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Abstract: Fuzzy-interval valued functions (FIVFs) are the generalization of interval valued and real
valued functions, which have a great contribution to resolve the problems arising in the theory of
interval analysis. In this article, we elaborate the convexities and pre-invexities in aspects of FIVFs
and investigate the existence of fuzzy fractional integral operators (FFIOs) having a generalized
Bessel–Maitland function as their kernel. Using the class of convexities and pre-invexities FIVFs, we
prove some Hermite–Hadamard (H-H) and trapezoid-type inequalities by the implementation of
FFIOs. Additionally, we obtain other well known inequalities having significant behavior in the field
of fuzzy interval analysis.
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1. Introduction

The theory of convexity is a dynamic, addictive, and significant area of study that
has made major contributions to other fields of research, such as mathematical analysis,
optimization problems, control theories, economics, finance, and game theory. By the
theory of convexity, researchers have created unified numerical structures that can be used
to resolve the wide range of problems, which have arisen in pure and applied mathematics.
Convexity has been through significant advancements, generalizations, and extensions
in a few decades. The study of fractional analysis has increased the demand of fractional
operators in different areas of mathematics. To fulfil this requirement, many researchers
have worked to develop the fractional operators by utilizing the non-singular special
functions as their kernel and obtained modified versions of inequalities. Generalized
fractional operators are one of the techniques used to improve the fractional inequalities
for different convexities and pre-invexities, which have significant applications in the field
of analysis.

Fractional calculus is the generalization of classical calculus, which plays an important
role in pure, applied, and computation fields of mathematics. The research work in the
field of fractional analysis has made a great contribution in various directions, such as
signal-image processing, biology, physics, control operator theory, computer structure
optimizations, and fluid dynamics [1–3]. During the last few decades, most of the scientists
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have worked to obtain the generalized versions of well-known inequalities and discussed
a huge number of applications in the fields of analysis and discrete optimization. Many
authors have worked extensively [4–12] and discussed the refinements and extensions in
different areas of mathematics. The advanced analysis of inequalities is possible for the
development of fractional operators by means of their kernel in multi-dimension functions,
which play an ideal role to create new horizons to study the behavior of inequalities in
multi-discipline branches of mathematics.

There are many significant applications of fuzzy set theory, which deals with the
problems incorporating ambiguous, vague, and imprecise information, and makes deci-
sions for individual or group collaboration. This initiative developed the idea of interval
analysis [13] by Moore Ramon in 1966. Many scientists are attracted towards this field
because of to its decision-making evaluation. The investigation on interval analysis proved
to be beneficial in global optimization and constraint solution algorithms for decision
makers and in the last few decades, it has become very popular among experts. It has
provided effective and valid results, minimized the errors, and improved the accuracy.
Due to this motivation, several researchers started their research in inequalities to get the
desired results.

Zhao et al. [14] were the first who introduced the interval-valued-function (IVF).
Many mathematicians introduced a strong relation between inequalities and IVFs by the
implementation of different integral operators [15–19]. Many scholars have elaborated
the applications of fuzzy differential equations and fuzzy interval analysis, which deal
with many mathematical or computer modules [20–24]. In different research articles,
many people illustrated several inequalities, such as Hermite–Hadamard inequality, Jensen
inequality, Mercer inequality, Schur inequality, and trapezoid-type inequalities with the
help of a fuzzy interval valued function [25,26].

Motivation

Convexity and generalized convexity are important concepts in optimization under
the fuzzy domain, which provide fuzzy variational inequalities as a result of characterizing
the optimality condition of convexity. Variational inequality and fuzzy set theory have
generated strong techniques, which resolved many mathematical problems related to
minimization theory and interval analysis. Fuzzy mappings are also termed as fuzzy-IVFs.
There are many fractional integrals that contain fuzzy-IVFs for lower and upper cases. The
behavior of well known inequalities can be checked by the successful implementation of
such kinds of fractional integrals. These investigations demonstrate that this strategy is
important from both a theoretical and a practical standpoint to transform the actual integral
inequalities to the fuzzy integral inequalities.

2. Preliminaries

In this section, we will discuss the basic definitions and results, which help to under-
stand the concepts of our new results.

Definition 1. [27] Let k ∈ R be convex set, then the convex function for z : K → R is defined
as follows:

z
[
σu + (1− σ)v

]
≤ σz(u) + (1− σ)z(v). (1)

for σ ∈ [0, 1], ∀ ð, v ∈ K.
The concave function for z is to have the reversed inequality, defined in Equation (1).

Definition 2. The Hermite–Hadamard type inequality [28–31] is as follows:

z
(  + ℵ

2

)
≤ 1
ℵ − 

∫ ℵ


z(z)dz ≤ z() +z(ℵ)
2

. (2)
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where z : K → R is the convex function, and [,ℵ] ∈ K ⊆ R,  < ℵ, ,ℵ ∈ R.
The modified form of fractional H-H inequality for the convex function is as follows:

z
(  + ℵ

2

)
≤ 1

2ς(v,ð)ν
′+1

[
Ið+v,v′(Ω,z) + Iv−

ð,v′(Ω,z)

]
≤ z() +z(ℵ)

2
(3)

Definition 3. [25] Let z : [ð, v] ⊂ R→ Ω+
c (a space of all positive closed and bounded intervals

of R) is a convex IVF given by z(α) = [z(α)∗,z(α)∗] for all α ∈ [ð, v] where z(α)∗ is convex
function and z(α)∗ is concave function. If z is Riemann integrable function, then:

z
(α + Λ

2

)
⊇ (IR)

1
Λ− α

∫ Λ

α
z(z)dz ⊇ z(α) +z(Λ)

2
(4)

The Hermite–Hadamard inequality for inclusion relation is as follows:

z
(α + Λ

2

)
⊇ 1

2ς(v,ð)ν
′+1

[
Ið+v,v′(Ω,z) + Iv−

ð,v′(Ω,z)

]
⊇ z(α) +z(Λ)

2
(5)

Proposition 1. [16] If z, ג ∈ F0, then for F0, relation “ 4 ” is defined as:

z 4 ג if and only if [z]ı ≤I ı[ג] for all ı ∈ [0, 1], (6)

the relation given above is also called partial order relation.
For z, ג ∈ F0, their scalar and vector properties are defined for ı ∈ [0, 1], as follows:

(z+̃ג)ı = (z)ı + ı(ג)

(z+̃ג)ı = z+ ı(ג)

(℘.z)ı = ℘.(z)ı

(z×̃ג)ı = (z)ı × ı(ג)

The Hukuhara difference of z and ,ג for i ∈ F0 and z = ,ĩ+ג then i is the Hukuhara difference
of z and ,ג which is defined as follows:

(i)∗(ı) = (z−̃ג)∗(ı) = z∗(ı)− ,(ı)∗ג
(i)∗(ı) = (z−̃ג)∗(ı) = z∗(ı)− (ı)∗ג

Definition 4. [11] Let P partition be the partition on the closed interval [ð, v] as the form:

P = ð = 1 < 2 < 3 < 4 < 5 < ....k = v.

The subintervals containing point P have a maximum length, which is called the mesh of a partition
and defined as follows:

mesh(P) = max(j − j−1 : j = 1, 2, 3...k) (7)

Let P(σ, [ð, v]) be the set of all p ∈ P(σ, [ð, v]) and mesh(p) < σ. By taking arbitrary point jג on
each subinterval [j−1, j], where 1 ≤ j ≤ k, such that:

S(z, p, σ) =
k

∑
j=1

z(גj)(j − j−1),

where z : [ð, v]→ RI is the real valued function and S(z, p, σ) is called the Riemann sum of z
corresponding to p ∈ P(σ, [ð, v]).
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Definition 5. [32] A function z : [ð, v]→ RI is called the Reimann integrable (IR-integrable) on
the closed interval [ð, v] if there exists B ∈ RI and for each ε and σ > 0, such that:

d(S(z, P, σ), B) < ε.

for every Riemann sum of z corresponding to the partition P ∈ p(σ, [ð, v]), and arbitrary choice of
jג ∈ [j−1, j] for 1 ≤ j ≤ k; then, we have B be the IR-integral of z on [ð, v], which is denoted by
B = (IR)

∫ v
ð z(t)dt.

Theorem 1. [33] The real interval valued function z : [ð, v] ⊆ R → RI and z() = [z∗,z∗];
then, z is the integrable function on [ð, v] if and only if z∗ and z∗ are both integrable functions
over [ð, v], if:

(IR)
∫ v

ð
z()dx =

[
(R)

∫ v

ð
z∗(), (R)

∫ v

ð
z∗()dx

]
. (8)

The representation of integrable function real valued functions and generalized inte-
grable interval valued functions are R[c,d], IR[ð,v], respectively.

Definition 6. [34] If for each ı ∈ [0, 1] and let z : k ⊆ R → F0 be fuzzy IVF, the ı-levels define
on IVF z : k ⊆ R→ Ωc are given by zı() =

[
z∗(, ı),z∗(, ı)

]
, ∀ ∈ Ω. Both the real-valued

functions z∗(, ı),z∗(, ı) : Ω→ R , called the upper and lower functions of z.

Remark 1. Let z : k ⊆ R → F0 be the FIV function, and for each ı ∈ [0, 1], then z() is called
the continuous function at  ∈ Ω, and both the left and right real valued functions z∗(, ı),z∗(, ı)
are continuous at  ∈ K.

Definition 7. [11] Let all closed and bounded intervals ΩC of R and τ ∈ ΩC, described as follows:

τ = [τ∗, τ∗] = {α ∈ R|τ∗ 4 α 4 τ∗}, (τ∗, τ∗ ∈ R).

• If τ∗ = τ∗, then we say that τ is degenerate.
• If τ∗ ≥ 0, then [τ∗, τ∗] is said to be a positive interval. All positive intervals are denoted

by Ω+
C and defined as:

Ω+
C = {[τ∗, τ∗] : [τ∗, τ∗] ∈ ΩC and τ∗ ≥ 0}.

Definition 8. [11] Let σ ∈ R and στ be defined as:

στ = [στ∗, στ∗] if σ ≥ 0, [στ∗, στ∗] i f σ 4 0. (9)

Algebraic Minkowski properties are defined for τ, ς ∈ ΩC as follows:

[ς∗, ς∗]− [τ∗, τ∗] = [ς∗ − τ∗, ς∗ − τ∗]

, [ς∗, ς∗] + [τ∗, τ∗] = [ς∗ + τ∗, ς∗ + τ∗]

The inclusion “ ⊆ ” property is defined as:

ς ⊆ τ, then [ς∗, ς∗] ⊆ [τ∗, τ∗] implies that ς∗ 4 τ∗, ς∗ 4 τ∗.

Remark 2. [35] The relation “ 41 ” is defined on ΩC as follows:

[σ∗, σ∗] 41 [τ∗, τ∗] if and only if σ∗ 4 τ∗, σ∗ 4 τ∗
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for all [σ∗, σ∗], [τ∗, τ∗] ∈ ΩC, is an order relation. We have [σ∗, σ∗], [τ∗, τ∗] ∈ ΩC, then
[σ∗, σ∗] 41 [τ∗, τ∗] if and only if σ∗ 4 τ∗ or σ∗ 4 τ∗, σ < τ.

Definition 9. [11] For ð, v ∈ K, λ ∈ [0, 1], if z : K× K → R is the bi-function, then the invex
set K ⊆ R is defined as follows:

v + λz(ð, v) ∈ K.

Definition 10. [11] Let K be an invex set with respect to ς and z : K → R is the pre-invex
function, defined for ,ℵ ∈ K as follows:

z(ℵ+ λς(,ℵ)) ≤ λz() + (1− λ)z(ℵ), (10)

where λ ∈ [0, 1].

Definition 11. [22] If z : K → R, then the convex fuzzy interval valued function is defined
as follows:

z
[
σð+ (1− σ)v

]
4 σz(ð)+̃(1− σ)z(v). (11)

for σ ∈ [0, 1], ∀ð, v ∈ K, and then we call z concave if inequality (11) is reversed.

Remark 3. If z∗(, ı) = z∗(, ı) and ı = 1, then we obtain the inequality (1).

Definition 12. [23] The pre-invex FIV function z : K → R is defined for ,ℵ ∈ K and λ ∈ [0, 1]
as follows:

z(ℵ+ λς(,ℵ)) 4 λz()+̃(1− λ)z(ℵ), (12)

where K is an open invex set with respect to ς if we reversed the inequality (12), then named as
pre-incave FIV functions.

Definition 13. [36] The gamma function is defined in an integral form as follows:

Γ(σ) =
∫ ∞

0
zσ−1e−zdz,

for <(t) > 0.

Definition 14. [36] The Pochammer’s symbol is defined as follows:

(℘)σ =

{
1, for σ = 0,℘ 6= 0
℘(℘+ 1) · · · (℘+ σ− 1), for σ ≥ 1,

}
For σ ∈ N and ℘ ∈ C:

(℘)n =
Γ(℘+ n)

Γ(℘)

(℘)kn =
Γ(℘+ kn)

Γ(℘)

where Γ is the gamma function.
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Definition 15. [37] The beta function for <(m) > 0 and <(n) > 0 is defined as follows:

Λ(g, h) =
∫ 1

0
σg−1(1− σ)h−1dσ

=
Γ(g)Γ(h)
Γ(g + h)

.

Definition 16. [38] The extended version of beta functions is defined for <(g) > 0, <(h) > 0,
<(p) > 0 as follows:

Λp(g, h) =
∫ 1

0
zg−1(1− z)h−1exp

( −p
z(1− z)

)
dz.

If we replace p = 1, then the extended beta function is going to replace the classical beta function.

Definition 17. [39,40] The generalized Bessel–Maitland (eight-parameter) function is defined
as follows:

Ji,Θ,σ,ϑ
ξ,h̄,m,σ (ℵ) =

∞

∑
p=0

(Θ)h̄p(ϑ)σp(−ℵ)p

℘(ξ p +i+ 1)(σ)mp
, (13)

where z,i, σ,z, ϑ ∈ C, <(z) > 0, <(z) > 0, <(ν) ≥ −1, <(σ) > 0, <(ϑ) > 0; m, h̄, σ ≥ 0
and h̄ > <(z) + σ, m.

Definition 18. [40] The extended version of the Bessel–Maitland function is defined for Ξ, ,ג ν,℘, ρ, c ∈
C, <(Ξ) > 0, <(ν) ≥ −1, (ג)> > 0, <(ρ) > 0, <(℘) > 0; h̄, σ, m ≥ 0 and h̄, m > <(Ξ) + σ
as follows:

JΞ,h̄,m,σ,c
v,ג,ρ,℘ (Ω; p) =

∞

∑
n=0

Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v + 1)(ρ)mn
(−Ω)n. (14)

Definition 19. Let z : K ⊆ R→ R be the positive real valued function, then the Godunova–Levin
FIV function is defined as follows:

z(σð+ (1− σ)v) 4
z(ð)

σ
+̃
z(v)
1− σ

,

where ð, v ∈ K, σ ∈ (0, 1)

Definition 20. Let h : (0, 1)→ R and z : K → R be the non-negative real valued function, the
h-Godunova–Levin FIV function is defined for σ ∈ (0, 1), ð, v ∈ K as follows:

z(σð+ (1− σ)v) 4
z(ð)
h(σ)

+̃
z(v)

h(1− σ)
.

Definition 21. A real valued function z : K → R is said to be h-Godunova–Levin pre-invex FIV
function with respect to ς if for all ð, v ∈ K, Φ ∈ (0, 1) as follows:

z(ð+ Φς(v,ð)) 4 z(ð)
h(1−Φ)

+̃
z(v)
h(Φ)

holds.
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Definition 22. [40] The generalized fractional integral operators having an extended version of the
Bessel–Maitland function as their kernel are defined for Ξ, ν, ,ג ρ,℘, c ∈ C, <(Ξ) > 0, <(ν) ≥ −1,
<(ρ) > 0, (ג)> > 0, <(℘) > 0; h̄, σ, m ≥ 0 and h̄, m > <(Ξ) + σ as follows:(

TΞ,h̄,m,σ,c
v,ג,ρ,℘;p+ f

)
(, r) =

∫ 

p
(− t)vJΞ,h̄,m,σ,c

v,ג,ρ,℘ (Ω(− t)Ξ; r) f (ð)dð, ( > p)

and (
TΞ,h̄,m,σ,c

v,ג,ρ,℘;q− f
)
(, r) =

∫ q


(t− )vJΞ,h̄,m,σ,c

v,ג,ρ,℘ (Ω(t− )Ξ; r) f (ð)dð, ( < q).

Remark 4. The generalized fractional operators are represented in short notations [41] as follows:(
Ið+v,v′

)
(Ω,z) =

(
TΞ,h̄,m,σ,c

v′ ρ,℘;ð+z,ג,
)
(v, p)(

Iv−
ð,v′
)
(Ω,z) =

(
TΞ,h̄,m,σ,c

v′ ρ,℘;v−z,ג,
)
(ð, p).

and ∫ u

v
(v− x)v′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (Ω
( v− x

ς(v,ð)
)Ξ; p)dx =

(
Iv−
ð,v′
)
(Ω′, 1)

3. Hermite–Hadamard (H-H) Integral Inequalities via Convex FIVF

Here, we define the left- and right-sided generalized fuzzy fractional integral operators,
discuss the existence of H-H type inequality for the h-Godnova–Levin convex FIVF, and
deduce some corollaries from our main results.

Definition 23. The left- and right-sided generalized fuzzy fractional integral operators based on
the left and right end point function for Ξ, ν, ,ג ρ,℘, c ∈ C, <(Ξ) > 0, <(ν) ≥ −1, (ג)> > 0,
<(ρ) > 0, <(℘) > 0; h̄, m, σ ≥ 0 and m, h̄ > <(Ξ) + σ are defined as follows:[(

TΞ,h̄,m,σ,c
v,ג,ρ,℘;p+ f

)
(, r)

]ı

=
∫ 

p
(− t)vJΞ,h̄,m,σ,c

v,ג,ρ,℘ (Ω(− t)Ξ; r) fı(ð)dð

=
∫ 

p
(− t)vJΞ,h̄,m,σ,c

v,ג,ρ,℘ (Ω(− t)Ξ; r)[ f∗(ð, ı), f ∗(ð, ı)]dð, ( > p)

where (
TΞ,h̄,m,σ,c

v,ג,ρ,℘;p+ f∗
)(

(, r), ı
)
=
∫ 

p(− t)vJΞ,h̄,m,σ,c
v,ג,ρ,℘ (Ω(− t)Ξ; r) f∗(ð, ı)dð, ( > p)

(
TΞ,m,h̄,σ,c

v,ג,ρ,℘;p+ f ∗
)(

(, r), ı
)
=
∫ 

p(− t)vJΞ,m,h̄,σ,c
v,ג,ρ,℘ (Ω(− t)Ξ; r) f ∗(ð, ı)dð, ( > p)

On the same pattern, we can easily define the right-sided generalized fractional
integral operator based on left and right end point functions.

Remark 5. The generalized fuzzy fractional integral operators are represented in short notations
as follows: ∫ v

u
(x− u)v′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (Ω
( x− u

ς(v,ð)
)Ξ; p)z∗(x, ı)dx =

(
Ið

+

v,v′
)
(Ω′;z∗)∫ u

v
(v− x)v′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (Ω
( v− x

ς(v,ð)
)Ξ; p)z∗(x, ı)dx =

(
Iv−
ð,v′
)
(Ω′;z∗) (15)
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Theorem 2. Let h : (0, 1)→ R be a positive function, h(σ) 6= 0 and h-Godunova Levin convex
fuzzy interval valued function z : [ð, v] → R with z ∈ L1[ð, v] and 0 < ð < v, then with the
generalized fractional integral described in (22), we have;

h( 1
2 )

2
z
(
ð+ v

2

)(
Iv−
ð,v′
)
(Ω′, 1) 4

1
2

[(
Iv−
ð,v′

)
(Ω′,z)+̃

(
Ið

+

v,v′

)
(Ω′,z)

]
4

z(ð)+̃z(v)
2

∫ 1

0

[ 1
h(σ)

+
1

h(1− σ)

]
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ, (16)

where Ω′ = Ω
ς(v,ð)Ξ

Proof. Consider z to be the h-Godunova–Levin convex function for ,ℵ ∈ [ð, v], we have:

z(h̄ + (1− h̄)ℵ) ≤ z()

h(h̄)
+

z(ℵ)
h(1− h̄)

Replacing the values  = σð+ (1− σ)v,ℵ = (1− σ)ð+ σv and h̄ = 1
2 , we have:

z(
ð+ v

2
) ≤ 1

h( 1
2 )

[
z(σð+ (1− σ)v) +z((1− σ)ð+ σv)

]
h(

1
2
)z(

ð+ v
2

) ≤ z(σð+ (1− σ)v) +z((1− σ)ð+ σv)

If we take for every ı ∈ [0, 1], then we have:

z(
ð+ v

2
, ı) ≤ 1

h( 1
2 )

[
z∗(σð+ (1− σ)v, ı) +z∗((1− σ)ð+ σv), ı

]
(17)

Multiplying by σv′J Ξ,h̄,m,σ,c
v′ ρ,ı,ג, (ΩσΞ; p) in Equation (17) and then integrating with respect to

σ over the interval [0, 1], we have:

h(
1
2
)z∗(

ð+ v
2

, ı)
∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ ≤
∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)z∗(σð+ (1− σ)v, ı)dσ

+
∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)z∗((1− σ)ð+ σv, ı)dσ

h(
1
2
)z∗(

ð+ v
2

, ı)
∞

∑
n=0

Λp(ג+ h̄n, c− h̄n(ı)σn(c)(ג

Λ(ג, c− ı(Ξn(ג + v′ + 1)(ρ)mn
(−Ω)n

∫ 1

0
σv′+Ξndσ

≤
∞

∑
n=0

Λp(ג+ h̄n, c− h̄n(ı)σn(c)(ג

Λ(ג, c− ı(Ξn(ג + v′ + 1)(ρ)mn
(−Ω)n

[ ∫ 1

0
σv′+Ξnz∗(σð+ (1− σ)v, ı)dσ

+
∫ 1

0
σv′+Ξnz∗((1− σ)ð+ σv, ı)dσ

]
. (18)

After simplification of the integral inequality (18) by using (15), we obtain:

h( 1
2 )

2
z∗(

ð+ v
2

, ı)
(
Iv−
ð,v′
)
(Ω′, 1) ≤ 1

2

[(
Ið

+

v,v′
)
(Ω′;z∗) +

(
Iv−
ð,v′
)
(Ω′;z∗)

]
. (19)

Now, again consider the h-Godunova–Levin convex on z:

z(σð+ (1− σ)v) ≤ z(ð)
h(σ)

+
z(v)

h(1− σ)
(20)
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Re-writing Equation (20), we have:

z((1− σ)ð+ σv) ≤ z(ð)
h(1− σ)

+
z(v)
h(σ)

. (21)

Adding Equations (20) and (21) gives the following inequality:

z(σð+ (1− σ)v) +z((1− σ)ð+ σv) ≤ (z(ð) +z(v))
[ 1

h(σ)
+

1
h(1− σ)

]
.

If we take for every ı ∈ [0, 1], then we are given the following inequality:

z∗(σð+ (1− σ)v, ı) +z∗((1− σ)ð+ σv, ı) ≤ (z∗(ð, ı) +z∗(v, ı))
[ 1

h(σ)
+

1
h(1− σ)

]
(22)

Multiplying by σv′J Ξ,h̄,m,σ,c
v′ ρ,ı,ג, (ωσΞ; p) in Equation (22), then integrating with respect to σ

over the interval [0, 1], we get:∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)z∗(σð+ (1− σ)v, ı)dσ +
∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)z∗((1− σ)ð+ σv, ı)dσ

≤ (z∗(ð, ı) +z∗(v, ı))
∫ 1

0

[ 1
h(σ)

+
1

h(1− σ)

]
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ. (23)

After simplification of the inequality (23), we have:

1
2

[(
Ið

+

v,v′
)
(Ω′;z∗) +

(
Iv−
ð,v′
)
(Ω′;z∗)

]
≤ z∗(ð, ı) +z∗(v, ı)

2

∫ 1

0

[ 1
h(σ)

+
1

h(1− σ)

]
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ. (24)

Combining (19) and (24), we get inequality.

h( 1
2 )

2
z∗(

ð+ v
2

, ı)
(
Iv−
ð,v′
)
(Ω′, 1) ≤ 1

2

[(
Ið

+

v,v′
)
(Ω′;z∗) +

(
Iv−
ð,v′
)
(Ω′;z∗)

]
≤ z∗(ð, ı) +z∗(v, ı)

2

∫ 1

0

[ 1
h(σ)

+
1

h(1− σ)

]
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ. (25)

Similarly for z∗:

h( 1
2 )

2
z∗(ð+ v

2
, ı)
(
Iv−
ð,v′
)
(Ω′, 1) ≤ 1

2

[(
Ið

+

v,v′
)
(Ω′;z∗) +

(
Iv−
ð,v′
)
(Ω′;z∗)

]
≤ z∗(ð, ı) +z∗(v, ı)

2

∫ 1

0

[ 1
h(σ)

+
1

h(1− σ)

]
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ. (26)

From Equations (25) and (26):

h( 1
2 )

2
[
z∗(ð+ v

2
, ı),z∗(

ð+ v
2

, ı)
](
Iv−
ð,v′
)
(Ω′, 1)

≤I

[(
Ið

+

v,v′
)
(Ω′;z∗) +

(
Iv−
ð,v′
)
(Ω′;z∗)

]
,
[(
Ið

+

v,v′
)
(Ω′;z∗) +

(
Iv−
ð,v′
)
(Ω′;z∗)

]
≤I

[
{z∗(ð, ı) +z∗(v, ı)}, {z∗(ð, ı) +z∗(v, ı)}

] ∫ 1

0

[ 1
h(σ)

+
1

h(1− σ)

]
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ.
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After simplification:

h( 1
2 )

2
z
(
ð+ v

2

)(
Iv−
ð,v′
)
(Ω′, 1) 4

1
2

[(
Iv−
ð,v′

)
(Ω′,z)+̃

(
Ið

+

v,v′

)
(Ω′,z)

]
4

z(ð)+̃z(v)
2∫ 1

0

[ 1
h(σ)

+
1

h(1− σ)

]
σv′J Ξ,h̄,m,σ,c

v′ ρ,ı,ג, (ΩσΞ; p)dσ,

Corollary 1. We obtain H-H-type inequality for the p-type FIV function if we substitute h(σ) = 1
in Theorem 2:

1
2
z
(
ð+ v

2

)(
Iv−
ð,v′
)
(Ω′, 1) 4

1
2

[(
Iv−
ð,v′

)
(Ω′,z)+̃

(
Ið+v,v′

)
(Ω′,z)

]
4
(
z(ð)+̃z(v)

)(
Ið+v,v′

)
(Ω′, 1)

Corollary 2. We obtained H-H-type inequality for the s-Godunova–Levin FIV function after
replacing h(σ) = σs in Theorem 2.

( 1
2 )

s

2
z
(
ð+ v

2

)(
Iv−
ð,v′
)
(Ω′, ‘1) 4

1
2

[(
Iv−
ð,v′

)
(Ω′,z)+̃

(
Ið+v,v′

)
(Ω′,z)

]
4

z(ð)+̃z(v)
2∫ 1

0

[ 1
σs +

1
(1− σ)s

]
σv′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (ΩσΞ; p)dσ.

Corollary 3. Putting the value h(σ) = 1
σ in Theorem 2, we obtain Hermite–Hadamard-type

inequality for the FIV convex function.

z
(
ð+ v

2

)(
Iv−
ð,v′
)
(Ω′, 1) 4

1
2

[(
Iv−
ð,v′

)
(Ω′,z)+̃

(
Ið+v,v′

)
(Ω′,z)

]
4

z(ð)+̃z(v)
2

(
Ið+v,v′

)
(Ω′, 1)

Corollary 4. If we take h(σ) = σ in Theorem 2, we obtain Hermite–Hadamard-type inequality for
the Godunova–Levin FIV function.

1
4
z
(
ð+ v

2

)(
Iv−
ð,v′
)
(Ω′, 1) 4

1
2

[(
Iv−
ð,v′

)
(Ω′,z)+̃

(
Ið+v,v′

)
(Ω′,z)

]
4

z(ð)+̃z(v)
2∫ 1

0

[σv′−1

1− σ

]
J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (ΩσΞ; p)dσ.

Corollary 5. If we choose h(σ) = 1
σs in Theorem 2, we obtain Hermite–Hadamard-type inequality

for the s-convex FIV function.

2s−1z
(
ð+ v

2

)(
Iv−
ð,v′
)
(Ω′, 1) 4

1
2

[(
Iv−
ð,v′

)
(Ω′,z)+̃

(
Ið+v,v′

)
(Ω′,z)

]
4

z(ð)+̃z(v)
2

∫ 1

0

[
σs + (1− σ)s]σv′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (ΩσΞ; p)dσ.

4. Applications of Trapezoid Type Inequalities via Pre-Invex Fuzzy Interval Valued
Function (FIV)

In this section, we discuss the important result in the form of lemma, which are used to
develop our main results related to the trapezoid-type inequalities by the implementation
of generalized fractional operators for the h-Godunova–Levin pre-invex fuzzy interval
valued function.
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Lemma 1. Let J be an open invex set with respect to ς : J × J → R, ς(v,ð) > 0 for ð, v ∈ J,
z ∈ L1[ð,ð + ς(v,ð)] be a differentiable function and z : J = [ð,ð + ς(v,ð)] → R with
ð, v ∈ R, then the following result holds:

z(ð)+̃z(ð+ς(v,ð))
2 J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω; p)− 1
2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′;z)+̃(

I (ð+1ג(v,ð))−
ð,v′−1

)
(Ω′;z)

]
= ς(v,ð)

2 J (27)

where Ω′ = Ω
ς(v,ð)Ξ and J =

∫ 1
0 σv′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(σ)Ξ; p)z′(ð+ σς(v,ð))dσ +
∫ 1

0 −(1− σ)v′

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)z′(ð+ σς(v,ð))dσ,

Proof. Consider the integral:

J =
∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(σ)Ξ; p)z′(ð+ σς(v,ð))dσ +
∫ 1

0
−(1− σ)v′

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)z′(ð+ σς(v,ð))dσ.

Therefore, by taking the value of ı ∈ [0, 1], we have:

J =
∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(σ)Ξ; p)z′∗(ð+ σς(v,ð), ı)dσ +
∫ 1

0
−(1− σ)v′

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)z′∗(ð+ σς(v,ð), ı)dσ. (28)

Now, we take the integrals:

J1 =
∫ 1

0
σv′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(σ)Ξ; p)z′∗(ð+ σς(v,ð), ı)dσ

J1 =
∞

∑
n=0

Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∫ 1

0
σv′+Ξnz′∗(ð+ σς(v,ð), ı)dσ.

J2 =
∫ 1

0
−(1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)z′∗(ð+ σς(v,ð), ı)dσ.

J2 =
∞

∑
n=0

Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∫ 1

0
−(1− σ)v′+Ξnz′∗(ð+ σς(v,ð), ı)dσ.

For solving the integral J1:

J1 =
∞

∑
n=0

Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

[
σv′+Ξn z∗(ð+ σς(v,ð), ı)

ς(v,ð)

∣∣∣1
0

− v′ + Ξn
ς(v,ð)

∫ 1

0
σv′+Ξn−1z∗(ð+ σς(v,ð), ı)dσ

]
J1 =

∞

∑
n=0

Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

[z∗(ð+ ς(v,ð), ı)
ς(v,ð)

− v′ + Ξn
ς(v,ð)

∫ 1

0
σv′+Ξn−1z(ð+ σς(v,ð))dσ

]
J1 =

z∗(ð+ ς(v,ð), ı)
ς(v,ð) J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω; p)− 1
(ς(v,ð))v′+1

(
I (ð+ς(v,ð),ı)−
ð,v′−1

)
(Ω′;z∗)
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By applying the same procedure for lower FIVF of the integral J2, we have:

J2 =
z∗(ð, ı)
ς(v,ð) J

Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

(ς(v,ð))v′+1

(
Ið+(ð+ς(v,ð),ı),v′−1

)
(Ω′,z∗)

(29)

Substituting the values of J1 and J2 in (28), we have:

J =
z∗(ð, ı) +z∗(ð+ ς(v,ð), ı)

ς(v,ð) J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

(ς(v,ð))v′+1[(
I (ð+ς(v,ð),ı)−
ð,v′−1

)
(Ω′,z∗) +

(
I (ð,ı)+

ð+ς(v,ð),v′−1

)
(Ω′,z∗)

]
. (30)

Similarly, solving the expression of J for upper FIVF z∗, we obtain:

J =
z∗(ð, ı) +z∗(ð+ ς(v,ð), ı)

ς(v,ð) J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

(ς(v,ð))v′+1×[(
I (ð+ς(v,ð),ı)−
ð,v′−1

)
(Ω′,z∗) +

(
I (ð,ı)+

ð+ς(v,ð),v′−1

)
(Ω′,z∗)

]
. (31)

By combining (30) and (31), we get:

J =
z∗(ð, ı),z∗(ð, ı) +z∗(ð+ ς(v,ð), ı),z∗(ð+ ς(v,ð), ı)

ς(v,ð) J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

(ς(v,ð))v′+1×[(
I (ð+ς(v,ð),ı)−
ð,v′−1

)
(Ω′,z∗) +

(
I (ð,ı)+

ð+ς(v,ð),v′−1

)
(Ω′,z∗),

(
I (ð+ς(v,ð),ı)−
ð,v′−1

)
(ω′,z∗) +

(
I (ð,ı)+

ð+ς(v,ð),v′−1

)
(Ω′,z∗)

]
.

J =
z(ð)+̃z(ð+ ς(v,ð))

ς(v,ð) J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

(ς(v,ð))v′+1

[(
I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

+̃
(
Ið+(ð+ς(v,ð)),v′−1

)
(Ω′,z)

]
. (32)

Multiplying by ς(v,ð)
2 , we get the required result.

Theorem 3. Let J ∈ R be a differentiable function on J with a function z : J = [ð,ð+ ς(v,ð)]→
(0, ∞) for the generalized the fractional integral defined in (22) with the restricted extended general-
ized Bessel–Maitland function to a real valued function and suppose that |z′| is a h-Godunova–Levin
pre-invex FIV function on J, then we have:∣∣∣z(ð)+̃z(ð+ ς(v,ð))

2
J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω; p)− 1
2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′,z)+̃(

I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

]∣∣∣
4

ς(v,ð)
2

(
|z′(ð)|+̃|z′(v)|

) ∫ 1

0

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣∣∣∣∣σv′+Ξn − (1− σ)v′+Ξn

h(σ)

∣∣∣∣dσ.

Proof. By considering previous lemma and taking mod on both sides:∣∣∣z(ð)+̃z(ð+ ς(v,ð))
2

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′,z)+̃

(
I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

]∣∣∣ = ∣∣∣ ς(v,ð)
2

J
∣∣∣

by taking the value ı ∈ [0, 1], we have:
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=
∣∣∣ ς(v,ð)

2
J
∣∣∣

≤ ς(v,ð)
2

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣ ∫ 1

0
|σv′+Ξn − (1− σ)v′+Ξn|

|z′∗(ð+ σς(v,ð), ı)|dσ

≤ ς(v,ð)
2

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣ ∫ 1

0

∣∣σv′+Ξn − (1− σ)v′+Ξn∣∣
∣∣∣z′∗](ð)

h(σ)
+

z′∗(v)
h(1− σ)

∣∣∣dσ.

≤ ς(v,ð)
2

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣
[
|z′∗(ð)|

∫ 1

0

∣∣σv′+Ξn − (1− σ)v′+Ξn∣∣∣∣∣ 1
h(σ)

∣∣∣dσ + |z′∗(v)|
∫ 1

0

∣∣σv′+Ξn − (1− σ)v′+Ξn∣∣∣∣∣ 1
h(1− σ)

∣∣∣dσ
]

=
ς(v,ð)

2
(
|z′∗(ð, ı)|+ |z′∗(v, ı)|

) ∫ 1

0

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣
∣∣∣σv′+Ξn − (1− σ)v′+Ξn

h(σ)

∣∣∣dσ. (33)

Similarly, if we solve for upper FIV function z∗, we have:

≤ ς(v,ð)
2

(
|z′∗(ð, ı)|+ |z′∗(v, ı)|

) ∫ 1

0

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣×
∣∣∣σv′+Ξn − (1− σ)v′+Ξn

h(σ)

∣∣∣dσ. (34)

By combining Equations (33) and (34), we have the required result:

≤ ς(v,ð)
2

(
|z′∗(ð, ı)|+ |z′∗(v, ı)|, |z′∗(ð, ı)|+ |z′∗(v, ı)|

)
∫ 1

0

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣∣∣∣σv′+Ξn − (1− σ)v′+Ξn

h(σ)

∣∣∣dσ.

4
ς(v,ð)

2
(
|z′(ð)|+̃|z′(v)|

) ∫ 1

0

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣
∣∣∣σv′+Ξn − (1− σ)v′+Ξn

h(σ)

∣∣∣dσ.
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Corollary 6. Taking ς(v,ð) = v− ð in Theorem 3, we obtain the following inequality:∣∣∣z(ð)+̃z(v)
2

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

2(v− ð)v′

[(
Ið+v,v′−1

)
(Ω′,z)+̃

(
Iv−
ð,v′−1

)
(Ω′,z)

]∣∣∣
4

v− ð
2
(
|z′(ð)|+̃|z′(v)|

) ∫ 1

0

∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣
∣∣∣σv′+Ξn − (1− σ)v′+Ξn

h(σ)

∣∣∣dσ.

Theorem 4. Let z : J = [ð,ð + ς(v,ð)] → (0, ∞) be a differentiable function on J ∈ R,
and suppose that |z′|q is a h-Godunova–Levin pre-invex FIV function on J with p > 1 and
q = (p)(p− 1)−1, then for the generalized fractional integral defined in (22) with the restricted
extended generalized Bessel–Maitland function to a real valued function, we have:

∣∣∣z(ð)+̃z(ð+ ς(v,ð))
2

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′,z)+̃

(
I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

]∣∣∣
4

ς(v,ð)
2

(
|z′(ð)|q+̃|z′(v)|q

) 1
q

( ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣pdσ

) 1
p ( ∫ 1

0

1
h(σ)

dσ
) 1

q
.

Proof. By using Lemma 1, we have:

∣∣∣z(ð)+̃z(ð+ ς(v,ð))
2

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′,z)+̃

(
I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

]∣∣∣
=
∣∣∣ ς(v,ð)

2
J
∣∣∣

by taking the value ı ∈ [0, 1], we have:

=
∣∣∣ ς(v,ð)

2
J
∣∣∣

≤ ς(v,ð)
2

∫ 1

0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣∣∣∣∣z′∗(ð+ σς(v,ð), ı)

∣∣∣∣dσ

Using Hölder’s integral inequality, we have:

≤ ς(v,ð)
2

( ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣pdσ

) 1
p

×

( ∫ 1

0

∣∣z′∗(ð+ σς(v,ð), ı)
∣∣qdσ

) 1
q

(35)

where p−1 + q−1 = 1.
Considering the h-Godunova–Levin pre-invex FIV function |z′∗|q, we have:

∫ 1

0
|z′∗(ð+ σς(v,ð))|qdσ ≤

∫ 1

0

(
|z′(ð)|q

h(σ)
+
|z′(v)|q
h(1− σ)

)
dσ

≤
(
|z′∗(ð, ı)|q + |z′∗(v, ı)|q

) ∫ 1

0

1
h(σ)

dσ. (36)

By using Equation (36) in Equation (35), we obtain:
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≤ ς(v,ð)
2

(
|z′∗(ð, ı)|q + |z′∗(v, ı)|q

) 1
q

( ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣pdσ

) 1
p ( ∫ 1

0

1
h(σ)

dσ
) 1

q
. (37)

Similarly, if we solve for upper FIV function for |z′∗|q, we are given the following inequality:

≤ ς(v,ð)
2

(
|z′∗(ð, ı)|q + |z′∗(v, ı)|q

) 1
q

( ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣pdσ

) 1
p ( ∫ 1

0

1
h(σ)

dσ
) 1

q
. (38)

By combining Equations (37) and (38), we have:

≤I
ς(v,ð)

2
(
|z′∗(ð, ı)|q + |z′∗(v, ı)|q, |z′∗(ð, ı)|q + |z′∗(v, ı)|q

) 1
q

( ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣pdσ

) 1
p ( ∫ 1

0

1
h(σ)

dσ
) 1

q
. (39)

After replacing the value |z′∗(ð, ı)|q + |z′∗(v, ı)|q, |z′∗(ð, ı)|q + |z′∗(v, ı)|q 4 |z′(ð)|q+̃
|z′(v)|q, we have the required result.

Theorem 5. With the assumptions of Theorem 4, we get the inequality related to Hermite–
Hadamard inequality as follows:

∣∣∣z(ð)+̃z(ð+ ς(v,ð))
2

J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (Ω; p)− 1

2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′,z)+̃

(
I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

]∣∣∣
4

ς(v,ð)

2
1
q

(
|z′(ð)|q+̃|z′(v)|q

) 1
q

[
J Ξ,h̄,m,σ,c

v′+1,ג,ρ,℘(Ω; p)− (
1
2
)v′J Ξ,h̄,m,σ,c

v′+1,ג,ρ,℘(Ω(
1
2
)Ξ; p)

]1− 1
q

[ ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣

h(σ)
dσ

] 1
q

,

where v′, Ξ ∈ R+.

Proof. Considering Lemma 1, we have:∣∣∣z(ð)+̃z(ð+ς(v,ð))
2 J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω; p)− 1
2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′,z)+̃

(
I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

]∣∣∣ = ∣∣∣ ς(v,ð)
2 J

∣∣∣
by taking the value ı ∈ [0, 1], we have:

=
∣∣∣ ς(v,ð)

2
J
∣∣∣

≤ ς(v,ð)
2

∫ 1

0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣∣∣∣∣z′∗(ð+ σς(v,ð), ı)

∣∣∣∣dσ.

By applying the power mean inequality, we get:
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∣∣∣z(ð)+z(ð+ς(v,ð))
2 J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω; p)− 1
2ς(v,ð)v′

[(
Ið+ð+ς(v,ð),v′−1

)
(Ω′,z) +

(
I (ð+ς(v,ð))−
ð,v′−1

)
(Ω′,z)

]∣∣∣
≤ ς(v,ð)

2

( ∫ 1
0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣dσ

)1− 1
q

×

( ∫ 1
0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣∣∣∣∣z′∗(ð+ σς(v,ð), ı)

∣∣∣∣qdσ

) 1
q

. (40)

Let

I =
∫ 1

0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣∣∣∣∣z′∗(ð+ σς(v,ð), ı)

∣∣∣∣qdσ

By applying the definition of the h-Godunova–Levin pre-invex function FIV function on∣∣∣∣z′∗(ð+ σς(v,ð), ı)
∣∣∣∣q, we have:

≤
∫ 1

0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣

h(σ)
∣∣z′∗(ð, ı)

∣∣q

+

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣

h(1− σ)

∣∣z′∗(v, ı)
∣∣q)dσ

=
(
|z′∗(ð, ı)|q + |z′∗(v, ı)|q

)
∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣

h(σ)
. (41)

Similarly, we solve for the upper FIV function |z′∗|q:

I ≤
∫ 1

0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣

h(σ)
∣∣z′∗(ð, ı)

∣∣q

+

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣

h(1− σ)

∣∣z′∗(v, ı)
∣∣q)dσ

=
(
|z′∗(ð, ı)|q + |z′∗(v, ı)|q

) ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣

h(σ)
. (42)

Combining the upper and lower value of FIV function for I, we have:

I ≤I
(
|z′∗(ð, ı)|q + |z′∗(v, ı)|q, |z′∗(ð, ı)|q + |z′∗(v, ı)|q

)
∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣

h(σ)
.

4
(
|z′(ð)|q+̃|z′(v)|q

) ∫ 1

0

∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣

h(σ)
. (43)

Now, consider the integral:
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∫ 1

0

∣∣∣∣σv′J Ξ,h̄,m,σ,c
v′ ℘,ρ,ג, (ΩσΞ; p)− (1− σ)v′J Ξ,h̄,m,σ,c

v′ ℘,ρ,ג, (Ω(1− σ)Ξ; p)
∣∣∣∣

=
∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣ ∫ 1

0

∣∣σv′+Ξn − (1− σ)v′+Ξn∣∣dσ

=
∞

∑
n=0

∣∣∣ Λp(ג+ h̄n, c− h̄n(℘)σn(c)(ג

Λ(ג, c− Ξn)℘(ג + v′ + 1)(ρ)mn
(−Ω)n

∣∣∣[ ∫ 1
2

0

(
(1− σ)v′+Ξn − σv′+Ξn)dσ +

∫ 1

1
2

(
σv′+Ξn − (1− σ)v′+Ξn)]

= 2
[
J Ξ,h̄,m,σ,c

v′+1,ג,ρ,℘(Ω; p)− (
1
2
)v′J Ξ,h̄,m,σ,c

v′+1,ג,ρ,℘(Ω(
1
2
)Ξ; p)

]
. (44)

Putting the values (43) and (44) in (40), we have the required result.

5. Conclusions

In research work, we investigated the existence of inequalities such as Hermite–
Hadamard-type inequalities and trapezoid-type inequalities for h-Godunova–Levin convex
and pre-invex fuzzy interval valued functions by the implementation of FFIPs. The ob-
tained inequalities are the generalizations and extensions by means of fuzzy interval valued
functions. A lot of work could be conducted in the field of analysis by improving the convex
and non-convex functions in FIVFs. In future work, we will attempt to investigate this idea
for generalized convex fuzzy-IVFs and various applications in fuzzy-interval nonlinear
programming. The new area of research in convex analysis and optimization theory can be
found by applying this idea.
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