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Abstract: In this study, we present an innovative approach involving a spectral collocation algorithm
to effectively obtain numerical solutions of the nonlinear time-fractional generalized Kawahara equa-
tion (NTFGKE). We introduce a new set of orthogonal polynomials (OPs) referred to as “Eighth-kind
Chebyshev polynomials (CPs)”. These polynomials are special kinds of generalized Gegenbauer
polynomials. To achieve the proposed numerical approximations, we first derive some new the-
oretical results for eighth-kind CPs, and after that, we employ the spectral collocation technique
and incorporate the shifted eighth-kind CPs as fundamental functions. This method facilitates the
transformation of the equation and its inherent conditions into a set of nonlinear algebraic equations.
By harnessing Newton’s method, we obtain the necessary semi-analytical solutions. Rigorous analysis
is dedicated to evaluating convergence and errors. The effectiveness and reliability of our approach
are validated through a series of numerical experiments accompanied by comparative assessments.
By undertaking these steps, we seek to communicate our findings comprehensively while ensuring
the method’s applicability and precision are demonstrated.

Keywords: time-fractional Kawahara equation; generalized Gegenbauer polynomials; Chebyshev
polynomials; collocation method; connection formulas; convergence analysis
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1. Introduction

The presence of CPs is widely recognized in the realm of numerical analysis, a fact
well-documented by notable mathematicians and numerical analysts across various refer-
ences such as [1-3]. This observation, sometimes attributed to Philip Davis but collectively
acknowledged, underscores the significance of CPs in this field. Their influence is pervasive,
consistently emerging in modern advancements encompassing function approximation,
integral estimation, and the application of spectral methods to diverse differential equa-
tions (DEs).

Various kinds of CPs are explored within the research landscape. Noteworthy attention
is directed toward both the first and second kinds, as evidenced in studies such as [4,5].
Similarly, investigations delve into the third and fourth kinds, as exemplified in research
such as [6-8]. In the context of numerical solutions for specific fractional differential
equations (FDEs), Abd-Elhameed and Youssri have ventured into utilizing the fifth and
sixth types of CPs [9,10]. A continuation of this exploration can be observed through their
subsequent works, including [11-13], where fifth-kind CPs are harnessed for addressing
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more intricate partial DEs. Additionally, their application extends to the realm of sixth-kind
CPs, effectively addressing advanced partial DE [14,15].

Further substantiating the versatility of CPs, other researchers have utilized fifth-kind
CPs for diverse DE types [16-19], while a distinct focus is placed on the sixth-kind CPs by
researchers, as highlighted in [20-22]. These endeavors collectively underscore the diverse
utility and applicability of CPs within the landscape of differential equations research.

A wide array of applications arises for OPs characterized by their trigonometric
representation. These find utility in diverse domains, including signal analysis through
Fourier series expansions, approximating and interpolating periodic functions, as well as
tackling DEs with periodic boundary conditions. Their pertinence is particularly marked
in numerical algorithms such as the spectral method, which effectively leverages these
polynomials to achieve precise function approximations. This multifaceted significance
elucidates the overarching importance of CPs in various contexts, thereby prompting
further exploration and analysis of distinct CPs kinds.

In a compelling Ph.D. dissertation by Masjed-Jamei [23], an extended Sturm-Liouville
problem is ingeniously applied to symmetric functions, ushering in a symmetrical class
defined by four parameters. This work elucidates the fundamental attributes of these
polynomials, including their compliance with a three-term recurrence relation, their or-
thogonality, and several other notable formulae. The principal advantage of introducing
this specific class of OPs lies in its capacity to generalize several noteworthy, established
classes of OPs. Furthermore, some lesser-known OPs are revealed as specific instances of
this introduced class. Notably, the widely recognized four categories of CPs emerge as
special cases within this broader generalized class. Additionally, the exploration yields
two new OPs classes that can be derived from this encompassing generalized category.
This insightful investigation thus contributes to both the enhancement of existing OPs
knowledge and the introduction of novel variants.

A commonly employed technique for solving DEs or approximating functions is the
conventional collocation method. This method belongs to the spectral method family, which
is renowned for its exceptional accuracy and swift convergence rates. Within the spectral
collocation framework, the domain undergoes discretization into a set of collocation points,
often termed grid points. These specific points are selected meticulously, guided by criteria
such as the extrema of certain functions or the roots of OPs. To enhance precision around
regions of interest and accurately capture boundary conditions, these points are usually
distributed non-uniformly. After identifying the collocation points, polynomial interpo-
lation is conducted based on this configuration to approximate the unknown function or
solve the differential equation.

OPs, including CPs, Legendre polynomials, or Jacobi polynomials, are commonly
chosen for this interpolation, depending on the specific scenario. The primary advantage of
the collocation approach is its versatility, making it applicable to a wide array of differential
equation types. Notable instances of its application include ordinary DEs, as demonstrated
in contributions such as [24], partial DEs showcased in [25,26], and FDEs illustrated through
references such as [27,28].

For further insights into spectral methods, consider exploring contributions such as [29-31],
which further enrich the understanding of this approach’s applications and potential.

The use of FDEs in place of classical ones has become increasingly popular in recent
years [32-34]. This is because these equations can describe many phenomena in different
disciplines of science. More specifically, these equations aid in analyzing signals character-
ized by non-integer power-law traits, such as fractal time series and self-similar signals.
In addition, they can model processes such as chemical reactions, heat transfer, and fluid
flow. For some theoretical aspects of FDEs, one can refer to [35,36], while some practical
applications of FDEs can be found in [37,38]. In the past years, many studies have been
published on numerical methods for time and space FDEs; for example, see [39-41]. For
some numerical algorithms that are employed to handle various types of FDEs, one can
consult [42-46].
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The evolution of wave packets in dispersive media is described by the Kawahara
equation, a nonlinear partial differential equation. As a generalization of the widely
used Korteweg-de Vries equation, which is used to simulate shallow water waves, Toshio
Kawahara first proposed it in 1972. The Kawahara equation is given by:

ut+txuux+,8llxxx+’)/uxxxxxzol

where u = u(x,t) represents the dependent variable (usually the amplitude of a wave
packet), t is the time variable, and x is the spatial variable. The subscripts denote partial
derivatives with respect to the corresponding variables, and «, B, and 7y are constants that
determine the behavior of the equation. The convective term u uy, dispersive term tyyy,
and higher-order dispersion term uyyxyy are the three terms included in the Kawahara equa-
tion. The dispersive term accounts for wave dispersion, the higher-order dispersion term
captures extra dispersion effects that emerge in specific media, and the convective term de-
scribes the advection of the wave packet by its own velocity. The authors of [47] have found
an explicit solution for the time-fractional generalized dissipative Kawahara equation.
In [48], they have conversed about the concepts and uses of Caputo time-fractional nonlin-
ear equations: both their theory and how they are used. Additionally, Refs. [49,50] have
examined the Lie symmetry analysis and conservation regulations for the time fractional
simplified modified Kawahara equation and the time fractional generalized fifth-order
KdV equation.

The primary goals of this research are to solve the Kawahara time fractional equation
and examine the performance of the CPs of the eighth-kind spectral approach as a numerical
solution technique. We aim to create a mathematical framework for the NTFGKE, which
entails comprehending the physical events covered by the equation and constructing the
necessary mathematical equations. In addition, we aim to validate the numerical results of
the spectral approach.

Some advantages of the proposed method, as far as we are aware, include the following:

* By choosing eighth-kind CPs and their shifted ones as basis functions and taking a few
terms of the retained modes, it is possible to produce approximations with excellent
precision. Less calculation is required. In addition, the resulting errors are small.

e  Eighth-kind CPs and their shifted counterparts are not as widely used as other kinds of
CPs. Therefore, we are motivated to investigate relevant theoretical results concerned
with them.

We point out here that the novelty of the contribution in this paper can be listed
as follows:

* Some important formulas concerning eighth-kind CPs and their shifted ones are
derived.
e  This basis is used for the first time in the numerical treatment of the NTFGKE.

Here is how the paper is divided: Some fractional calculus concepts and an overview
of CPs of the eighth kind are introduced as useful mathematical tools in Section 2. In
Section 3, we develop a few other new formulas related to CPs of the eighth kind. The
primary focus of the main part of this article is on developing a collocation procedure
for dealing with the NTFGKE, which is covered in Section 4. We examine, in detail, the
truncation error and the rate of convergence of the expansion coefficients in Section 5. Some
illustrative examples are given in Section 6. Section 7 provides some closing thoughts.

2. Some Relationships and Preliminary Information

The purpose of this section is to present the definition of fractional Caputo derivatives
and to recall some of the important properties they satisfy. A few properties and relations
associated with eighth-kind CPs are given.
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2.1. Caputo Definition of the Fractional Derivative
Definition 1. Caputo defined the fractional-order derivative as ([51]):

[ S
ddi§5)=r<pl_a>/o<st)P-“-cht)dt, as>0, p-1<a<p peZt.

The following property is satisfied by the operator dd:a for p—-1<a<p, pcN,
dx sp 0, ifpeNy and p<a],
Tex ) _L(pt1 —a
ds® l"(p(f:;r)l) sP%, ifpeNy and p>[a],

where Np = {0,1,2,...}, T(+) is the gamma function [52] and the notation [« | represents
the ceiling function.

2.2. An Account of the CPs of Eighth-Kind and Their Shifted Ones

We account here for the eighth kind of CPs. In addition, we will develop some
important formulas for these polynomials that will be useful in the sequel.

The generalized Gegenbauer polynomials GiM (¢) are OPS on [—1, 1] in regard to:
w(f)=(1- Cz))"% |&]2#. In fact, these polynomials can be defined as (see, [53,54])

A+me (1,1
3 Pk(A 2/ 2)(262_1)/ if k even,
G (&) (”Jr%)k ’ @
— 2
A+ 1) en CP(A*%’”%)(Zgz—l) itk odd
AL ’ '
(Z’l+§)k+1

N‘

where PISWS) (&) are the classical Jacobi polynomials, and (z) is the Pochhammer symbol;
. _ I'(z+k)
that 1S (Z)k — W

Remark 1. Many celebrated OPs may be extracted from the generalized polynomials G,(IA’” ) (C) as
particular ones. The Gegenbauer polynomials that include the first and second kinds of CPs are also

special ones of GE,A’” ) (&). In addition, the fifth and sixth kinds of CPs are specific polynomials of
(Am)
G (S)-

Now, we will consider eighth-kind CPs, which will be denoted by Ej(¢). The sequence

{Ek(&) }xs0, k > 0is a sequence of OP on [—1, 1] that is orthogonal regarding the weight

function w(&) = ¢* /1 — ¢2. In other words, Ex(&) = G}Ez,l) (&). Thus, from (1), they can be

represented as

(3) 13
(%)%k P§(2/2>(2§2 - 1), ifkeven,
— 2
B T P @
g T (B -1), ifkodd,

with the orthogonality relation:

1
[ V1= E@) En@)d2 = hedum, ®)
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Ey((¢) =

Ey¢11(8)

N

where

(C+2) (€ +4)
=27 (t+3)2 7
E7128 ) (U +1) (£ +5)

(L+2)(0+4)

{ even,

¢ odd,

and J;,, is the Kronecker delta function.
Among the pivotal formulas of E;(¢) are the analytic formulas and their inversions.
The following two lemmas give these results.

Lemma 1. For every non-negative integer ¢, the polynomials Ey(&) can be expressed as:

v CD"G)m aar2m
EZZ(@) _mgo (f m)|m| (5)4 mg ’ 4)
Eypon (&) = ﬁ (=D"3)1420-m g2t-2mt1 5)

m=0 (E - m)!m! (g)l—i-é—m
Proof. The proof is direct from (2). O
Lemma 2. The inversion formulas to (4) and (5) are given by

Lo B+20-2m)0'(3),
m=0 m' )2€ m+1
¢ 2+€ m) 01 (3)

2€+1 Z

— )2+2€ m

M

L Eypom(E), €20,

By omia(E), €>0.

Proof. The proof is analogous to the one presented for the inversion of the CPs of the fifth
kind in [55]. O

3. Some Important Formulas Related to E; (&) and Their Shifted Ones

This section is interested in deriving some important formulas concerning eighth-
kind CPs. We will derive the connection formula between E;(¢) and second-kind CPs
Uy(&). This formula will be the key to obtaining a trigonometric representation of E;(¢). In
addition, the expressions for the derivatives of Uy (&) are found.

3.1. Some Formulas Concerned with E; ()

The following theorem displays the connection formula between eighth- and first-kind
CPs, which will be useful in the sequel.

Theorem 1. The polynomials E; () can be written as combinations of second-kind CPs U,(¢) as

J4
> (m+1) 20— m+2)Uyy 2u(E), €0, ©)

m=0

3 l

T (@20+3)(20+5) =

Y (=)™ (m+1) (=20+m=3) (=C+m—=1)Up¢241(8), £=0. @)

Proof. The power form representation in (5), along with the inversion formula

: 4+ (1+j—r ,
g = | ]22j ) ZOr!EZj —]r+;)! ojzra (@), 20
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yields the following formula

! —1)" (20 — m 4+ 3)! & 14+l—m—s
Eara (6 ; 3+2£ 2m) (5 + 20 — 2m) S;O sl2+20—s —2m)!u2€*25*2m“(§)’

which can be transformed again into

B i (=DPB+20—p)!
Eze+1(<§)—3Z(Hf—’”)p;(3+2£—2p)(5+2£—2p)p(2+2£ p—m)l(m—p

m=0

I Uzrom1(8)- (8)

Now, setting

o (=1)P(3+2¢—p)!
M = pZ:O (8+20—2p)(5+2(—=2p)p!(2+20 — p —m)!(m — p)!

so it is not difficult based on Zeilberger’s algorithm (see, [56]) that M,, , meets the first-order
recurrence relation:

B+20 —m)(1+m)My_10+ (4+20 —m)mM,,, =0, My, =1,
which can be quickly solved to give

(=)L +m) (=3 — 20+ m)
(3420)(5+20)

Mm,[ =
Now, Formula (8) turns into Formula (7). Formula (6) can be similarly obtained. O

Corollary 1. It is possible to represent E;({) in the following trigonometric expressions:

1
8(20+3)

1
Bz +1(cos(d)) = ¢ (20+3)(20+5)

H(0+1) (4(£+3) sin(20 (£ +2)) + (20 +3) sin(28(¢ +3))))]-

Ey¢(cos(9)) = [3 csc(d) sec®(9) (€ +2) sin(28 (£ +1)) + (£41) sin(28 (£ + 2)))} , 9)

{3 csc(®) sec(9) ((£43) (2£+5) sin(20 (£ +1)) 10)

Proof. Formulas (9) and (10) are consequences of the connections between Formulas (6) and (7),
and the trigonometric representation of Uy(¢). O

The theorem that follows demonstrates the inverse formulas for Formulas (6) and (7).

Theorem 2. The polynomials U, (&) have the following connection with the polynomials E ()

() =gy Bar®) + o B () + 257 B ),
2045 4 20—1

Upr41(8) mEzml(g) +t3 Ep—1(8) + ) Ey—3(2).

Proof. In a similar manner to the proof of Theorem 1. O

Here, we prove a significant theorem, in which we represent the qth-derivative of
Ei(&) as combinations of their original ones.

Theorem 3. The gth-derivative of E;(G) can be expressed as

dTE;( Iz

_ZA
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where

“ _(£+3);o2@q>( 1) €140 (3)j—r (j—q = +1)q[ (G—9- 2r>J!(3)u<]—q—2r+1>J, (11)
=0 1! (%){#J_rl(—r—l— HJ )(% G—C—g- 2r)>'(3)%(]+g g—2r+2)
and

{1, if (j —¢—q)even
€jal =

0, otherwise.

Proof. The proof can be found using the results of Lemmas 1 and 2 after some algebraic
computations. [

3.2. Shifted Eighth-Kind CPs

For our present purposes, it is useful to define the shifted CPs of eighth-kind Eg , (&)
that can be defined on [0, 1] by

ES,n(g) = En(z’;f - 1)'

From (3), it is easy to see that the polynomials Eg ,(¢),7 > 0 are orthogonal on [0,1], in
the sense that

1 ~
| Esn (@) Esyn() w(2) 4E = G, (12)
where w(&) = (1-28)* /(1 —&) and h, = 1 hy.

Remark 2. Starting from a certain formula of Ex (), we can deduce their counterparts for the
shifted CPs. In the following, we present some of these useful formulas.

Corollary 2. For every non-negative integer j, the polynomials Es ;(¢) are linked with the polyno-
mials of the shifted second-kind CPs (U]* (&) as

14
&u@>Qiﬁ>z<1wmu4ﬂu—m+m%ﬁmwx 13)
4
ES,ZZ-H((;) (2£+3)3(2£+5 Z m+1) (_2£+m_3) (_£+m_1) U;€72m+1(§)' (14)

Proof. When ¢ is changed to (2§ — 1), it follows directly from Theorem 1. [
Corollary 3. The polynomials U]f“(gf) are linked with Es ;(¢) by
20+3 (20+1)2 201
> =——FE ————FE ———E
Uy (¢) 30+ 1) s20(8) + 3001 1) sa0-2(8) + —57— Esae-4(C),

4 {—
Upp1(6) IMES,MH(C) + % Esoe-1(S) + 32(£+1) Espe—3(8).

Proof. It follows from Theorem 2 by changing ¢ to (2§ —1). O

Theorem 4. The power form representation of the polynomial Eg ;(¢) is given as follows

Esi(8) =) 8picF, (15)
p=0

where
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X
(~1)222P 2 (=4 1) (§+j+2) T(52) (-1 2] + p+1)! .

& T E ) SR
(1) (j+1)22F~ 3(1—2]+1)<% +])r(' +1) (=17 (2j+p+2)!
( )( —p+1)

Proof. The proof can proceed if we start with the connection formulas of Corollary 2 along
with the power form of U} (¢) given by

+ | @

SENTESY!

-\
,_

~ |" NI~
N+

-

-

. ifi odd.

DL
NI
—

ooy (21722072 — 4 1)1
”f'@—rgo (2j —2r +1)'r!

g

O

Theorem 5. The inversion formula to the power form representation of the polynomial Eg ;({) is
given as follows

m
=) HrymEs,(8),
r=0
where
Hy m :% 23-2m (1’ + 3) (Zm + 1)!
55 (r+3)20+r+1)2 (L +7)! if r even
2 UTE =0 (E+r+3) (=28+m—71)l (20 +m+r+2) ’
|3 (m=r+1)]
(r+2)(r+4)Q20+r+1)(L+7)! Frodd

;) OT@B =) (L+r+3)(—20+m—r)! 20+ m+r+2)

Proof. The proof can proceed if we start with the inversion formula of ll;F (&) together with
the connection formulas of Corollary 3. O

Theorem 6. The gth-derivative of Es (&) can be expressed as

di ES,j(g) I q
Tder = E)Ag,j Es(8),
where AZ] .= =21 AZ] o and AZ’]. is given in (11).

Proof. It follows from Theorem 3 by changing ¢ to (2§ —1). O

Now, we give an approximation for the fractional derivatives of the shifted polynomi-
als E S,j(t)-

Theorem 7. In the case of 0 < a < 1, the following approximation holds

d“Eg(t) X
7 ~ S;()Ds’j ES,s(t)r
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where

rr+1-—a)’

where g, ; are given as in (16), and ps is given by
S 33 53 73
Y. g, ([—i(p—l—r—zx—i—z 2)—8ﬁ<p+r—a+2 2>+24ﬁ(p+r—0¢+2,2)
93 3
—32ﬁ<p—|—r—oc+2 2>+16,B(p+r—zx—|— > 2>>

and B(x,y) = (( )i(y)) is the well-known Beta function [52].

L T(r41)g,;
DS’]’:Z (r )gr,]PS
r=0

Proof. The application of the operator % to Es j(t), defined in (15), enables us to receive
the following relation

d* Es (1)

_ [r+1)
dte Zgr]rl’-i-l )t ' A7)

In terms of Eg j(t), t'* can be approximated as

N
= Z (] ES,s(t)/ (18)
s=0

where p; is determined by means of the orthogonality relation of Eg () defined in (12)
as follows

-1
05 :ﬁl /0 £ B (1) w(t) dt.
-

The result of Theorem 7 is obtained by substituting Equation (18) into Equation (17). O

4. A Collocation Approach for the NTFGKE

This section is confined to presenting a collocation algorithm for handling the NTFGKE
based on employing eighth-kind CPs as basis functions.
Consider the following the NTFGKE [57]:

+aEn ) s pEnuen —pen 0<ei<y
governed by the initial and boundary conditions
u(E,0) =0,
u(0,f) = aua(%t) =0, (20)
w(Lt) = auglg,t) _ azg(glz’t) o,

where 0 < « <1and g1(¢,t), g2(¢,t), and g3(¢, t) are continuous functions.
Now, one may set

PN = span{Es (&) Esj(t) : 0 < i,j < N},
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consequently, any function uN'(&,t) € PV can be represented as

N N
t) =Y ) cijEsi(Z) Egj(t). (21)

i=0j=0

We can write the residual R (¢, t) of Equation (19) as
o uN(g ) PuN@E PuNE ) v g 2N @) | wa , 2uN (@D

R(G ) = FYE PYa + PYa +u™ (¢, 1) T +g17 (&, 1) Tor 22)

+ M@ uN e - gV,

The expressions of the partial derivatives 2~ W) dwl(Eh) Put(En ang P @ iy

a e 7 a g 7 a [:3 7 a [;15
terms of the proposed basis functions are now provided so that the collocation method can
be used. In addition, the expressions for the nonlinear terms 1V (Z, t) ou” (g D N (e t) du (g’: A)

and g,V (¢, 1) u/ (¢, t) are also provided.

Thanks to (21), along with Theorem 7, we can write s ”ﬁgé’t) as

alx
ua o Z Z Z Cl] Ds] ESI ES,S(t)‘ (23)

i=0j=0s=0

Further, the following partial derivatives can be obtained after using (21) and Theorem 6
to give

Y cij Aj Ese(8) Esj(t),

I
o
=
I
o
~
I
o

N N N i-3
L(g@‘,t) =Y Y Y cij A} Es(8) Esj(t),
9¢ i=0j=0 (=0 ’
5, N N N i-5
auag(sé,t) =) Z ¢ij A7 Eso(8) Es j(t).

Il

o
=
Il

o
~
H

Furthermore, the nonlinear terms can be written as
aN(E ) NN NN
Wien ) - § 95y 2 o iy Esn(€) Es (1) Al Es() Es (1),

m=0n=0i=0j=0 (=0

N N N N N i-1
Nt aua(g;’t) =) Y Y Y Y 4y cij Esm(8) Es(t) A Es () Es j(t),

m=0n=0i=0j=0¢=0
N N NN
gV @V (&)=Y Y Y ) an cij Esn(@) Esu(t) Esi(Z) Es ().

Further, ¢3(¢, t) can be expressed as:

Z Zamn Esm(&) Esu(t), (24)

m=0n=

where {a},,,, r = 1,2,3} is computed from the following relation

1 1
- 1ﬁ /0 /O 1(&,1) Es (&) Es,(F) D(E, 1) dE dt,
and @(¢, t) = w(&) w(t).
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Thanks to relations (23) and (24), the residual R (¢, t) in (22) can be obtained.
Now, to get the expansion coefficients c;;, we apply the spectral collocation method by
forcing the residual R (¢, t) to be zero at some collocation points (¢;, ;), as follows

R(&it) =0, 1<i<N-—-4, 1<j<N.

Moreover, we get the following initial and boundary conditions

N N
Y ) cijEs,i(gi) Es,i(0) =0,

1<i<N+1,
i=0;=0
N N
ZZCI]ESZ ES] ) 0, 1§]SN,
i=0;=0
N N 3F :(0)
S,i
Z. ij ag Esrj(t])—o, 1<]<N,
i=0;=0

i=0;=0

N N JFEc:(1

Y56 gf;; VEg () =0, 1<j<AN,
i=0;=0

N N 2 Ec:(1

»y asé;( VEg () =0, 1<j<AN,
i=0;=0

where {(&;, t]-) 1,7 =1,2,3,...,N 4 1} represents the initial known zeros of Eg ;({) and
Es ;(t), respectively. Therefore, we get (A" +1) x (N +1) as a nonlinear system of equations
that can be solved through a suitable numerical solver, such as Newton’s iterative method.

Remark 3. For the case « = 1, the NTFGKE becomes

duE ) Fun  Fu@n o duh
ot o T ap THEH 5
+ar(en ) L@ nuen —g@n, 0<gi<t

To solve this problem, the first term a”a(f ) can be approximated as:

au N N i-1
ZZZ cij A Eso(8) Es j(t),
i=0j=0¢=0

and hence, we used similar steps as those given in Section 4 to get (N" + 1)?, a nonlinear algebraic
system of equations in the unknown expansion coefficients c;j that can be solved using Newton's
iterative method.

5. Error Analysis of the Proposed Chebyshev Expansion

Convergence analysis of the proposed Chebyshev expansion is the main focus of
this section.

Lemma 3. For any positive number, the following inequality holds:
[Ese(@l < (€+1)°  ¥Zelo]. (25)

Proof. Consider the following two cases to prove inequality (25):
The first case: £ = 2j:
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Using Formula (13) together with the simple inequality |l,l]fF (@) <j+1, weget

j
Ew@ﬂézgﬁﬁﬂ3;W+lﬂﬁ—m+lﬂy—2m+n
3(j+1)*(j+2)?
 4(2j+3)
<(2j+1)P° = (+1)%

The second case: ¢ =2j 4 1:
Using Formula (14) and the inequality ‘U]* () ’ <j+1,yields

E@) < grramie L (2 m =) (1) @) =2m+2)
= S+ (+2)(+3)
< (2j+27°=(+1)7
Based on those cases, the following estimate is valid for every ¢ > 0.
Ese(8) < (€+1)°,  vEe[o].

Lemma 3 is now proven. [J

Theorem 8. Consider a function f (&) € Li]( ) [0, 1] with f({) that has a bounded fifth derivative
can be expanded as an infinite series of the shifted eighth kind of CPs as

&)=Y biEs,(2). (26)
i=0

The series in (26) converges uniformly to f(&). Moreover, The expansion coefficients b; are
estimated as follows:
1 .
bl S 5, Vi>4, 27)

and the notation a < a implies the existence of a positive constant n independent of N and of any
function witha < na.

Proof. With the aid of (12), we have

- le /o1 f(E)Esi(Z) (1—28)* /e (1-¢)de.

The last formula transforms into the following one after using the substitution
&= 1(1+cos?), into

1
b = / < 1+cosz9)) Esi((l—i—cosﬁ)) cos* & sin? 8 d9
4h A2 (28)

= / ( (14 cos 19)) i(cos®) cos* ¢ sin® 9 9.

Now, consider the following two cases to prove Inequality (27):
Case 1: i even:
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Based on Corollary 1, Equation (28) can be converted into

b; = 3n(?§:$:(31)+4) /On f<;(l+cosz9))
xsin(29) [(i+4) sin(d (i +2))+ (i+2) sin(d (i +4))]do.

Integration of the right-hand side of the last equation by parts yields

bi = 677 11—231_,_4 / f( (1+ cos ﬂ)){(ztél) cos(ﬁ(i—l))—?cos(ﬁ(i—i—l))

(i+2)
(i+6)

(29)

—2cos(9(i+3)) — cos(d(i+5))+

2 )
) cos(d(i+7)) ] dg.

Similarly, if we integrate the right-hand side of Equation (29), again by parts, four
times, we get

(i+3)

b; = 15367 (i +2) (i +4) / f ( 1+cosz9)> i(0)do. (30)

where

((iij—f)l cos(8(i—5)) —

N 4(i+18)
(i—3)2(1)2(i+3)
2 (—2880 — 5318 — 3001i2 — 528i% — 35i* +2°)

Ai(8) =

cos(8(i—1))

- os(9(i+1
(i—2) (& ( )
208 i + 239649 i2 4 5071313 + 3921 i* — 356> — 90i° — 517
+372960+509 081 + 2396 91 +59 3i 4+39 i*—356i° —90i° —5i cos( (i 1 3))
(i—1)g(i+4)(i+6)
—483840 — 189504 i + 1185602 + 103550 i° 4 31971 i* + 5007 i°> + 364 i® + i7 — {8 .
+ — . 5 cos(9(i+5))
(i)o(i+4) (i+6)
—21168 — 86407 — 6212 + 307 i + 68i* + 4i° .
- - d(i+7
+ (+3), (i +6) 0s(9(i+7))
2(30415i 4 24?) .
— o 9
(45 +6) (i +10) OPE+9)
(i+2) .
o 11)).
(i 16)s cos(9 (i +11))

Note that the notation (z), represents the well-known Pochhammer symbol.

If we take the absolute value for Equation (30) and use the hypothesis of the theorem,
we get the following estimation

1
N15

Case 2: i odd:
In virtue of Corollary 1, Equation (28) turns into
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4 T (1 .
bi:37‘((i+1)(i+5)/o f<2(1+cos19)> sin(®)
X [(i+4)(i+5) sin(@(i+1))+2(i+1)(i+5) sin(d(i+3))+ (i+1)(i+2) sin(d(i+5))]dd
B 2 T (1 (31)
T 3n(i+1)(i+5) /0 f((Hcow))
X [(i+4)(i+5)cos(id)+ (i—2) (i+5) cos(d(i+2))— (i+1)(i+8) cos(d (i +4))
—(i+1)(i+2) cos(8 (i +6))]db.

On the right-hand side of (31), we can use integration by parts to write

B 1 1 (i+4)(i+5) .
bi_6n<i+1)(i+5)/0 f(2(1+c0519)) X {i cos(8 (i — 1))

C8(i+1)(i+5)
i(i+2)

8(i+1) (i +5)

(i1+4)(i+6)

2(—12+14i+9i2 + %)
(i+2)(i+4)
(i+1)(i+2)
(i+6)

os(d(i+1))— cos(9 (i +3))

cos(9(i+5))+ os(d(i+7)) | do.

Integrating again by parts four times and using the hypothesis of the theorem after
taking the absolute value, one has

1 )

Finally, Cases 1 and 2 enable us to write

b;| < 1 Vi

| il N 1*5 P 1> 4.
With this, Theorem 8 is fully proven. O

Theorem 9. Any function u(&,t) = g1(¢) g2(t) € PV, with g1 (&) and g (t) that has a bounded
fifth derivative can be expanded as:

2 2 Cij ESZ ES] ) (32)

i=0j=0

The aforementioned series is uniformly convergent. Moreover, the expansion coefficients
in (32) satisfy:
1
: ]'5/

il S =5, Vij >4

Proof. The orthogonality relation of Eg ;(¢) allows one to get

cij = // (8,1) Es,(€) Es, (1) (1) d2 .

By the hypotheses of Theorem 9, we get

-2 (/01 (1-20 £ (-0 31(0) Ess(@)ac)

i

X hl(/ol (1—20)*\/t(1—1t)g2(t) Es,j(t)dt).

j

Cij
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With the aid of the two substitutions, & = 1 (14 cos¢) and t = 1 (14 cos ), the last
equation transforms into

=L 4 4 sin?
cij = ? /0 g1<2(1+cos<p)> E;(cos¢) cos™ ¢ sin” ¢ d¢

X hl /07T g2<1(1+cos¢)) i(cos ) cos* ¢ sin® P dip.

Now, we consider the four cases:
(i) Ifi,jeven
(i) Ifi,jodd
(iii) Ifieven, jodd
(iv) Ifiodd, jeven
Imitating similar steps as given in Theorem 8 in the previous four cases, we get the
following result
1

mﬂg,jy Vij> 4

O

Remark 4. The following inequalities can be easily obtained after imitating similar steps as in
Theorems 8 and 9

1 1 .
el S 50 leal S50 leal S5 lesl S5 leul S5 Vix4, (33)
and 1 1 1 1 1
lcol S50 leyl S50 el S50 lesil S50 lewil S50 Vi>4 (34)
] J ] ] J
Theorem 10. If u(&,t) fulfills the assumptions of Theorem 9, and if uN ( Z Z cij Es,i(

i=0j=
Esj(t), then the next truncation error estimate applies

)~V (@01 S 5

Proof. The truncation error can be expressed as:

(@ t) —uN (& 0| = | Y i Esi(&) Esj(t) — Y Y ¢ Esi(€) Es ()

[0}

< ¥

J=N+1

vy

i= N+l

i=0j=0 i=0j=0

(|cojl 1Es0(&)] + le1jl [Esa(8)] + leajl [Es2(E)| + lesil [Esa(E)] + |eaj| |Esa(E)]) |Es j(t)]

(35)

(lciol [Eso(t)] 4 [ci| |[Es(£)| 4 [cial [Esp(t)| 4 [ciz| [Esa(t)| + |cia| [Esa(t)]) |Esi(E)]

+Z Z lcijl |Es,i(§)] |Es,i(£)] + Z ZICUIIESZ )| |Es,j(£)]-

i=5j=N+1

i=N+1j=5

Inserting Equations (33) and (34) into Equation (35) and using Lemma 3 along with
the following approximation

b b

Y )< [ f(@)de,

i=at1 g=a
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where f is the decreasing function and the inequality:

(i+1)3 i+5

’ v 1/
5 Sie-1y 7

one has
()~ V@01 S 5

With this, the theorem is proven. [

Theorem 11. If u(, t) fulfills the assumptions of Theorem 9, then the following estimation applies:

(e, =¥ @O S 573 36)

Proof. We have

(@, 1) = (& B)llaes =

ZZQ]ES: ES] ZZCZ]ESI ES] t)

i=0j=0 i=0j=0

(Et)

;, [\Coﬂ 1Es,0(8) leo(z) + leajl [1Es1(E) lw(e) + le2jl 1Es2(E) [w(e)

+ lesjl 1Es 3 () [lw(e) + leajl ||Es,4(§)||w(g)] 1Es,j (£)llw(e)

+ ; [\Ci0| 1 Eso () llw(ey + leitl 1Esp(8)[lw(ey + leial 1Es2(#) [l
i=N+1

+ leis| |Esa(t) leoey + |cial 1Es,a(t) [l } 1Es,i (S llw(e)

+Z Z il 1Es,i (&) lw(e) 1Es,j () ey + Z ZICUIIIESZ Ollwie) I1Es,j (8) ey

i=5j=N+1 i=N+1j=5

With the aid of Theorem 9, Remark 4, and the following inequalities

HES,i(é)Hw(@) S 1,
I1Es,i()[lwer) S 1,

> 1 1

Y =<7 VN >1,
i=N+1 Nt
N1

1,

iZS < — 1024 VYN >

we get the desired result (36). [

6. Illustrative Examples

This section is devoted to testing the performance of our proposed collocation algo-
rithm for treating the NTFGKE. Some test problems are solved, and some comparisons are
presented to check the applicability and accuracy of our proposed scheme.

Example 1 ([57]). Consider the following NTFGKE:

“u(E ) Pu(et)  Bu(Et du(E, ¢
S0 2460 2UED 4 g 280

du(g,t)

+ (2t 41) )

+(C—t)u((:,t):f(§,t), 0§§,t§1,
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governed by (20), and f(,t) is determined in such a way that the exact solution is u(&,t) =
tl+ag2(§_3_ﬁ+§_l)
6 2 2 6/°

Table 1 presents a comparison of the maximum absolute errors between our method for N' = 16

and the method in [57] at different values of ¢ when 0 < t < 1. This shows the accuracy of our
method. Figures 1 and 2 show the absolute error and approximate solution at different values of a
for N' = 16. It can be seen that the approximate solutions are quite close to the precise ones.

Table 1. Comparison of maximum absolute errors for 0 < t < 1 of Example 1.

x =07 x =028 a=0.9
(&1) Method in [57] Our Method Method in [57] Our Method Method in [57] Our Method
0.1,1) 6.36 x 107° 1.79779 x 10~7 5.66 x 107° 8.27396 x 108 492 x 10°° 2.77861 x 108
0.2,1) 1.79 x 10~ 5.05091 x 107 1.59 x 107° 2.32469 x 1077 1.38 x 107° 7.80755 x 108
0.3 1) 2.70 x 107° 7.61411 x 107 241 x 107° 3.50467 x 10~7 2.09 x 107° 1.17721 x 1077
(0.4,) 3.03 x 107> 8.52535 x 107 2.70 x 107> 3.92451 x 10~7 2.34 x 107° 1.31845 x 10~7
(0.5,t) 2.74 x 1072 7.71003 x 107 244 x 107° 3.54962 x 1077 212 x 107° 1.19275 x 10~
0.6,t) 2.02 x 1072 5.68544 x 1077 1.80 x 107° 2.61787 x 1077 1.56 x 107° 8.79863 x 108
0.7,%) 1.16 x 107> 3.26528 x 10~7 1.03 x 10— 1.50372 x 10~7 8.99 x 106 5.05521 x 108
0.8,1) 450 x 107> 1.26388 x 10~7 4.00 x 10°° 5.82133 x 1078 3.48 x 107° 1.95751 x 10~8
0.9,1) 7.12 x 1077 1.99959 x 10~8 6.34 x 1077 9.21185 x 10~° 5.51 x 1077 3.09816 x 10~°
Absolute error Approximate solution
2 x10°®
1.5x10°¢
1x10°®
5 x107

Figure 1. The absolute error and approximate solution at « = 0.95 and A/ = 16 of Example 1.

Absolute error

Approximate solution

Figure 2. The absolute error and approximate solution at & = 0.85 and N = 16 of Example 1.
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Example 2. Consider the following NTFGKE:
Fu(@ ) _u@t)  ult) du(g,t)
5 e + P +u(é,t) 2 o
Ju(c,t
+ar(en 58 L@ nuen = fen, 0<gi<,

governed by (20), and f(C,t) is determined in such a way that the exact solution is u(g,t) =
1172t1+a§2(€4_2§3+26_1)'

Equation (37) is solved in two cases corresponding to g1(¢,t) = 1, g2(¢,t) = 0 and
81(‘; t) =0, gZ(gr t) =1

Case 1: At g1(¢,t) = 1 and g(¢,t) = 0. Table 2 presents a comparison of the maximum
absolute errors between our method for N = 16 and the method in [57] at different values of x when
0 < t < 1. This shows the accuracy of our method. Further, Figure 3 illustrates the absolute error
at different values of « for N' = 16.

Case 2: At g1(¢,t) = 0and g(¢,t) = 1. Table 3 presents the absolute errors at different
values of « for N' = 16. Figure 4 illustrates the absolute errors at different values of t at « = 0.95
and N = 16. Figure 5 presents a comparison between the approximate solution and exact solution
at w = 0.9 and N = 16. It can be seen that the approximate solutions are quite near the precise one.

Table 2. Comparison of the maximum absolute errors for 0 < t < 1 of Example 2.

o =07 a = 0.8 « =09
(& 1) Method in [57] Our Method Method in [57] Our Method Method in [57] Our Method
0.1,%) 7.73 x 107 9.87464 x 108 7.98 x 1070 453983 x 108 8.26 x 107 1.52193 x 10~8
0.2,t) 1.57 x 107> 3.02778 x 10~7 1.66 x 107° 1.39255 x 107 1.75 x 1075 4.67136 x 1078
0.3,t) 1.95 x 107° 4.94641 x 1077 210 x 1072 227577 x 1077 226 x 107° 7.63871 x 1078
0.4,1) 217 x 1072 5.96617 x 10~7 212 x 1072 2.74586 x 1077 232 x 107° 9.22166 x 108
(0.5,1) 2.09 x 107> 5.78239 x 107 1.86 x 10~ 2.66211 x 1077 2.00 x 107> 8.94498 x 108
0.6,4) 1.64 x 10~ 454913 x 10~7 1.46 x 1072 2.09494 x 10~7 1.44 x 10~ 7.04262 x 10~8
0.7,t) 1.00 x 107> 2.77641 x 10~7 8.90 x 1076 1.27891 x 10~7 8.20 x 106 4.30125 x 108
0.8,1) 410 x 107° 1.13802 x 10~7 3.64 x 107° 5.24341 x 1078 3.18 x 107° 1.76417 x 1078
0.9,1) 6.83 x 1077 1.90093 x 108 6.07 x 1077 8.75887 x 10° 5.27 x 1077 2.94852 x 10~°

Absolute error at a=0.9

Absolute error at a=0.8

Figure 3.

The absolute error at different values of a for N = 16 of Example 2.
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Table 3. The absolute errors of Example 2.
(&) x =07 x=0.8 x =09
(0.1,0.1) 6.7009 x 10~10 3.0066 x 1010 9.7494 x 10~ 1
0.2,0.2) 8.6369 x 10~° 3.9652 x 10~ 1.3290 x 10~°
(0.3,0.3) 5.0761 x 10~8 2.3250 x 10~8 7.7603 x 10~
(0.4,0.4) 3.8968 x 10~7 1.7890 x 107 5.9890 x 1078
(0.5,0.5) 1.0161 x 1077 6.8746 x 10710 3.3123 x 10710
(0.6,0.6) 45491 x 1077 2.0949 x 107 7.0426 x 108
0.7,0.7) 6.9537 x 1078 3.2057 x 1078 1.0794 x 108
(0.8,0.8) 1.3930 x 108 6.4078 x 10~° 2.1507 x 10~
(0.9,0.9) 1.4303 x 1079 6.6288 x 10710 2.2524 x 10~10
4x108
3x108 ’ 7
—— Absolute error at t=0.2
25108 L 1 —— Absolute error at t=0.4
[ —— Absolute error at t=0.6
I —— Absolute error at t=0.8
1x1078 [ T
0: 4
010 ‘ ‘ ‘ O‘.2 ‘ ‘ ‘ 014 ‘ ‘ ‘ 0i6 ‘ ‘ ‘ 0.‘8 ‘ ‘ ‘ 110

Figure 4. The absolute errors at « = 0.95 and N/ = 16 of Example 2.

Exact solution

Approximate solution

Figure 5. The exact and approximate solutions at « = 0.9 and N’ = 16 of Example 2.

Example 3. Consider the following NTFGKE:

ru(gt) dut)  Pult) du(g,t)

o ap T oo TN —FTHul@) =fE1), 0<gt<1,

¢

governed by (20), and f(&,t) is chosen such that the exact solution is u(&,t) = &2 (& —2¢& +

2¢—1)sin(2mat).

Figure 6 illustrates the log,,(maximum absolute error) at different values of a and N.
Table 4 presents the absolute errors at different values of & and t when « = 0.5 and N' = 16.

Further, Figure 7 illustrates the absolute error at different values of a for N = 16.
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0 FT 3 0 ET =
= — a=09 | _ — a=07
% -2+ 1 % ok ]
: £
E 8f 1 £ -8f ]
g o 18 of 1
4 6 8 10 12 1 16 4 8 10 12 14 16
N N
Figure 6. log, (maximum absolute error) of Example 3.
Table 4. The absolute errors of Example 3.
a =05
4 t=0.1 t=03 t=05 t =07 t=109
0.1 1.04387 x 10715  1.87784 x1071> 942649 x 10~1°  3.48593 x 10~1°  3.20794 x 10~1°
02 325868 x 1071  5905x1071> 294209 x 10714  1.08559 x 10~  1.01308 x 10~1¢
0.3 553897 x 10715 1.00753 x 10~ 499947 x 10~  1.84436 x 10~ 14 1.73177 x 10~ 14
04 712798 x 1071 1.29688 x 10~  6.42751 x 10714 2.36755 x 1014  2.27804 x 10~14
05 757207 x 10715 1.38153 x 10~1*  6.82648 x 10~ 249592 x 10~14  2.70079 x 10~ 14
0.6 674114 x 10715 124518 x 10°1*  6.08194 x 10~  2.12469 x 10~1* 3.71213 x 10~ 14
0.7 487804 x 1071 914546 x 10~15  4.40481 x 10~1¢  1.12098 x 10~1*  9.80414 x 10714
0.8 248412 x 10715 504371 x 10715 224369 x 107 237137 x 1071 2.0929 x 10~13
0.9 3.85813 x 10716 1.75576 x 1015  4.00461 x 1015  2.10747 x 1014  4.78838 x 10~13

Absolute error at a=0.1

Absolute error at a=0.8

Figure 7. The absolute error at different values of a for N' = 16 of Example 3.

7. Concluding Remarks

To summarize the principal findings of our study, we present the following insights:
Our research encompasses the introduction, implementation, and thorough investigation
of a spectral collocation methodology tailored to address the NTFGKE. An in-depth ex-
ploration and analysis of convergence are undertaken. Additionally, the outcomes of our
work are substantiated through diverse numerical test scenarios. We anticipate that this
approach will find application in upcoming endeavors aimed at addressing even more
intricate models within the realm of partial differential equations.
In conclusion, the effective utilization of eighth-kind CPs in conjunction with the
collocation method is demonstrated through our application to solve the NTFGKE. This
showcases the prowess of our spectral approach, affirming its potential for tackling complex
mathematical challenges.



Fractal Fract. 2023, 7, 652 21 of 23

Author Contributions: Conceptualization, WM.A -E.; Methodology, WM.A.-E., YH.Y. and A.G.A;
Software, YH.Y. and A.G.A.; Validation, A.G.A.; Formal analysis, YH.Y. and A.G.A.; Resources,
W.M.A -E,; Data curation, YH.Y. and A.G.A.; Writing—Original draft, WM.A.-E., YH.Y. and A.G.A,;
Writing—Review & editing, WM.A.-E. and A K.A.; Supervision, W.M.A -E.; Project administration,
W.M.A -E. and A.K.A.; Funding acquisition, A.K.A. All authors have read and agreed to the published
version of the manuscript.

Funding: The third author, Amr Kamel Amin (akgadelrab@uqu.edu.sa), is funded by the Deanship
for Research & Innovation, Ministry of Education in Saudi Arabia.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors extend their appreciation to the Deanship for Research & Innovation,
Ministry of Education in Saudi Arabia for funding this research work through the project number:
IFP22UQU4331287DSR038.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.

S

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Fox, L.; Parker, I.B. Chebyshev Polynomials in Numerical Analysis; Technical Report; Cambridge University Press: Cambridge,
UK, 1968.

Mason, J.C.; Handscomb, D.C. Chebyshev Polynomials; Chapman and Hall: New York, NY, USA; CRC: Boca Raton, FL, USA, 2003.
Rivlin, T.J. Chebyshev Polynomials; Courier Dover Publications: New York, NY, USA, 2020.

Thongthai, W.; Nonlaopon, K.; Orankitjaroen, S.; Li, C. Generalized Solutions of Ordinary Differential Equations Related to the
Chebyshev Polynomial of the Second Kind. Mathematics 2023, 11, 1725. [CrossRef]

Abdelhakem, M.; Ahmed, A.; Baleanu, D.; El-Kady, M. Monic Chebyshev pseudospectral differentiation matrices for higher-order
IVPs and BVPs: Applications to certain types of real-life problems. Comput. Appl. Math. 2022, 41, 253. [CrossRef]

Tural-Polat, S.N.; Dincel, A.T. Numerical solution method for multi-term variable order fractional differential equations by
shifted Chebyshev polynomials of the third kind. Alex. Eng. J. 2022, 61, 5145-5153. [CrossRef]

Sweilam, N.H.; Nagy, A.M.; El-Sayed, A.A. On the numerical solution of space fractional order diffusion equation via shifted
Chebyshev polynomials of the third kind. . King Saud Univ. Sci. 2016, 28, 41-47. [CrossRef]

Sakran, M.R.A. Numerical solutions of integral and integro-differential equations using Chebyshev polynomials of the third kind.
Appl. Math. Comp. 2019, 351, 66-82. [CrossRef]

Abd-Elhameed, WM.; Youssri, Y.H. Fifth-kind orthonormal Chebyshev polynomial solutions for fractional differential equations.
Comput. Appl. Math. 2018, 37, 2897-2921. [CrossRef]

Abd-Elhameed, WM.; Youssri, Y.H. Sixth-kind Chebyshev spectral approach for solving fractional differential equations. Int. J.
Nonlinear Sci. Numer. Simul. 2019, 20, 191-203. [CrossRef]

Atta, A.G.; Abd-Elhameed, W.M.; Moatimid, G.M.; Youssri, Y.H. Shifted fifth-kind Chebyshev Galerkin treatment for linear
hyperbolic first-order partial differential equations. Appl. Numer. Math. 2021, 167, 237-256. [CrossRef]

Atta, A.G.; Abd-Elhameed, W.M.; Youssri, Y.H. Shifted fifth-kind Chebyshev polynomials Galerkin-based procedure for treating
fractional diffusion-wave equation. Int. J. Mod. Phys. C 2022, 33, 2250102. [CrossRef]

Atta, A.G.; Abd-Elhameed, W.M.; Moatimid, G.M.; Youssri, Y.H. Modal shifted fifth-kind Chebyshev tau integral approach for
solving heat conduction equation. Fractal Fract. 2022, 6, 619. [CrossRef]

Abd-Elhameed, W.M. Novel expressions for the derivatives of sixth kind Chebyshev polynomials: Spectral solution of the
non-linear one-dimensional Burgers” equation. Fractal Frac. 2021, 5, 53. [CrossRef]

Atta, A.G.; Abd-Elhameed, WM.; Moatimid, G.M.; Youssri, Y.H. Advanced shifted sixth-kind Chebyshev tau approach for
solving linear one-dimensional hyperbolic telegraph type problem. Math. Sci. 2022, 1-5. [CrossRef]

Sadri, K.; Aminikhah, H. A new efficient algorithm based on fifth-kind Chebyshev polynomials for solving multi-term variable-
order time-fractional diffusion-wave equation. Int. J. Comput. Math. 2022, 99, 966-992. [CrossRef]

Jafari, H.; Nemati, S.; Ganji, RM. Operational matrices based on the shifted fifth-kind Chebyshev polynomials for solving
nonlinear variable order integro-differential equations. Adv. Differ. Equ. 2021, 2021, 435. [CrossRef]

Ganji, R.M,; Jafari, H.; Baleanu, D. A new approach for solving multi variable orders differential equations with Mittag—Leffler
kernel. Chaos Solitons Fractals 2020, 130, 109405. [CrossRef]

Ali, K.K.; Abd El Salam, M.A.; Mohamed, M.S. Chebyshev fifth-kind series approximation for generalized space fractional partial
differential equations. AIMS Math. 2022, 7, 7759-7780. [CrossRef]

Sadri, K.; Aminikhah, H. Chebyshev polynomials of sixth kind for solving nonlinear fractional PDEs with proportional delay and
its convergence analysis. J. Funct. Spaces 2022, 2022, 9512048. [CrossRef]


http://doi.org/10.3390/math11071725
http://dx.doi.org/10.1007/s40314-022-01940-0
http://dx.doi.org/10.1016/j.aej.2021.10.036
http://dx.doi.org/10.1016/j.jksus.2015.05.002
http://dx.doi.org/10.1016/j.amc.2019.01.030
http://dx.doi.org/10.1007/s40314-017-0488-z
http://dx.doi.org/10.1515/ijnsns-2018-0118
http://dx.doi.org/10.1016/j.apnum.2021.05.010
http://dx.doi.org/10.1142/S0129183122501029
http://dx.doi.org/10.3390/fractalfract6110619
http://dx.doi.org/10.3390/fractalfract5020053
http://dx.doi.org/10.1007/s40096-022-00460-6
http://dx.doi.org/10.1080/00207160.2021.1940977
http://dx.doi.org/10.1186/s13662-021-03588-2
http://dx.doi.org/10.1016/j.chaos.2019.109405
http://dx.doi.org/10.3934/math.2022436
http://dx.doi.org/10.1155/2022/9512048

Fractal Fract. 2023, 7, 652 22 of 23

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Babaei, A.; Jafari, H.; Banihashemi, S. Numerical solution of variable order fractional nonlinear quadratic integro-differential
equations based on the sixth-kind Chebyshev collocation method. J. Comput. Appl. Math. 2020, 377, 112908. [CrossRef]

Xu, X.; Xiong, L.; Zhou, F. Solving fractional optimal control problems with inequality constraints by a new kind of Chebyshev
wavelets method. J. Comput. Sci. 2021, 54, 101412. [CrossRef]

Masjed-Jamei, M. Some New Classes of Orthogonal Polynomials and Special Functions: A Symmetric Generalization of
Sturm-Liouville Problems and Its Consequences. Ph.D. Thesis, Department of Mathematics, University of Kassel, Kassel,
Germany, 2006.

Abd-Elhameed, W.M.; Alkenedri, A.M. Spectral solutions of linear and nonlinear BVPs using certain Jacobi polynomials
generalizing third-and fourth-kinds of Chebyshev polynomials. CMES Comput. Model. Eng. Sci. 2021, 126, 955-989. [CrossRef]
Wang, X.; Wang, J.; Wang, X.; Yu, C. A pseudo-spectral Fourier collocation method for inhomogeneous elliptical inclusions with
partial differential equations. Mathematics 2022, 10, 296. [CrossRef]

Li, J. Linear Barycentric rational collocation method for solving non-linear partial differential equations. Inter. |. Appl. Comput.
Math. 2022, 8, 236. [CrossRef]

Zheng, X. Numerical approximation for a nonlinear variable-order fractional differential equation via a collocation method.
Math. Comput. Simul. 2022, 195, 107-118. [CrossRef]

Zhou, X.; Dai, Y. A spectral collocation method for the coupled system of nonlinear fractional differential equations. AIMS Math.
2022, 7, 5670-5689. [CrossRef]

Kumbinarasaiah, S.; Preetham, M. Applications of the Bernoulli wavelet collocation method in the analysis of MHD boundary
layer flow of a viscous fluid. J. Umm Al-Qura Univ. Appl. Sci. 2023, 9, 1-14. [CrossRef]

Xu, M.; Tohidi, E.; Niu, J.; Fang, Y. A new reproducing kernel-based collocation method with optimal convergence rate for some
classes of BVPs. Appl. Math. Comput. 2022, 432, 127343. [CrossRef]

Abd-Elhameed, W.M.; Alkhamisi, S.O.; Amin, A.K.; Youssri, Y.H. Numerical contrivance for Kawahara-type differential equations
based on fifth-kind Chebyshev polynomials. Symmetry 2023, 15, 138. [CrossRef]

Li, P; Peng, X.; Xu, C.; Han, L,; Shi, S. Novel extended mixed controller design for bifurcation control of fractional-order
Myc/E2F/miR-17-92 network model concerning delay. Math. Methods Appl. Sci. 2023. [CrossRef]

Huang, C.; Wang, ]J.; Chen, X.; Cao, J. Bifurcations in a fractional-order BAM neural network with four different delays. Neural
Netw. 2021, 141, 344-354. [CrossRef]

Ali, Z.; Rabiei, F.; Hosseini, K. A fractal-fractional-order modified Predator-Prey mathematical model with immigrations. Math.
Comput. Simul. 2023, 207, 466—481. [CrossRef]

Oldham, K.; Spanier, J. The Fractional Calculus Theory and Applications of Differentiation and Integration to Arbitrary Order; Elsevier:
Amsterdam, The Netherlands, 1974.

Kilbas, A.A.; Srivastava, HM.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; Elsevier: Amsterdam,
The Netherlands, 2006; Volume 204.

Meerschaert, M.M.; Zhang, Y.; Baeumer, B. Particle tracking for fractional diffusion with two time scales. Comput. Math. Appl.
2010, 59, 1078-1086. [CrossRef]

Koeller, R.C. Applications of fractional calculus to the theory of viscoelasticity. J. Appl. Mech. 1984, 51, 299-307. [CrossRef]
Aghdam, Y.E.; Mesgarani, H.; Moremedi, G.; Khoshkhahtinat, M. High-accuracy numerical scheme for solving the space-time
fractional advection-diffusion equation with convergence analysis. Alex. Eng. J. 2022, 61, 217-225. [CrossRef]

Hosseini, V.R.; Zou, W. The peridynamic differential operator for solving time-fractional partial differential equations. Nonlinear
Dyn. 2022, 109, 1823-1850. [CrossRef]

Zhuang, P; Liu, E; Anh, V,; Turner, I. New solution and analytical techniques of the implicit numerical method for the anomalous
subdiffusion equation. SIAM J. Numer. Anal. 2008, 46, 1079-1095. [CrossRef]

Adel, M. Numerical simulations for the variable order two-dimensional reaction sub-diffusion equation: Linear and Nonlinear.
Fractals 2022, 30, 2240019. [CrossRef]

Sweilam, N.H.; Ahmed, S.M.; Adel, M. A simple numerical method for two-dimensional nonlinear fractional anomalous
sub-diffusion equations. Math. Methods Appl. Sci. 2021, 44, 2914-2933. [CrossRef]

Vargas, A.M. Finite difference method for solving fractional differential equations at irregular meshes. Math. Comput. Simul.
2022, 193, 204-216. [CrossRef]

Nadeem, M.; He, ] H. The homotopy perturbation method for fractional differential equations: Part 2, two-scale transform. Int. J.
Numer. Methods Heat Fluid Flow 2022, 32, 559-567. [CrossRef]

Alharbi, F; Zidan, A.; Naeem, M.; Shah, R.; Nonlaopon, K. Numerical investigation of fractional-order differential equations via
@-Haar-wavelet method. J. Funct. Spaces 2021, 2021, 1-14. [CrossRef]

Alquran, M.; Ali, M.; Alshboul, O. Explicit solutions to the time-fractional generalized dissipative Kawahara equation. J. Ocean.
Eng. Sci. 2022. [CrossRef]

Alquran, M,; Jaradat, I. A novel scheme for solving Caputo time-fractional nonlinear equations: Theory and application. Nonlinear
Dyn. 2018, 91, 2389-2395. [CrossRef]

Baleanu, D.; in¢, M.; Yusuf, A; Aliyu, AI. Lie symmetry analysis and conservation laws for the time fractional simplified
modified Kawahara equation. Open Phys. 2018, 16, 302-310. [CrossRef]


http://dx.doi.org/10.1016/j.cam.2020.112908
http://dx.doi.org/10.1016/j.jocs.2021.101412
http://dx.doi.org/10.32604/cmes.2021.013603
http://dx.doi.org/10.3390/math10030296
http://dx.doi.org/10.1007/s40819-022-01453-8
http://dx.doi.org/10.1016/j.matcom.2022.01.005
http://dx.doi.org/10.3934/math.2022314
http://dx.doi.org/10.1007/s43994-022-00013-6
http://dx.doi.org/10.1016/j.amc.2022.127343
http://dx.doi.org/10.3390/sym15010138
http://dx.doi.org/10.1002/mma.9597
http://dx.doi.org/10.1016/j.neunet.2021.04.005
http://dx.doi.org/10.1016/j.matcom.2023.01.006
http://dx.doi.org/10.1016/j.camwa.2009.05.009
http://dx.doi.org/10.1115/1.3167616
http://dx.doi.org/10.1016/j.aej.2021.04.092
http://dx.doi.org/10.1007/s11071-022-07424-4
http://dx.doi.org/10.1137/060673114
http://dx.doi.org/10.1142/S0218348X22400199
http://dx.doi.org/10.1002/mma.6149
http://dx.doi.org/10.1016/j.matcom.2021.10.010
http://dx.doi.org/10.1108/HFF-01-2021-0030
http://dx.doi.org/10.1155/2021/3084110
http://dx.doi.org/10.1016/j.joes.2022.02.013
http://dx.doi.org/10.1007/s11071-017-4019-7
http://dx.doi.org/10.1515/phys-2018-0042

Fractal Fract. 2023, 7, 652 23 of 23

50.

51.

52.
53.

54.

55.

56.
57.

Wang, G.w.; Liu, X.q.; Zhang, Y.y. Lie symmetry analysis to the time fractional generalized fifth-order KdV equation. Commun.
Nonlinear Sci. Numer. Simul. 2013, 18, 2321-2326. [CrossRef]

Podlubny, I. Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential Equations, to Methods of
Their Solution and Some of Their Applications; Elsevier: Amsterdam, The Netherlands, 1998.

Silverman, R. Special Functions and Their Applications; Courier Corporation: New York, NY, USA, 1972.

Xu, Y. An integral formula for generalized Gegenbauer polynomials and Jacobi polynomials. Adv. Appl. Math. 2002, 29, 328-343.
[CrossRef]

Draux, A.; Sadik, M.; Moalla, B. Markov—Bernstein inequalities for generalized Gegenbauer weight. Appl. Numer. Math. 2011,
61,1301-1321. [CrossRef]

Abd-Elhameed, W.M.; Alkhamisi, S.O. New results of the fifth-kind orthogonal Chebyshev polynomials. Symmetry 2021, 13, 2407.
[CrossRef]

Koepf, W. Hypergeometric Summation, 2nd ed.; Springer Universitext Series; Springer: Berlin/Heidelberg, Germany, 2014.
Saldir, O.; Sakar, M.; Erdogan, F. Numerical solution of time-fractional Kawahara equation using reproducing kernel method
with error estimate. Comput. Appl. Math. 2019, 38, 198. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.cnsns.2012.11.032
http://dx.doi.org/10.1016/S0196-8858(02)00017-9
http://dx.doi.org/10.1016/j.apnum.2011.09.003
http://dx.doi.org/10.3390/sym13122407
http://dx.doi.org/10.1007/s40314-019-0979-1

	Introduction
	Some Relationships and Preliminary Information
	Caputo Definition of the Fractional Derivative
	An Account of the CPs of Eighth-Kind and Their Shifted Ones

	Some Important Formulas Related to Ek() and Their Shifted Ones
	Some Formulas Concerned with E()
	Shifted Eighth-Kind CPs

	A Collocation Approach for the NTFGKE
	Error Analysis of the Proposed Chebyshev Expansion
	Illustrative Examples
	Concluding Remarks
	References

