of internal waves in fluid dynamics. Furthermore, the
Fourier symbol of the group generated by the linear part of (1) has finite regularity at the
origin, complicating the analysis of wave propagation. By addressing these challenges, our
study contributes to the accurate modeling of wave propagation, which is critical in both
natural and engineered systems. As a consequence of the non-locality, one cannot expect
super-algebraic spatial decay of solutions, even for the rapidly decreasing initial data u
from the Schwartz class S. In context of the closely related Benjamin-Ono equation, this
situation and its implications were thoroughly investigated in [13-17].

A systematic study of the interplay between asymptotic behavior, regularity, and the
existence of global solutions to the Benjamin equation (1) was initiated in [18]. In particular,
building on the ideas from [13-17], it is demonstrated in [18] that for initial data ug € Z;, :=
H*(R) N L*(R, |x|¥dx), withs > 3,7 € (0,5) and r < 3, the Equation (1) is globally well-
posed in Z; ;. The result indicates that, due to the jump discontinuity in the Fourier symbol
of the operator H, one cannot expect solutions to decay algebraically at infinity faster than
x~3. The situation improves slightly in the scale of weighted homogeneous Sobolev spaces
25, = {u € Z,,|1(0) = 0}, where the propagation of the discontinuity in the Fourier
image of the solution can be properly controlled for s > 2r,r € [3, 7).

In this paper, we continue the investigation of the nonlinear and non-local dispersive
model (1) in weighted Sobolev-like spaces, building on the work initiated in [18]. In
contrast with the previously cited works, our analysis relies on variable-weight Sobolev
spaces H:(R) (For the definition of the scale H; (R), see [19] and Section 2 below), which
were introduced recently in [19]. This approach enables a more precise description of how
solutions behave at large distances, which is crucial for understanding wave propagation
in non-local dispersive systems, thereby revealing the intricate mechanisms underlying
their behaviour. In the context of the Benjamin equation (and in similar dispersive models,
such as the Benjamin-Ono equation), these spaces arise naturally. Unlike the weighted
spaces Zs, and Zos,r from [13-18], they provide direct control over the large-x asymptotic
behavior of classical solutions and their weak derivatives up to and including order s. This
idea allows for a more refined analysis of the large-x asymptotic behavior of solutions.

Thanks to this property, we can demonstrate that for sufficiently regular input data,
the jump discontinuities in the frequency space—caused by the finite regularity of the
Fourier symbol associated with the linear part of (1)—cannot propagate beyond the ori-
gin. As a direct consequence, it follows that the large-x asymptotic behavior of classical
solutions u(t) is determined entirely by the behaviour of their Fourier images 7(t) near
the origin. Consequently, this asymptotic behavior can be computed explicitly in terms of
quantities associated with the input data. Once the asymptotic identity is established, a
range of qualitative results, similar to those in [18] for the Benjamin equation and [13-17]
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for the Benjamin—-Ono equation, automatically follows. Although our analysis focuses
solely on the Benjamin equation (1), the approach is sufficiently general to be adapted for
analyzing classical solutions to non-local quasi-linear dispersive models of Benjamin-type,
where linear wave propagation operators exhibit finitely many jump discontinuities in the
frequency domain.

The paper is organized as follows: Section 2 provides a brief review of the basic
properties of the scale H; (R). In Section 3, we derive several technical estimates related to
both the linear and nonlinear parts of (1). Section 4 discusses the model’s well-posedness
in weighted settings and its large-x asymptotic behavior. Section 6 concludes the paper.

Notation

(i) xisthe physical variable

(ii) ¢ is the frequency variable

(iii) * denotes Fourier convolution

(iv) Flu|(¢) is the Fourier transform

(v) F~1a](x) is the inverse Fourier transform

(vi) LL(Q) represent the weighted Lebesgue spaces.

(vii) Re S’ denotes the space of real valued tempered distributions
(viii) ¢ is a generic constant.

2. Function-Theoretic Framework

To begin, we define the normalized Fourier transform and its inverse

Flul(@) = #(2) = 7= [ e T u(yax,
FUal) = u(x) = = [ e a(e)d,
respectively.

In the forthcoming analysis, we employ the scale of the variable-weighted Sobolev
spaces, introduced recently in [19]. For real valued functions, these spaces are defined as

HE(R) = {u € ReS' | lull gy < oo}, s>~} r>0, 2
<M, U>H$(R) = %<M/ U>L2(R) + Re<7)i [K;l’:ku]r Py {K;l,:kvbﬁls(][g)r 3)
4l sy = (14, 90) b1 () (4)

where Re S’ is the space of real valued tempered distributions, P+ = %(I +iH) are
Fourier multipliers (projectors) associated with the Heaviside functions /i* (&) = lngzin(é)

K;‘:Z(x) = \/% (il ¥ x)", and H*(R) is the standard homogeneous Sobolev space of order

7

s (see e.g., [20]). Note that the Fourier images of real valued distributions are Hermitian
and, hence, the concrete choice of the sign (+ or —) in (3) is irrelevant and the symmetric,
positive definite bilinear form (-, -) sz defines a real Hilbert structure in H}(R). An
interpolation argument, employed in Section 3, requires a complex version of H; (R). In a
usual way, H; (R) is complexified by letting

<Ll, v>H§(]R) = <Re u, Re U>H§(]R) + <Im u,Imv>H§(R)
+i(Imu, Re v) () — i(Reu, Im v) s ). ()

Directly from (2)—(5), it follows that for s > 0, Hj(R), and H*(R) are equal as Banach spaces.
However, when s, r > 0, the former class carries information about the large x asymptotic
of all weak derivatives up to and including order s, and, hence, is more suitable for the
analysis of the fine interplay between regularity and the large x behaviour of solutions
of (1).
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Basic properties of H; (R) are established in [19]. In particular, we have

1
H;?(R) — H;!(R), —5 <81 <sp<sy+rg—ry, 0<r <y, (6)
1-6 0
[ (R), Hy (R)]g = HG 0 0 (R), so,51 > =%, o, 20,0 (0,1), ()

1£8 s r) < cllflsmllglms@y, s>3 >0, )

where [+, -]y is the standard complex interpolation functor (see [20]). We note that the
embeddings (6) are dense, as the Schwartz class S of smooth rapidly decreasing test
functions is dense in each of Hi(R),s > —3%,and r > 0.

In addition to (6)—(8), we need the following technical

Lemma 1. The embedding

HY(R) — H'(R), 0<s; <35y < ro, 9)

7o

is dense and compact.

Proof. As || - ||? SR) = | Re-||? s®) T [| Im - ||2 s(r)- it is sufficient to verify the real valued
version of (9) only (for details see [21]).

(a) The denseness and continuity of (9) follows from (6). To show compactness,
consider u € H;?(R), with [Ju|| HO (R) < 1. In view of the assumption s; < sp, we have

1 2511512 ac < 1 51—50 90
/\C|>\€\( +121%) 4> (g)dg < \;li%\( + 12120 w1

<c(1+[g3)77™, ¢eR,

uniformly for ||u|| B <1

O (R) =
(b) As u is assumed to be real valued, its Fourier image il is Hermitian (i.e., 1(—¢) =
(%), & € R). Therefore, for 0 < h < 1, we have

L1z a + 1) — a@)Pdg < 2¢ [0+ 2Py a(@) g
R o 0

v [ (@+1?)
=: C(ZIO + Il)/

(¢ +h) —14( ]d@

(1+]2+112)%

(1+[E2)1 ) < 0. To bound Iy, as in [19], we let

withc = (1 +supgcg,

TN@ = Var(fh, + )@, §eRe

By the definition of || - for ¢ € Ry, we have i = J_"°[0,,], with 9y, € L?O(IR{+).

0y
This identity, combined with the explicit formula

RE, (@) = SR (R e e, (0), CER,

the assumption sy < ry and the Cauchy-Schwarz inequality, indicates that

1
27T (2(rg—s0 2 A
2] < () Nonlliz e,y < cllel oy

when ¢ € R\ {0}. Hence, Iy < ch, uniformly for [|u|| s ® <1
0



Fractal Fract. 2024, 8, 635 50f17

To estimate I;, we let 3, = j:LrO [0r,], 0 < " < 1y, & € Ry. The analysis presented
n [22] indicates that

0= j_*’,[z?,/] € L?,(R+), —l < <sg<s+r—r, 0<7 <, (10)

18]l 12, ) < cllonlliz @, ) —l < <sp < +rg—7, 0<7 <. (11)

Using these facts, the inclusion supp&* , , € R_, and the standard Minkowski inequality,
we obtain initially

11:271/R (L+ 2P| (RY 0,5+ h) — (R, 0,)()| de
<o | R @ m =&t ([ 0P+ Ie- o))

then, using the elementary inequality (14 |& — ¢[?)*t < c[(1+ |[*)*1 4 |¢|*1] (which holds
uniformly for ¢, { € R, with some constant ¢ > 0) and Formulas (3), (10) and (11),

- 12

e[ e e, -0 -s 0l
<

|6r’||%2(R+) + ”@r’”Lg (RH)
- 5 12

o Q) R @) = #5016 | (12)

<

o

provided 0 < sy < ro — ' and —5 < sl < s9 < s1 4 19 — r'. We note that the right hand
side of (12) tends to zero, as h — 0 as k™" v € LY (R, |¢]°dE), for all s > 0, provided ' > 0.

(c) From parts (a) and (b) of the proof, it follows that the the unit ball of HSO( ) is
equibounded, equitight, and equicontinuous in H*1(R), provided s; < spand 0 < sy <
ro— v, —% <51 < sy < s14+ryg—71, forsome0 < r < r. Hence, on account of the
Kolmogorov—Riesz theorem, the embedding (9) is indeed compact if 0 < 57 < sp < #y. The
proof is complete. [

3. Technical Estimates

The analysis of (1) relies on two technical estimates that allow us to control the linear
and nonlinear quantities appearing in the Benjamin equation. We begin with the linear part
of (1).

Let

A = —ady + ﬁHaxx + YOxxx

and let H be a Hilbert space over C, obtained as the completion of the Schwartz class S with
respect to the inner product (-, -) . To the couple A and H, we associate the bilinear form

QH(M,'U) - <Au,v>H/ u,o € S.

Passing to the Fourier images and using the Cauchy-Schwarz inequality, it is not difficult
to verify that

QHSO(R)(urU) = —QHSO(R)(U/M)/ (13)
|QH50(R)(”fU)| < lul| =1 (R)||UHH250+3—51 (R)r 50,51 € R. (14)

Furthermore, we have
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Lemma 2. Fors > —1,r > 0, the bilinear form Ops(w) (-, +) satisfies

| Qs ()| < 11+ 2)es (llfgs y + NelFpssar gy (15)
with cs > 0 controlled by s > — % and the coefficients of A only.
Proof. As in Lemma 1, we prove (15) for # € Re S only. The real version of (15) then

follows by a standard density argument, and the complex version follows from (5).
Assume u € Re S, then (3) and (13) yield

| Qs (r) (u,u)| = ‘<P+[[K:,r£f“4] 1Pl o) sy |-

where [, A] = «, A — Ax, is the commutator of A and «,’,. On account of the identity
P+H = FiP+ and the inclusion supp Rt .o C Rg, we have

P}, Alu] =Py [u - (Aox,,) + 0x [u : (Alx;fg)} + O [u : (Azx;y)} ]

with
AO == aax - iaxx — ’Yaxxx, .Al == zl‘Bax + 3’)’axx, ./42 == _3’)’ax.
The last formula, combined with (11) and the interpolation inequality. (The inequality

follows directly from (7), as the complex interpolation functor [-, -]g is exact of exponent
6 € (0,1), see, e.g., [20] (Chapter 4).

-0y < Iy 0 gy 505> =k rom 20,0 € @1,
yields
2
HP+ ([}, Alu] Hﬁs(R) (147 Jg 1P+ [0 | s
< r(1 s (1P [ gy 1P D ) evney)
Cs(IIMIIHs )+l sz ) )
where the generic constants c;, ¢, > 0 depend on's > — and the coefficients a, § and

7 of the operator A only. The last bound, together with the standard Cauchy-Schwarz
inequality, completes the proof. [J

Let H be a Hilbert space employed in the definition of Qg (-, -). To control the quadratic
nonlinearity (uz)x, we define

—_

Ter(u,0,w) = 5(u,wWox)y + %(v,quH, u,v,w e S.

Partial integration, combined with the standard Gagliardo-Nirenberg inequality, indi-
cates that
| Ti2ry (w0, ) | < Jlull oy ol 2y 10l sy, 5 > 3 (16)

In addition to (16), we have

Lemma 3. Fors > %, r>0, TH;(R)('/ -, ) extends to a bounded trilinear form in Hﬁ(R)2 X
H¥Y(R). In particular, we have

|TH5(R)(”/Uf w)| = ;(R)||UHH§(R)HWHHs+1(R), (17)
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with ¢;, > 0 depending on s and r only.

Proof. (a) As in the proof of Lemma 1, we consider real valued functions only. Assume
initially that r = 0 and u, v, w € Re S. Direct calculations give

3(uo,w2) (s
w3 [ 0@ [ g - - e 12
[11(Q)a(& = D) + [8(0)a(& — 0)[]dC
+1 [ ea@az [ (g7 + 12— e
[11(0)a(& = D) + 18(0)a(& — )] dE.
Using the elementary estimate |¢2° — &2°| < 2s]¢; — &[(&2°7! + &) (which holds uni-

formly for all &1,& € Ry and s > 1), followed by Young s 1nequa11ty (with exponents
25 > 1, 25 *; > 1) and changing the order of integration, we infer

|THS(R) (u,v,w)| <

| Tris ) (1,0, w) | < 3]0, wx) 2|
+ 5551 [a@)lIedz [ 1za@)]- 16 - o)l
+85+1/ 16(¢ ||§|25d5/ 1CD(0)] - 14(& — ¢)dg.

This bound, together with the elementary inequality (|¢1| + |&2])° < 2°(|¢1|° + [82]%),
s > 0, yields

| Thsr) (4, 0,0) | < 3| {uv,wi) 2 (®)|
(85 +1)2 / @z [ |2 1) -1¢ — 212 — )l
85+ 122 [ |(@)laz [ 12F10(0)] - 12 - £FI9(E — O)ldg

+ (8s+1) 25’2/R|?7 IdC/RICISH\u? Ol -18 = 2Plag - g)lde.

On account of the embedding H*(R) < L2(R), the last estimate implies
| Ty (11,0, ) | < esolluall oqey ol sy w0l sy, 5> 3 (18)

where the generic constant c;9 > 0 depends on s > 2 1 only. By virtue of (18), the trilinear
form Tpys(r) (4, v, w) extends continuously to H*(R)? x H*1(R) and the case of r = 0

is settled.
(b) Next, we let s = 1 and r € N and for the sake of brevity, denote u* = P [u].

The identities

(o)t =utot + (utom +uot)”,
(ui,zﬁ)ﬁs(R) =0, uovecH®R), scR,
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and the commutativity of Fourier multipliers P+ and d,, combined together, give
Ty (w) (W0, 0) = —%(wx,quZ(R)
+Re (1) w,0)E) gy + (0550) T w0003 1 |
+

)]

+Re [<(K;,Lz“)+/w+ (K:gv);>ﬁ11(ﬂg) + ((K&ZJ),ZUJF (Kj,gu);hfjl(]}g)]

— rRe[((K:fgu)J“,w(K:MU)Jr)Hl(R) + <(K:,'év) ,ZU(K;;LEM)

- rRe[<(K;f€u)+,w+(K,tw ) Vi) + (5h0) w0t (6 1)) Igp(RJ

=Lh+Lh—rlz+ Iy —rls.

We estimate each term separately.
Fors > 1,7 > 0, the embedding H;(R) — H*(R) provides

L] < C||”||H}(R)HUHH}(R)HWHHZ(R)r

with ¢ > 0 depending on r > 0 only. Partial integration yields the bound

|| < C||”||H}(R)HUHH}(R)HWHHZ(R)r

with an absolute constant ¢ > 0. To estimate I3, we pass to the frequency space and
change the order of summation. On account of the Cauchy-Schwarz inequality and
Formulas (2)—(6), we obtain
5] < el gy gy (1052, 00) " iy 0l ey + 1062 ,0) 2y 0 ) )
+ C||UHH,1(R)(||(K:i1,e”)+||1311(R)||w”H1(R) + 15 o) T 2y 1wl 2 w))

< Cr||uHH,1(R)||U||H,1(R)||WHH2(R)I

with a constant ¢, > 0 that depends on r € N only.
In order to estimate Iy and Is, we note that supp i+ C Ry and, therefore,

g
[t w0 ) gy < [, Je0t @z 160007 (6 =01l (@)1
< CH”||1311(R)||U||1311(R>||w||H2(R)/

with an absolute constant ¢ > 0, for any u,v,w € ReS. Using this fact, the elementary
identity «;" = (—1)" Y}, (Ir‘) (fZié)’_kKk_ and the embedding (6), we infer

[Ls| + 7|15 < CH|”HH}(R)HUHH}(R)HWHHZ(R)/

with a constant ¢, > 0 that depends on r € N only. Hence, our estimates, combined with
the standard density argument, give

| Tip ) (0, 0)| < el gy 1ol gy 1@l 2y, 720, (19)

forallu,v € H}(R), r € N,and w € H?(R), with some ¢ , > 0.

(c) The proof of the general case s > 1, r > 0, relies on the following straightforward
modification of the complex interpolation argument:

Given a regular compatible interpolation pair (Hy, H;) of complex Hilbert spaces
with H := Hy N Hj being dense in H;, i = 0, 1; a regular compatible interpolation pair of
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complex Banach spaces (B, B1), with H being dense in B := By N By; and the family of
trilinear forms

7-9(]’[/ U’ w) = <M/ T('U, w)> [Ho,Hl]g + <U/ T(u’ w)>[H0,H1]9’ 9 e (0/ l)/
TGL(H{XBZ',HZ'), i=0,1,

defined initially in H® and satisfying
[T, 0,0)| < ellullsg ol lwlls, = 0,1

We claim that 7j extends to a bounded trilinear form in [Hy, Hy]3 x [By, B1]s and

|7d9(u/ o, w)| S C(1)_9C§||u||[H0,H1]9||v||[H0,H1]@Hw”[Bo,Bl]g’ 9 € (0’1) (20)

To see that (20) holds, it is sufficient to note that H;, i = 0,1, can be realized as
completions of H with respect to the inner products ("), = (M-, )y and (-, "), =
(I —M-,-)y, where M, T — M are positive definite bounded symmetric linear maps
in H. As the complex interpolation functor [-, -]g is the exact of exponent 6 € (0,1), the
theory of exact interpolation of Hilbert spaces (see the classical paper [23]) implies that
(N ho ]y = MTHT = M)?, g, 6 € (0,1).

Further, the map

z— MIY7TEH(T — M)y,

u € H, is analytic in the strip S := {0 < Rez < 1} and is continuous and bounded in its
closure S (see, e.g., [24] for the standard results on spectral resolution of bounded normal
operators and the associated functional calculus). Hence, for f,(z), fo(z) € F(Hyp, H1) and
fw(z) € F(By, B1) (The notation F(Hy, Hy) and F(By, By) for the spaces of vector valued
analytic functions in S, with boundary values in H; and B;, i = 0, 1, respectively, is standard,
see, e.g., [20]), with f,(0) = u, f,(6) = vand f,(0) = w, the function

g(z) = g ey H(MIEHT — MY fu(2), T(fo(2), ful2)))u
+ e MU = MY fo(2), T(fu(2), fol2)))m

is well defined, analytic in S and continuous and bounded in S. The last assertion allows
us to repeat verbatim the standard interpolation and density arguments (see e.g., [20])
(Theorem 4.1.2, p. 88, or 4.4.2, p. 97) and thus (20) is settled.

(d) To complete the proof of (17), we note that the scale of Hilbert spaces H:(R) and the
family TH;(R) (), 8> %, r > 0, of the trilinear forms fall in the scope of the interpolation
argument discussed above.

Indeed, every pair (1,r) of parameters is a convex combination of points (1,0) and
(1,n), r < n € N. Further, on account of (6), the endpoint spaces H!(R) and H},(R) satisfy
all of the density constraints imposed in item (c) above. Hence, direct application of the
interpolation identities (3) and (20) to the bounds (18) and (19) settles the claim for s = 1 and
r > 0. In general, every pair (s,7) € (%, o0) x R can be realized as a convex combination
of two points laying in the lines £y = (1,00) x {0} and ¢; = {1} x R}, respectively. Hence,
using (3) and (20) one more time, we obtain (17) for all s > % andr >0. O

4. Large-x Asymptotic of Classical Solutions

Technical estimates of Sections 2 and 3 allow us to deduce the global weighted solv-
ability of (1) directly from the well-known unweighted well-posedness results, see, e.g., the
discussion in [4-6,18], the classical papers [25,26], and note that (1) is the low order pertur-
bation of the Korteweg—de Vries equation.



Fractal Fract. 2024, 8, 635

10 of 17

Theorem 1. Assume that ug € Hi(R) N H¥"2+1(R), with } < s < rand s+ 2r > 3. Then, for
any finite value of 0 < T < oo, the unique global classical solution u to (1) satisfies,

u € L=([0, T); H:(R) N HST#FL(R)). (21)

Proof. (a)Itis well known, that for the initial data uy € H*(R), s > 3, the Benjamin equation
is classically globally well-posed (see the remark preceding Theorem 1). In particular, for
such input data and any finite value of 0 < T < oo, we have u € L*®([0, T], H*(R)).
Furthermore, for any v € L2(R)

(U, v) 12 = QLz(R)(u,U) — 2(5<uux,v>Lz(R), te (0,T], (22)
u(0) =ug, n>0. (23)

Hence, to complete the proof of Theorem 1, we need show that under the assumption
ug € Hi(R) N H+2*+1(R), the inclusion (21) holds.
(b) For the sake of brevity, for s > — %, r >0, welet

W (R) = Hy(R)NE*(R), (- dwpcmy = (o dmsmy + () s y-
On account of Lemma 1, the embedding
WS(R) — L2(R), 0<s<r, (24)

is dense and compact. Hence, for 0 < s < r, L>(R) can be realized as a completion of W (R)
with respect to the inner product (-, ) ;2(g) = (M-, ") (r), with some positive definite
bounded symmetric map M € L£L(W;(R)). It is not difficult to verify that M extends
uniquely to a symmetric positive definite bounded linear map M3 € £(L?(R)) and that
MSLZ(R) € Wi (R). By virtue of (24), the last inclusion indicates that M, with0 < s < 7,
is compact.

(c) From part (a) of the proof, the spectrum of M3 is discrete, while the collection of
associated eigenfunctions { @y }¢>0 is a complete orthogonal basis in L?(R) and in W (R),
0<s<r.

We denote P, = span{¢y}}_, and let P, : L*(R) — P, be the associated orthogonal
projector. From the definition of Wi (R), for s +2r > 3, we have {@}>0 C H3(R).
Hence, in view of Lemma 2 and part (a) of the proof, the sequence of linear Galerkin
approximations

<1/lnt, U>L2(R) = QLZ(]R) (un, Z)) — 25<uunx, U>L2(R), (S Pn, (25)
un(0) = Pylug], n>0, (26)

is well defined.
The special choice of the orthogonal basis indicates that

(unt, V) ws(r) = Quws(r) (Un, ¥) — 26 (Utknx, V) ws(r), U € Pn. (27)
Letting v = uy, in (27) and using Lemmas 2 and 3, for % < s < r, we obtain

& H”nH%/vf(R) < 2[r(1+7?)es + 2d¢s,r

Ul gsv2r1 ()] 417 S(R)* (28)
Bound (27), combined with the standard Gronwall’s inequality, indicates that

{un}ns0 € L([0, T WE(R)), L<s<r, s+2r>3, (29)
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uniformly inn > 0, for every finite fixed value of 0 < T < co. In turn, for s + 2r > 3, using (14),
(16), (24) and (29), integrating over the interval [0, T] and using the Cauchy-Schwarz inequal-
ity, we obtain

1
ittt 20,71 xm) < €T 21+ [[utl] poo (o, 7542041 () ) 2t | oo 0, 751542 ()

where the generic constant ¢ > 0 depends on the coefficients «, §, 7y, and 6 of (1) only. From
the last bound, it follows that

{tnt}nz0 € L*([0, T] X R), (30)

uniformly in n > 0.

(d) The rest of the proof is standard. Using the uniform inclusions (29) and (30) and
passing to subsequences, we conclude that: (i) {1y }n>0 and {u¢ },,>0 converge weak-x to
some w and w; in L ([0, T]; WE(R)) and L?([0, T] x R), respectively; (ii) u, (0) converges
weakly to w(0) (and by construction, strongly to up) in L2(R); and (iii) in view of (24),
{wy } >0, converges strongly in L2([0, T] x R). Passing to the weak limit in (25) and (26),
we see that for s +2r > 3,

<ZUt, v>L2(R) = QLZ(R) (w, U) — 2(S<1/lwx, v>L2(R), (A Lz(R), (31)
w(0) = uy, (32)

Subtracting (22), (23), (31) and (32) and letting v = w — u, in view of (13) and (16), we
obtain
%Hu — wHiz(R) < 25Hu||Hs+zr+1(R)||u - w||%2(R).

As [[u(0) — w(0)| 2y = 0, Gronwall’s inequality gives [ — w|| ~ (o 7;12(r)) = 0, and as
w € L®([0, T]; Wi(R)), (21) follows. The proof is complete. []

By virtue of Theorem 1, Fourier images of classical solutions with input data ug from
Hi(R) N H*2+1(R), < s < r, s+ 2r > 3 are regular away from the origin. Hence, the
large-x asymptotic of u(t) is controlled solely by the small ¢ behavior of its Fourier image
i1(t). Passing to the frequency domain in (1), we have

N : t .
at) = ey — % | =702 (s)ds, teR, (33)
0(g) = —iag +ipg[g] — g, (34)

where ¢ is the Fourier symbol of operator .4 and *2 denotes the Fourier convolution square.
The large-x asymptotic of eAfuy = F~1[e!1] is described by

Lemma 4. Assume ug € Hi(R) N HSP2 Y (R), s +2r > 3. If  <s <r—p— %, for some
positive integer p, then

p—1
() = 7 T e (P[], 6 () 12y + (P- [0l () 2w |

+o(|x[7F),  |x[ = oo, (35)
cf(x,t) _ (]Fi)kﬂd%[eiié(ﬁté(vﬁfﬁ))]g:o, 0<k<p, (36)

uniformly in bounded time intervals.



12 0of 17

Fractal Fract. 2024, 8, 635

N Ht2+1(R), we have

Proof. (a) We begm with some basm estimates. As uy € Hi(R)
07 ), with oy € H°(R). Consequently,

Pi [uo] = 271"Pi [
(37)

() = V2r[RE, % 07](8), §eRy,
(38)

N —inr/2
Ki,g = W ﬂg(:F‘:) 1XR;/ SER,
where 95 € L?(Rs). The Cauchy-Schwarz inequality, (37) and (38) and assumption

S
%, combined together, indicate that

T<s<r—p-1
(39)

|[&%, , * 0 1(0)] < clluollggry, r—p <7,

with ¢ > 0, depending on s, r and 7’ only. Further, on the account of (6), we have

[0l 9y + l[0ll 15 ) < elluoll bz )/
)+ ol gsrar () < ol st (my,

o]l v (=
< HuoHHs+2r+1(R).

[uoll 2wy + lluoll s (r)

Consequently, for any 0 < 01,605,603 < 1, with 01 + 6, + 63 = 1, from the interpolation

identity (7), it follows that
0y+63

0
L e e 0 e A

for some ¢ > 0. This estimate, combined with the definition (2)—(5) of H:(R)-norm,

implies that

(£8)° [R5, L x05](8) € L(Re) NL2(Ry), 0<s <2(p—7).

0<+ <p,

From our assumption, % < s. Hence,

0E) (&) e LY(Ry), 0<7 <p, (40)

(£8)° [r ¥ 0<s <2(p—7).

(b) We write
0(8) = —iga —io" (5) —io~(5), 07(5) = (K FPAr., EER

The inclusion ug € H*?+1(R) indicates that 7y € L'(R). Therefore, (35) and (36), com-

bined with the Fubini-Tonelli theorem, provides

Paleug)(x) = g [ e 5 Oy (£)ag
i —C A ¢ i(x—a —it0 r—
T [ e ke [} eteatie o (40 ¢ - gylag
ot [ e () K (x,1,8)dE.

+

Partial integration gives

{=0

p-1 k1
KE(x,4,8) = ¥ (o [ (g — gy tet i (0]
k=0

i ¢ i(x—at) r— —1
ety [ -
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Hence, from the last two formulas, we infer
At R s o .
Pleuol(x) = Z (x—at)FH (0; /Ck,r>L2(Ri) + Rp (x,1), (41)
k=0
+ . —imr/2 (i‘)P +i(x—at
Ry (x.t) = Ty iy /Rf atiag
/g et [ (¢ — gy e (0] 6 (40)dg, 42)
mr/Z k _ _ st
G (60 = g e (R - gD o<k, (43)

It is not difficult to verify that ¢ ck _(¢,t) is a linear combination of the powers (££)" 17/,
0 <j < k. Inview of (39), this observation allows us to conclude that each inner product
appearing in (41) is finite. Differentiating and using the Faa di Bruno formula, we have

ddgkk [ E—ito (ig)]feéé ite* (£¢) Py (t©),

where pzik are polynomials of degree 2k in ¢. Hence, the inner integral in (42) can be written
as the sum of terms appearing in (40) and, consequently, is absolutely integrable in R.. On
the account of classical Lebesgue-Riemann lemma, we conclude that

R;,t(x,t) =o(|x|7"), |x| = oo,
uniformly in bounded time intervals. Finally, using (41)-(43) and the elementary identities

efim'/2<ﬁ;t efm(r k)/2~F

ik
Kk rE>L2 (Ry) — \/127<7Di [Mo]/K;fﬁLz(R), 0<k<p,
after some simplifications, we arrive at (35) and (36). O

As H;(R) and H**"*1(R), with s > 1, r > 0 are Banach algebras (see [19]), it
follows that u(t)> € Hi(R) N H**"+1(R). Further, on the account of (2)—(5) and (6)—(8), we
have (u(t)?), € Hi " 1(R) N H*?"(R). Hence, for % <s<r—p+ %, repeating verbatim
arguments of Lemma 4, we obtain

p—1
et =) = = ¥ b [(Pal(u(t = 9))al, 6 (5)) 12wy

+{(P_[(u(t — )}, (S)>L2(R)}
Folx ), x| — oo, (44)

uniformly in bounded time intervals.
For the sake of brevity, we let

[l = 1P [u] = P[], ¥) 2 gy = / H[u](x)xkdx, k>0,
{u}r = (Py[u] + P_[u],x >L2(R) /Ru(x)x dx, k>0.

The bulk asymptotic of the classical solutions to (1) is given by the following



Fractal Fract. 2024, 8, 635 14 of 17
Theorem 2. Assume uy € Hi(R) N H*2+Y(R), with 3 < s <r— 3. Then,
— _[ud [140] milugla+t(27B{uo bo+0[uol3)
u(x, t) = 271(x0—0at) + Zn(x[illxt)z + 272 (x—at)? :
ol —=3t(2ry[uolo—27p {10 11 +8[uolo o)) +3t2 (0Bl uolI7, , —a(uol3)
272 (x—at)t
+o(lx[™),  |xf — o, (45)

uniformly in bounded time intervals.

Proof. (a) Directly from (35), (36) and (44), it follows that

Aiolx) = gty + gt +
+ Lehog Rl 4 o((x] )
e 1, = 5)) = LUl o [Pl [l o 2o b
Lttt P -0k ((54),

for large values of x and uniformly in bounded time intervals. We still need to compute
moments, associated with (u(t)?),, and the Hilbert transform.

(b) Elementary calculations and conservation of L?(IR)-norm along classical trajectories
of (1) indicate that

{0)so(t) =0, {(?)xhi(t) = ~[[u(®)|f2) = ~ltolF2(m).

From the remark preceding formula (44), u(t) € Hi~1(R) N H**?"(R) while by our assump-
tion r > 6. Hence, the restrictions i¢[(t)*?](¢) ’Ri as well as their derivatives of orders

0 <s < Y extend continuously to R . Using this fact, it is not difficult to verify that

In connection with the last formula, we note that the quantity [u(t)]o is preserved along the
classical trajectories of (1) and, hence, [u(t)]p = [1o] = 0. Applying the functional [-]; to
the both sides of (1), using partial integration and the identity [(#2)y]; = 0, we arrive at
Hlul = alulo,

so that [u(t)]; = [uo]1 + at[uplo. Combining all the formulas together and integrating
eu(x, t — s) with respect to s over [0, ], after some simplifications, (45) follows. [J

The proof of Theorem 2 relies on Lemma 4 with p = 4. The cases of p = 1,2,3 can be
treated using analogy, and the resulting asymptotic formulas are obtained by truncating (45)
at the p-th power of (x — at)~1.

As an immediate consequence of Theorem 2, we have the following analogue of
qualitative results obtained in [18] for the Benjamin equation (see also [13-17] for the
closely related Benjamin-Ono equation).
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Corollary 1. Assume ug € Hi(R) N H*+Y(R), with s + 2r > 3.

(i) If2 <s<r-— 2, then u € C([0,T], L% (R)), for each 0 < 5" < 1.

(i) If3 <s<r—3uy€L2R)and } <s' < 3, thenu € C([0,T],L%,(R)), for each
0<s" < 3.

(iii) If3 <s<r—3uy € L3(R)and 3 < s’ < 3, then u € C([0,T],L2,(R)), for each

5

0<s"<3.

(iv) If3 <s<r—1% {upto=0,up €L2(R )and 3 <s' < %, thenu € C([0,T], L2,(R)), for
each 0 < s" < %

(v) If% <s<r-— %, u(t;) € L?,(R), at three distinct time points t;, i = 0,1,2 and s’ > % then
u(t) =0, forall t € R.

(vi) If3 <s <r—3, {ugto = 0and the associated nontrivial classical solution u(t) satisfies

u(ty) € L2(R), s' > %, at time ty € R, then u(t;) € L2(R), at t; = to — ;H{u(‘f(’)}l In

particular, there exists a classical solution to (1) with ty # t;.

(vii) There exists two distinct and nontrivial classical solutions uy and uy of (1), satisfying uy, uy €
L=([0, T]; Hy (R) N H¥"2*Y(R)) and uy — up € L®([0, T}; L2, (R)), for each 0 < s < 3
and any finite value of 0 < T < co.

Proof. (a) Items (i)—(iv) follow from a direct evaluation of the coefficients appearing in (45).

In particular, in (i) [ug]o # 0, from assumptions (ii), (iii), and (iv), we have [up]o = O,
[plo = [uo]1 = 0and [uglo = [uo]1 = [uo]2 = {uo}o = 0, respectively.

(b) If (v) holds, then the quadratic polynomial q(t) = [uo]s + 6t(B{uo}1 — y[uolo) +

6126 uo H has three distinct real roots and, hence, vanishes identically. In particular,

this implies that l|uol|? 2w = O and as the last quantity is invariant under the Benjamin

flow, ||u(t )HL2 ®) = =0forallt € R.

(c) Under the assumptions of (vi), at time tg, the principal asymptotic terms in (45)
vanish identically. This implies, in particular, that

[uto)]o = [u(to)]r = [u(to)]2 = [u(to)]s = {u(to) }o =0,
2(t—t0)%+(t—to) = 0.

Hence, u(t;) € L%(R), at t; = tg — W. Further, for ug € S, with d%zio(O) # 0, we
12(R)

have tp = 0 and {up}; # 0. As a consequence, the associated classical solution satisfies (vi)
with tg # #1.

(d) Finally, choosing the initial data ug; € S,i = 1,2, so that %ﬁo,i(o) =0,k=0,1,2,3,
®) = lluo2ll12(w), it is not difficult to verify that

[uo,ilo = [uo,il1 = [uoil2 = [uoil3 = {uo,ito = {uoi}1 =0, i=12.

Further, for the data from the Schwartz class S, the inclusion ug; € Hi(R) N HS T2+ 1(R)
holds for any s, > 0. Hence, repeating the calculations of Lemma 4 and Theorem 2
verbatim, but with p = 5, we obtain

3t25ﬁ”u0 i HLZ(]R)

Mi(x, )—W (|x|75), |x’—>00, 121,2

The last identity yields (vii). O

5. Numerical Illustration

We illustrate the main results contained in Theorem 1 and the asymptotic formula (45)
given in Theorem 2. In the Figure 1, in the left panel, we notice the asymptotic behaviour
of the solution using (45). In the right panel, we illustrate the numerical solution obtained
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exponential decay rate at infinity, the full solution does not sustain this feature and validates
the result presented in Theorem 1. The figures in the bottom panel represent the 3D plot
and contour plot of the solution in the complex plane obtained using formula (45). The
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Figure 1. (Top): Solution using asymptotic formula (45) (left); Numerical Solution (right).
(Bottom): 3D Complex Plot (left); Contour Plot in the complex plane (right).

6. Conclusions

In this paper, we have shown that, for suitably chosen initial data, the Fourier trans-
forms of classical solutions to (1) remain regular away from the origin As a result, for such
data, the large-x asymptotic of u(t) is controlled solely by the behavior of its Fourier image
1(t) near the origin, and its bulk asymptotic can be computed explicitly in terms of the
input data. The analysis of the paper and, in particular, the explicit large-x asymptotic
formula (45) yields a number of qualitative results, similar to those established earlier
in [15-18], automatically. Finally, theoretical analysis of the paper lays the foundation for
building robust numerical schemes for the Benjamin equation posed in the real line.
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