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Abstract: In the present work, we study some existing results related to a new class of Steklov
p(x)-Kirchhoff problems with critical exponents. More precisely, we propose and prove some
properties of the associated energy functional. In the first existence result, we use the mountain pass
theorem to prove that the energy functional admits a critical point, which is a weak solution for such
a problem. In the second main result, we use a symmetric version of the mountain pass theorem to
prove that the investigated problem has an infinite number of solutions. Finally, in the third existence
result, we use a critical point theorem proposed by Kajikiya to prove the existence of a sequence of
solutions that tend to zero.

Keywords: variational methods; 1-Hilfer fractional derivative; critical exponent; concentration-
compactness principle; fractional Kirchhoff equation; Steklov problem

1. Introduction

In this study, we examine a specific class of fractional Kirchhoff-type problem with a
p(x)-Laplacian operator, which is expressed as follows:

M( a7

sy |POY) ; _ ,

HD&”’%‘ dx) L‘:(’Z’)lpu — u"™"2u 4 g(x,u), in A = (0,T) x (0,T),
, -2

‘]D)COD—;_V,HM‘F’(X) g% _ |u|s(x)—2u on aA,

1)

where (5)—2
vy HnovY [ [Hnhevv, |PY) " “Hanovy
Loy = Mg (’ gl D u), @)
where H]D)Owjrv Al (-)and H]D)O(Djrv v (+) are p-Hilfer fractional partial derivatives of order p% <w<1
and type 0 < v < 1. ?TZ is the outer-unit normal derivative. p, r, and s € C(A) are such that

1<p = inp(x) <pT=supp(x) <2,
A

pt <r(x) <p*(x), forallx € A,

and
pt < s(x) < p«(x) forall x € 9A,

where p*(x) is the critical exponent, which is defined as follows:

p*(x) = zf(px()x) if p(x) <2,

oo if p(x) > 2
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The Kirchhoff function (M) is continuous, and the nonlinearity (g) is of the
Carathéodory type.

In recent years, considerable attention has been paid to problems involving the
yp-Hilferfractional derivative with a p-Laplacian operator [1-8]. Problems that involve the
growth of the critical exponent are more complicated, since the embedding is continuous
and not compact. To solve this lack of compactness, Lions [9] used the concentration-
compactness principle. Recently, several problems have arisen that involve critical growth
behavior. For a more thorough exploration of this subject, we recommended that interested
readers consult references [10-13] and other related sources.

The investigation of problems characterized by variable exponents, critical growth,
and those involving the y-Hilfer fractional derivative with a p-Laplacian operator has
garnered considerable interest in recent years. These issues are not only intriguing but also
relevant to various applications, including the modeling of electrorheological fluids [14-16],
image processing [17], medicine [18], economics and finance [19,20], physics [21,22], and
biology [23]. Moreover, they represent difficult mathematical problems that require a
detailed examination.

The authors of [24] explored an equation with critical variable exponents.

(=B) oyt = Jul™2u+ a(2)[u'™2u in A,
u=0 onodA,
where p,r, and g are such that
1<p(x) <q(x)<r(x) <p*(x),VxeA.

It is assumed that the set A = {x € A :r(x) = p*(x)} is not empty, which suggests
the appearance of critical growth behavior. To demonstrate the existence of solutions,
the authors utilized variational methods alongside the mountain pass theorem. These
approaches enabled them to formulate an appropriate functional and apply critical point
theory to identify non-trivial solutions to the problem.

The problems related to Kirchhoff-type problems with variable exponents are attract-
ing significant attention and becoming increasingly important to various research groups
due to a range of theoretical and practical inquiries [25-29]. Furthermore, it is important to
highlight the growing interest in Kirchhoff problems involving fractional operators, which
has seen a remarkable increase over the years [30-32]. The p(x)-Laplacian introduces
more intricate nonlinearity, leading to several fundamental challenges. For approximation,
the authors of [4] explored the Kirchhoff fractional p(¢)-Laplacian problem without a
critical exponent.

S(Justs

Hp© Yy, p(x)dx) L9y = g(xu), in A=1[0,T] x [0,T],

p(x) (P)

u = 0, on oA

The authors utilized variational techniques, along with the mountain pass theorem and
the fountain theorem, to demonstrate both the existence and the multiplicity of solutions
for the problem (P,).

We note that the novelty in our study compared with reference [24] is that the per-
turbed nonlinearity can be critical, which implies more difficulties. This is due to the
embedding, which is only continuous when the exponent is critical, and to solve this
we use a concentration-compactness principle. Moreover, Kirchhoff-type problems are
important, since they arise in the description of nonlinear vibrations of an elastic string.

Inspired by the findings reported in reference [4], our article seeks to advance the
discussion by examining the critical case of the problem mentioned above. To achieve this,
we apply a recent concentration-compactness principle for ¢-Hilfer spaces with variable
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exponents to analyze the weighted Kirchhoff problem (1). Our research offers a general-
ization, enhancement, and extension of the earlier references, incorporating additional
suitable conditions. As a result, this project is of considerable significance and provides
important insights.

In conclusion, our study makes a meaningful addition to the current body of literature
by investigating the critical case of the Kirchhoff problem under Steklov boundary condi-
tions. By employing robust mathematical methods and leveraging recent concentration-
compactness principles, we demonstrate the existence and multiplicity of solutions for
problem (1), thereby deepening the understanding of this significant area of research.

2. Preliminaries of Variational Spaces

In this section, we present the spaces related to the variational formulation of the
main problem. Concerning the properties of the Lebegue spaces and the Hilfer fractional
derivative ( Dowf "), we refer the reader to the lemmas presented in [4,5,33,34]. Next, in
order to define the working space, we begin by introducing the following set:

C.(A) = {p e C(A), p(¢) > 1,V& € A).

Forall p € C1(A), consider
p- =infp(0),p" = sup p(8)-
Additionally, we define
LPE(A) = {u : A — R, measurable : fA|u(C)|p(§)d§ < 00},

with the norm on £P()(A) defined as

i “lu
|M|LP(§)(A) = lnf{‘u >0: /A‘Ef)

p(g)
ac <1;.

We also define

PO A) = {u : A — R, measurable : /E)A\u((;ﬂp@d(r < oo},

with the norm on £7(©) (dA) defined as

. p(¢)
|M|Ep(g)(aA)=1nf ]/l>02/aA do<15;.

Spaces (U"(g) (A), ] pr@ (A)> and (U’@) (OA), '] 2o (aA)> are Banach spaces, which
we refer to as variable-exponent Lebesgue spaces.
The y-fractional space is expressed as [4,5]

u(@)
"

Hf(g)”(/\) = {u € LP(é‘)(A) : ‘DO‘DJ,FV;HM’ e LP@ (A)}

with the norm

@,V;
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’Hf(g)y o(AA) denotes the closure of CF°(A) in H‘;(g; ‘(A). We recall that Banach spaces

LPE)(A) and Hf(’g;” (A) are also separable and reflexive. Moreover, if py, p, € C4(A) such

that p1 (&) < pa(&) for all ¢ € A, then embedding £P2(¢)(A) < £P1(€)(A) is continuous.
The following result is important in our proofs.

Theorem 1 (Concentration-compactness principle (see [35])). Let p(x) and r(x) be two
continuous functions such that

p- =infp(x) < p" =supp(x) < nandl < r(x) < p*(x)inQ C R".
o a

. @,V . L
Let {uf}jeN be a weakly convergent sequence in Hp(g) (A) with a weak limit (u) such that
. |un|"™*) — v weakly in the sense of measures;
o |MDF P uu|P®) — g weakly in the sense of measures.

Also assume that A = {x € Q : r(x) = p*(x)} is nonempty. Then, for some countable index
set (I), we have
V= |u|r(x) + 21/1‘5;(1.,1/1‘ > 0.
icl
p =MD ulP® 1Y by, i > 0.
iel
1 1
Svip (%)) < yip(xf)_

where {x;};.; C Aand S is the best constant in the Gagliardo-Nirenberg—Sobolev inequality for
variable exponents, namely

H]D‘D/V/"P
S — Sr(Q) —  inf || 0+ ‘P”[;p(x)
pecg@) 9l

Finally, we note that in our proofs, we use both the mountain pass and symmetric moun-
tain pass theorems, which can be found in [36]; moreover, we use the following theorem:

Theorem 2 (Kajikiya theorem; see [37]). Let E be an infinite, dimensional, real Banach space. Let

J € CI(E, R), satisfying the following conditions:

(c1) 3 is an even functional such that 3(0) = 0;

(c2) J satisfies the (PS) condition;

(c3) Foranyk € N, there exist a k-dimensional subspace of E (Ey) and a number (ry. > 0) such
that SUPE, (s, J(u) <0, where Sy, = {u € E, ||u|| = r¢}.

Then, the functional J has a sequence of critical points ({uy }cn) satisfying ||ug|| — 0 as
k—0.

3. Main Results

In this part, we present the principal results of this work. To do this, we make the
following assumptions.

(Hp) The function g(x,u) can be expressed as a(x)h(u), where a and h are measurable
functions satisfying the following condition: there exists ¢; > 0, P,q € C4 (A) such
that for all (x,u) € A x R, we have

x)
a(x) € LT (A), h(u) < cp|u|T®)

and



Fractal Fract. 2024, 8, 598 50f 15
(Hy) There exists ty > 0 such that the Kirchhoff function (M) satisfies M(t) > f.
(H3) There exists w € (0,1) with1 —w > p%r such that
M(t) > (1 —w)M(t)t
where N(t) = [{ M
(Hg) There exist M1 >0 and o <0 <min(r~,s”) such that forall x € A and |u| > M;,

we have
0 < Oa(x)H(u) <a(x)h(u)u,

where H(t fo
(Hs) Forall x € A we have h( u) = —h(u).
(He) There exists a nonempty open ball (B C ) such that

i ACOH()

——~ = oouniformlyfora.a.x € B,
t—0 |t|p3

h z = inf .
where py = inf p(x)
Subsequently, we define a weak solution for the problem (1) in the following way.

Definition 1. We assume that u € X is a weak solution for Equation (1) if, for any v € X, we have

M(f/\ p(l

We are now prepared to present and demonstrate the first key results.

(DV(/J

-2 . .
P dx fA‘HID)w“P v )HD‘D’V’I/JMHID)‘D;V’IPU

—fA|u|r(x) 2uvdx — [, a(x)h(u)vdx — faA|u| “uvdx = 0.

Theorem 3. Under Hypotheses (Hq)—(Hy), problem (1) has a non-trivial weak solution.
Theorem 4. Under Hypotheses (Hy)—(Hs), problem (1) has an infinite number of solutions.

Theorem 5. Under Hypotheses (H1)—(Hg), problem (1) has an infinite number of solutions
({k }een) satisfying ||vg|| — 0 as k — 0.

Now, we introduce the functional (J(u)) associated with problem (1), which character-
izes the critical points and plays a key role in the existence of solutions.

N v; p(x) 1| uf'™)
J(u) = M<fA ﬁ H]D)Oal Y dx> —Ja |r|(x) dx — an(x)H(u)dx —Joa ‘s|(x) dx,
= L(u)—I(u) = J(u) — T(u).

where M(t fo s)ds and

L(u):M</Ap )H D5 Y u ()dx),l(u):/A |Lril(r$)dx,](u)—/Aa(x)H(u)dxand

I i
T(u) _/BA () dx

We recall from [25] that L € Cl(X,]R). Moreover, for all u,v € X, we have
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< V0,02 M{ [ L mgrn a) [ [mgrn] " g g g,

We also recall the following proposition.
Proposition 1 (see [25]). Let £ : ’H(D(V)w( ) — (H(;(Z)lp(A))* be a functional defined as follows:
0= [

w,v; P u | p(x
Then the following statements hold:

1. Forallu,v € Hw(v)w(A), we have

< (u),0 >= /‘HD‘M"’

dx.

x

-2) . .
HDO(DJ;V’ lpuHDowjrv’ Yodx.

2. Operator &, from X to its dual X*, is continuous and bounded; moreover, it is strictly monotone.
3. &' is a mapping of the (S ) type, that is, if u, — u in X and limsup, ., < £'(u,) —
£ (u),up —u ><0, then u, — u strongly in X.

Remark 1. Using Hypothesis (Hy) and the Holder inequality, ] € C'(X,R). Therefore, for all
u,v € X, we obtain

"(u),v0 >= /Aa(x)h(u(x))v(x)dx.

From Proposition 1 and Remark 1, it follows that J € c! (X,R). Then, forall u,v € X,

we have
My s

fA|u|r<x)_2uvdx - faA|“| 2uvdx — [, a(x)h(u(x))v(x)dx.

<3¥(u),v>

o |P(x ) (p(x)=2) . )
HDO‘OJ’FV’wu ) ‘HID)‘DV a4 HDwa’wuHDO‘DJ’FV’wvdx

Therefore, the weak solutions of the problem (1) are associated with the critical points
of functional J.

Now, we establish a key result that offers a lower bound for functional J(u) associated
with the problem (1) under the assumption of (Hy).

Lemma 1. Assume that (Hy)—(Hj) are satisfied. Then, there exist m,1 > 0 such that, foru € X,
if |ull=p, then, 3(u) > d.

Proof. Letu € X, with || u || < 1. Under Hypothesis (Hy), for all x € A, we have

H(u) < ﬁlulq €

1< P(x) <p*(x), 1 <r(x) <p*(x),1<s(x) < p?(x) proves the existence of c3, c4,
¢s > 0, such that

|”|£P(x>(A) <csllull, |”|U(x>(A) < eyl u ||/|”|ﬁs(x)(aA) <ecsllu]. ®)

Now, under Hypotheses (Hz)—(Hj3), we obtain
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L(u) = M(f/\ 7e) HDg u p(x)dx>

M(fA p(1 H]D)wv Y dx) N 163

1—w)t ov;p [PY) 1—w)t
oo g, Hpg )™ dx > Qoo u) ",

JHpgetu e @

Y]

Next, according to (4)-(6), we have

~ a) 5 p(x) r(x)
Ju) = M(fA p(l Vi ’ dx) — [ya(x)H(u)dx — [, ‘?‘(x) dx,
= 1() J(u) — ()*T(U)
; - - -
> o) y|P" — Ba] ey [T = S]] - ] fulf
LPE)=q() (A)
[ (1—w)t -t -t -t
> [l {2 — e |7 = Sl — S
LPE)=1G) (A)
> |ul P ((1;11)% _ t||u||m1n(q’—P+fr’—P+/S’—P+))/
where c c c
b=l A
9 PO ) T §
Since g~, s~ and r~ are both greater than p™, we can set || u || = p to be sufficiently

small such that
(1 _p_(:])to . tpmin(q’fpﬂr*fp*,s*fp*) > 0.
Therefore, we obtain

. tpmin(qp+,rl’+'5p+)> =d > 0.

In the upcoming lemma, we demonstrate a result related to the boundedness of a
Palais-Smale sequence within a space (X).

Lemma 2. Suppose that conditions (Hp)—(Hy) are satisfied. Let {u, } be a Palais—Smale sequence
in X. Then, {uy, } is bounded in X.

Proof. Let {u,} be a sequence in X such that
J(un) — ¢, and J' (uy) — 0, in X*, as n — oo,

where c is a positive constant.
Since J(un) — ¢, there exists T} > 0, such that

[3(un)| < Th. @)

On the other hand, since we have J'(u,) — 0 in X*, < J'(uy), un > converges to zero.
Therefore, it is bounded. Hence, there exists T, > 0, such that

|< 3/(1471)/ Un >| <T. 8)

Next, we prove, by contradiction, that {u,} is bounded. We consider a subsequence such
that || u, || > 1,and || u, || — oo.
According to (7), (6) and using p™ < 6 < min(r~,s~), we obtain
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Ty > J(un) = L(un) = I(un) — J(un) — T (un)
1- i p(x)
> (st p gty " L[ g 09dx = L fy el — J () ©)
_ - p(x)
> Lok p(f)to fA’HDOﬁV’IP”" dx — g [ lun™dx — faA‘”n| Jdx — ] ().

Now, according to (8) and (H;), we obtain

T, > — <J(un) un>

v P
M(fA p(lx HD(DV Al dx> fA’HDBOJ,rV,IPun
faA|un| Jdx+ < ]’((L;n) , (uy) >
—to [ [P |t [ Jual O+ o e < (), () >

(X)dx+fA\un|r(x)dx

v+

By merging the inequality mentioned above with (9), we obtain

p(x)

0Ti+T > (L2 —1)g fA‘HD‘“”’ dx+ < J'(un), (1n) > —07 (itn)
> (2 =) toll wa [P+ [y a(x) (h(utn)ttn — OH (1) ).
Using (Hy), we obtain
0T, + Tp > <(1_pf’)9—1>t0|| e || (10)

According to (Hs) and (Hz), £ < 6 and t > 0; then, we have ((1’)7“’)9 - l)to >0,
<(P) - 1)t0|| oy [P = o0

According to (10), this is absurd. Therefore, {1, } is bounded in X. OJ

SO

Next, we introduce a set (A) defined by A = {x € O : r(x) = p*(x) } as nonempty set.
We also define a set expressed as A;= {x € Q) : dist((x, A) <} for &6 > 0. We note that
ry = ian—jr(x) and r, = infzr(x).

If {u,} is a Palais-Smale sequence with an energy level of ¢, then, as stated in Theo-
rem 1, we obtain the following convergence results:

|un|r(") — Y= |u|r(x) + ZVifsx,vVi > 0. (11)
i€l
. [P
|HDO(D_;_V'¢M11|P(X) —¢ > ‘HDO(D_;_V’IPM’ + Zﬂifsx,-/,ui > 0. (12)
iel
*(1 ) (1 )
Svf < (13)

If = @, then u, — u in £/®)(Q). It should be noted that {x;},.4 C A. We aim to

demonstrate that if ¢ < (pﬂ — :) S", then I = &, where S is defined in Theorem 1.
A

Lemma 3. If conditions (Hy)—(Hy) are satisfied, let {1, } be a Palais—Smale sequence in X with a

energy level of c. If ¢ < < - ) S", then the index set (1) is empty.
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Proof. Suppose that I # & and let ¢ € C°(R") such that ¢(0) # 0. Now, we consider the

functions ¢; ¢(x) = ¢(x_e

0

xi). We have < J'(uy), ¢jetty >— 0. Thus,

<3 (un), Qieln >
Al o
M( fu b DS
- f ‘”n| ‘Pledx* fQ
Then, we obtain
— i _1
= oam (M<fA P

+ fQ (Pi,edy - fQ q)i,edv fQ

plx dx) fQ ‘H]D)@V s ‘(p<x)72)HD5@f}¢unHD0wf¢((Pi,eun)dx

n (X)) @i cttndx — [y un "™ g cdx.

p(x)

w,v; P

(p(x)=2) . .
‘ HDwa’lpunHDO‘DJ’FV’w (@i c)undx

)IQ‘HDCDVlP Uy
() @iettndx = [yl *Y) gyt ).

According to Holder’s inequality and using Hypothesis (Cz), we have

-2
1im/‘H]D>‘”“/’ ‘(”() )HD‘“”’ DL (@ Jundx = 0,

n—o00

Therefore, we obtain

lim

. — 01 s(x) . _
tim, [ a(0)h(un(x)) @ictindx = 0,1im [ [u, [V gycdx = 0

tim [ giedp = pig(0) lim | giedv = vig(0).

e—0

Then, (u; — v;)¢(0) = 0, which implies y; = v;. Consequently,

1 1
p*(x;) p(x;)
Sy U <

7

Thus, we conclude that v; = 0 or 5" < v;.
Now, since r(x),s(x),0 > p™ > 1 — w and using Hypothesis (Hy), we have

= lim 3(uy) = lim (J(un) - p—+ < 3 (un), un >

= ,}I_I,IC}O(M(fA p1 cov ¢, ) 0 \urn\x — [ a(x)H(un)dx — [, \usn\x) dx
_ 4 M(f/\ p(lx H ¥ "y p(x )dx> I pl oy [P )dx+p—+f0u(x)h(un)undx
+ 3 Ja | dx*’pjfao\”ﬂ >

= Jim (M f gy PR ) g 0

_ iM(f ﬁ Hlev;lPu p<x>dx> fA% (D,V;lP P(X)dx

+ fo( 5 ) lunl dx+]ao( )w Jdx

+ p+ Jaa( hl(un)undx—fQ H(un)dx>

i e U T e

+ fQ(F_r ))\”n| dx+fao<pi+—f)|“n\ dx

+ g Jaa(x)h(un) undx fQ H(up)dx

=z J%fn( 63) )|”n\ dx

= nlgrc}off‘& P%ii Jan|
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Therefore,
lim L L )y, Wiy = (L - L u| ™) v;
n—s00 fA6<P+ Tay | ”‘ pT Tay (fA5| | +i§l 1)
(14)

AV Y
NN
S S
[ |
bh:\‘r—l :Ef:“’_‘
SN——"
© =

Therefore, since J is positive and arbitrary and r is continuous, we have

c> L — i S".
Pty
Then, if c < (pﬂ — ri) 5", the index set (1) is empty. [

We now introduce the subsequent lemma that demonstrates a significant convergence result.

Lemma 4. Assume that conditions (Hq)—(Hy) are satisfied and let {u, } be a Palais—Smale sequence
in X with an energy level of c. Then, there exists a subsequence of {uy, } that converges strongly
in X.

Proof. Let {u,} bea (PS). sequence in X. Then, according to Lemma 2, we know that the
sequence {u, } is bounded in X. Therefore, there exists a subsequence still denoted by {u, }
such that u, — u weakly in X.

On the other hand, according to Lemma 3 and the compact embedding, we obtain

un — u, stronglyin LPFF)(A),
Uun — u, stronglyin L") (A),
un — u, stronglyin L5 (dA).

Next, we prove that u, — u strongly in X. To this end, we begin by remarking that

<Y (un),un—u> = <L'(uy),up—u>-— fA|un|r(x)72un(un —u)dx
S a(x)h(up) (un — u)dx — faA|un|S(x)72un(un — u)dx.

Therefore, by applying Holder’s inequality, we obtain

Sl O Ny —uldx < iy =] iy [ 7

IN

+_ -
|Un —u|£,<x)max (|un |r£r(x)1 |un |2r(x)1>

+_ -_
< eafun —u] priomax(|[ul |7 [l 7).

This yields
lim / 10" 201 (1 — u)dx = 0. (15)
A

n—o0

Similarly, we can obtain

nlglgo aA|un|S(x)72un(un —u)dx = 0. (16)

Now, by using Hypothesis (H;) and Holder’s inequality, one has
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an(x)h(un)(un—u)dx < fAcl\ ) |7 (x)— Yoy — uldx
< crlun—ulpew|a(x)| e [ualTO7Y
L PE)—q(x) +,/;q(x)fl B
< crlun—ulprwla(x)] e max(|unl? 71‘1)P(x)/|”n|q 71|£P(x))
£ P4 s .
< alun—ulprwla(x)| ew  max(|[ua]|T T, [[ual [T 7).
L£PH—q
Therefore, we obtain
li a(x)h(uy)(uy —u)dx = 0. 17
ngrolo.A()(n)(n ) (17)

On the other hand, by combining Equations (15) and (16) with Equation (17) and using
the fact that < J'(uy), un — u >— 0, we conclude that

-2
(p(x) )HDLOD—;_I/ Yu DS (1 — u)dx — 0.

<L/(un),un—”>:M(fA p(l HD(DVIIJ p(x dx) fA‘HDwle

Since Hypothesis (C;) implies that M ( I HDO‘T Wy p(X)dx) # 0, we obtain

1
p(x)

< & (up), up —u >= / ’HD‘D ity [P )HJD)(DV lpunH]D)wV (1, — u)dx — 0.

Also, the fact that u, — u implies that < £'(u), u, —u >— 0.
Hence, based on the above information, we deduce that

lim < &' (up) — &' (u),un —u >=0.

n—oo

Finally, based on the fact that the functional £’ is of the (S, ) type, we conclude that
U, —u.d

To go deeper into the characteristics of the J functional and its critical points, we
present the following lemma.

Lemma 5. If conditions (Hy)—(Hy) hold, then there exists ug € X such that
[luol| > p, and J(uo) <0
where 1 is defined in Lemma 1.
Proof. According to (Hy),
G(x,t) > ¢|t|%, |t| > Myandx € A. (18)

According to Hypotheses (Hy) and (Hj), the function t — t{%tf)l is decreasing.

Therefore, for all {5 > 0, when ¢ > £, w < M ; then,
tw—T tm
0

R Tw
MI(t) < M(t0)<:0> < ctta, fort >t (19)

Let t > 1 be sufficiently large and let u € X be such that [, |u|9 # 0. Then, according
to (18) and (19),
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I(tu) DS

IN

‘P(X)

IN

5 1
M(fA 6]

. 1/1—w +
C(fA‘HDo(DJ}V'lPu p(x)dx) = 0
Since 6 > %, it follows that
J(tu) — —oo, as t — oo.

Therefore, we can set {y > 0 and set 1y = tge such that ||ug|| > p and J(up) < 0. This
completes the proof. [

We now present a lemma that offers an important conclusion about the boundlessness
of a set given specific conditions.

Lemma 6. Under Hypotheses (Hq)—(Hy), if F is a finite-dimensional subspace of X, then the set
T = {u € F,suchthat3(u) > 0},
is bounded in X.

Proof. Let u € T. Then, according to (18) and (19), we have

~ ~ (D,; p(x)
Ju) < M<pr(1x) Dy Yu dx) — [y a(x)H(u)dx
@iy (PO, N 0
< C(fA‘ Doy "u dx> — ¢ [olu]"dx
LA . 0
< C([fuf 7=+ [luf[7=e) =Eluf o,
where |.| 0 and ||.|| are equivalent norms in F. Thus, there exists a positive constant (k)
such that
0 0
[l 7 < K] zo-
Therefore, we have
~ pt A v Sl
< 1w T—w)—2 X
300) < L (lull B+ lul 2= 2 )

Hence, the fact that % < % < 0 implies that J is bounded in X. O

Proof of Theorem 3. By combining Lemmas 1 and 4 with Lemma 5, we deduce that all
conditions of the mountain pass theorem are satisfied. Therefore, this theorem ensures
the existence of a critical point of the energy functional, which implies the existence of a
non-trivial solution to problem (1). O

Proof of Theorem 4. First of all, we begin by remarking that J(0) = 0; moreover, according
to condition (Hs), J is an even functional. Therefore, combining the last information with
Lemmas 1, 4, and 6, we can see that all the conditions of the symmetric mountain pass
theorem hold. Therefore, this theorem ensures the existence of an unbounded sequence
of critical points of the functional energy, which results in the existence of infinitely many
non-trivial solutions to the problem (1).

Proof of Theorem 5. Let k € N and Ey = span{¢y, ¢2, ..., ¢ }, where ¢; is an eigenfunction
corresponding to the i-th eigenvalue of the problem expressed as —Au = Auin B, u = 0 on
9B, and it is extended on Q) by setting ¢; = 0 for x € Q2 \. B, where B is given by Hypothesis



Fractal Fract. 2024, 8, 598

13 of 15

(Hg). Since Ey is a finitely dimensional space, there exists a positive constant (y;) such that
for all u € Ei, we have

ol < gl e ] (20)

On the other hand, according to Hypothesis (Hg), we can choose

=
My > M(;# (21)

such that for a.a. x € B and for all || <&, we have
a(x)H(t) > Mglt|"s. (22)
Let 1, € {0,min(1,&)} and S, = {u € E,||u|| = rr}. Then, according to (Ha),

M (t) < Myt for all t > 0. Therefore, using Equation (22), if u is a function such that
supp(u) C B, then we obtain

#1(fy
M 1 HD@/]/;#] p(X)
OIAW o dx — [, a(x)H(u)dx,

M, ,V; p(x) =
< p—_ofB‘HDO: lpu’ dx — Mg [g|ulPs dx.

J(u)

IN

Hpg ¥y pmdx) — [y a(x)H(u)dx,

IN

Now, if u € Ex N S;,, then according to Equation (20), we have

J(u)

IN

M B Py
o | [ull7® — M [ul] 2
¢ _ B _
e ll72 = M (i H|ul )7

My —PB \,PB
< (P - MK]/[k >7’k .

Finally, according to (21), sup J(u) < 0. Hence, J satisfies condition (c3) of Theorem 2.
ExNSy,
On the other hand, if J(0) = 0, the J functional is even. Additionally, Lemmas 1 and 4
confirm that all the requirements outlined in Theorem 2 are satisfied. Therefore, we can
conclude that problem (1) has a sequence of critical points ( {u },cy) satisfying ||ug|| — 0
as k — 0. Thus, the proof of Theorem 5 is complete. []

IN

4. Conclusions and Discussion

In this paper, we have proven two existing results for a Kirchhoff-type problem
involving a fractional ip-Hilfer derivative with variable exponents and critical nonlinearity.
In the first main result, we studied the existence of solutions by proving that the associated
energy functional satisfies the geometry of the mountain pass theorem. In the second main
result, we investigated the existence an infinitely number of solutions for such a problem by
using the symmetric version of the mountain pass theorem. It is noted that to manipulate
the embedding for the critical exponent, we used a concentration-compactness principle.

We hope to develop other works by considering double-phase problems with
singular nonlinearity.
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