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Abstract: Dengue fever, a mosquito-borne disease caused by the dengue virus, imposes a substan-
tial disease burden on the world. Wolbachia not only manipulates the reproductive processes of
mosquitoes through maternal inheritance and cytoplasmic incompatibility (CI) but also restrain
the replication of dengue viruses within mosquitoes, becoming a novel approach for biologically
combating dengue fever. A combined use of Wolbachia and insecticides may help to prevent pesky
mosquito bites and dengue transmission. A model with impulsive spraying insecticide is introduced
to examine the spread of Wolbachia in wild mosquitoes. We prove the stability and permanence results
of periodic solutions in the system. Partial rank correlation coefficients (PRCCs) can determine the
importance of the contribution of input parameters on the value of the outcome variable. PRCCs
are used to analyze the influence of input parameters on the threshold condition of the population
replacement strategy. We then explore the impacts of mosquito-killing rates and pulse periods on
both population eradication and replacement strategies. To further investigate the effects of memory
intensity on the two control strategies, we developed a Caputo fractional-order impulsive mosquito
population model with integrated control measures. Simulation results show that for the low fecun-
dity scenario of individuals, as memory intensity increases, the mosquito eradication strategy will
occur at a slower speed, potentially even leading to the mosquito replacement strategy with low
female numbers. For the high fecundity scenario of individuals, with increasing memory intensity,
the mosquito replacement strategy will be achieved more quickly, with lower mosquito population
amplitudes and overall numbers. It indicates that although memory factors are not conducive to
implementing a mosquito eradication strategy, achieving the replacement strategy with a lower
mosquito amount is helpful. This work will be advantageous for developing efficient integrated
control strategies to curb dengue transmission.

Keywords: dengue; Wolbachia; impulsive differential equation; fractional derivative; stability and
permanence; integrated control strategy

1. Introduction

Dengue, recognized as a major mosquito-borne disease, places a substantial socioe-
conomic burden on numerous tropical and subtropical regions. Over 40% of the global
population is vulnerable to this disease, leading to nearly 400 million infections annu-
ally and causing more than 25,000 deaths [1,2]. Dengue viruses (DENVs) are part of the
genus Flavivirus and comprise four different serotypes (DENV1-4), each with distinct
serological and genetic characteristics [1]. Developing effective vaccines against all dengue
virus serotypes is challenging due to the antibody-dependent enhancement [3]. Currently,
dengue prevention methods focus on controlling the primary mosquito vectors or alter-
ing human behaviors. These strategies include using insecticides, introducing predators,
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destroying breeding sites, and enhancing personal protection. Specifically, the suitable
application of insecticides prevents dengue transmission by rapidly reducing mosquito
populations in the short term [4].

Wolbachia not only manipulates mosquito reproductive processes but also inhibits the
replication of dengue viruses within mosquitoes, making it a novel approach for biologically
combating dengue fever. The reproductive manipulation of mosquitoes by Wolbachia is
mainly reflected in maternal inheritance and cytoplasmic incompatibility (CI). Maternal
inheritance means that females carrying Wolbachia can pass the bacteria to their offspring. CI
occurs when males carrying Wolbachia mate with uninfected females, resulting in non-viable
offspring. Such female-skewed reproductive mechanisms can promote Wolbachia infections
in wild populations. Some Wolbachia strains can inhibit mosquitoes from replicating the
dengue virus, thereby interrupting the transmission of the virus among mosquitoes and
humans [5,6]. Therefore, to suppress the transmission of the dengue virus, there are two
main control strategies for mosquito vectors: population replacement and suppression.
Population replacement relies on maternal inheritance and CI to establish and replace
wild mosquitoes through the release of Wolbachia-carrying female mosquitoes (or together
with Wolbachia-carrying males) [6]. Meanwhile, population suppression, based on CI,
aims to suppress or eradicate wild mosquitoes by releasing only Wolbachia-carrying male
mosquitoes, which can be regarded as a biological pesticide [7]. In this work, we will focus
on the strategy of population replacement through the mixed releases of Wolbachia-carrying
female and male mosquitoes. Moreover, Wolbachia bacterium is widely distributed within
insects and certain nematodes. It does not infect humans and other mammals and it is one
of the most common symbiotic microorganisms. They may manipulate the reproductive
processes of their hosts to promote their own survival through maternal inheritance, CI,
male killing, and parthenogenesis [8,9]. The resulting phenotype depends on both host
species and Wolbachia strains [9,10].

Research on dengue fever transmission and control has explored numerous ap-
proaches, from dynamic models to deep learning methods [11–13]. Wolbachia, as an
innovative approach to biological control of mosquito vectors, has also drawn the at-
tention of scholars across both biological and mathematical disciplines. Lately, scientists in
dengue-epidemic countries have been exploring the release of mosquitoes carrying various
Wolbachia strains to prevent the transmission of dengue virus [6,7,14–16]. Many modeling
studies have been conducted to explore the spread of various Wolbachia strains among
a wide range of wild mosquito species. Considering diverse reproductive mechanisms,
discrete difference systems were proposed to depict the frequency of Wolbachia in wild
mosquitoes and explore the potential coexistence of multiple Wolbachia strains [17,18].
Assuming that Wolbachia-carrying mosquitoes are already present in wild mosquitoes or
are being consistently released into the wild mosquitoes, a variety of continuous-time
differential models [19–24], stochastic dynamic models [25,26], and reaction-diffusion
equations [27–29] have been established to primarily examine the spread of Wolbachia
among wild mosquito populations. Moreover, several epidemic models have been pro-
posed to explore the impact of Wolbachia on the prevention of mosquito-borne
diseases [22,30,31].

Impulsive differential equation, as an extension of differential equation, can be used
to describe the dynamic phenomena of a system subjected to instantaneous interventions
at specific moments. It is widely applied in pest control, engineering control, and signal
processing. Since Wolbachia-carrying mosquitoes are typically released periodically in real-
world applications, various impulsive differential equation models have been employed
to analyze the influence of introducing Wolbachia on the dynamics behaviors of mosquito
populations [32–37].

A fractional-order differential equation is a differential equation with fractional-order
derivatives. As an extension of traditional integer-order differential equations, fractional-
order differential equations have attracted much attention in recent years. Since they can
describe the memory effects and complex dynamical behaviors of systems, they have been
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widely used in various fields, particularly in ecology and biology [38–40]. It is widely
acknowledged that the reproductive and migratory behaviors of mosquitoes are strongly
influenced by their past experiences in environmental resources and climate change, which
has a significant impact on the population dynamics [41–45]. Currently, there has been
considerable research on mosquito population dynamics and the transmission of mosquito-
borne diseases utilizing fractional differential equations to depict the above-mentioned
mosquito memory factors [41–43]. However, research specifically focusing on model-
ing Wolbachia-based biological control through a fractional framework remains relatively
scarce [44,45]. In [44], the authors established a Caputo–Fabrizio fractional-order mosquito
population model by releasing mosquitoes at different life stages carrying Wolbachia to
explore the spread of Wolbachia in wild mosquito populations. They investigated the exis-
tence, uniqueness, and α-exponential stability of the system’s solution. In [45], the authors
developed a fractional-order epidemiological model to study the spreading dynamics of
different Wolbachia strains and their impact on disease transmission, aiming to identify the
most effective strain for disease control. The research motivation and novelty are mainly
reflected in the following aspects.

• Integrated mosquito management. Traditional chemical pesticide control and Wol-
bachia-based biological control each has its distinct advantages and disadvantages.
Integrated mosquito management that combines the advantages of both approaches
is beneficial for quickly and effectively controlling mosquito populations and the
transmission of dengue fever. However, current studies on population replacement
strategies for controlling mosquitoes or dengue transmission mostly only consider
Wolbachia control, while neglecting integrated mosquito management.

• Population replacement with low total mosquito amount. Introducing Wolbachia
into wild mosquitoes has the potential to decrease their capacity for transmitting
the dengue virus. Nevertheless, the replacement of wild mosquitoes with Wolbachia
mosquitoes can cause annoying mosquito bites and the potential risk of transmitting
other mosquito-borne viruses. Therefore, during dengue outbreak seasons, it is desir-
able to achieve population replacement while keeping the overall mosquito population
at a lower threshold, or even aiming for eradication. Moreover, the combination of
releasing Wolbachia-carrying mosquitoes and spraying insecticide may help to realize
the mentioned control objective. Based on a single Wolbachia-based biological control
approach, this work aims to further explore integrated mosquito management through
modeling. To this end, an integer-order impulsive differential model is proposed to
depict the periodic use of insecticides and explore the dynamics of the spread of
Wolbachia in wild mosquito populations. We will investigate the threshold dynamics
of periodic solutions and the effects of control parameters on strategies for mosquito
eradication and replacement.

• Mosquito memory effects. Mosquitoes serve as the vectors for dengue virus transmis-
sion, and due to memory effects related to past environmental resources and climate
changes throughout their life cycle, their behaviors—such as mating, blood-feeding,
and oviposition—may change. These behavioral changes can influence mosquito
control strategies. However, most current modeling studies on the spread of Wolbachia
in mosquito populations overlook the memory factors within the mosquito life cycle
and their effects on mosquito dynamics and control strategies. To further investi-
gate the impact of mosquito memory factors on strategies for mosquito eradication
and replacement, we will extend the established integer-order impulsive differential
equation model to a Caputo fractional-order impulsive model. We will numerically
examine the impact of varying orders on the periodic solutions of the system and the
performance of the two control strategies.

The structure of this paper is as follows: In Section 2, an integer-order mosquito
population model incorporating impulsive insecticide spraying is presented to illustrate
the spread of Wolbachia in the wild mosquito population. The stability and persistence
of the periodic solutions are proved. Section 3 examines the effects of pulse periods and
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killing rates on the two control strategies, as well as a global sensitivity analysis. Also, a
Caputo fractional-order impulsive model is developed to investigate the impact of memory
factors on the two control strategies. Section 4 provides some discussions and insights
for future research. The Section 5 presents the main conclusion of this work. The specific
methodological flow chart is shown in Figure 1.
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Figure 1. The specific methodological flow chart of this research work.

2. Model Formulation and Dynamical Analysis
2.1. Model Formulation

Divide the total mosquito population into four categories: Wolbachia-free (i.e., wild)
females Fu, Wolbachia-carrying females Fw, Wolbachia-free males Mu, and Wolbachia-carrying
males Mw. It is assumed that parent mosquitoes produce an equal ratio of female and male
offspring and that Wolbachia-free and -carrying individuals exhibit distinct natural birth
rates (b1 and b2, respectively) while sharing a common natural death rate d. Wolbachia-
carrying mosquitoes might experience an extra fitness cost δ, influenced by mosquito
species and Wolbachia strains. Assume that maternal inheritance is incomplete. It refers
to the phenomenon where only a proportion τ of the offspring from Wolbachia-carrying
female mosquitoes can carry the bacteria, while the remaining 1 − τ proportion of the
offspring does not carry the bacteria [19,20,23]. CI leads to a probability q of fertilized eggs
not hatching when a wild female mates with a Wolbachia-carrying male. Thus, we obtain
the following mosquito population model without impulsive insecticide spraying:

dFu(t)
dt = (1 − τ)b2Fw + b1Fu

Mu+(1−q)Mw
Mu+Mw

− dMFu,
dMu(t)

dt = (1 − τ)b2Fw + b1Fu
Mu+(1−q)Mw

Mu+Mw
− dMMu,

dFw(t)
dt = τb2Fw − (d + δ)MFw,

dMw(t)
dt = τb2Fw − (d + δ)MMw,

(1)

where M = Fu + Mu + Fw + Mw. Moreover, this mechanistic model has been developed
to explore the spread of Wolbachia in wild mosquitoes following the release of Wolbachia-
carrying mosquitoes [19,20,32,33].

Despite females carrying Wolbachia being unable to transmit the dengue virus, they
can still cause bothersome mosquito bites and present the potential risk of transmitting
other mosquito-borne viruses. Thus, to effectively control dengue disease and reduce
annoying mosquito bites simultaneously, it is necessary to achieve population replacement
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(through Wolbachia biological control) while maintaining a low total mosquito population
(through chemical pesticides). This can be accomplished by combining the use of Wolbachia
and insecticides. An important aspect of this integrated strategy is the need to mitigate
the effects of pesticides on newly released Wolbachia-carrying mosquitoes. Therefore, the
timing of Wolbachia-carrying mosquito releases should differ from the timing of insecticide
spraying. This paper is our first work about the integrated control strategy; we simply take
into account the scenario that Wolbachia-carrying mosquitoes have already been released,
and then periodically spray insecticides to achieve population replacement with a low
total mosquito population. The combined use of Wolbachia and insecticides in managing
mosquito populations is illustrated by the following integer-order impulsive differential
equation model:

dFu(t)
dt = (1 − τ)b2Fw + b1Fu

Mu+(1−q)Mw
Mu+Mw

− dMFu,
dMu(t)

dt = (1 − τ)b2Fw + b1Fu
Mu+(1−q)Mw

Mu+Mw
− dMMu,

dFw(t)
dt = τb2Fw − (d + δ)MFw,

dMw(t)
dt = τb2Fw − (d + δ)MMw,


t ̸= nT,

Fu(t+) = (1 − p1)Fu(t),

Mu(t+) = (1 − p1)Mu(t),

Fw(t+) = (1 − p2)Fw(t),

Mw(t+) = (1 − p2)Mw(t),

t = nT,

(2)

where n ∈ N, the parameter T represents the impulsive period. The parameters p1 and p2
denote the insecticide killing rates for Wolbachia-free and -carrying mosquitoes, respectively.
Furthermore, when t ̸= nT, the four categories of mosquito population without insecticide
impulsive spraying remain the same as in model (1), while impulsive spraying occurs
at t = nT. More details about the definitions, values, and sources of the parameters for
systems (1) and (2) are provided in Table 1.

Table 1. Definitions, values, and sources of parameters in systems (1) and (2).

Parameter Definition Value (Range) Unit Source

α The ratio of natural birth rates of W to wild
mosquitoes, α = b2/b1

0.9 [0.5, 1] N/A [5]

β The ratio of death rates of W to wild mosquitoes,
β = (d + δ)/d

1.1 [0, 2] N/A [5,33]

b1 Natural birth rate of wild mosquitoes 0.4 [0.25, 0.76] Cap−1day−1 [20,33]
b2 Natural birth rate of W mosquitoes 0.36 [0.13, 0.76] Cap−1day−1 [20,33]
d Density-dependent mortality rate of mosquitoes 8.5 × 10−6 [10−6, 10−5] Cap−2day−1 [20,33]
τ Maternal inheritance rate 0.85 [0.6, 1] N/A [20,33]
δ Fitness cost of W mosquitoes, δ = (β − 1)d 8.5 × 10−7[0, 10−8] Cap−2day−1 [20,33]
q CI intensity 0.9[0.6, 1] N/A [24]

T Pulse period of spraying insecticide 4 [2, 15] day Assumed
p1 Insecticide killing rate of wild mosquitoes 0.8 [0.4, 1] N/A Assumed
p2 Insecticide killing rate of W mosquitoes 0.8 [0.4, 1] N/A Assumed

W: Wolbachia-carrying, Cap: capita.

2.2. Stability and Permanence Analysis

The subsystem of system (2) in the subspace without Wolbachia Yu = {(Fu, Mu, Fw, Mw)|
Fu ⩾ 0, Mu ⩾ 0, Fw = 0, Mw = 0} is as follows:
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

dFu(t)
dt = b1Fu − d(Fu + Mu)Fu,

dMu(t)
dt = b1Fu − d(Fu + Mu)Mu,

t ̸= nT,

Fu(t+) = (1 − p1)Fu(t),

Mu(t+) = (1 − p1)Mu(t),

}
t = nT.

(3)

Solving subsystem (3) within the impulsive interval (nT, (n + 1)T] yields the following:

Fu(t) =
eb1(t−nT)b1Fu(nT+)

2d(eb1(t−nT)−1)Fu(nT+)−b1d(Fu(nT+)−Mu(nT+))(t−nT)+b1
,

Mu(t) =
b1((eb1(t−nT)−1)Fu(nT+)+Mu(nT+))

2d(eb1(t−nT)−1)Fu(nT+)−b1d(Fu(nT+)−Mu(nT+))(t−nT)+b1
.

(4)

Let Fu(nT+) = Fun , Mu(nT+) = Mun , M(nT+) = Mn. From (4) and system (3), we have
the stroboscopic map of system (3):

Fun+1 = (1−p1)eb1Tb1Fun
2(eb1T−1)dFun−b1dT(Fun−Mun )+b1

≜ f1(Fun , Mun),

Mun+1 = (1−p1)b1((eb1T−1)Fun+Mun )

2(eb1T−1)dFun−b1dT(Fun−Mun )+b1
≜ g1(Fun , Mun).

(5)

To determine the fixed points of system (5), one needs to address the following equations:{
f1(Fu, Mu) = Fu,
g1(Fu, Mu) = Mu.

By simple calculations, there are three possible roots, including (0, 0), (0,−p1/(dT)), and
(F∗

u , M∗
u) with the following:

F∗
u = M∗

u =
b1((1 − p1)eb1T − 1)

2d(eb1T − 1)
.

Only the fix points Eu
0 = (0, 0) and Eu

1 = (F∗
u , M∗

u) will be considered due to biological
meaning. It is easy to verify that F∗

u and M∗
u will be positive if and only if (1 − p1)eb1T > 1.

Denote the eigenvalues of Eu
0 and Eu

1 as λij(i = 0, 1, j = 1, 2), then we have the following:

λ01 = (1 − p1)eb1T , λ02 = 1 − p1 < 1,

λ11 =
1

(1 − p1)eb1T > λ12 = e−b1T .

For convenience, we define the following:

R10 ≜ (1 − p1)eb1T ,

which indicates the basic offspring number of wild mosquitoes in the absence of Wolbachia-
carrying mosquitoes.

Thus, system (5), if R10 < 1, the unique equilibrium Eu
0 is locally asymptotically stable

(LAS). If R10 > 1, then Eu
0 is unstable, while the unique interior equilibrium Eu

1 is LAS.
Note that the unique equilibrium being LAS signifies its global stability. From the relation
between systems (3) and (5), the local stability of the equilibrium of system (5) indicates
the local stability of the corresponding periodic solution of system (3). Thus, we have the
following lemma about the stability of periodic solutions of system (3).

Lemma 1. For system (3), if R10 < 1, then there exists a unique mosquito eradication periodic
solution (0, 0), and (Fu(t), Mu(t)) → (0, 0) as t → ∞. If R10 > 1, then a mosquito eradication
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periodic solution (0, 0) and a positive periodic solution (F̂u(t), M̂u(t)) exist, and (Fu(t), Mu(t)) →
(F̂u(t), M̂u(t)) as t → ∞ with

F̂u(t) =
eb1(t−nT)b1F∗

u
2(eb1(t−nT)−1)dF∗

u+b1
,

M̂u(t) =
b1((eb1(t−nT)−1)F∗

u+M∗
u)

2(eb1(t−nT)−1)dF∗
u+b1

.

From Lemma 1, it is obvious that system (2) consistently exhibits a mosquito-eliminating
periodic solution Ŷ0(t) = (0, 0, 0, 0). If R10 > 1, system (2) also has a boundary periodic
solution Ŷ1(t)= (F̂u(t), M̂u(t), 0, 0). Subsequently, our primary focus is to examine the
stability of these two boundary periodic solutions and the permanence of the interior
periodic solution.

Next, the subsystem of system (2) in the subspace with Wolbachia Yw = {(Fu, Mu, Fw, Mw)|
Fu = 0, Mu = 0, Fw ⩾ 0, Mw ⩾ 0} is as follows:

dFw(t)
dt = b2τFw − (d + δ)(Fw + Mw)Fw,

dMw(t)
dt = b2τFw − (d + δ)(Fw + Mw)Mw,

t ̸= nT,

Fw(t+) = (1 − p2)Fw(t),

Mw(t+) = (1 − p2)Mw(t),

}
t = nT.

(6)

Similarly, the stroboscopic map of system (6) is as follows:
Fwn+1 = (1−p2)eb2τTb2τFun

2(d+δ)(eb2τT−1)Fun−b2τ(d+δ)T(Fun−Mun )+b2τ
≜ f2(Fwn , Mwn),

Mwn+1 = (1−p2)b2τ((eb2τT−1)Fun+Mun )

2(d+δ)(eb2τT−1)Fun−b2τ(d+δ)T(Fun−Mun )+b2τ
≜ g2(Fwn , Mwn).

(7)

System (7) has two meaningful fixed points, including Ew
0 = (0, 0) and Ew

1 = (F∗
w, M∗

w),
where

F∗
w = M∗

w =
b2τ((1 − p2)eb2τT − 1)

2(d + δ)(eb2τT − 1)
,

with (1 − p2)eb2τT > 1. Denote the eigenvalues of Ew
0 and Ew

1 as λ̂ij(i = 0, 1, j = 1, 2), then
we have the following:

λ̂01 = (1 − p2)eb2τT , λ̂02 = 1 − p2 < 1,

λ̂11 =
1

(1 − p2)eb2τT > λ̂12 = e−b2τT .

Define
R20 ≜ (1 − p2)eb2τT ,

which indicates the basic offspring number of Wolbachia mosquitoes in the absence of wild
mosquitoes. For system (7), if R20 < 1, then the unique equilibrium Ew

0 is LAS. If R20 > 1,
then Ew

0 is unstable and the unique interior equilibrium Ew
1 is LAS. Similarly, based on

the relationship between systems (6) and (7), we have the following lemma regarding the
stability of periodic solutions of system (6).

Lemma 2. For system (6), if R20 < 1, then there exists a unique Wolbachia-carrying mosquito
eradication periodic solution (0, 0), and (Fw(t), Mw(t)) → (0, 0) as t → ∞; if R20 > 1, then there
is a Wolbachia-carrying mosquito eradication periodic solution (0, 0), a positive periodic solution
(F̂w(t), M̂w(t)), and (Fw(t), Mw(t)) → (F̂w(t), M̂w(t)), as t → ∞ with
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F̂w(t) =
b2τeb2τ(t−nT)F∗

w
2(d+δ)(eb2τ(t−nT)−1)F∗

w+b2τ
,

M̂w(t) =
b2τ((eb2τ(t−nT)−1)F∗

w+M∗
w)

2(d+δ)(eb2τ(t−nT)−1)F∗
w+b2τ

.

Next, the stability and permanence of periodic solutions for system (2) are summarized
below.

Theorem 1. For system (2), if R10 < 1 and R20 < 1, then the mosquito-eliminating periodic
solution Ŷ0(t) is LAS. If R̂20 < 1 < R10, then Wolbachia-free periodic solution Ŷ1(t) is LAS.

Proof. Note that the stability analysis of Ŷ0(t) cannot directly employ the Floquet multiplier
theory due to the presence of 0/0 term derived from Mw/(Mu + Mw). As a result of system
(2), variables Fu(t) and Mu(t) maybe equal to zero only if Fw(t) = 0. From Lemmas 1 and 2,
one can obtain a sufficient condition for the local asymptotic stability of Ŷ0(t) is R10 < 1
and R20 < 1.

Next, we will prove the local stability of Ŷ1(t). Let y(t) = ( fu(t), mu(t), fw(t),
mw(t)) = (Fu(t)− F̂u(t), Mu(t)− M̂u(t), Fw(t), Mw(t)). Then, the linear system of (2) at
Ŷ1(t) is as follows: {

y
′
(t) = A(t)y(t), t ̸= nT,

y(t) = B(t)y(t), t = nT,
(8)

where

A(t) =
(

A1 A2
O A3

)
,B(t) =

(
B1 O
O B2

)
,

A1 =

(
b1 − dF̂u − d(F̂u + M̂u) −dF̂u

b1 − dM̂u −dM̂u − d(F̂u + M̂u)

)
,

A2 =

 (1 − τ)b2 − dF̂u
−b1qF̂u

M̂u
− dF̂u

(1 − τ)b2 − dM̂u
−b1qF̂u

M̂U
− dM̂u

,

A3 =

(
b2τ − (d + δ)(F̂u + M̂u) 0

b2τ −(d + δ)(F̂u + M̂u)

)
,

B1 =

(
1 − p1 0

0 1 − p1

)
, B2 =

(
1 − p2 0

0 1 − p2

)
,

the square matrix O is a 2nd-order zero matrix.
Suppose that the fundamental solution matrix of y

′
(t) = A(t)y(t) is ΦA(t) = (Φij)(1 ⩽

i, j ⩽ 2). The initial value problem Φ
′
A(t) = A(t)ΦA(t) with ΦA(0) = E4 can be solved

as follows:

ΦA(t) =

(
e
∫ t

0 A1(ν)dν Φ12(t)

0 e
∫ t

0 A3(ν)dν

)
, t ∈ [0, T).

Then, the fundamental solution matrix of system (8) on [0, T] is as follows:

B(t)ΦA(t) =

(
B1e

∫ t
0 A1(ν)dν B1Φ12(t)

0 B2e
∫ t

0 A3(ν)dν

)
.

Thus, eigenvalues of matrix B(T)ΦA(T) are defined as the Floquet multipliers of
system (8). According to the Floquet multiplier theory of impulsive differential equa-
tions [46,47], if the absolute values of all the Floquet multipliers are less than one, then the
periodic solution Ŷ1(t) is LAS; if the absolute values of some Floquet multipliers are larger
than one, then the periodic solution Ŷ1(t) is unstable.
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Denote
R̂10 ≜ r(B1e

∫ T
0 A1(ν)dν), R̂20 ≜ r(B2e

∫ T
0 A3(ν)dν), (9)

where r(B1e
∫ T

0 A1(ν)dν) is the spectral radius of B1e
∫ T

0 A1(ν)dν, and a similar case is for

r(B2e
∫ T

0 A3(ν)dν). It is worth mentioning that R10 > 1 is equivalent to R̂10 < 1, since
they both are the threshold criteria for the stability of (F̂u(t), M̂u(t)). R̂20 indicates the
basic offspring number of Wolbachia mosquitoes in the presence of wild mosquitoes. Then,
R10 > 1 and R̂20 < 1 indicate that all four Floquet multipliers are less than one. Thus, by
using the Floquet multiplier theory, the periodic solution Ŷ1(t) is LAS when R10 > 1 and
R̂20 < 1.

Theorem 2. For system (2), if R20 > 1 and R̂20 > 1, then both Wolbachia-free and -carrying
mosquitoes are permanent, i.e., there exist constants ηu > 0, ηw > 0, satisfying lim inft→∞ Hu(t) ⩾ ηu,
lim inft→∞ Hw(t) ⩾ ηw, H = F, M.

Proof. From system (2), one can deduce that Fu(t) > 0 when Fu(t) = 0, Fw(0) > 0. Our
initial step is to prove the weak permanence of Wolbachia-carrying mosquitoes. That is, we
need to prove the existence of a positive constant ηw such that we have the following:

lim sup
t→∞

Fw(t) ⩾ ηw > 0, lim sup
t→∞

Mw(t) ⩾ ηw > 0.

On the contrary, if there is a t1 > 0, such that Fw(t) < ηw, Mw(t) < ηw for all t > t1, then
according to system (2), we can express the following:

dFu(t)
dt ⩽ b2ηw(1 − τ) + b1Fu − d(Fu + Mu)Fu,

dMu(t)
dt ⩽ b2ηw(1 − τ) + b1Fu − d(Fu + Mu)Mu,

t ̸= nT,

Fu(t+) = (1 − p1)Fu(t),

Mu(t+) = (1 − p1)Mu(t),

}
t = nT.

Take the following comparison system:

du1
dt = b2ηw(1 − τ) + b1u1 − d(u1 + u2)u1,

du2
dt = b2ηw(1 − τ) + b1u1 − d(u1 + u2)u2,

t ̸= nT,

u1(t+) = (1 − p1)u1(t),

u2(t+) = (1 − p1)u2(t),

}
t = nT.

(10)

System (10) has a unique positive periodic solution, denoted as follows: û(t) = (û1(t), û2(t)).
If R20 > 1, then limηw→0 û(t) = (F̂u(t), M̂u(t)). So, for any ϵ1 > 0, there exists δw > ηw,
small enough such that û1(t) ⩽ F̂u(t) + ϵ1 and û2(t) ⩽ M̂u(t) + ϵ1. By applying the
comparison theorem, one can find t2 > t1 and ϵ2 > 0, such that we have the following:
Fu(t) ⩽ u1(t) ⩽ û1(t) + ϵ2 ⩽ F̂u(t) + ϵ1 + ϵ2 and Mu(t) ⩽ u2(t) ⩽ û2(t) + ϵ2 ⩽ M̂u(t) +
ϵ1 + ϵ2 for t > t2.

From system (2), we have the following:

dFw(t)
dt ⩾ τb2Fw − (d + δ)(F̂u + M̂u + 2ϵ1 + 2ϵ2 + 2ηw)Fw,

dMw(t)
dt ⩾ τb2Fw − (d + δ)(F̂u + M̂u + 2ϵ1 + 2ϵ2 + 2ηw)Mw,

t ̸= nT,

Fw(t+) = (1 − p2)Fw(t),

Mw(t+) = (1 − p2)Mw(t),

}
t = nT.
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When ϵi(i = 1, 2) and ηw are sufficiently small, we consider the following system:{
dv(t)

dt = A3v(t), t ̸= nT,
v(t+) = B2v(t), t = nT,

where v = (v1, v2). Then, we have the following:

v((n + 1)T+) = B2ΦA3(T)v(nT+) = B2e
∫ T

0 A3(ν)dνv(nT+) = R̂20v(nT+).

If R̂20 > 1, we can find t3 > t2 so that for each t > t3, both v1 → ∞ and v2 → ∞.
So limt→∞ Hw = ∞(H = F, M), which contradicts with Hw(t) < ηw for all t > t1. Thus,
the weak persistence of Wolbachia-carrying mosquitoes is proved. It indicates that there
exits t4 such that supt>t4

Hw(t) ⩾ ηw > 0, i.e., lim supt→∞ Hw(t) ⩾ ηw > 0, H = F, M.
When Hw(t) > ηw for all sufficiently large t, with H = F, M, we have demonstrated the
permanence of Wolbachia-carrying mosquitoes.

We now assume that Fw(t) and Mw(t) fluctuate around ηw for all sufficiently large t.
Since lim supt→∞ Hw(t) ⩾ ηw > 0, there is a τ1 ∈ (n1T, (n1 + 1)T] such that Hw(τ1) ⩾ ηw,
H = F, M. Similarly, another τ2 ∈ (n2T, (n2 + 1)T] exists, ensuring Hw(τ2) ⩾ ηw, H = F, M.
Based on system (2) for t ∈ [τ1, τ2], we have the following:

dFw(t)
dt ⩾ −(d + δ)(Fu + Mu + Fw + Mw)Fw,

dMw(t)
dt ⩾ −(d + δ)(Fu + Mu + Fw + Mw)Mw,

t ̸= nT,

Fw(t+) = (1 − p2)Fw(t),

Mw(t+) = (1 − p2)Mw(t),

}
t = nT.

(11)

If R20 > 1, R̂20 > 1 i.e., min{R20, R̂20} > 1, then the variables Fu(t) and Mu(t) of
system (2) can either be finite or infinite. In this case, there must exist positive constants
ρi(i = 1, 2) such that ρ1 ⩽ Hu(t) ⩽ ρ2(H = F, M) for any t > τ1 or at least one of the
variables Fu(t) and Mu(t) tends to infinity.

According to system (11), if ρ1 ⩽ Hu(t) ⩽ ρ2(H = F, M), then we obtain the following:

dFw(t)
dt ⩾ −(d + δ)(2ρ2 + Fw + Mw)Fw,

dMw(t)
dt ⩾ −(d + δ)(2ρ2 + Fw + Mw)Mw,

t ̸= nT, n ∈ N,

Fw(t+) = (1 − p2)Fw(t),

Mw(t+) = (1 − p2)Mw(t),

}
t = nT, n ∈ N.

(12)

From (12), we have the following:

Fw(t) ⩾
(1 − p2)

n2−n12ρ2Fw(τ1)

(2ρ2 + Fw(τ1) + Mw(τ1))e2ρ2(d+δ)(t−τ1) − Fw(τ1)− Mw(τ1)

⩾
(1 − p2)

n2−n12ρ2Fw(τ1)e−2ρ2(d+δ)(t−τ1)

2ρ2 + Fw(τ1) + Mw(τ1)

⩾
(1 − p2)

n2−n12ρ2ηwe−2ρ2(d+δ)(n2−n1)T

2ρ2 + ηw + Mw(τ
′
1)

≜ F(1)
w ,

where τ
′
1 ∈ [τ1, τ2] such that Mw(τ

′
1) is the maximum.

Similarly,

Mw(t) ⩾
(1 − p2)

n2−n1 2ρ2ηwe−2ρ2(d+δ)(n2−n1)T

2ρ2 + ηw + Fw(τ
′′
1 )

≜ M(1)
w ,
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where τ
′′
1 ∈ [τ1, τ2] such that Fw(τ

′′
1 ) is the maximum. Take η1 = min{F(1)

w , M(1)
w }. When

n2 − n1 ⩾ 0 is finite, then η1 > 0 cannot be infinitely small. Thus, Fw(t) ⩾ η1 > 0, Mw(t) ⩾
η1 > 0.

For t > t3, we continue the same process, and then obtain a finite positive constant
η2. In this manner, we can sequentially acquire the series {ηi}, i = 1, 2 . . . j . . . , where
ηj = min{F(j)

w , M(j)
w } is non-infinitesimal because nk+1 − nk ⩾ 0 is finite. For system

(2), both Fw(t) ⩾ ηj > 0 and Mw(t) ⩾ ηj > 0 in [tj, tj+1], tj ∈ (njT, (nj + 1)T], tj+1 ∈
(nj+1T, (nj+1 + 1)T]. Let η∗

w = min{ηi} = ηr > 0, r ∈ N, ηr ∈ {ηi}, i = 1, 2 . . . . Hence,
Fw(t) ⩾ η∗

w > 0 and Mw(t) ⩾ η∗
w > 0 for all t > t3.

If either Fu(t) and Mu(t) tends to infinity, then there exists a sufficiently large constant
C > 0, and

dFw(t)
dt

⩾ −C > −∞,
dMw(t)

dt
⩾ −C > −∞.

Similarly, the series {η
′
i}(i = 1, 2, . . . , j, . . .) can be obtained, where

η
′
j = min

j=1,2
{(1 − pj)

n
′
j+1−n

′
j (ηw − C(n

′
j+1 − n

′
j)T)} < 0

and Fw(t) ⩾ η
′
j and Mw(t) ⩾ η

′
j hold true in [t

′
j, t

′
j+1], t

′
j ∈ (n

′
jT, (n

′
j + 1)T], t

′
j+1 ∈ (n

′
j+1T,

(n
′
j+1 + 1)T]. Take ηw∗ = min{η

′
i} = η

′
r < 0, r ∈ N, η

′
r ∈ {η

′
i}, i = 1, 2 . . . . It is obvious that

Ω ≜ {(Fu, Mu, Fw, Mw) ∈ R4|Fu ≥ 0, Mu ≥ 0, Fw ≥ 0, Mw ≥ 0} is the positively invariant
of system (2). If Fw(t) = Mw(t) = 0 for each t > t3, it contradicts with the assumption (i.e.,
Fw(t) and Fw(t) fluctuate around ηw for all sufficiently large t). If Fw(t) > 0 and Fw(t) > 0,
then one can find a constant ϵ3 > 0, ensuring Fw(t) ≥ ϵ3 and Mw(t) ≥ ϵ3 for all t > t3.
Therefore, there exists a constant ηw = min{η∗

w, ϵ3} = ϵ3 > 0, such that

lim inf
t→∞

Fw(t) ⩾ ηw > 0, lim inf
t→∞

Mw(t) ⩾ ηw > 0.

Similarly, the existence of a constant ηu can be proved such that we have the following:

lim inf
t→∞

Fu(t) ⩾ ηu > 0, lim inf
t→∞

Mu(t) ⩾ ηu > 0.

Take η = min{ηw, ηu} > 0, we then have the following:

lim inf
t→∞

Hk(t) ⩾ η > 0, H = F, M, k = u, w.

Remark. If system (2) exhibits a complete transmission rate τ = 1, then there is a similar
conclusion to Theorem 1, but the interior periodic solution is degenerated as a boundary
periodic solution Ŷ∗(t) = (0, 0, F̂w(t), M̂w(t)), where we have the following:

F̂w(t) =
b2eb2(t−nT)F∗

w
2(d+δ)(eb2(t−nT)−1)F∗

w+b2
,

M̂w(t) =
b2((eb2(t−nT)−1)F∗

w+M∗
w)

2(d+δ)(eb2(t−nT)−1)F∗
w+b2

with

F∗
w = M∗

w =
b2((1 − p2)eb2T − 1)
2(d + δ)(eb2T − 1)

.

3. Simulations

In this section, we will evaluate the effectiveness of integrated control measures on the
strategies of mosquito eradication and mosquito replacement. Global sensitivity analysis
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of parameters is used to evaluate the influence of various input parameters on the output
variable R̂20 and population replacement, as shown in Figures 2 and 3. We also explore
the impacts of varying pulse periods and the killing rates on the mosquito dynamics of
system (2) in Figures 4−8. To compare the solutions of system (2) with that of no impulsive
spraying control, the impacts of initial states on the solutions of system (1) are as shown in
Figure 9. Moreover, a Caputo fractional-order impulsive model will be used to assess the
impact of memory factors on the strategies of mosquito eradication and replacement, as
shown in Figure 10.

3.1. Sensitivity Analysis

Uncertainty analysis of input parameters is explored by using a Latin hypercube
sampling (LHS) method. Global sensitivity analysis is conducted by assessing the partial
rank correlation coefficients (PRCCs) between various input parameters (generated from the
LHS method with 3000 samples) and the output variable R̂20. PRCC values can determine
the importance of the contribution of each input parameter on the value of the outcome
variable. A positive or negative PRCC value indicates the positive or negative correlation
between the input parameter and the output variable, respectively. Generally, the absolute
of PRCC within (0, 0.2), (0.2, 0.4), or (0.4, 1) indicates an insignificant difference from zero,
a moderate correlation, or a high correlation between the input parameter and the output
variable, respectively. Interested readers can refer to reference [48,49] for a more detailed
definition and explanation of the LHS method and PRCCs.

b1 α d D q τ T p1 p2
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Figure 2. PRCC histogram describing the dependence of R̂20 with respect to input parameters.

From Theorem 1, the stability and persistence of interior periodic solutions are de-
termined by threshold value R̂20, playing a critical role in whether or not the population
replacement strategy can succeed. Although the explicit value of R̂20 cannot be directly
calculated, it can be determined numerically. We then concentrate on examining the in-
fluence of each parameter on R̂20, as depicted in Figure 2. The PRCC values and p-values
of each parameter are presented in Table 2. Based on Figure 2 and Table 2, the highest
contribution on R̂20 is the killing rate p2. The ratio α and the transmission rate τ have
moderate contributions, and other parameters only have slight contributions. In particular,
we can increase R̂20 by decreasing p2 or increasing α, τ, which is conducive to achieving
partial population replacement.
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Table 2. PRCCs describing the dependence of R̂20 with respect to each input parameter. We assign a
p-value as zero if p < 0.0001, and consider it significant if p < 0.01.

Parameter b1 α d δ q τ T p1 p2

PRCCs −0.0983 0.2824 0.0079 −0.0043 −0.0394 0.2446 −0.0926 0.0482 −0.4271
p-values 0 0 0.6672 0.8151 0.0311 0 0 0.0084 0

Figure 3. Frequency histogram (a) and cumulative distribution (b) of R̂20 based on the 3000 LHS
samples.

Figure 3 show the frequency and cumulative distribution of R̂20 based on the 3000 sam-
ples of LHS to analyze its sample results. It follows from Figure 3 that the mean of R̂20 is
M = 0.3111 with the standard deviation being SD = 0.8457. The coefficient of variation
(CV) is calculated by dividing a variable’s standard deviation by its mean, which helps
assess the concentration extent of the variable. If the CV exceeds 10%, the frequency dis-
tribution is considered dispersed; otherwise, it is deemed concentrated. Figure 3 reveals
that the frequency of R̂20 is significantly dispersed (CV = 271.9%), with the lowest and
the highest estimates being 1.4748 × 10−5 and 23.0857, respectively. Our estimates from
the replicated LHS shows that 90% of these estimates of R̂20 are less than 0.72, and the
probability of R̂20 > 1 is about 5.8%. Moreover, based on the sensitivity analysis of R̂20, the
probability of R̂20 > 1 can be improved by reducing p2 and increasing α, τ.

3.2. Effectiveness of Pulse-Spraying Insecticide on Control Strategies

To assess the effectiveness of pulse-spraying insecticide on mosquito eradication or partial
replacement, Figures 4–8 illustrate the impacts of varying pulse periods and killing rates on
the mosquito dynamics of system (2). From Figure 4, the solutions of system (2) can stabilize
at the mosquito eradication periodic solution more quickly with decreasing impulsive periods
successively from T = 5.5 to 4.5, 3.5, 2.5. From Figure 5, with successively decreasing impulsive
periods from T = 7.5 to 6.5, 5.5, 4.5, the solutions of both Wolbachia-free and -carrying females
can be successively decreased, and the mosquito replacement level is slightly increased. This
indicates that an increase in the frequency of impulsive periods contributes to reducing annoying
mosquito bites while improving the level of mosquito replacement.

From Figure 6, if the killing rate p1 is too low, the mosquito eradication strategy cannot
succeed (as observed in the black curves). Only if the killing rate p1 is adequately high is it
possible to achieve the mosquito eradication strategy. By increasing the killing rate p1 (see
magenta, blue, and red curves), the mosquito eradication strategy can be achieved more
quickly. From Figure 7, if the killing rate p1 is too low, the mosquito replacement strategy
will not succeed (see black curves), and the strategy may be achieved only if the killing rate
p1 is adequately high. When the partial replacement strategy succeeds, the total number of
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wild and Wolbachia-carrying female mosquitoes is much lower than the total number of
females when the mosquito population replacement strategy fails. As increasing the killing
rate p1 from 0.8 to 0.85, 0.9, the solutions of Wolbachia-free and -carrying mosquitoes can
be increased and reduced, respectively, while the strategy of mosquito replacement can
reach higher levels more quickly. It indicates that appropriately increasing the killing rate
p1 helps to quicker achieve a high level of mosquito replacement and also helps to reduce
annoying mosquito bites.

Figure 4. The impacts of pulse periods on the mosquito eradication strategy. (a) For
the solution of wild female mosquitoes Fu(t); (b) for the solution of Wolbachia-carrying
female mosquitoes Fw(t). The magenta, blue, red, and cyan lines represent the so-
lutions of the system (2) corresponding to T values of 2.5, 3.5, 4.5, and 5.5, respec-
tively. Baseline parameter values are set as b1 = 0.4, α = 0.9, d = 8.5 × 10−6,
δ = 8.5 × 10−7, q = 0.9, τ = 0.85, p1 = 0.9, p2 = 0.85. The initial values of the solution curves
are taken by (50, 50, 50, 50).

Figure 5. The impacts of impulsive periods on the mosquito replacement strategy. (a) For the
solution of wild female mosquitoes Fu(t); (b) for the solution of Wolbachia-carrying female mosquitoes
Fw(t); (c) for the proportion of Wolbachia-carrying female mosquitoes to the total female mosquitoes
Fw(t)/(Fu(t) + Fw(t)). The cyan, red, blue, and magenta lines, respectively, represent the solution of
system (2) by taking T = 7.5, 6.5, 5.5, 4.5. The values of the baseline parameters are consistent with
those in Figure 4, but p1 = 0.9, p2 = 0.7.
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From Figure 8a,b, when the killing rate p2 is relatively large, the solutions of Wol-
bachia-free and -carrying mosquitoes stabilize more slowly and quickly, respectively, to the
mosquito eradication periodic solution as p2 is increased (see red, cyan, and green curves).
As shown in Figure 8c–e, when the killing rate p2 is relatively small, decreasing p2 allows
the solution of system (2) to stabilize faster to the partial replacement periodic solution,
and the partial replacement can reach higher levels more quickly (see blue, magenta, and
black curves).
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Figure 6. The effects of impulsive killing rates p1 on the mosquito eradication strategy. (a) For the
solution of wild female mosquitoes Fu(t); (b) for the solution of Wolbachia-carrying female mosquitoes
Fw(t). The values of the baseline parameters are consistent with those in Figure 4, but T = 5. For
black lines, R10 > 1, R20 < 1, R̂20 < 1; for the magenta, blue, and red lines, R10 < 1, R20 < 1.
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Figure 7. The effects of impulsive killing rates p1 on the strategy of mosquito replacement. (a) For the
solution of wild female mosquitoes Fu(t); (b) for the solution of Wolbachia-carrying female mosquitoes
Fw(t); (c) for the proportion of Wolbachia-carrying female mosquitoes to the total female mosquitoes
Fw(t)/(Fu(t) + Fw(t)). The values of the baseline parameters are consistent with those in Figure 4,
but T = 5, p2 = 0.7. For black lines, R10 > 1, R20 > 1, R̂20 < 1; for the magenta, blue, and red lines,
R20 > 1, R̂20 > 1.

Figure 9 shows that system (2), without impulsive spraying insecticide, shows bistable
equilibria, with the system’s stabilization at one of the equilibria depending on the initial
conditions. The green and red solution curves indicate the success or failure of the partial
replacement strategy. For more details about the bistable equilibria of system (2), without im-
pulsive spraying insecticide, interested readers can refer to our previous work [32]. However,
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when the combination of Wolbachia and impulsive spraying insecticide is considered, even in
the same non-impulsive control parameters, the mosquito eradication strategy or replacement
may be achieved, depending on the values of pulse control parameters or the initial mosquito
densities. This indicates that, compared to the sole use of Wolbachia, the integrated use of
Wolbachia and insecticide can bring diverse control strategies. Moreover, regardless of the
case of dynamical behaviors and the initial values, the total quantities of female mosquitoes
in Figures 4–8 are consistently much lower than those in Figure 9. This indicates that the
integrated control measure can help reduce annoying mosquito bites while implementing a
mosquito replacement strategy, and potentially even eliminate mosquitoes.
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Figure 8. The effects of impulsive killing rates p2 on the strategies of mosquito eradication and
replacement. (a,c) For the solution of wild female mosquitoes Fu(t); (b,d) for the solution of Wolbachia-
carrying female mosquitoes Fw(t); (e) for the proportion of Wolbachia-carrying female mosquitoes
to the total female mosquitoes Fw(t)/(Fu(t) + Fw(t)). The values of the baseline parameters are
consistent with those in Figure 4, but T = 5, p1 = 0.9.
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Figure 9. The impacts of initial states on the solutions of system (1). (a) For the solution of wild female
mosquitoes Fu(t); (b) for the solution of Wolbachia-carrying female mosquitoes Fw(t); (c) for the pro-
portion of Wolbachia-carrying female mosquitoes to the total female mosquitoes Fw(t)/(Fu(t) + Fw(t)).
The red and green lines, respectively, are the solutions from the initial values (50, 50, 50, 50) and
(50, 50, 1, 1). Baseline parameter values are taken as the same as in Figure 4.
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3.3. Impacts of Mosquito Memory on the Two Control Strategies

The memory effect of mosquitoes on past environmental resources, climate changes,
and other factors has a significant impact on mosquito population dynamics. This suggests
that the future state of the mosquito population depends not only on its current state but
also on its past states. Fractional differential equations can effectively describe this memory
effect and the complex dynamical behavior of such systems. Many notable definitions of
fractional derivatives have been developed and discussed, with the most well-known being
the Riemann–Liouville and Caputo definitions.

The integer-order derivative and Caputo derivative of a constant are both zero,
whereas the Riemann–Liouville derivative of a constant is not. Thus, the Riemann–Liouville
differential operator fails to handle differential equations when they involve constant val-
ues. Additionally, the Riemann–Liouville fractional derivative cannot be paired with initial
conditions defined in classical integer-order models. Caputo fractional differential equa-
tions can effectively represent the memory effect and historical dependence in mosquito
populations and allow the initial values from the integer-order equation to be directly used
as initial conditions. This makes Caputo’s approach more comparable to the solution of
the integer-order model. Therefore, we will extend the integer-order impulsive differential
equation model (2) into a Caputo fractional-order impulsive model to assess and compare
the impact of memory factors on strategies for mosquito eradication and replacement. The
modified model can be obtained by replacing the integer derivative in model (2) with the
Caputo derivative of order γ, as follows:

Dγ
t Fu(t) = (1 − τ)b2Fw + b1Fu

Mu+(1−q)Mw
Mu+Mw

− dMFu,

Dγ
t Mu(t) = (1 − τ)b2Fw + b1Fu

Mu+(1−q)Mw
Mu+Mw

− dMMu,

Dγ
t Fw(t) = τb2Fw − (d + δ)MFw,

Dγ
t Mw(t) = τb2Fw − (d + δ)MMw,


t ̸= nT,

Fu(t+) = (1 − p1)Fu(t),

Mu(t+) = (1 − p1)Mu(t),

Fw(t+) = (1 − p2)Fw(t),

Mw(t+) = (1 − p2)Mw(t),

t = nT,

(13)

where γ ∈ (0, 1] is the order of a Caputo-type fractional derivative.
Through a straightforward dimensional analysis, it becomes evident that the first

four equations of system (13) exhibit a dimensional mismatch between the left-hand and
right-hand sides of the equations. By careful examination, the left-hand side of the first four
equations of system (13) exhibits a dimension of day−γ. On the right-hand side, the terms
b1 and b2 share the same dimensions of Cap−1day−1, the terms d and δ share the same
dimensions of Cap−2day−1, the variables Fu, Mu, Fw, and Mw share the same dimensions of
Cap, while the remaining terms are identified as dimensionless, as shown in Table 1. Thus,
the right-hand side of the first four equations of system (13) has the dimension of day−1.
Note that the right-hand side of the equations of the system must have the same dimensions
as the left-hand side. Moreover, Diethelm addressed the dimensional mismatch associated
with direct fractionation in [50], where he proposed a fractional-order system with the same
dimensions on both sides of the equations. We attempt to follow the procedure proposed
by Diethelm to overcome the dimensional mismatch in system (13) and improve the system
as follows:
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

Dγ
t Fu(t) = (1 − τ)bγ

2 Fw + bγ
1 Fu

Mu+(1−q)Mw
Mu+Mw

− dγ MFu,

Dγ
t Mu(t) = (1 − τ)bγ

2 Fw + bγ
1 Fu

Mu+(1−q)Mw
Mu+Mw

− dγ MMu,

Dγ
t Fw(t) = τbγ

2 Fw − (dγ + δγ)MFw,

Dγ
t Mw(t) = τbγ

2 Fw − (dγ + δγ)MMw,


t ̸= nT,

Fu(t+) = (1 − p1)Fu(t),

Mu(t+) = (1 − p1)Mu(t),

Fw(t+) = (1 − p2)Fw(t),

Mw(t+) = (1 − p2)Mw(t),

t = nT,

(14)

where γ ∈ (0, 1] is the order of a Caputo-type fractional derivative, the fractional operator
Dγ

t is identical to the first integer-order derivative when γ = 1. Generally, the term 1 − γ
denotes the memory intensity of mosquitoes, so γ = 1 indicates no memory effect. The
definitions, units, and values of parameters are the same as those in system (2). It is
noteworthy that both systems (2) and (14) share identical initial values and parameter
values, thereby offering a solid foundation for our subsequent investigation into the impact
of memory factors on the strategies of mosquito eradication and replacement, as shown in
Figure 10.

Figure 10. The impacts of memory on the strategies of mosquito eradication and replacement.
(a,c) For R10 < 1 and R20 < 1 with p1 = 0.9, p2 = 0.85; (b,d) for R20 > 1, and R̂20 > 1 with
p1 = 0.84, p2 = 0.7. The black, red, and blue curves represent the solution of system (14) by taking
γ = 1, 0.9, 0.8, respectively. Other parameter values and the initial values are taken as the same as in
Figure 4, except for T = 5.

According to Section 3, we denote the two cases R10 < 1, R20 < 1 and R20 > 1, R̂20 > 1
as the low fecundity of individuals and the high fecundity of individuals, respectively.
Figure 10 shows the impacts of the memory intensity of mosquitoes on the strategies of
mosquito eradication and replacement for both the low and high fecundity of individuals.
To provide a more intuitive and precise comparison of the impact of memory intensity on
control strategies, we have compiled a table (see Table 3) that summarizes the key aspects
from Figure 10 under different threshold conditions and three distinct levels of memory
intensity. The key aspects include the control strategies, the time required for the system to
reach stable periodic solutions, the number of wild females, Wolbachia-carrying females,
and total females at stabilization, as well as the replacement levels at stabilization. This
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table offers a clear and concise representation of the relationship between memory intensity
and the effectiveness of control strategies.

From Figure 10a,c and Table 3 for R10 < 1 and R20 < 1, if there is no memory ef-
fect from mosquitoes (γ = 1), then about 85 and 70 days later, the solution sequences of
both wild and Wolbachia-carrying females before and after the pulse control, will, respec-
tively, tend to zero. This indicates that the mosquito eradication strategy can be swiftly
achieved. Compared to the scenario without memory effect, when the memory intensity
of mosquitoes is increased to 0.1, i.e., γ = 0.9, then 190 and 140 days later, the solutions
for both wild females and Wolbachia-carrying females before and after the pulse control
will, respectively, converge to zero, implying that the speed of mosquito eradication has
slowed down. When we continue to increase the memory intensity to 0.2, i.e., γ = 0.8,
then it, respectively, requires about 275 and 155 days for the solution sequences before
and after the pulse control, and solutions of both wild and Wolbachia-carrying females will
converge to stable interior periodic solutions with low female mosquito numbers. This
implies that mosquito eradication is replaced by mosquito replacement with a low amount
of mosquitoes.

Table 3. The key aspects from Figure 10 under low and high fecundity of individuals with different
memory intensities. The key aspects include the control strategies, the time required for the solution
sequences to stabilize before and after the pulse controls, the numbers of wild females Fu, Wolbachia-
carrying females Fw, total females Fu + Fw, and the replacement levels Fw/(Fu + Fw) at stabilization
for the solution sequences before and after the pulse controls.

Scenarios Strategy RST No. of Fu No. of Fw No. of Fu + Fw Repl. Level

R10 < 1,
R20 < 1
(low
fecundity of
individuals)

γ = 1 Erad.
85

0 0 0 /
70

γ = 0.9 Erad.
190

0 0 0 /
140

γ = 0.8 Repl.
275 26 113 139 81.3%

155 4 18 22 81.8%

R20 > 1,
R̂20 > 1 (high
fecundity of
individuals)

γ = 1 Repl.
165 998 4798 5796 82.8%

155 157 1437 1594 90.2%

γ = 0.9 Repl.
90 499 2317 2766 82.3%

85 78 693 771 90.0%

γ = 0.8 Repl.
50 207 937 1144 81.9%

50 32 280 312 89.7%

Erad.: eradication; Repl.: replacement; RST: required stable time.

Similarly, from Figure 10b,d and Table 3 for R20 > 1 and R̂20 > 1, if there is no memory
effect from mosquitoes for γ = 1, then about 165 and 155 days later, the solution sequences
of both wild and Wolbachia-carrying females, before and after the pulse control, will tend to
interior equilibria, with the total number of females being, respectively, 5796 and 2766, and
the corresponding replacement levels being, respectively, 90.2% and 82.3%. This indicates
that the strategy of mosquito replacement—with high numbers of females, high amplitudes
of females, and high replacement levels—can be achieved gradually. Compared to the
scenario with no memory effect, when the memory intensity of mosquitoes is progressively
increased from 0.1, i.e., γ = 0.9, to 0.2, i.e., γ = 0.8, then the solution sequences of both
wild and Wolbachia-carrying females, before and after the pulse control, will converge
more quickly to the interior equilibria. These equilibria will have both lower numbers and
amplitudes of females, though the replacement levels will only increase slightly.
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4. Discussion

In this work, a four-dimensional impulsive differential model with pulse-spraying
insecticides was developed to explore the impact of the integrated application of Wolbachia
and chemical insecticides on the spread of Wolbachia in mosquito populations. We investi-
gated the stability of the mosquito elimination periodic solution Ŷ0(t) and Wolbachia-free
periodic solution Ŷ1(t) by using the stability analysis of the equivalent difference systems
and the Floquet multiplier theory, as shown in Theorem 1. Then, we proved the perma-
nence of Wolbachia partially established periodic solution, as shown in Theorem 2. These
threshold conditions of stability and permanence can determine the success or failure of
mosquito eradication or replacement strategy.

Sensitivity analysis was conducted by using PRCCs to reveal the contributions of
input parameters to the threshold value R̂20. The first three contribution parameters are the
insecticide killing rate of Wolbachia mosquitoes p2, the ratio α of natural birth rates, and
transmission rate τ. Moreover, R̂20 can be increased by decreasing p2 or increasing α and τ,
which is conducive to achieving partial population replacement. We also numerically ex-
plored the effects of pulse periods and insecticide killing rates on the strategies of mosquito
eradication and replacement. For the mosquito eradication strategy, increasing the fre-
quency of insecticide spraying can rapidly reduce mosquito populations. Increasing the
kill rate of insecticides against wild mosquitoes, or moderately reducing the kill rate of Wol-
bachia-carrying mosquitoes, can help to rapidly reduce the population of wild mosquitoes
that transmit dengue disease. As for the strategy of mosquito replacement, increasing the
spraying frequency of insecticides is beneficial to achieve a high level of mosquito replace-
ment with a low total amount and low amplitude. Increasing the kill rate of insecticides
against wild mosquitoes will help rapidly reduce their population and improve the level
of mosquito population replacement. Appropriately reducing the kill rate of insecticides
against Wolbachia-carrying mosquitoes may slightly lower the mosquito replacement level,
but can significantly reduce the total number of both types of mosquitoes.

The solutions of system (2), both with and without pulse-spraying insecticide, were
compared to assess the effectiveness of mosquito control between the combined use of
Wolbachia and insecticides versus using only Wolbachia. Numerical results indicate that
the mosquito elimination strategy cannot be achieved by using only Wolbachia. However,
the integrated use of Wolbachia and insecticide can successfully lead to either mosquito
eradication or replacement. Compared to solely using Wolbachia, the integrated control
measure can reduce annoying mosquito bites by significantly lowering the total mosquito
population, while also achieving mosquito replacement or even complete eradication.

Moreover, the integer-order impulsive differential equation model was extended into
a Caputo fractional-order impulsive model to assess the impacts of memory factors on the
strategies of mosquito eradication and replacement. Under both the low and high fecundity
of individuals, we numerically compared the impacts of three different memory intensities
on the effectiveness of mosquito eradication and replacement from several critical aspects,
including the control strategy, the required stable time of the periodic solution, the numbers
of wild, Wolbachia-carrying, and total females, and the replacement level.

When the basic offspring numbers of wild mosquitoes in the absence of Wolbachia
mosquitoes and the basic offspring number of Wolbachia mosquitoes in the absence of wild
mosquitoes are both less than one (i.e., for R10 < 1 and R20 < 1), an increase in mosquito
memory intensity is not conducive to achieving the eradication strategy, both in terms of
the required stabilization time and the number of female mosquitoes at stabilization. The
reason for this phenomenon is that when the fecundity of individuals is relatively low or
the mosquito population is relatively low, then mosquitoes will choose more suitable places
to breed in response to their memories of the environment and resource availability, in
order to support their own development and thereby increase their population size.

When the basic offspring numbers of Wolbachia mosquitoes in the absence or presence
of wild mosquitoes are both larger than one (i.e., for R20 > 1 and R̂20 > 1), then the increase
in mosquito memory intensity is beneficial to the implementation of a replacement strategy
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from the perspectives of the required stable time, the number of female mosquitoes, and
replacement levels at stabilization. The primary reason for this phenomenon is that when
the fecundity of individuals is relatively high or the mosquito population is relatively large,
adult mosquitoes will reduce their oviposition behavior to allocate more resources to each
individual, based on their memory evaluation, the living environment, and resources. This
results in a decrease in the overall mosquito population.

At present, modeling studies on the effects of Wolbachia biological control on the
transmission and control of mosquitoes and mosquito-borne diseases using fractional
differential equations are notably scarce [44,45]. In [44], Dianavinnarasi et al. developed
a stage-structured mosquito population model that continuously releases various stages
of Wolbachia-carrying female and male mosquitoes to explore how Wolbachia spreads in
wild mosquito populations. They examined the existence, uniqueness, and α-exponential
stability properties of the solutions were examined. In [45], the authors further expanded
the model to include the dynamics of the human population and dengue virus transmission,
building upon the work of Dianavinnarasi et al. They established a Caputo fractional-
order epidemiological model. By analyzing the local and global stability of the system’s
equilibrium points, they investigated the dynamics of Wolbachia transmission and its impact
on dengue transmission. Additionally, they used numerical analysis methods to identify
the most effective strain for disease control.

When comparing this work with the above-mentioned modeling studies, the main dif-
ferences are as follows. The two previous studies primarily utilized fractional-order models
of mosquito populations or dengue transmission to investigate the impact of solely using
Wolbachia-based biological control on the strategy of mosquito replacement, and the trans-
mission and control of dengue diseases. When the fractional order degrades to one, both
systems transform into continuous differential equation models. In this work, we consid-
ered the fact that replacing wild mosquitoes with Wolbachia-infected mosquitoes can cause
annoying mosquito bites and pose a potential risk of transmitting other mosquito-borne
viruses. During dengue outbreak seasons, it is ideal to achieve population replacement
while maintaining the overall mosquito population at a lower threshold or even achieving
eradication. Therefore, we aimed to go beyond using Wolbachia biological control alone
by further exploring the modeling of integrated mosquito management. This approach
combines the advantages of Wolbachia with chemical insecticides and considers the memory
effect of mosquito populations. Consequently, we established integer-order and fractional-
order differential equation models of mosquito populations with impulsive insecticide
spraying to study the impact of integrated mosquito management on both population re-
placement and eradication strategies. We also conducted numerical comparisons between
integer-order and fractional-order models to investigate the specific impact of memory
intensity on these two control strategies under different control thresholds. Moreover, when
the fractional order reduces to one, the primary difference between our impulsive model
and the previous continuous models lies in the fact that the function on the right-hand side
of our model is neither continuous nor smooth, which increases the theoretical analysis
challenges for such impulsive systems.

Our model focuses on the spread of Wolbachia in mosquito populations through the
combined use of Wolbachia and insecticide. To simplify, we only consider the dynamic be-
haviors of adult mosquitoes but ignore the life cycle of mosquitoes. Moreover, mosquitoes
experience four distinct stages, and each stage may have different birth and death rates and
dynamic behaviors. In addition, this paper investigates the impact of memory intensity on
the two control strategies. Due to space limitations, we have not conducted a theoretical
investigation of the threshold dynamic conditions for the extended Caputo fractional-
order differential equations. Instead, we have numerically compared the solutions of the
integer-order impulsive differential equation model with those of the fractional-order im-
pulsive model. We assume that this fractional-order model possesses threshold dynamics
similar to those of integer-order models. Therefore, in future work, we will attempt to
theoretically derive the precise threshold dynamic conditions for the fractional-order im-
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pulsive model with stage structures, and investigate the spread of Wolbachia and integrated
control strategies.

5. Conclusions

In this work, we established integer-order and fractional-order impulsive differential
models to study the effects of integrated mosquito management and mosquito memory
factors on mosquito population dynamics, as well as strategies for mosquito replacement
and eradication. In conclusion, while maintaining the safety of chemical pesticide use,
appropriately increasing the frequency of pesticide spraying and selecting pesticides that
are effective against wild mosquitoes but relatively less effective against Wolbachia-carrying
mosquitoes can be more conducive to achieving a low overall mosquito population under
high-level replacement, and even to achieving mosquito eradication. Compared to using
only Wolbachia, the integrated control measure offers diverse control strategies. It can help
reduce annoying mosquito bites while achieving a mosquito replacement strategy, and
potentially even eliminate mosquitoes. For cases with low fecundity, with the increase in
memory intensity, the time required to achieve eradication strategies will be prolonged,
and it may even result in the replacement strategy with a low total number of female
mosquitoes. However, for cases with high fecundity, with the increase in memory intensity,
the time required to achieve replacement strategies will be shortened, and the number
and amplitude of female mosquitoes will decrease, although the replacement level only
undergoes slight changes.
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