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Abstract: In this paper, we use the finite volume element method (FVEM) to approximate a one-
dimensional, time fractional generalized Burgers’ equation. We construct the fully discrete finite
volume element scheme for this equation by approximating the time fractional derivative term by
the L1 formula and approximating the spatial terms using FVEM. The convergence of the scheme is
proven. Finally, numerical examples are provided to confirm the scheme’s validity.
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1. Introduction

One of the most well-known nonlinear model equations in the field of fluid dynamics
is Burgers’ equation. It is obtained from the Navier-Stokes model. These kinds of equations
have been studied in the literature using a variety of methods [1-3]. Burgers’ equations have
been applied in many different areas, including wave propagation, nonlinear acoustics,
fluid mechanics and gas dynamics [4-6]. Compared to integer derivatives, fractional-order
derivatives often have greater advantages in terms of describing physical processes with
memory and genetic properties. Therefore, fractional differential equations are widely
used in engineering, environmental science, energy development, physics and many other
fields [7-9]. In particular, fractional Burgers’ equation is widely used in weak shockwave
transmission, compressible turbulence and fluid systems [10-17].

In this article, we consider the time fractional generalized Burgers’ equation:

Py 9
(1= q)us + By §D%u — 75 + Wﬂ?% = f(x,t),x € (0,1),t € (0, T, (1)

with the following boundary conditions
u(0,t) =u(1,t) =0,t € (0, 7], ()
and the following initial condition
u(x,0) = g(x),x € (0,1), (3)

where T € (0,00), g € (0,1), B1, B2 and 7y are constants, and p is a positive integer. The
symbol § D¥ of order a is the Caputo fractional derivative operator defined by

SDfu(x, t) = —ds,0 <o <1,

1 Fou(x,s) 1
F(l—a)/o ds (t—s)

where I'(-) denotes the usual Gamma function. In the time fractional generalized Burgers’
equation, u is the velocity of the turbulent motion. The first term is the normal change in
velocity with respect to time, while the second term is a sub-diffusion term that describes the
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change in velocity. The second-order derivative shows the classical diffusion term, which
describes how u spreads out over space. The last term on the left-hand side represents
nonlinear advection. The right side (f(x,t) = F(x,t)/p) is a forcing term, where F(x, t)
is body force and p is density. This equation considers the presence of both normal
and sub-diffusion phenomena in the fluid, with g representing the proportion of these
two phenomena.

From a physical perspective, the time fractional generalized Burgers’ equation can
be considered a model of how the chemical substance diffuses across a one-dimensional
medium, such a liquid or gas. The SI units of x, u, t, F(x, t) and p are m, m/s, s, N/ m? and
kg/m3, respectively. The diffusion coefficient () controls the rate at which the material
spreads out, and its unit is m?/s. The parameter 31 represents the sub-diffusion coefficient
with SI (1/s!7%), and B, represents the advection rate with SI ((11/s)! 7). They depend on
the properties of the material. The temporal memory effect (the substance’s past diffusion
history impacting its present behavior) in the diffusion process is characterized by the «
parameter. In mathematics, dimensionless processing is usually carried out.

In recent years, an increasing number of scholars at home and abroad have carried
out numerical research on time fractional Burgers’ equations (TFBEs). Li et al. [18,19]
proposed the linear implicit finite difference approach for analysis of a generalized TFBE.
Esen et al. [20-22] studied this type of problem by means of the finite element method.
Zhang and Guo [23] suggested a novel similarity transformation based on the Lie sym-
metry approach that transforms the TFBE into a fractional ordinary differential equa-
tion. Kurt et al. [24] recently discovered the Hopf—Cole transform exact solution to the
TFBE, and they obtained an analytical solution using the homotopy analysis method. Cao
et al. [25] proposed an approach formed by merging the finite difference method for tem-
poral variables and the discontinuous Galerkin scheme for spatial variables to deal with
a two-dimensional TFBE. Liu and Zhang [26] solved this kind of equation using a novel
approximation technique named the approximate analytical method.

The finite volume element method (FVEM) is a significant class of numerical methods
used to solve differential equations. With a finite partitioning set of volume, this approach
discretizes the differential equation using a volume-integral formulation, which is a discrete
approximation of the control equation in an integral form. In 2000, Li et al. [27] proposed
the use of the FVEM to solve various differential equations. Wang [28] proposed a mixed
FVEM to solve biharmonic equations that is based on rectangular partition. Zhang et al. [29]
studied a fully discrete two-grid FVEM for a nonlinear parabolic problem. Burgers’ equation
in one dimension can be solved using a high-order finite volume compact technique, as
proposed by Guo et al. [30]. An FVEM for estimation of the solution to a two-dimensional
Burgers’ equation was proposed by Yang [31]. The FVEM is also widely used in the field of
fractional diffusion equations [32-37]. Wang et al. [38] investigated the transverse vibration
of a fractional viscoelastic beam using the mixed FVEM. To the best of our knowledge, the
FVEM has not been used to investigate the time fractional generalized Burgers’ equation,
despite the fact that this method has been used for many other Burgers’ equations.

Many scholars have investigated the solutions of different kinds of time fractional
partial differential equations in the hopes of obtaining effective calculation methods. It
is also envisaged that these theoretical analysis and computational approaches may be
expanded to sophisticated time fractional models for the solution of additional practical
problems. A focus of our studies is the appropriate handling of the nonlinear convection
and diffusion factors that are present in various fluid dynamics situations. Here, we provide
a theoretical analysis of the time fractional generalized Burgers’ equation, which contains
time fractional derivatives and nonlinear terms, by using FVEM. Using flexible grids, the
FVEM benefits from both the accuracy of the finite element methods and the simplicity of
the finite difference methods. In this sense, we have advanced existing knowledge.

The remainder of this article is structured as follows. In Section 2, we construct the
fully discrete scheme. In Section 3, some lemmas required for the theoretical analysis are
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presented. In Section 4, a convergence analysis of the FVE scheme is provided. Finally,
numerical results are presented in Section 5 to confirm our theoretical analysis.

2. Fully Discrete FVE Scheme

Let Ty, : 0 = xp < x1 < xp < --- < xy = 1 be the primal partition of the in-
terval [0, 1] and ; = [x;,x;41],i = 0,1,--- ,N — 1 be the corresponding element inter-
vals. We denote the length of I; as h; = x;1 — x;; therefore, h = . me}); 1hi. The cor-

<i<N-
responding dual partition is Ty : 0 = xp < x1 < x3 < x3-++ < Xp_1 < ¥y = 1,
2 2 2
where x| = M,i =0,1,---,N—1. The dual elements are Ij = [xo,x1], I} =
2 2 20t
[xif%,xi%](z =12,--- ,N—-1)and I; = [xNi%,xN].

The finite element spaces are defined as

u, = {uh € C(O,l) : uh|1i ep,i=0,1,--- ,N—l},
W:{WeL%QUnMVG%J:QL~yN—1}
Uon = {un € Uy : uy(0) = uy (1) = 0},
Von = {vn € Vi 1 04(0) = (1) = 0},

where U, is the linear finite element space according to primal subdivision Tj, and V,
denotes the constant function space corresponding to dual subdivision T;;. Pj(I = 0,1)
represents the set of polynomials whose degree is no more than I.

The interpolation operator (IT} : Uy, — V() is expressed as

N-1
gy = Y ¢igi(x), Yy € Upy,
i

where ¢; = ¢, (x;) and ¢;(x) are the basis functions of V,, i.e.,
1,xel,
pi(x) = i=12---,N—1.
0,x¢I.
Any v, € Vj, has the following form:

N-1

Op = Z 0iQi,

i=1
where v; = vj,(x;). Using any v), € V{y, to multiply Equation (1) and integrating it on [0, 1],
we can obtain
Jou
(1 —q)(us, vp) + gB1(G D, vp) + a(u, 0) + po(uP =, 0n) = (f,on), 4)
where the bilinear form is
N-1

(o) = =1 Y vilua, g 1) — e,
i=1

)]

1
2

Using the operator IT, (4) can also be expressed as

0
(1—q) (ue, T y) + B (G D, Thpy) + a(u, TTjiy,) + ﬁz(u’”i, IT,¢n)
= (f, I;¢n), Yoy, € Uy, (5)
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The semi-discrete FVE scheme of problems (1)—(3) is summarized as follow. For any
t € [0, T], find uy (-, t) € Uy, such that

Ju

(1= q) (upe, T pp) + a1 (§DF uy, Thisgpy,) + a(up, Ty py) + ﬁZ(”ZETxh’ IT,én)

= (f, I1,¢n), Véu € Uop, 6)
un(x,0) = gu(x),x € (0,1),
where g (x) takes the elliptic projection of g(x).
Then, the subdivision of time interval [0, T] is expressed as 0 = ty < t; < t <
-+« <ty = T, where t, = nt,7 = T/ M. The backward difference quotient (d;uy,(x, t,) =

(up(x,ty)) — up(x,t,—1))/7) is used to approximate uy;. Then, we provide several lemmas
related to the Caputo derivative.

Lemma 1 ([39]). For0 <a <1, ul(a) =(+1)'=*-1""%1=0,1,2,..., one has

(i)1=ay>a] >a5>--->af >0;a —0,] = oo;
i) (1-—a)*<af ; <(Q—-a)(I-1)"%1>1

Lemma 2 ([39]). For any function (v(t)), assume that vy € C(0, T). For the Caputo derivative of
order a(0 < a < 1), one has

—u n—1

T
§Dfe" = I(2—a) [”(()“)Un - kzl(”iﬁkq - ”;(ﬁk)vk — a0 + R,
LR I () ko k-1
=Y a’, (=) +R,,
T(2—a) = k1 !
where v" = v(ty), and
1 1 o 2
< — ®
Ral < sra—mla T Aoy W28, 0T
We defi _ T Dy — (@) n ol (w) o k (0) 0 Tha
e define r = T2—a) " = rlay 0" — kgl(anfkfl —a, )" —a,’,v°]. Then,

the fully discrete FVE scheme involves fining u} € Ugp(n=0,1,--- , M), such that

a n
(a) (1 — q)(Qsuyy, 1Ty, ) +qB1(D7uyy, Ty ) + a(uy, T ¢y) + ﬁz((uﬁfl)p%’nzqi’h)

= (f", 11,¢n), Von € Uop, 7)
(b) uf) = gy, x € (0,1).

3. Some Lemmas

In this section, we provide several necessary lemmas. First, we introduce the elliptic
projection operator (P, : H2(Q) N H}(Q) — Ug), which is defined as

a(Pyu,vy,) = a(u,vy,), Vo, € V.
Lemma 3 ([27]). Ifu € H}(Q) N H2(Q), then
lu — Pyully < Chuls,.

Ifu € W3P(Q), then
[l = Pyull < CH*Juls,, (p > 1).
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Lemma 4 ([27,40]). For the operator 11}, we have
(1) (uh/ H;wh) = (whl quh)/vuh/ wy € uh/
(ii) (uh,HZuh) > O,Vuh e Uy,
(iid) | Cutp, LT a0) | < Cllug || 1wnl], Yuup, wy € Uy,
where C is a positive constant. We set |||uy||| = (uh,H;uh)%; then, ||| - ||| is equivalent to || - ||
on Uy,
Lemma 5 ([27]). There exist positive constants (B, C) such that
a(uy, Mjuy) > Bluylt, Yuy € Uy,
|a (up, I wp)| < Cllull1llw|[1, Vi, wy € Up.
If we define |||uy|||1 = [a(uy, H;uh)]%, then ||| - |||; and || - ||; are equivalent on Uj,.

Lemma 6 ([27]). Let {zx}, {gx} be two non-negative sequences. If

k
zr <K+ gz, k>0,
i=1

it holds that

k
2 < K-exp()_gi). k>0,
i=1

where K is a non-negative constant.

4. Convergence Analysis

The error estimate for the fully discrete FVE scheme (7) is discussed in this section.

Theorem 1. Assume that u and ujj(n = 1,2,---,N) are the solutions to problems (1)~(3) and
finite volume element format (7), respectively. If u satisfies the required regqularity condition, the
following error inequality holds:

[ =y < C(r+h),

where u" = u(x, t,), and C > 0 is a constant independent of the two mesh parameters (T and h).

Proof. Let
" =u" — Py, y" = Pyu" —uy;
then,
u' —up = p" + " )
According to Lemma 3,
tn
lo™ | = [u" = Py || < CH*|[u" |13, < CH2[|u][5, +/O ([1£]]3,peit]. )

By subtracting (7) from (5), we have the error equation:

(1—q)(uf — owull, ITigpy) + B (§Dfu™ — D&ull, TTipy) + a(u™ — ull, Ty, )
n auz * n—1 aun *
_|_132((uh)17¥,1‘[h¢h) — Ba2((u )Pg,nhq)h) =0,Y¢y, € Ugy-

(10)

Taking ¢, = " in the error Equation (10), the error equation becomes
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(1 q)(am L") +a(y™, Thn™) + qBar(n", In™)

= qpr El (ay) = a0 T + gBaral, (10, ™) — (1= q) (u]
B ou' Looul? .
+qp1(DEPu"™ —§ Dfu", Ty + B[ ()P = Thp™) — ((uy, by axh/HM”)]-

— 0Py, ILin") (11)

Noticing the fact that
(7" =", ")

[0 TG™) = (" =L ") + (" = " LI (" = ")

am

(0", ") =

(" 1P = 1" I+ 1" = ")
> ny2 _ n—1y12
> 2T(|||17 = = Ty 111%)
and using Lemmas 4 and 5, the left side of Equation (11) is bounded: as follows
(1 =) @ey", Tn") +a(n™, Tn™) + qpr(n", ")
1 -
Z?(HWHF—HW” )+ ™ 11 + aparllln™ 11 (12)

The terms on the right side of (11) are denoted as T3, T>, T3, T4 and T5, respectively.
Using Holder inequality and Schwarz inequality,

n—1

Ty = qr Y (@™, — a8 (", T
k=1
LSPNe @) \ [,k
< Cqr Y (@™ = a1 1)
k=1
n—1
<cgr Y @™, = a )RR + Car(—a® )11
k=1

Noticing Pul = ug, lo) 170 =0, then,

|Ta| = qral, |81 (n°, ") | =
We denote
" =uf — o™ + o — 9 Pyu”
=0 +8,
where

ti‘l
It = [ G [ =t ax

T th—1

tn 2
< T/ gt |24,

n—1



Fractal Fract. 2024, 8, 53 7of 17

1 tn
|2 2
= —— Py — Dudt)“dx
I8P = (% [ (B D)
1 [t
< */ [[us — Pyut||*dt
T b1
2
< e |ut|§d1'.

]

Using Holder inequality, Schwarz inequality and the above estimates for ¢} and &7,

we have
1= 0= e 2P )

= (- )@ 11|

< O I+ -
i C(1—q)h?

<c—qye [ funlPar + D[ e+ e - g2
Yin—-1 n-1

We denote

€" = DXPu" —§ D"
= DPyu" — Diu" + Du" —§ Diu"

=€l + €.

According to Lemmas 2 and 3, we have

el = / ePdx
ler]]” = ( Q| 1/7dx)
< C(nt)> Jmax (P — T)uy)?

< Ch*(nt)? 2% Jmax Hut||3p,

n n|2
pr— d
= (/Q|€2| x)

< CTH 2 max [Juy?.
0<t<ty

Using the above inequalities, we have
| Tl = q1B1(D§ Py —§ D", L")

= q|B1(e", TT;y" )I
< Cql|le"]|1* + Cqll 7" |2

<Ch4 22 2 C 420 2 C ny|2
< Cah™(nT)™™ max [luy 5, + Cqro™ max fJuy " + Cql[["]]]

< 47220 2 4—2n 2 n2.
< G max [lug 5, + Cq=™ max fJuy = + Cql[l"]]]
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Then, we estimate |Ts|.

ou™ " _ ou't %
Ts =fal ()P 5 ") = ()P S0, )
o(u" — Pyu™) oP,u"

=P (") == = Th") + (") = ( PP 5 ")
o(Pyu" — uj)
dx

Zﬁz[((u”)p%ﬂz’iﬂ”) + (") = (up~h)P)
=Ts1 + Tsp + Tss.

+ (™ AT

According to Lemma 3,

b
lo™ I < Chllu"|l2 < Ch||u®]|2 +/O [[1¢]|24l2].

Using Holder inequality and Schwarz inequality, we can obtain

Ba((u )P 2 1)

T: =
| 51| ox

< I i)
< Cllle" [} +CllI" |1
< Pl + [l + 11" 12
Therefore, we can make the following inductive hypothesis:
Iy e <K 1<n<N,

where K = max ||u" || + 1.
nt<T

Then, we estimate |Ts;|.

As
e
<l — M Yo"+ (g
n 1 _ _
:(r/t Jurl[PdT)z + |o" M+ 7",
n—1
and
(P~ WP 2up e (PR (P
<C+CK+CK*+---+CK'"2+ kP!
1-—-KP
—Cc—=
1-K
we have

Iy = |
1 — ) ()P (PR e P2 (|
1—KP tn 1 B -
<c— e [ lmldnt + o+ )

n—1

(13)
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Using Lemma 4, Holder inequality and Schwarz inequality, we can obtain

n_1\pOPuu"
[ Toal = [Ba((u")? — (= )P T
< Cll@™)? = (=P

1-K? tn 1 _ _
<C _KKTl HWWWP+WM'W+HW1MWWM

n—

1-

<cy K~/|WWm+c RNy + [ el
1-

T e A e ms HMHF

According to our induction hypothesis, Holder inequality and e-inequality, we have

",
[ Tss| = |Ba((u ™) S, 11"
< Cl{ly" 11"

C
<ellln"lliF + LI

Substituting the above estimates of T51, Tsp and Ts3 into Ts, we have

K T
TAHme

1
P+ CE P+ Tl P

tn
Tl < CHPll2+ [ ot
1—KP b
P+ |

I
C
+ ClHI" 112 + el " 1117 + 2" 112

Combining estimates of Ty, T, T3, Ty, T5 and (12), we can obtain

=L 1 = 1) + o (B + Baarl 111
<wzuk1&mWmemeWW

C(1 —q)h?
Tj}” Huqudt+——£——;fQAA¢f” \uﬁidt+—th47Q‘2“InaX0§tsm|hMH§m (14)
1-KP
+qu4Z“wawq<mHMﬁW-%Cthqu-FfmHudhdﬂ2*‘c K o el Pt
1-K? — K7 n12 2
+C— PPl + fy luella pat)? +C Eeal H+C WUH

+QHWHF+QW¢M?+§HMIW-

. 1—KP 2
Lete=1,C= Cﬁ’ and multiply both sides of inequality (14) by ﬁ ; then, (14) is

equivalent to
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Car' =1l () (®) = T -
2 < Y (a —a, K112+a+¢ n=1y2
|||71 ||| 1-4 k:l( n—k—1 )|||77 117+ ( 1_q)|||77 Il
|||17 117+ C5 q|||17 17+ |||77 Iis
qul ‘ (@) n||2 2 2 2 (T, 02
+m(l—”n_1)|||ﬂ l[|*+CT fo l|wee||*dt + Ch? [ |us|5dt (15)
C h4T372a C T5721x CTh2
+1717 maxo<t<t, |13, + 1177 maxos<r<, || | + 7 [14°]l2 + Jo Il 22
;1 2 —q —q
~ T n ~ T T
o fti,_1||ut\|dt+Cﬂ[||u0 sp+ Jo lluellapdt)?.
Using Lemma 1, we know that
n—1
)3 (aﬁﬁkq - a(“)k) =1- ”;(f—) >0
k=1
Applying Lemma 6, we have
n2 2,12
7" < Ca (7" + h%) - expCy, (16)
where
T T Cah?T32u
— 2 2 q 2
Cq —max{C/0 Iirm| dt,C/ \ut|2dt,ﬁolgg ||ut\|3,p,
CqT372a ) 0
T ome el T [+ [ o, / Jiuld,
Ct T
ﬁ/ ||“t||3pdt}
L Gt @ Cqr'™® @y, Cat
CZ —1+f(1 n 1)+m(1 an_l)—i_l*q
Ct
I—¢ 1*4

Then, we prove the induction hypothesis (13) is true. When i = 0, this is obviously
true. Suppose that the conclusion holds if i = n — 1. Therefore, when i = 1, according to

the estimate (16), we have ||5"|| < C(t + h). Restricting T = O(h) and using the inverse
estimate, we obtain

[t lloo < N[ Pht™ oo + [17"[lco
A, 1
< [[u™fleo + CH72 5"

< "l + CH2 (h +7)
< Jlufleo +1
<K,

A 1
for sufficiently small i, where C = %Cf - expCy. Therefore, induction hypothesis (13) is
valid for any 7. Finally, according to the triangle inequality, we can obtain

ty N
[ = ull < {lo™ I+ [[7"]l < Ch2[||u°||3,p+/0 ([ue]]3,pdt] + C(T + 1)

The theorem is proven. O
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5. Numerical Examples

In this section, we present two numerical examples to gain insights into the theoretical
results established in previous sections. The effectiveness and accuracy order of the FVE
scheme are shown by numerical results.

Example 1. Let the parameters q = v = %, B1 = B2 = 1and p = 3 in problem (1) be defined as:

1 lera 10%u | z0u
S+ 5 o Diu 592 T 3y = f(x,t),x € (0,1),t € (0,1],
with the following boundary conditions:
u(0,t) =u(1,t) =0,t € (0,1],

and the following initial condition:

u(x,0) =g(x),x € (0,1).

I(5) 4. 3, 1 o2y 1653 _
mf + 27 + 57 t*)sin(rmtx) 4+ mt*0sin’(7wx)cos(mx); then,

we can deduce the exact solution for u(x,t) = t*sin(7tx). The spatial step is fixed by h = 0.001.
The time-step length is set as T = 1/10,1/20,1/40,1/80. We present the error and temporal
convergence order in Table 1. The L?>-norm error between the exact solution (1) and the numerical

We set f(x,t) = (

m—1
solution (uy) is defined as e(h,T) = ([h ¥ [ul' —uy(x;,t,)]2. The result is consistent with
i=1

the theoretical result reported in Theorem 1, which shows that the convergence order in time is
approximately one.

Table 1. L?2-norm errors and temporal convergence order of the FVEM.

a = 0.7 « =103
T |2 — uy| Order |2 — | Order
1/10 0.0374 - 0.0311 -
1/20 0.0185 1.0155 0.0158 0.9770
1/40 0.0090 1.0395 0.0079 1.0000
1/80 0.0044 1.0324 0.0040 0.9819

1 1
Next, we set the time step as T = M and the spatial step as h = N In order to show the

capability of our method, when M = N2, we present the spatial convergence orders and errors
obtained by the FVEM in Table 2 and those obtained by the finite difference method in Table 3.
Table 2 shows that the spatial convergence orders are higher than the theoretical analysis, while
Table 3 shows that the finite difference method is less accurate than the FVEM, which proves the
effectiveness of the FVEM.

Table 2. L2-norm errors and spatial convergence order of the FVEM.

« = 0.7 x=0.3
h [l — up| Order [ — uy| Order
1/8 0.0121 - 0.0113 -
1/16 0.0029 2.0609 0.0028 2.0128
1/32 7.2541 x 1074 1.9992 7.0135 x 1074 1.9972

1/64 4.2090 x 1074 2.0162 1.7525 x 1074 2.0007
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Table 3. L2-norm errors and spatial convergence order of the finite-difference method.

a =07 « =103
h [ — uy | Order || — uy| Order
1/8 0.0299 - 0.0300 -
1/16 0.0109 1.4558 0.0107 1.0310
1/32 0.0039 1.4828 0.0038 1.0352
1/64 0.0014 1.4780 0.0013 1.0726

Functional images of the exact solution (1) and the numerical solution (uy) for « = 0.7 are
presented in Figure 1, and surface plots are provided in Figures 2—4. As can be seen, there is good
agreement between the exact solution and the numerical solution. Figure 5 describes the behavior of
absolute errors at t = 1 for h = 1/8, 1/16 and 1/32 and for « = 0.3. This shows that error decreases
as the number of nodes is increased. Figure 6 shows a comparison of approximated and exact values
forh=0.02, T =1/80and a = 0.3 at time levels t = 0.25, 0.5, 0.75 and t = 1.

1.2 T T T T

% numerical solution
exact solution

u(x,1)

0.2 1 1 1 1
0 0.2 0.4 0.6 0.8 1

X
Figure 1. The numerical solution (u;) and the exact solution (u) att =1 for « = 0.7 and h =1/32.
1
0.9
0.8
0.7
0.6
0.5

0.4

0.3

0.2

0.1

0

Figure 2. The numerical solution (uj,) for « = 0.7 and h=1/16.
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0.9

Figure 3. The numerical solution (u;,) fora = 0.7 and h =1/32.

0.9

0.8

Figure 4. The exact solution (u).

0.016

0.014

0.012

0.01

0.008

Absolute Error

0.006

0.004

0.002

Figure 5. Graph of errors for different h values.
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1.2

0.6

u(x,t)

021

*

*

numerical value for t=0.25
exact value for t=0.25
numerical value for t=0.5
exact value for t=0.5
numerical value for t=0.75
exact value for t=0.75
numerical value for t=1
exact value for t=1

-0.2

Figure 6. A comparison of the exact and numerical values for various time levels.

0.2

0.4

X

0.6

0.8

Example 2. In this example, a generalized time fractional Burgers” equation with an unknown
exact solution is considered:

2

1 1
“up+ = $Du

20

with following boundary conditions:

2 9x2 0x

20U

=0,x€(0,1),t € (0,T],

u(0,t) =u(1,t) =0,t € (0, T],

and the following initial condition:

u(x,0) = sin(mx

),x€(0,1),

where T = 1. In this example, the exact solution is not known beforehand, so we take the numerical
solution with h = 1/150 as the reference solution to calculate the error and convergence rate. The
experimental rates of convergence associated with the mesh size (h) can be calculated using the
formula log(e; / ej1)/log(h;/ hiy1), where e; and e; 1 are the relative errors corresponding to mesh
of sizes h; and h; 1, respectively. In Table 4, we present the numerical results for « = 0.2 and 0.8.
As shown in the table, the format is convergent with one order of accuracy. Surface plots of the
reference solution (u) and the numerical solution (uy,) for « = 0.8 are presented in Figures 7 and 8,
respectively. As evidenced by the table and figures, these results are consistent with the results of

our theoretical analysis.

Table 4. Numerical results for « = 0.2 and &« = 0.8.

o =02 « = 0.8
h [l — g | Order [l — | Order
1/25 1.4567 x 1074 - 5.8463 x 1074 -
1/30 1.2661 x 10~4 0.7693 5.0481 x 10~* 0.8220
1/50 8.0646 x 10~° 0.8829 3.1350 x 10~* 0.9325
1/75 49139 x 107> 1.2218 1.8788 x 10~ 1.2626
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0.5

0.4

0.3

0.2

0.1

Figure 7. The reference solution (u;,) for « = 0.8 and h =1/150.

00000,
20
SRR

Figure 8. The numerical solution (1) for « = 0.8 and h =1/30.

6. Conclusions

In this paper, a fully discrete finite volume element scheme for time fractional general-
ized Burgers’ equations is presented. The convergence of the numerical method is proven
herein. In order to verify our theoretical results, two numerical results are presented.

While several approaches exist to address these kinds of issues, the FVEM demon-
strates the following benefits: (i) Its accuracy is higher than that of finite difference methods
and almost equal to that of finite element methods, while the computational cost is less
than that of finite element methods. (ii) The mass conservation law is upheld, which
is generally preferable for calculations involving fluids and subterranean fluids, among
other things. (iii) The space smoothness requirement is less compared to that of the finite-
element method.

However, prior research suggests that it is possible to loosen the smoothness condition
of the fractional-order issue solution. To enhance the application of the FVEM, in the future,
we will investigate a case of non-smooth data. Furthermore, to increase the method’s
accuracy, the time derivatives can also be discretized using different techniques.
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