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1. Introduction

In recent decades, there has been a notable surge in the exploration of nonlocal
boundary value problems, including those involving multi-point scenarios, within the
realm of ordinary differential or difference equations. This area of research is experiencing
rapid growth, spurred not only by theoretical interest but also by the practical applications
of modeling various phenomena in engineering, physics, and life sciences. To illustrate,
consider systems with feedback controls, such as the steady states of a thermostat. In this
context, a second-order ordinary differential equation subject to a three-point boundary
condition can capture the dynamics, where a controller at one end adjusts the heat based
on the temperature recorded at another point. Another instance is found in the vibrations
of a guy wire with a uniform cross-section composed of N parts of varying densities. Such
scenarios can be effectively modeled as multi-point boundary value problems (refer to [1]).

In this paper, we will investigate the system of fractional g-difference equations

Dtu (t)+f(t,u(o,n(t),zglu(f),fglu(f)) =0, te[0,1],

B % 72 _ )
DPv) (1) + g(t,u(t),n(t), 12u(t), 1] n(t)) =0, te[01],
supplemented with the multi-point boundary conditions
Diu(0) =0, i=0,...,n—2, Dju(l) = EaiDg’u(c;",») + Z% bDg'v(w;),
= 5 @

c d
Dio(0) =0, i=0,...,m—=2, Div(1) =Y ¢;Di'u(Z;) + Z%diDg’n(()i).
i=1 i=

Here,q € (0,1),a, BER, 0 € (n—1,n],p€ (m—1,m|,n,me N, n,m>3;a,b,c,d €
N0<g<¢g<a-1i=1...,4¢>10<y<g¢gi=1...,c, 05 <d<p—-1,
i=1,...,b,8>1,0< Pi <d,i=1,...,4 5,‘,"}’,’ >0,i=1,2; §i,wj,§k,9, € (0,1), and
ai,bj,ck,d, >0fori=1,...,a,j=1,...,0bk=1,...,c,t=1,...,4d; DZ]‘ is the fractional
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g-derivative of order x for x = a,ﬁ,g,ﬁ,gi,(fj,nk,p,, i=1,...,aj=1...,bbk=1,...,c,
1=1,...,d; D; is the g-derivative of orderi fori =0,...,n —2andi =0,...,m —2; and I};
is the fractional g-integral of order « for ¥ = d;,y;, i = 1,2.

We will establish conditions on the functions f and g under which problem (1),(2)
possesses at least one positive solution. Our proofs will leverage several fixed point
theorems, including the Guo—Krasnosel’skii fixed point theorem, the Leggett-Williams
fixed point theorem, the Schauder fixed point theorem, and the Banach contraction mapping
principle. Subsequently, we will provide references to pertinent papers that are closely
related to our investigated problem. In [2], the authors studied the solvability for the system
of nonlinear fractional g-difference equations

(Dgu) (1) + P(t,u(t), o(t), I u(t), I,‘;ln(t)) =0, te(0,1), 3)
(Dfn)(t) + Q(t,u(t),n(t),I,;"Zu(t),lgzn(t)) =0, te(0,1),
subject to the coupled nonlocal boundary conditions
, 1
Diu(0) =0, i=0,...,n—2, Dfu(1) = /0 Dfo(t) dg9(t), te (0,1), o

. ) -1
Div(0)=0, i=0,...,2—2, D§°n(1):/0 DEu(t) dyR(¢), te (0,1),

where g € (0,1), 0, € R,a € n—1,n],p € (z—1,z], n,z € N,n > 2,z > 2,
w;>0,6,>0,i =12€[0p-1),¢ € [0,a—1), € [0,a—1),8 € [0,-1),
and the integrals in (4) are Riemann-Stieltjes integrals with $)- and f-bounded variation
functions. By using varied fixed-point theorems, they obtained the existence and unique-
ness results for the solutions of problem (3),(4). In [3], the authors examined the existence
of solutions for the fractional g-difference equation with nonlinear integral conditions

{ (“Dn)(t) = f(t,n(t)), forae. te[0,T],

T T
20)~o/(0) = [ alen(s)ds, o(T) +5/(T) = [ nisn(e)ds,
where T > 0,9 € (0,1), « € (1,2], and CD,’;‘ is the Caputo fractional g-derivative of
order «. In the proof of the main result, they utilized measures of noncompactness and the
Monch fixed-point theorem. In [4], the authors investigated the existence, uniqueness, and
multiplicity of positive solutions to the fractional g-difference equation with the nonlocal
boundary conditions

(Dgu)(t) + f(t,u(t)) =0, te (Or 1)r
P B _ B (6)
=0, i=0,...,n—2, (Dyu)(1) = a(Dyu)(n),
where g € (0,1), «a € (n—1,n,,n > 2, € [L,n—2], 45 € (0,1), a € [0,1], and
f:[0,1] x [0,00) — [0, c0) satisfies Caratheodory-type conditions. In the proof of the main
theorems, they applied several fixed-point theorems. In [5], by using the Guo—Krasnosel skii
fixed-point theorem, the author analyzed the existence of positive solutions to the fractional
g-difference equation with the boundary conditions

{ (Dgn)(t) = —f(t, (1)), te (0,1),
9(0) = (Dgn)(0) =0, (Dygy)(1) = B,

where g € (0,1), « € (2,3], > 0,and f : [0,1] x R — R is a nonnegative continuous
function. In [6], the author explored the existence of nontrivial solutions to the nonlinear
g-fractional boundary value problem

)
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{ (D7) (t) = —f(tn(1), te(0,1),
n(0) =y(1) =0,

where g € (0,1), « € (1,2],and §: [0,1] x R — R is a nonnegative continuous function. To
prove the main finding, he also used the Guo—Krasnosel’skii fixed-point theorem. In [7],
the authors proved the existence of solutions to the second-order g-difference equation
with the boundary conditions

(®)

{ Diu(t) = f(tu(t), Dau(t)), te I, 9)

Dyu(0) =0, Dgu(1) = au(1),

where g € (0,1), I = {g", n € N}uU{0,1}, f € C(I x R%4R), and a # 0 is a fixed
real number. In [8], the authors studied the existence of solutions to the second-order
g-difference equation subject to the boundary conditions

{ Diu(t) = f(t,u(t), tel,

(10)
u(0) = nu(T), Dyu(0) = nDyu(T),
where I = [0, T] Ng", " = {g", n e N} U {0}, T € q" is a fixed constant, 5 # 1 is a fixed
real number, and § € C(I x R, R). Regarding additional papers that investigate systems of
fractional g-difference equations with either coupled or uncoupled boundary conditions
or that focus on fractional g-difference equations specifically, we refer to the following
papers: [9-16].

The field of g-difference calculus, also known as quantum calculus, traces its origins
back to the pioneering work of Jackson ([17,18]). To explore various applications of this
discipline, readers are directed to the research of Ernst ([19]). The fractional g-difference
calculus originated in the works of Al-Salam ([20]) and Agarwal ([21]). For advancements
in this branch, encompassing g-analogs of integral and differential fractional operators,
including properties like the fractional Leibniz g-formula, g-analogs of Cauchy’s formula,
g-Laplace transform, g-Taylor’s formula, and g-analogs of the Mittag-Leffler function, refer
to the papers [22-26].

The novel aspect of our problem (1),(2), compared to (3),(4) from [2], lies in the
inclusion of generalized coupled boundary conditions (2) for the system of g-fractional
difference equations in Equation (1). In this formulation, the g-fractional derivative of order
¢ for the unknown function u at the point 1 is contingent upon the g-fractional derivatives
of various orders for both functions u and v at different points within the interval (0,1).
Similarly, the g-fractional derivative of order @ for the unknown function v at the point 1
is linked to the g-fractional derivatives of distinct orders for functions u and v at diverse
points within the interval (0,1). Furthermore, unlike the approach in the paper [2], we
have explored the presence of positive solutions to our specific problem.

Our paper is organized as follows: Section 2 introduces key definitions and properties
from g-calculus and fractional g-calculus, along with an existence result for the associated
linear problem, the relevant Green functions, and their properties. Section 3 will then present
the primary existence results for problem (1),(2), while Section 4 will provide illustrative
examples to demonstrate the applicability of our theorems. Finally, Section 5 concludes the
paper by summarizing the findings and presenting the overall conclusions.

2. Preliminary Results

In this section, we will introduce certain definitions and properties derived from
g-calculus and fractional g-calculus. Additionally, we will outline some auxiliary findings
that will play a pivotal role in the subsequent section.
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Let g € (0,1). Define the number
1—g°
[a]q = 17_6], acR. (11)
Next, to introduce the g-gamma function, we present the g-analog of the power
function (a — b)" withn € NU {0}:
n—1
(-0 =1 (a—0)" =TJ(a—bg"), neN, a, bR, (12)
k=0
For « € R, define
00 _b.n
o Hn:O (1 al ) )
[Ti-o (1 - %‘7’””)

(a—b6)® =gq (13)

If b = 0, then a(®) = q*.
The g-gamma function is defined by

1-gtV 1 TI(1—g"
(T—g) 1  (1—g)* TThLe(1 —g"2)’

This function satisfies the relation T'y(a + 1) = [a];T(«).

Ty(a) = aeR\{0,—-1,-2,...}. (14)

Definition 1. The g-derivative of a real function f is defined by

i) = "G, 0 (g 0) = ti(D4f) 0 (15)

Definition 2. The g-derivatives of higher order of a real function § are defined by

(DgN (1) = §(1), (Dy)(t) = Dg(Dy~')(t), n € N. (16)

Definition 3. The g-integral of a function § defined in the interval [0, ] is defined by
-t =]
(100 = [ () dys = t(1 = q) Y- H19")g", t€ [0,0] 17)

n=0

Definition 4. If a € [0, b] and f is defined in the interval [0, b], then its q-integral from a to b is
given by

/a " Hs) dgs = /0 " H(s) dgs /O "5(s) dgs. (18)

Definition 5. The g-integrals of a function § of higher order are defined by
IO =50, (FHE) = LU, neN (19)
The fundamental theorem of g-calculus says that (D;1,f)(t) = f(t), and if f is contin-

uous at t = 0, then (I;Dg4f)(t) = f(t) — §(0). The properties of the operators D, and I; are
presented in [6,27]. Below, we present some properties that will be used later.
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Lemmal. Fora, t, 5, « € R, and{:[0,b] — R, we have
(i) [a(t — )] @ = a¥(t — 5)(@);
(i) Dy (t — 5)(@) = o] 4 (t — 5)(@-1),
(iii) If o > 1, then Dg(t*) = [a]t*~%;
(iv) If & > 0, then I,(t*) = [“J}”qt““;
(0) Ifao > 0and ¢ <o <, then (t— c)("‘) > (t—a)("‘);
t t
(vi) (D, ( /0 (¢, 5) dq5> (t) = /O (Dyf(t,5) dgs +f(qt,1), Yt e [0,0],

where Dy denotes the g-derivative with respect to variable t.

Definition 6 ([21]). Let f be a function defined on [0, 1]. The fractional g-integral of the Riemann—
Liouville type of order « > 0 is defined by (Igf)(t) = f(t) and

(I4) (1) = rq%“) /0 t(t—qs)@‘*l)f(ﬁ) dgs, t€[0,1], a > 0. (20)

Definition 7 ([24]). The fractional q-derivative of the Riemann—Liouville type of order & > 0 is
defined by (Dgf)(t) = f(t) and

(Dgf)(t) = (Dg'Ig" ") (1), a >0, (21)
where m is the smallest integer greater than or equal to .

Lemma 2 ([21,24]). Leta, B >0, >0, € [0,7), and A > 0, and let § be a function defined on
[0, 1]. Then, the following relations are satisfied:
(@) (If157) (1) = (I PP (0);
(&) (D318)(8) = (1)
(c) Ifa > B > 0, then (DEIE)) (1) = (DEIL I ) (0) = (17 P (v);
Ty(v+1) _z.

« _ LA+
(e) I§(t") = MrEsEmL +A,

Lemma 3 ([6]). Let « > 0 and p be a positive integer. Then, the following relation holds:

EDPR) (0 = (DP 1y — 3 D) (0 2

(GO = OO ~ T ety (04O @)
Lemma 4. Ifw € C[0,1], then for k > 0, we have
x [wll

where o] = supycioy lw(t)].

Proof. By Definition 6 and Lemma 2 (e) (with « = x and A = 0), we obtain
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(24)

= Il UEDO] = ol < ey, Vee 01

In what follows, we will study the linear problem associated with our problem (1),(2).
We consider the system of fractional g-difference equations

(Dgw)(t) +5(t) =0, t[0,1],
{ (Do) (1) +¥(t) =0, te [0,1], @)
subject to boundary conditions (2), where b, ¢ € C[0, 1].
We define
Ty(a) Lo Tg(a) e
Ag =17 q o=l
I e L el
b Tq(B) B—oi—1 < Tg(a) zx
Ap=Y b, Ay =Y it L
? ; rq(ﬁ_‘Ti)wl gcrq ’7) (26)
y(B) 4. T4(B)  ppi-
A =1 d; i AV 9 Pi ,
Cre-e LhTe-p”

Lemma 5. If A # 0, then the solution (u(t),v(t)), t € [0,1], of problem (25),(2) is given by

t 1 th*l
fx)/o (6= ) Vb(s) dgs + —— (AAs + BA), € [0,1],
,5 (27)
— /Ot(t— gs) P~V (s) dgs + T(BAl + AA3), t€[0,1],

where ) )
A= [ g0)Un(e) dys

q(“ —c) Jo :
@ =0 (s) dys

—

4
Iy (& — 0i
b;

Wi
Tt "o — ga)(B—0i—1)
w 5 t(s)d,s,
i Iq(ﬁ 0'1')/0 ( i ) ( ) i

1 1
_ (B—0-1)
B = —19)/0 (1—gs) t(s) dgs

e AR CLE
) 0;
oy @ e s

MN

Il
-

i

N

I
—

(28)

—

-

I
—

M=~

Il
—_

1
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Proof. We apply I3 and L’; , respectively, to the equations of system (25). Then, by Lemma 2

(a),(b) and Lemma 3, we obtain

u(t) = fllgh(t) + Y R e
= _W/O (t—gs) @ Vp(s) dys + apt* L+ @t 2 4 F @, te [0,1],
o() = ~IE(O) + Dy B2 g Bt (29)
= _rq}ﬁ) /O (t—gs) B De(s)dys + byth 1+ 5ptf 2 4+ D tP ™, te[0,1],
forsomeﬁi,gj eR, i=1,...,n,j=1,...,m
From the conditions Déu(O) =0fori=0,...,n—2,and D{,U(O) =0forj=0,...,m—2,

we deduce thata; =0, izZ,...,n,andEjzo, ji=2,...,

1 t
u(t) = gt — /tfs("‘_l)hsds,te 0,1],
()= 5o (=9 0 d,
o(t) = byt — / t—gs)PVe(s)dys, te[0,1].
(O =B — s [ (9P V) s, e 0
On the other hand, we find
_ T(a) 1 t
D*u(t 9 a—k—1 _ / t— (a—x—1) d.s,
qu() aqu(ﬂé—K) rq(DC—K) O( ‘75) b(ﬁ) q5
fOI‘K—g,Qi,U],Z—l j=1,...,¢c,and
= Tq4(B) 1 ¢ ke
Dfv(t) =10 1 tﬁ"l—i/ t—s(ﬁxl)fsdﬁ,
q() lq(,B*K) Fq(ﬁ*K) O( ‘7) ()q
forxk =9,0;,p;,i=1,...,b, j=1,...,d.

By using relations (31) and (32), the boundary conditions Dgu(l) =

+Y!  b;Dfo(w;) and Dﬂ (1) = X5y ;D{'u(Z;) + Xy d;Dfv(6;) become

m. So, the solution (29) becomes

(30)

(31)

(32)

¢ 4D u(;)

(33)

) Z LI e AR CL

+ é b b P = g 0 V)
by r(rg(_ﬁ)ﬂ) - rq(;_ ) /1(1 —5) P8 Ve(s) dys

+éd {'51 %95”1 - Fq(,Blpi) /0 Gi(ei — gs) PP~ Dg(s) dqs].
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or

rq(“ -3) i—1 qu(“ — 0

a (I“q(oc) — ia'Wﬁ_gi_l) —51 ibi%w?_@_l
1
= Famg b @) ds

IAQ
-4 [¢ (e=0i-1)
-) = i —qs TVh(s) dys
I e N CR (5)dy
b
bi

gy [ 0w e
¢ : Gi
S e W AR DAL OL
i=1 !
d d: 0;
“LrGoa (6= gs) B2 Ve(s) dys

The determinant of system (34) in the unknowns @; and El is A, which, by the assump-
tion of this lemma, is nonzero. So, system (34) has the unique solution

1 -1
T = £ (AAs+BAg), by = £ (BA1+ AAs). (35)

By substituting (35) into (30), we obtain the solution (u(t),v(t)), t € [0,1], of prob-
lem (25),(2) given by (27). O

Lemma 6. If A # 0, then the solution (u(t),v(t)), t € [0,1], of problem (25),(2) can be written as

where

1 1
u(t) :/0 B1(t,qs)h(s) dqﬁ—i-/o By (t,qs)k(s) dgs, te [0,1],

1 1 (36)
o(t) :/0 B3(t,qs)h(s) dq5+/o B4(t,qs)t(s)dgs, t<[0,1],
th*l a c
®1(t,s) = g1(t,s) + l/\4 Y aig1i(Gis) + A2 ) Cig2i<éi15)] ,
i1 i=1
a—1 b d
Bo(t,5) = A |4 Y bigsi(wi,s) + A2 Y digai(6i,5) |,
i=1 i=1 (37)
t’Bfl a Cc
B3(t,5) = | Y aig1i(Girs) + A1 Y cig2i(ivs) |,
i=1 i1

b

d
A3 ) bigsi(wi,s) + A1) dig4i(9ir5)1 ,
i=1 i=1

B—1

t
@4({,5) = gz(t,ﬁ) =+ T
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(=1 _(g—g)@1), 0<s<t<1,
(—¢c-1) p<t<s<1,
(B=0-1) _(t—g)F-D, 0<s<t<1,
(B-0-1) p<t<s<1,

) 1 ttx—gi—l(l s)("‘ ¢-1) _ (t— )(“—Qi—l), 0<s<t<1,
81t T, (@ — o)) e l(1—g)c-) 0<t<s<1,

(t 5) 1 taﬂy]fl (1 _5)(a—g—1) _ (t 5)(06 Ui ) 0<s<t<1,
ST =) | i1 —g)ee Y, 0<i<s <1,

o1 B0-1) g<t<s<1,
1 thPm1(1 —g)(B—0-1) _ (t—g)Br1) 0<s<t<1,
gu(ts) = T (B—o)) B—r— -1)
g(B—p) | t 11-5)# ), 0<t<s<1,
fort,s€10,1],i=1,...,a,j=1,...,c,k=1,...,b,1=1,...,d.

Proof. For u(t), we deduce

IR S AP

. Iy(a) /o (t 1 79) 0 (e) dys

{ Ay )/ (1_qz?(a—g—1)b(5)dq5
@ =0 (s) dys

A Ty(a—g) Jo

tﬂ(*l a ai
Gi 1
)@= as) i (s) dys

— A4
A lzqu(“_Qz

c
AZZF

i=1 q(’(—ﬂ,

b w;
“(wi — ag)(B0i~1)
MY g ) V) dys

i=1
A2 1

(ﬁ 8) Jo
6;
Azzl’q [51 ) / (Gi—q5)(ﬁpil)?(5)dq5]

ai

tﬂ(*l

(1—qs) 0" Ve(s) dy

ttX*l t 1 t
— _gg)(@—¢—1) — gg)(&=1)
Ea o 1m0 e — s | (=) Vnie) e
1 a—1 (a 1) - ! (a—¢—1)
+rq(f) 700 e e~ s = a9 n(s) s
el A ! (a—c—1)
A T () dys

ta—l [4 c i
! P (a—1;—1)
) e | (@ =991 (s) dys
tacfl wj i
. A“Srq(ﬁ o7 o (i a9) P e(s) dgs
A 1
2 — g5)(B—0-1)
+1",,(ﬁ—l9) /0 (1—gs) t(s) dgs

—A 7’/ 0 —gs)PPi-Ve(s)ds|, Vielo,1].
Zl;Fq(ﬁ—pi).o(l qs) (s)dg [0,1]

1 [ (o), 0<s < i<,
(1-5)
(B~
(B—

(38)

(39)
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Amplifying the fourth term on the right-hand side of the above relation by

A = AqAy — Ay A3, we obtain

1 a— (a—c— 1 t o
q( /t 1(1 — ga) (@6 1)[;(5)dq5—m/o(t—q5)( Dp(s) dys

(@ LB 1 ' e
A rq(‘;—g) rq(qﬁ 19) Fq(‘x)/(] (1 q) c—1 b(5)dq5
I

B) (& Tgla) ag-1) 1 e
+Fq(q —0) <Zairq(‘z— o) Q Ty (a) /0 (1=49) 7 n(s) dys

+rqr(2ff)g) édqufg@pz)@f O g a9 U dge
_ gair;‘z E)Ql)é‘f_ei—l lédqufg(f)pi)gf—p -1 ria) /01( — g) (@51 ()
! gCirqf"z(ﬁ)ﬂi)ﬁ” h i_zb%birqu(f)ai) fmt Tqioc) /1(1—115)(“ S Dh(s) dys
+Fqgj3(f>l9) Tq(txl— c) /01(1 = 7%)" " Vh(s)dgs
- ;dqufg(f)()l)gf‘—ﬁ’i—1> l"q(vcl— ) /01(1—‘75)(“ < p(s)dys
B) v Gi

+
RS :
Il M& % Q’—J
’_-T,
-
—
=
|
=)
:—/

—_

|
™

+
=
B
i
/_/H &
|
—
B
—| —
==
—
| |
N—
>
N—
HM@
—
-
=
oy

T
: r (ﬁ> p—pi—1 ! b i . —0;—1)
*Eﬁldwgp,)"l ' )Z;r B- m)/ (i —g3) P77 e(s) dgs

(40)
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= | (wi—gs) P ”e(ﬁ)dqs]
B édqufﬁm A érq(ﬁbl_ o) 01 Wf 71— gs) B0 Ve(s) dys
i Iidqu(rg(f)pi)efpll Ii Tq(ﬁbi—o'l) /Ow (i — ) P~ Ve(s) dys
' Iébl Tq(rg<f>(7i)w’ﬁg 1) l_il Fq(ﬁdi— ) 01 0P (1 - gs) B0 Ve(s) dys
- (é bquzg(f)@“’f”’l) Ié rq(ﬁdl_ ™ /06 (6; — g5) PP Ve(s) dqs}, Vie[0,1].
So, we deduce
ut) = r,ia) /o1 (1= g3) b (s) dgs — r,ia) | (6= g5) D (s) dgs
w; rquw)ﬁ) B @ dirquw)pi)efpil)]
] i a—oi=1 11 o (a—g-1) _ _\(a—ai—1)
Xzzlbfq(arg(lg){@ _ _/1 (1-gs) b(s) dys / (& — as) o) dge
+<§birq<g—m>’7? '7 )
Xli%rq(;i ) [5?” 71/ (1—gs)(¢ ”b(s)dqs—/f (i —4s) 1 Vp(s) dqﬁ}}
" aAl{l_il”lriZ(E)@ rq(ﬁl_ - [ /01 W71~ g9) B0 Ve(s) dgs
- g e ] - (et ”)
Xé rq(ﬁbi—o'l) [ Ol“’zﬁ (1 —gs)P? 1)8(5)115_/()-%(%_%)(/3 ’ U{%(s)ds} 1)

C

. w1 [1 o 7 o
+A22rq@f’_m)[€i K 1/0 (1—gs)@s 1)h(s)dq.-a—l/o (g —gs) @ 1>h(5)dq5]

i=1

-1 b b 1 -1 w;
A I p—0i 1— (/5*1971)3 ds— . — (,Bfaifl)é d ]
A { 4;%(5*@) [/0 @i (1-gs) () dys /o (wi =) (s) dgs

d d; 1, e 0; o
+A22Fq([3—pi){/0 60 Pl (1 — gs) (B0 1)?(5)dq5j/0 (6; — gs) PP 1){%(s)dqs”.

i=1
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Therefore, we obtain
1 th*l a c
u(t) = /0 g1(t,gs) + A | M Y aig1i(Gi,q5) + A2 Y cig2i(Tiqs) | ph(s)dgs
i=1 i=1
tﬂc—l 1 b l d : (42)
+ A Ny Z bigsi(wi, gs) + A2 Z dig4i(0;,gs) | (s) dgs
i=1

—/ B1(t,g5)h qs—i—/ By (t,qs)t(s)dgs, Vte [0,1],

where &1, 6, ¢1, 815, 1 =1,...,4, gzj,j =1,...,¢c, 83, k=1,...,b,and g4, t = 1,...,4d,
are given by (37) and (38).
In a similar manner, we find

B—1 1 a c
o(t) = tT ; [A3 Y aig1i(8igs) + A Y Cigzi(Ci,qﬁ)l h(s) dgs
i=1 i=1

1 -1
+/o gz(t,q5)+T

= /01 B3(t,q5)h(s) dgs + /01 ®4(t,qs)t(s)dgs, Yt [0,1],

b d
A3 ) bigsi(wi,qs) + A1) digai(6;, 075)] }9(5) dgs (43)
i=1 i=1

where &3, &4, and g are given by (37) and (38). So, we deduce the formulas in (36) for the
solution (u(t),v(t)), t € [0,1], of problem (25),(2). O

With a similar proof to that of Lemma 12 from [4], we obtain the next result.

Lemma 7. The functions g1, g2, 11, i = 1,...,4, 82j i=1...,¢c, g3, k=1,...,b, and
ga, L =1,...,4d, have the following properties:

(@) g1(t, gs) >0, g(t,qs) >0, Vt,s€]0,1];

(b) g1(t,q5) < g1(1,95), g2(tqs) < g2(1,45), Vt, 5 € [0,1);
(c) g1(t,gs) > " 1g1(1,45), g2t gs) >t~ 1ga(1,45), Vt, 5 €[0,1];

(d) g1i(t, qs) >0, &i(t,g5) >0, g3k(t gs) > 0, gu(t,gs) >0, Vt, s € [0,1], i =
1,...,a,j=1,...,¢c, k=1,...,b, ¢

B

Remark 1. If @ = q" with n € N, then we obtain

min g¢1(t,gs) > @" g1(1, gs), min go(t,gs) > co’g*lgz(l,qs), Vs € [0,1]. (44)
te[@,1] te(w,1]

Lemma 8. If Ay > 0, Ay > 0, and A > 0, then the functions &;, i = 1,...,4 satisfy the
following inequalities:

(@) ¥ 1681(1,95) < &1(t,q5) < &1(1,95), Vt,5€[0,1];
(b)) 185(1,g5) = B5(t,g5) < &2(1,95), Vi, s5€0,1];
(c) F7185(1,95) = &3(t,q5) < B3(1,4s), Vi, 5€[0,1];
(d) P164(1,95) < B4(t,q5) < B4(1,95), Vt,5€[0,1].
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Proof. (a)—(d) By using Lemma 7, we deduce the following for all t, s € [0, 1]:
tzxfl a c
®1(t,qs) = g1(t, 95) + A |4 Y aig1i(irqs) + A2 Y ¢ig2i(Zirgs)
i=1 i=1
1 a Cc
<gi(lgs) + 1| As Y aig1i(8i gs) + A2 Y cigai(lings) | = 61(1,4s);
i—1 i—1
Z a—1 a Z c
&1(t,gs) > £ 1g1(1,q5) + Ay ) aig1i(8igs) + A2 ) cigoi(Zirgs)
A
i=1 i=1
= fa7161(1, 5);
=1 b d
&a(t,qs) = A Ny Z bigsi(wi, qs) + A2 Y dig4i(6;,qs)
‘ i=1
b d
< K AV Z 171331(601, 6]5 + Ag Zd1g4z ir q5) = 62(1r qs);
i=1 i=1
Ba(t,qs) = 7' B(1,g5);
tﬁfl a C (45)
B3(t q5) = —— | A3 Y aig1i(8i,qs) + A1) cigai(Zirq5)
i=1 i=1
1
< A [ Zazglz Cis 115 +Aq ZCZgZZ Cis q5) = 63(1/ 675);
®3(t,qs) = fﬁ '®5(1,95);
(-1 b d
®4(t,qs) = g2(t,q5) + —— | Az Y bigsi(wi, qs) + A1 ) _ dig4i(6;,q5)
A
~ ~
1 b l d l
< g2(1,95) + X A3 Y bigsi(wi, qs) + A1) digai(6,q5) | = &4(1,4s);
i=1 i=1
p—1

&4t qs) > P 1gr(1,q5) + ——

b d
A3 ) bigsi(wi,gs) + A1 ) digai(6;, ‘15)]
i=1 i1
= tP7164(1, g5).

O

Lemma9. I[f A1 >0, Ay >0,A>0,h(t) > 0,and €(t) > 0 forall t € [0,1], then the solution
(u(t),v(t)), t € [0,1], of problem (25),(2) satisfies the inequalities u(t) > 0 and v(t) > 0 for all
te [0,1] and u(t) > *~lu(t) and v(t) > t#=1o(7) forall t, T € [0,1].

Proof. We can easily verify that u(t) > 0and v(t) > 0 forall t € [0,1]. In addition, by using
Lemma 8, we obtain

u(t) = / ®1(t,g)b(s) dgs + /0 "2t g8)E(s) dys

1 1
< [ @110 qs—i—/@zlqs)()qs Ve [0,1),
u(t 16 (1, g5 s+ [ 7168,(1,qs)t s
(t) = / 1(1,g5)b(s) dg / 2(1,45)t(s) dg o
( 1(1,95)b q5+/ ®2(1,q5)t(s) dg >2t”‘ hu(t), Y, T€[0,1],
o(t) / 3(t,g5)b qs—i—/ By(t,qs)t(s) dgs

g/o 3(1,95)h(s) q5+/ ®4(1,q5)t(s)dys, Vte[0,1],
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o(t) > /ol t#=165(1, g5)b(s) dgs + /01 tP716,4(1,g5)¢(s) dgs
= ([ eslLgon(s)dgs + [ u(1,qe)e(s)dys) = 0 Mo(x), i, e 0,1
[

Remark 2. By Lemma 9, we find u(t) > ¢*1||u and v(t) > t#=1||v|| for all t € [0,1]. In
addition, by Lemma 8, for @ = q" with n € N, we have

min & (t,qs) > @ '&1(1,4s), Vs € [0,1];
te(@1]
min &, (t,qs) = @* 16,(1,4s), Vs € [0,1];
te[@,1] (47)
min &3(t,qs) = @P1&3(1,4s), Vs € [0,1];
te(@1]
min &,4(t,gs) > @P16,4(1,gs), Vs € [0,1],
te(@1]
and so
min u(t) > @* Yu/, min v(t) > @P o] (48)
t€w,1] te(@,1]

3. Main Results

In this section, we will outline the results concerning the existence of positive solutions
for our given problem (1),(2).
Initially, we state our primary assumptions:

(Hl)g € (0,1),a, e R, 0 € (n—1,n],p€ (m—1,m|,n,m € N,n,m > 3;a,b,c,d € N,
0<oi<g<a-1i=1,...,8,6>1,0<y<gi=1...c0<0<d<p-1,
i=1,...,b,9>1,0< 0i < %,i=1,...,d; (Sl',’)’l' >0,i=1,2 §i,w]-,§k,6, S (0,1),
ai,bj,ck,d[ >0fori= 1,...,a,j: 1,....,bk=1,...,¢c,1 = 1,...,d,‘/\1 >0,A4 >0,
A > 0 (given by (26)).

(H2)f, g:[0,1] x R* — R, are continuous functions (R4 = [0, c0)).

Problem (1),(2) can be expressed equivalently to the following system of fractional
g-integral equations:

u(t) = /01 B(t, q5)f(5ru(5)rﬁ(5),If;lu(s),[gln(s)) dys
+'/0'1 ®a(t,g)a(s,u(s), v(s), I2u(s), [20(s)) dys, t € [0,1],
o(t) = /(;1 63(t'q5)f(5’u(5)'”(5)f131u(5),1q710(5))dqs

! 0 T2
+/O 64(t,qs)g(s,u(s),n(5),lq u(s),Iq v(s))dgs, t€[0,1].

(49)

Let X = C[0,1] be the Banach space endowed with the norm [[ul| = sup (g ) [u(t)],
and let Y = X x X be the Banach space with the norm ||(u,v)||y = |Jul| + ||v]]. We also
introduce the cone P C ) by

P={(w0) €Y, u(t) = ul, v(t) = ¢ o], Vte[0,1]}. (50)
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We now define the operator A: P — Y, A(u,0) = (A;(u,0), A2(u,0)), for (u,v) € P,
where A;, Ay : P — X are given by

Aj(u,0)(t) = /01 &1(t,g95)f(s, u(s),v(s), If,slu(s), I7"0(s)) dgs
+ /01 Ba(t, qs)g(s,u(s),u(s),Igzu(s), I7%0(s)) dgs,
Az (u,0)(t) = /01 &3(t,g5)f(s, u(s),v(s), Iglu(ﬁ), I'o(s)) dgs

1
+ /0 G4(t,g5)g(s,u(s),o(s), If;zu(s), I,;”n(s)) dgs,

forallt € [0,1] and (u,v) € P.

We observe that (u, v) constitutes a positive solution to problem (49) (or equivalently,
(1),(2)) if and only if it serves as a fixed point for the operator A. Consequently, our
subsequent analysis will focus on examining the existence of fixed points for A.

Under assumptions (H1) and (H2), using standard arguments, we deduce that opera-
tor A is completely continuous. In addition, by Lemma 9, we obtain

(51)

Ar(w,0)() > €A (w o) ||, Ax(w0)(8) > ¢ A(wo)|, Ve 0,1],  (52)
thatis, A(P) C P.
For @w = ¢", with n € N, we introduce the constants
1 -1
L= / 1 (1,95) dgs, Ly = /0 ®2(1,5) dys,
. 1
L3 / @3(1 L]S) dqs, L4 —/ @2(1,6]5) dqs,
0
M, = L1+L3, My =Ly + Ly,
L= / ®1(1,45) dys, L = / ®2(1,45) dgs
. A
L3 / @3(1 L]S) dqs, L4 —/ @4(1,q5) dqs,
[ ~ ~
M; =@ [, + @P L5, My = @* 'L, + 0P 1L,.

(53)

We remark that Ly, L3, Ly, and Lz > 0and Ly, Ly, L1, Ly, M, My, My, and M, > 0.
Our initial existence result for positive solutions to problem (1),(2) relies on the Guo—
Krasnosel’skii fixed-point theorem (refer to [28]).

Theorem 1. Let @ = q" withn € N. Assume that (H1) and (H2) are satisfied. In addition,
we suppose that there exist two positive constants ro > r1 > 0 and the constants oq € (0, My 1,
&€ (0,MY], 5 € []\71_1 o), and 7y € [M;!, 00) such that

f(t,u,0,x,y) > ‘7371 Vte[@1], wo>0, u+ov<r,
S S _n

X e O’T (‘51+1) Y€ _0’ Th(n+1) |7

a(t,u,0,x,y) > ”4“ Vit e €lw1], u,0>0, u+v<r,

"1 _ "
x e 10, (5z+1) P Y€ _0’ Tg(12+1) |

f(t,u,v,x,y) § ‘71’2 Vte [0,1],_ wo >0, u+v<ry,

T
x€ |0 ppm | V€ |0 e )

a(t,u,0,x,y) g ”m Vte[0,1], u,v>0, u+ov<r,

T
X € _O,W_, yE _0’117(77;’1)_‘

(H3)

~e.

(H4)
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Then, problem (1),(2) has at least one positive solution (u(t),v(t)), t € [0,1], such that (u,v) € P
and r1 < ||(u,0)]|y < ra.

Proof. We introduce the set Q, = {(u,0) € Y, |[(w,v)|ly < r2}. Then, for (u,v) €
P N 9Oy, we have |[ul| + ||o|| = 72, so u(t) + o(t » for all t € [0, 1] Because ||u]] <

T
2'2+1)’ and |Iqj ( )| S Wj*‘rl)

)
for all s € [0,1], i,j = 1,2. We define 135”1 (s) = f(s,u(s ),n(s),lglu(s),lgln(s)) and
G2 (s) = a(s,u(s), v(s), [2u(s), I]20(s)) for s € [0, 1].

Then, by Lemma 8 and (H4), we obtain

<r
rp and |[v]| < rp, by Lemma 4, we find |I u(s)| < 5

A1 (w,0)[| = sup | A1 (u,0)(t)]
te[0,1)

< sup / &1 (t,g5)FOL (s s)dgs+ sup / ®s(t,95)G 5272(5)dq5
te[0,1] te[0,1]

1
< / sup &1(t,qs) Fut:y1 d 5—1—/ sup ®,(t,qs)G ‘5272( s) dgs
0 tejo,1] te[0,1] (54)

<[ (1, 45)F" ) s+ [ ©2(1,06)GH 5) dys

< air2 A (’51(1 qs)dqs—i-T/O ®,(1,q5) dgs

-2
_ i, 0 aili o2l
= 2L1+ 2L2—< 2 + 5 >1’2,
and
[ A2(u, 0)[| = sup |Az(u,0)(1)]
te[0,1]
< sup / ®3(t, gs) F2LT (s )dgs + sup / ®4(t,q5) G2 (5 s)dys
t€[0,1] teOl
1
g/ sup ®3(t,gs)Fou"( dqs—i—/ sup ®,4(t,gs)Go (s 5)dgs
0 tejo,1) te[0,1) (55)
5/ 5 (149F S (s) dqur/ (1,990 502 (5) dys
o112
<42
< B2 Mealt,go)dgo + 22 [ oa(lge)d

2 2 2 2 )™
Then, we deduce

(7 o oL oL
Giray L 272L4_< ails | o2ly

01(L1+Ls) | 02(La + Ly)
+ 72

[Aw, o)y = A1 (w, 0) | + | A2(w, 0) || < {

2 2
= M + M, 1 <7 %)
5 5 2 S 12,
that is,
[Aw0)[ly < [[(w0)[[y, V(u,0) €PNy (57)

Now, we define the set 1 = {(1,v) € Y, ||(u,0)[|y < r1}. Then, for (u,v) € PNy,
we have |[u|| + ||v]| =71, sou(t) +v(t) <r;forallte [0,1].
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Therefore, by Lemma 8 and (H3), we obtain
[ A1(w,0)[| = sup | A (w,0)(1)]

t€[0,1]

= t?ﬁ] ( /O ' &1 (t,qs) FoLT1 (5) dgs + /O ' B (t,g5) G272 (s) dqs)
> nf ([ eatt A @) dyat [ 0a(t,99)G e) dy

> teiﬁ})f’u 0'1 &1 (t,gs)F2L"1 (s) dgs + tEi[lngfrl] 0'1 & (t,q5) G212 (s) dgs o)
> /0 ' . eiﬁ};f,n &1 (t,gs)F2L"1 (s) dgs + (;1 . Ei[l;lofrl] &2 (t,q5) G2 (s) dys

-1 1 -
> / @16, (1,g5)E5 () dgs + / @16, (1,45) G (5) dys
J@ [

~ (sz—l 1 ~ '(Da—l 1
> ‘73“7/ 1(1, 4s) dqs+‘74”7/ 2 (1,45) dgs
2 @ 2 [

5’37’16@“_1z1 5’47’16@“_1Z2 <53(D“_1Z1 (~T4C’D“_1E2>r
= = 1

2 2 2 2

and
[Az(u,0)|| = sup [Az(u,0)(t)]
t€[0,1]

1 i 1 A
— sl[lp}( /O B3(t,g5)Fob" (5) dgs + /0 m(t,qs)cﬁa,%(s)dqs)
te[0,1
1 1
> inf (/ 63(’(,175)133{,%(5)%54-/ QSAt,qs)Gﬁ%”(s)dqs)
0 0

T te[w1]
1 1
> inf | ®3(t,95) Fub" (s) dgs+ by B4 (t,95)Gi (s) dys
1 1 (59)
> inf ®3(t,gs)F2L" (s)d inf ®4(t,g5)G2(s)d
> [, Jnf| @s(bg9) R () dys - | inf Ga(t09)GiE (o) dys

1 1
> / @F165(1,95) Byl (5) dgs + / @P184(1,45)GAT (5) dgs
@ @

S b1 1 Tar@P~1 g1
> M/ 3(1, g5) dﬁ—kw/ B4(1,qs) dgs
2 @ 2 @

5’37’1(0/37113 5’41’1(,’0‘671Z4 <E?3a>f31f3 54(0ﬁ1Z4> ,
= 1

2 2 2 2

Then, we conclude

Aoy = [Awo)| + A
5’3((@“_1L1 JrCO/S_ng) 5’4((Da_1L2 +(Oﬁ_1L4)
= + r
2 2 (60)

M, oM
= <U3 Ly o 2>r12r1,

2 2

and so
[A(w,0)[ly > [[(w,0)[[y, V(u,0)€PNoy. (61)

As we mentioned before, the operator A is completely continuous. Then, by (57), (61),
and the Guo-Krasnosel’skii fixed-point theorem, we deduce that the operator A has a fixed
point (u,0) € PN (Qy \ 1), which is a solution of problem (1),(2). This solution satisfies
r1 < ||(w,0)[|y < 72, u(t) >0,0(t) >0forall t € [0,1], u(t) > *~|ul|, v(t) > t¢1||o]|| for
all t € [0,1]; because ||u|| + ||v|| > 71, we obtain ||u|| > 0 or ||v]| > 0, that is, u(t) > 0 for all
te (0,1]oro(t) > 0forallte (0,1]. O
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Subsequently, we will establish the existence of at least three positive solutions to
problem (1),(2) using the Leggett-Williams fixed-point theorem (refer to Theorem 3.3 in [29]
or Theorem 2.3 in [30]).

Theorem 2. Let @ = q" with n € N. Assume that (H1) and (H2) are satisfied. In addition, we
suppose that there exist positive constants 0 < rq < rp < r3 such that

f(t,u,0,x,y) < Jﬁll’ Vte[0,1], u,v>0, u+v<r,

_n _ "

*€ |0 nw ) Y Kawcresvil

g(tuvxy)<2 Vt €[0,1], u,v>0, u+v<r,

I 51 _.

xe _0' rq(52+1)<' ye _O’ T,(r 1) |’

f(t,u,0,x,y) > 2%1, Vte[@,1], u,v>0, n<u+v<rs

[ 3 ] [ 3 ]

€ |0 rmm) Y E |V o)

g(t,u,v,x,y) > ﬁ, Vte|[w,1], u,v>0, rn<u+v<rs
- 2 - .

~

o (0 .
x € [0, T | Y€ 10 5 mm

f(t/urvrxry) S 2M s Vt [Orl}c u,o Z 0/ _M+U S r3,

~.

"3 _
X e _0' rq(51+1) AAS _O’ T,(n+1) |’
a(t,u,0,x,y) < & 2M2 Vt [0,1], u,v >0, u+v<rs,

x € |0

L&
O ) ¥ € |0 nmm )
Then, problem (1),(2) has at least three positive solutions (u;(t),v;(t)), t € [0,1], i=1,...,3, such
that (u,, ) eP,i=1,...,3, H(u1,01)H < r, ||(u3,b3)|\ > 1, ll‘lfte [@1] (UZ( ) +Uz(f)) > 19,
and infyc 1) (us(t) + Ug(t)) < 1.

Proof. Firstly, we prove that A : P,; — Py, where Py, = {(u,0) € P, [|(1,0)|| < r3}. For
any (u,v) € P,,, we have ||(u,0)| < r3,and so [[u]| + [|v]| < r3and 0 < u(t) 4+ v(t) < r3 for
all t € [0,1]. By using (H7) and Lemma 8, we find

[ A1 (w,0)[| = sup |A;(w, 0)(t)]
t€[0,1]

1
g/o 1 (1, 45)FOLT1 (5) d 5+/ (1, 45) G2 (5) dgs

s 1 (62)
< 0 o
< 2M1/ (‘51(1,q5)dq5+2M2/0 ®2(1,49s) dgs
13 r3 Ly Ly
“an T T (2M1 + 2M2)r3’

and
[ Az(w, 0)[| = sup [Az(u,0)(t)]
t€[0,1]
</ ®5(1,45)F2L"1 (5) d 5+/ ®4(1,95) G2 (s) dgs
(63)

< 2 2
< 2M (‘53(1,q5)dq5+2M2/0 ®4(1,9s) dgs

3 3 Ls Ly
=L L :
“omy 2o, T (2M1+2M2)r3

Then, we obtain

Li+L Ly+L M M _
Aol < (S 2 = (G S Y= Ywn) € P (60

2M;  2M,
So, A(Py,) C Py,.
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We consider 73 € (73, 73), and we define the concave nonnegative continuous functional
®on P by O(u,0) = infic (1) (u(t) +0(t)), (u,v) € P. We see that ©(u,v) < [|(u, )| for all
(u,0) € Py,.

Next, we will verify conditions (i)-(iii) of Theorem 2.3 from [30], with E = ), K = P,
A :A,m:rl,c:rz,l :r3,andd:73.

Firstly, we verify condition (ii). For (u,v) € P,,, we will show that ||.A(u,v)|| < 1. For
this, let (u,v) € frl. In a similar manner to that in (62) and (63), by using (H5), we obtain

Ly Ly Ly Ly
atw0)l < (o + 5 ) [atwo)l < (34 5i ) 69)

and so || A(w,v)[| < 1. So, we have assumption (ii) of Theorem 2.3 from [30].

We now verify condition (i). We set the element (u(t), vo(t)) = (233, 20713yt e [0,1].
Because up(t) > 0, vg(t) > 0 forall t € [0,1], ||(uo,v0)|| = 242 < 73, and O(ug, v) =
2455 > 1y, we deduce that (ug,09) € {(1,0), (1,0) € P(O,15,73), Ou,b) > r2}. Now,
let (u,0) € P(O,ry,73), thatis, (u,0) € P, O(u,v) > rp and ||(u,v)|| < 73. So, we have
u(t) +o(t) < 73 forall t € [0,1] and infc(pq)(u(t) +0(t)) > ra. Then, by (H6) and
Lemma 8, we find

O(A(w,0)) = tei@fl](Al(ufb)(f) + Az(u, 0)(1))
> tei[{})fl] Aj(u,0)(t) + tEi[Ichfl] Aj(u,0)(t)

1 o 1
> inf [ ®(tags)F2(s)d inf [ ®y(t,05)G22%(s) d
> dnf 1(t,5)Fl)" (s) q5+t€1[%/1] ; 2(t,95)G,20* () dgs

1 1
+ inf 63(t,q5)1331g1(5)dq5+ inf 64(t,q5)Gﬂlgl(s)dqs
telw,1] J0 ’ telw,1] J0 ’
1 N 1
> | inf & (tqs)F) (s)d inf ®,(t,gs)G202(s) d
> [ dnt @u(Lae)RL (s)dgs + [ inf @(t,03)GLEy(6) dys

1 1
+ inf &3(t, qs)Pﬁlgl (5)dgs + inf &4(t, qs)Gﬂl;’1 (5)dys
0 t€[@1] ’ 0 te[@1] ’

1 1
z/wco"‘*leﬁl(l,qs)l-"f}gl dqs—k/w w“*leiz(l,qs)Gi%gqus (©6)
1 1

+/w wﬁ*1@53(1,q5)F3}31 dq5+/w wﬁ*1®4(l,qs)Gﬂfgqus

1’2(@“71 /1 1,2@&71 1
> = ®1(1,g5)dys + ~/(’51,5d5

M, o &1(1as)dg 2M, o &2 as)dg
1’2(17}971

+r2 ~ﬁ ' /16 (1 qﬁ)d 5+ = /16 (1 qﬁ)d S
4 7
M 3 1 2M2 @ 4 1

2 T @ 1 p—1 p—1
o~ o~ P~ P~ ~

:1’2~ L1+1’2~ L2+1’2~ L3+r2~ Ly

2M; 2M> 2M; 2M>

_ (Da_lfq + (Dﬁ_1Z3 " (Da_liz + COﬁ_1Z4 .
2M, 2M, 2
M; M
== Tl + 7,\,2 7’2 == 7’2.
oM, | 2M,
Therefore, ©(A(u,v)) > ry, and we have assumption (i) of Theorem 2.3 from [30].
We now verify condition (iii), namely, ®@(A(u,v)) > r; for all (u,0) € P(O,ry,13)
and || A(u,v)|| > 73. So, let (u,0) € P(O,rp,13) and || A(u,v)| > 73. By using similar
arguments to those used before, we deduce that ©(A(u,v)) > rp; that is, assumption (iii) of
Theorem 2.3 from [30] is satisfied.
We know that A is a completely continuous operator. Then, by the Leggett-Williams

fixed-point theorem (see Theorem 2.3 from [30]), we conclude that problem (1),(2) has
at least three positive solutions (u;(t),v;(t)) t € [0,1], i = 1,...,3, with (u;,0;) € P,
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i=1,...,3and [(u,01)]| <7y, [[(us,03)]| > 11, O, 02) = infiepgq)(u2(t) +02(t)) > 12
and O(uz, v3) = infye (1) (u3(t) +03(t)) <r2. O

The following result is derived from the Schauder fixed-point theorem (refer to [31]).
Theorem 3. Assume that (H1) and (H2) are satisfied. In addition, we suppose that there exist
continuous functions P;, Q; : [0,1] - Ry, i=1,...,5, such that

4
f(t/ul/u2/u3/u4 < ZPI ul+P5
=1 (67)
gt ur, up, uz,ug) <Y Qi(t)u; + Qs(t),
i=1
forallte [0, andu; e Ry, i=1,..., 4 If
Yo = max{¥1,¥2} < 1, (68)

where .

p3 * q;
b ¢ L L —2 | + (L L — ],
1=t 3)(;91 rq(51+1)> (Lot 4>(ql+Fq(52+1)>

Y, = (L1 + L3) (ﬁ + rq(,;i:_l)> + (Lp + Lyg) (q; + I*q(qf,]f—f—l))’ (69)

pf = sup Pi(t), q; = sup Q;(t), i=1,...,4,
t€[0,1] te[0,1]

then the boundary value problem (1),(2) has at least one positive solution (u(t),v(t)), t€ [0,1].

Proof. We consider a positive number Ry satisfying the condition

Ri> (L1 + Lg)ps + (L2 + La)g3
0> —_— ,

(70)

where p5 = sup; 11 P5(t), 75 = sup;cpq Qs(t). We define the set O = {(u,0) € P,
[[(w,0)[| < Ro}-
Firstly, we show that A(Q;) C Q. For this, let (u,v) € (), thatis, ||(u,0)|ly < Ro, so
[lul] 4+ |lo|| < Rp, which implies |Ju]| < Rg and ||v]| < Ry. Then, by using (67), Lemma 4 and
Lemma 8, we obtain

Ay (uf v)(t)
< /0 1(1,95)(Py(s)u(s) + Pa(s)v(s) + P3(5)If;1u(5) + Py(s) I 0(s) + Ps(s)) dys

+ [ ©2(1,85)(Qu(s)u(s) + Qa(s)ols) + Qs(s) E2uls) + Quls) [70(s) + Qs(e)) s

[[ull « ol . /1
<P1||U||+P2||U||+P3r G +1) +P4m+?5 A ®1(1,9s5) dgs 1)

u " Y * 1
+<q1|ull+qzllv|+q3r (L' !rl) tahg (J Ll) +q5>/ a(1,gs) dygs

~ (b + (5p*+1)>|u||+(pz (jﬂ))n I+7)

q3 % qa
+a (g + Fq((52+1))||u||+(q2 Fi el a3, vee

and
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Aa(a0)()
< [ 83(1,5) (Pr(s)u(s) + Po(s)0(s) + Pa(o)I5'us) + Pa(s) " o(s) + Po(s)) dys

+ [ 81,05) (Q1(6)u(5) + Qul6)o(s) + Q3(6) EPuls) + Qu(o)10(3) + s(s)) dys
[l el
(plnun+—pznnn4-p3I.(5 iy 1) ) sl ds )

u . v RN
+<q1|ull+qzllv|+q3r (! !rl) +q4rq(7|2L1) +45)/0 4(1,45) dgs

~ [ (pi+ Of+nﬁw+(m @ij)MHwﬂ

q3 * 44 *
-@{@1Iw%+nﬂw+(%+wwﬁlﬁwww4,WEMH.

Then, by (70)—~(72), we deduce

Ay < (k)| (91 + s o+ (vt iy o+ ]

o+ L) (a7 + §+Unw+(@+md£4)nn+%
\ 1
= [z (i + &+n>”h+“m%+n@+pﬂm” o
p * q4
+ [(L1 + Ls) (Pz To(n +1) 1)> + (L2 + L4) <‘72 + T2t 1) 1))] o]l

+(L1 + L3)p5 + (L2 + La)g3
= Yy llul| + 2ol + (L1 + L) ps + (L2 + Ly4)q3
< Yoll(w,0)|ly + (L1 + L3)ps + (L2 + Lg)q3
< ¥oRo + (L1 + L3)ps + (L2 + Ly )5 < Ro.

Therefore, A(Q)) C ;. Because the operator A is completely continuous, then by
the Schauder fixed-point theorem, we conclude that .4 has a fixed point (u,v) € P with
[I(u,0)|ly < Ro, which is a positive solution of problem (1),(2). [

In the final theorem, we will employ the Banach contraction mapping principle.

Theorem 4. Assume that (H1) and (H2) are satisfied. In addition, we suppose that there exist
continuous functions H;, K; : [0,1] = Ry, i=1,...,4, such that

4
|f(tr ui,uz,uz, u4) - f(t10117)2/v3/v4)| < Z ( )|1/l1 vi|l
i=1 (74)
|E(f, Uy, up,usz, u4) - g<t/ 01,02,03, U4)| < Z i(t)|ui - Ui|/
i=1
forallt€ [0,1), u;, v; e Ry, i=1,...,4If
Py = max{Py, P} < 1, (75)
where . i
L+ L) b+ —3— Ly +Ly) (K + ——2—
CERIC +FA&+U)+(2+D( D)
h} k;
Oy = (L1 +L (h* >+L+L <k +) (76)
2= (l1+1Ls) rqm 7)) T2t Ty(r2+1)

h;k = Sup Hl(t)/ k;k - Sup Kz(t)/ l: 1/-"/4/
te(0,1] te[0,1]
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then the boundary value problem given by (1),(2) possesses a unique positive solution (u*(t), v*(t)),

€ [0,1]. Moreover, for any initial point (ug,vg) € P, the sequence ((uy, vn))n>0 defined as
(up,04) = A(uy_1,0,-1), n > 1, converges to (u*,v*) as n — oo. Additionally, an error
estimate is provided by the following inequality:

n

e
[ 0n) = (w5, 07) Iy < 77— OH(uLUl) — (uo,v0) |- (77)

Proof. By using (74), Lemma 4, and Lemma 8, for any (uy, 1), (u,02) € P, we obtain

| Ay ullt'l)( ) = Ar(uz,02) (1)
/ $)FY (s) dgs + / ®2(t,45)GL20: (5) dys
1

[ e aER e s — [ @t ge)GEE () s

1@ FQi3i(s) — Faldi(s) |d ‘o GRT(s) — GRT2(s)|d
1(t ‘75) ulbl(s) uzbz(s) q5+ o Z(t/qs) u101(5) uzbz(s) q5

1

< /O &1(1,q5)[Hi(s)[u1(s) —ua(s)| + Ha(s)|o1(s) — va(s)]

+ Ha(s) 19w (8) = I§'a(s)| + Ha(o)| 7" 0r (s) — 170 (s)] | dgs

+ [ @219 S (s) ~ ()] + Kalo)lor(s) — va(o)
+ Ka(8)] I (5) — ()| + Ka(s) 17701 (5) = [0a(s) | s

1
< [ ®1(1,g5) [Hi (8) w1 — wall + Ha(s) Jor = va|

+ Hs(s)

1 1
< ||W] — W +H §)=————=|b1 — :|d S
rq(51+1) H 1 2” 4( )rq(71+1)” 1 2” q (78)

1
+ [ 201,09 [Ka(8) w1 — vl + Ko(s) o1 v

Ks(s) g — 2] + Kas) o - nzn}dqs

1
Ty(6+1) Tg(y2+1)
< (h*—s—L)Hu —u H/lQﬁ (1,9s)dgs
. hy !
+(h2+1-q(,)/1+1)>|“1—02|/01 ®1(1,qs) dgs
. k3
+(k1 + m) [lug —uzﬂ/o ®2(1,9s) dgs
* k* 1
+(k2+w>‘|01—02”/0 @2(1,!]5) dqﬁ
= flur — HK +7h§ )L +(k*+7k§ )L}
e @D/ T &)
[ — h*+74)L +(k*+74)L], Vte[0,1].
o = (15 + by J 1+ (K gy 1] Ve 0
In a similar manner, we deduce
| A2 (u1, 01) (t) — Az (uz, 02) ()]
(i ey o (6 )
< g —u 4 — 2
==l r e ) ) (79)
* *

h k
+llo; — 0 h*+4)L+<k*+4)L},VteO,1.
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Therefore, by (78) and (79), we conclude
1A w1, 01) = Aluz, 02) Iy o
< lug —u h*+3> Li+L +(k*+3> Ly+L }
s =l (5 e ICR R R ey [ I

+1lo1 — v2] [(@ + l"q(':i:l)) (L1 +Ls) + <k§ + 1"5,('y24+1)> (L2 + L4)}

< max{®y, Py }|(ug,01) — (u2,02) ||y = Pol[(u1, 01) — (uz,02) ||y

By satisfying condition (75), we establish that the operator A is a contraction mapping.
Consequently, according to the Banach fixed-point theorem, it follows that A possesses
a unique fixed point (u*,0*) € P. This fixed point corresponds to the unique positive
solution of problem (1),(2). Furthermore, for any (1, bg) € P, the sequence ((it, v))n>0
defined by (uy, v,) = A(u,_1,9,_1) for n > 1 converges to (u*,v*) as n — co. The proof of
the Banach theorem yields the error estimate (77). O

4. Examples

In this section, we will provide various examples to demonstrate and illustrate our
key findings.

Letq:%,a:%n—4ﬁ:4,m:5g—%ﬂ 25 = —,71:%,52:%,
’yz:%,azl,b:l C—l d—l Ql— 9,0'1_%1 77 —1 Pl 13 (:1:%,(,01211—6,
gl = %,91 = }I,al = 6’b1 =31, —25,d1 = Z,anda) = 4.
We consider the system of fractional g-difference equations
7/2 46/5 31/6,, —
D]/2u) () + (& u(0), 0(0), 1}%%u(0), 140 (0)) =0, te [0,1], -
DI%*0) (6 + 8 (4 u(v), v(0), 1574%u(), 40 (1)) =0, te [0,1],
with the boundary conditions
= Dy/pu(0) = D3 ,u(0) = 0, Di/3u(1) = 1D}%u(1) +310% 0 (),
2 12/5 L 1pB/7,(1 (82)
= Dy/20(0) = D ,0(0) = D ,0(0) =0, Dy570(1) = 25D1/2u<§) 2D U(Z)'

We obtain A =~ 1.86833829, A, ~ 0.00175841, A3 ~ 1.8190837, A4 =~ 3.62744165, and
A = AAy — Ny A3 =~ 6.77408943 > 0. So, assumption (H1) is satisfied. We also have

1 5/2(1—-5)05/6) — (t—5)5/2), 0 <s<t<1,
21 (f 5) W{ t5/2(1—5)<5/6), 0<t<s<1,
1 t15/4(1 = 5)(27/20) _ (1 —5)(15/4) g <5<t <1,
82(45) = TG0/ | 05/4(1— 6)2/), g <t<s <1,
1 t17/18(1 — )(5/60) _ (1 —)17/18) 0 <5<t <1,
gu(ts) = T1/z(35/18){ t17/18(1 — 6)(5/6), 0 < t<s <1,
1 8/2(1 — 5)( 5/6 (t—5)B/2), 0<s<i<1, (83)
821(ts) = T12(72) ) €/2(1-6)6/8, 0<t<s<1,
1 {157/44(1 — ) (27/20) _ (4 —)(I57/44) <5 <t<1,
$31(t5) = T1,,(201/44) | €57/44(1 _5)@7/20) g <t<s<1,
1 t53/28(1 — 4)(27/20) _ (t —)(33/2) p<s<t<1,
gn(ts) = r1/2(81/28){ $3/28(1 _ 5)27/20) g < <5 <1.
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In addition, we find

/21 1 1
@1(f,5) :gl(t,5)+ A A4811 ,5 +25A2g21 ,

t5/2 1 1 1
Gy(t,s) = 3104831 ( 155 ) T 5028 { 35 ) |
,‘15/4 1 1 (84)
@3(f,5) = A {g/\ggn (5,5) +25A1821 (§,5)1|,
(

t15/4 1 1 1
t,5) + - {311\3831 (E’§> + 51\1841 (1,5)],
forallt, s € [0,1].

After complex computations using the Mathematica program, we obtain

By(t,s) = g

= [} ®1(1,45) dgs ~ 0.09173103, Ly = [, 6(1,qs)dgs ~ 0.00012801,
L3 = fol ®3(1,49s) dgs ~ 0.17043259, L4 = fol ®4(1,gs) dgs ~ 0.02776846,
ff/ 4 61(1,q5) dgs ~ 0.08337987, L, = ff/ 4 ©2(1,45) dgs ~ 0.00008466,  (85)
= J1/45(1,q5) dgs ~ 013008493, Ly = [}, ®4(1,qs) dys ~ 0.02446965,
M1 ~ 0.26216363, M, ~ 0.02789647, M ~ 0.00332425, M, ~ 0.00013782.

Example 1. We consider the functions

21 1 2.9
ft w,0,x,y) = % + 3 arctan x + 7cos2y+ %,
— o—(ut0) x? 9(t+1) (86)
g<trulv/x/]/)—€ —|—?+y+ T

forallt € [0,1], u,v,x,y € Ry. Assumption (H2) is satisfied.

We choose 11 = qypp, 72 = 10,01 = 3 < g =~ 3.8144, 0 = 35 < 5 ~ 35.8468,
73 = 301 > ﬁ ~ 300.8201, and &; = 7256 > ﬁ ~ 7255.6974.
1 2
Then, we obtain
2 ~
H(t 1, 0,%,y) > mingep /40 2o = 0.75 > A1 = 0.1505,

)
1 1 1
vie[p1] wozoutos 1003(:1)6 o 4looorl/iz<51/5>} Y € |0 o0 a7 )

9(tu,0,%,y) > e V100 £ min 4y "5 A 6.5804 > In 3628,

1 1 1
Vte [4,1}, w020, u+v < 155, X € {0/ 10001"1/2(67/8)}’ ye [O' 1ooor1/2(34/13)]'

(87)

that is, assumption (H3) is satisfied. In addition, we have

ft,u,0,x,y) <4+ %arctan% + 7 + maxe[o ] (t+4 ) ~ 53502 < ‘71r2 =15,

Vte[0,1], u,o >0, u+v <10, xE[O W} ye[,ﬁ}

2
10 o) -
g(tu,v,xy) <1+ (1"1/2(67/8)) + F1/2(34/13) + maxcjo,1) "33 ~ 15.5719 < @2 — 75,

0
VtE[Ol] MU>O M+U<]_O XE{O,W}, ye[,m},

(88)

so assumption (H4) is verified.
By Theorem 1, we deduce that problem (81),(82) with the functions in (86) has at
least one positive solution (u(t),v(t)), t € [0,1], such that 1o < [|ul| + [|o]| < 10, and

) 1\5/2 ) 1\ 15/4
mingeq/aqu(t) 2 (§) lull mingeg /sy 00 = (5) 7 loll.
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Example 2. Let the functions
242 1/3
P+ st A
Vte [0,1], u,v >0, u—l—v<1
e +2 + é (1 + 4175 (arctan \[(gw) -z ﬁ‘u
+5(1+3985(1 —sin F (u+0))) 5 +x1/3 + eV,
VtE[O 1], u,v>0, 1<u+v <4,
t27“-F%(l%—4175(arc:tan%—%))ﬁ%u
+3%86 b 4 1/3 4 Loy,
Vte [0,1], u,v >0, u+ov >4, (89)
14643 | 4 1/4
Eau el e el A
Vte[0,1], u,0>0, u+v<1,
14t5+3
+4(1+38547(1 m))ﬁ
g(t,u,0,x,y) = +(1 + 18452 cos? I (u +0)) i + 225
Vte [0,1], u,v >0, 1<u+v<4,
5
M3 4 77098 14 + 184531 + o5 + /4,
Vte [0,1], u,v >0, u+v >4

b woxy) =

_|_y1/4

Assumption (H2) is satisfied.
We choose ¥y = 1, r, = 4, and r3 = 6000. Then, we obtain

1/3
3 1 1 1 1 o ~
i,y <3 +5+5+ (ko) + 5~ 163046876 < 5 ~ 1.90720585,

1 1
Vte [O,l], M,'()EO, Ll+'0§1, X € {O,W], ye [O,W],

17 1/T1/2(67/8) 1 4 (90)
8(t,0,%,) < F 45+ 2O + (i)~ 8.39492155

< gy A 17.92341375, Vi€ (0,1], u,0 >0, u+0<1,

x € 0 ez ) ¥ € [0 maderm )

that is, assumption (H5) is satisfied.
Next, we find

ft,u,o,xy) > &+3+ %(1 + 4175 (arctan 23 — %)) Tl 4 3986 0 4 1,=6000/T1/2(37/6)
>3 4 min{ 1 (1+ 4175 (arctan £y3 — 7)), 386 L (w4 0y | 1,-6000/T1/2(37/6)

> %2 + min % 1+ 4175 ( arctan 43—ﬁ -Z)), 39,5& 11;?7; + 6@’6000”1/2(37/6)

> % + min % 1+ 4175( arctan %ﬁ -2 ) 395& % + %e‘6000/r1/2(37/6)

~ 638.275625 > ﬁ ~ 601.64029336,

1 91)
1 6000 6000
Vte[z’]},uv>0 4 < u+v <6000, XG[O,W}/}/G[O’W}’
a(tu,v,x,y) > M + min{77098,18453} (5 + 1)

> WIS 4 4gu53 “+1 > WIS | qgy53. 4
~ 1476283052455 > 2~ 14511, 39486712,

2

1 6000 6000
Vte |:1,1:|, M,Uzo, 4§M+U§6000, X € [O,W}, yE [O,m},

and so assumption (H6) is verified.
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Lastly, we deduce

ftu,0,%,y) <3+ %(1+4175(arcfani—%))%ﬂ&%ﬁ'%
+<&)m + 1~ 1690.110593 < 5% ~ 11443.23507,
T1,,(51/5) 6 : =M

Ve (0,1, 1,020, u+0 <6000, x € [0, 500, [o, rl/gogg/@]

g(tuvxy)<£+77098-%+18453~288?+ + (20 )

T7,,(34/13)
/2 95546.32860601 < 2M ~ 107540.48247,

6000 6000
Vte[0,1], u,0>0, u+ov <6000, x € {O,W}, ye [O,W},

(92)

that is, assumption (H7) is also satisfied.

Therefore, by Theorem 2, we conclude that problem (81),(82) with the nonlinearities
in (89) has at least three positive solutions (u;,v;) € P, i =1,...,3, such that ||(u,v1)|ly <1,
[[(uz, 03)[ly > 1, infiepy /1) (u2(t) + 02(t)) > 4, and infic(y/41) (u3(t) + 03(t)) < 4.

Example 3. We consider the functions

(t+1D)Y83e 2 (t—-1)%0v  etx v, t11/3
4(1+u?) 2(t+5) 3 143y t+6
/7y (t+3)etlo x LA 075
3(t+4) 2(8+3)(1+20%) (t+1)2(1+2x) £+1 t4+2/

fttwoxy) =
(93)

g(tu,vxy) =

forall t € [0,1], u,v,x,y > 0. We obtain the following inequalities:

f(t, u,0,x,y) < Pi(t)u + Po(t)v + P3(t)x + Py (t)y + P5(t),
gt u,v,x,y) < Qi(t)u+ Q2(t)o + Qs(t)x + Qa(t)y + Qs(t),

forallt € [0,1], u,v,x,y > 0, where

(94)

1/3,—t+2 _1)2
Py(t) = S, Po(t) = Sk, Pa(t) = 5, Palt) =1, P5(t) = g,
t2/7 t6/5 (95)

%
Q1) = slorgy, Qo) = $, Qs(0) = e Qu(H) = wby, Qs() = &5,

forall t € [0,1].

The functions P; and Q;, i = 1,...,5, are continuous and satisfy condition (67). In
addition, we find p] ~ 1.84726402, p5 = 0.1, p5 ~ 0.90609394, p; = 1, g7 ~ 0.06666667,
q5 ~ 3.69452805, q3 = 1, q; ~ 0.52913368, ¥1 ~ 0.48811984, Y, ~ 0.16566027, and
Yo ~ 0.4881 < 1; that is, assumption (68) is satisfied. Therefore, by Theorem 3, we conclude
that problem (81),(82) with the nonlinearities in (93) has at least one positive solution

(u(t),0(t)), te[0,1].

Example 4. Let the functions

3,—5t+1 2

f(t, M,U,X,y) — % Ll2 +4+ (t _22) e3t—2 COSZ(U+1)

+ ikl + t + 1 arctan

2+2  4(t+1)  £+3 Yr
f3€74t+1 eZt t9/8 (96)
g(f,u,'(],x/y) = arctanu—i—m +1+H>73
tx et .,
+——5——+ gsiny,

10(x24+1) 9
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forall t € [0,1], u,v,x,y > 0. We obtain the following inequalities:

|f(tr uq, vl/xlryl) - f(tl Up,0p, X2, yZ)‘
< Hy(t)|ug — ua| + Ha(t)[v1 — 02| + H3(t)[x1 — x2| + Ha(t)[y1 — v2l,

97
|g(t/ ui, 01, xl/yl) - g<t/ Up, 0y, x21y2)| ( )
< Kl(f)|u1 — M2| + Kz(t)|vl — Uz| +K3(t)\x1 — X2| + K4(t)|y1 — y2|,

forallt € [0,1], u;,v;,x;,y; >0, i =1,2, where
2(t+1 3,-5t+1
Hi () = 2 (1) = (6—2)% 2 ( Ha(t) = o B0 =85 oo
3 74f+1
Ki(t) = 95 Ko = 585, Ka(V) = o, Ka(t) = %,

forall t € [0,1].

The functions H; and K;, i = 1,...,4 are continuous and satisfy condition (74). In addi-
tion, we find h] ~ 1.81218788, h; ~ 2.71828183, h; = 0.125, h; = 0.5, k] ~ 0.02854728,
k3 =~ 0.03040764, k5 = 0.1, k; ~ 0.60406263, ®; ~ 0.47613656, P, ~ 0.73924549, and
Dy ~ 0.7392 < 1; that is, assumption (75) is verified. Then, by Theorem 4, we deduce that prob-
lem (81),(82) with the functions in (96) has a unique positive solution (u*(t),v*(t)), t € [0,1].

5. Conclusions

In this paper, we explore the existence, uniqueness, and multiplicity of positive so-
lutions for a system of fractional g-difference equations (Equation (1)). These equations
involve fractional g-integrals and are subject to coupled multi-point boundary conditions
(2). These boundary conditions encompass g-derivatives and fractional g-derivatives of
unknown functions with varying orders. Initially, our focus was on investigating the
linear boundary value problem related to (1),(2), along with studying the associated Green
functions and their properties. Subsequently, we reformulated our problem equivalently to
a system of fractional g-integral equations (Equation (49)). We associated these equations
with an operator, and the fixed points of this operator correspond to the positive solutions
of (49). Our primary results hinge on the application of the Guo—Krasnosel’skii fixed-point
theorem (in Theorem 1), the Leggett—Williams fixed-point theorem (for Theorem 2), the
Schauder fixed-point theorem (in the case of Theorem 3), and the Banach contraction map-
ping principle (in the context of Theorem 4). In the second-to-last section of the paper, we
provide several examples to elucidate and illustrate the implications of our results.
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