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Abstract


This paper is concerned with the asymptotic and pinning synchronization of fractional-order nonidentical complex dynamical networks with uncertain parameters (FONCDNUP). First of all, some synchronization criteria of FONCDNUP are proposed by using the stability of fractional-order dynamical systems and inequality theory. Moreover, a novel controller is derived by using the Lyapunov direct method and the differential inclusion theory. Next, based on the Lyapunov stability theory and pinning control techniques, a new group of sufficient conditions to assure the synchronization for FONCDNUP are obtained by adding controllers to the sub-nodes of networks. At last, two numerical simulations are utilized to illustrate the validity and rationality of the acquired results.
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1. Introduction


As is known to all, complex networks cover almost everywhere and have been rapidly growing with a wide range of applications. Over the past few decades, several results on the dynamical behavior of complex dynamical networks have been published, such as chaos [1], bifurcation [2], stability [3], and dissipativity [4].



Fractional-order derivatives, as a generalization of integer-order derivatives, can describe natural phenomena more easily. Moreover, fractional-order derivatives have more advantages than integer-order derivatives in terms of memory and genetic properties. Additionally, they have a wide range of promising applications in secure communications [5], viscoelastic systems [6], power systems [7], robotics [8], and heat conduction [9]. Furthermore, real-world models can be better portrayed by fractional-order derivatives, such as hydrodynamics [10] and biological models [11]. It is necessary to introduce fractional-order derivatives in complex networks. Additionally, fractional-order complex networks (FOCN) can be seen as an important stretch of traditional integer-order complex networks, which have excellent modeling capabilities and are well suited to assist people in physics, engineering, and interdisciplinary areas to simulate a variety of materials and systems with longtime memory and genetic properties [12,13,14]. It is worth noting that dynamical characteristics such as the synchronization of FOCN occupy an important position in applications and are gradually gaining attention. Therefore, theoretical and applied studies of FOCN are very important and interesting [15].



Dynamical phenomena in complex networks have been broadly studied, among which the synchronization is one of the most critical dynamic activities in complex networks. In reality, synchronization as a kind of basic natural activity has been extensively studied in different fields. The synchronization of FOCN as an interesting and essential dynamical behavior has been studied by a large amount of scholars and has a wide range of research in unmanned ground vehicles [16], cryptography [17], and image encryption [18]. Hence, there has been a great deal of research on synchronization [19,20]. The synchronization of FOCN by specific control strategies is an increasingly important issue in control of FOCN. Many strategies have been proposed for synchronous control [21,22], and they are widely applied in different areas. However, because the FOCN is made up of many nodes, these effective control strategies are difficult and costly to implement as they require moment by moment control of the entire node. They require constant activation of control inputs, which can result in wasted energy. Therefore, pinning control is no doubt a more efficient control method because pinning control synchronizes the network by controlling a small portion of the nodes instead of all of them [23].



Most of the models studied in the current works have the same parameters. However, due to the complexity of the real world, the parameters of the drive and response systems are hardly identical. Therefore, considering that, a nonidentical network with different parameters for the driving system and the response system is more realistic [24].



In reality, the presence of parameter uncertainty is inevitable. This is why we cannot always obtain the precise values of the parameters used in modeling the real system. Additionally, there may be unknown topology and modeling errors. Uncertain parameters can result in the negative dynamic behavior of the system, such as decreased performance, prolonged synchronization time, and even the destabilization of the trajectory. Therefore, it is important to consider the effects of parameter uncertainty on the system. Incorporating parameter uncertainty into the network model is essential.



For instance [25], the authors utilized the comparison theorem and Lyapunov method to derive conditions for the synchronization of the FOCN with multiple time delays and parameter uncertainty. Additionally, in the literature [26], they employed the homogeneous embryonic principle and inequality techniques to establish two criteria—one independent of time delay and one dependent on time delay—in order to ensure the accuracy of the conclusions. Apart from that, in [27], the authors obtained conditions for achieving projection synchronization by modeling fractional-order T-S fuzzy neural networks with uncertain parameters and applying system stability theory and matrix inequality techniques. In the [28], a new sliding-mode surface controller on nonidentical networks was designed. In Ref. [29], some sufficient conditions were derived to achieve the synchronization of the global Mittag–Leffler projection of the processing model using the Lyapunov method and the Razumikhin technique to converge the states to a specified sliding surface for sliding motion. In Ref. [30], the synchronization of the FOCN with delays under adaptive control was achieved using inequality theory and the comparison principle of linear fractional equations with delays. In order to achieve asymptotic synchronization of uncertain FOCN, an adaptive pinning controller was designed in the paper [31]. In Ref. [32], it was demonstrated that the uncertain fractional-order T-S fuzzy complex networks were stable under the designed controller, reducing the impact of coupled time-varying and uncertainty perturbations on the tracking error. However, there is a scarcity of relevant studies on the pinning synchronization of FOCN with parameter uncertainty, making it a worthwhile area for exploration.



Motivated by the above discussions, this paper mainly considers the asymptotic and pinning synchronization of FONCDNUP. The main contributions are as follows:



(1) By employing stability and the inequality theory of fractional dynamical systems, a new criterion for the synchronization of FONCDNUP is discovered.



(2) By utilizing the Lyapunov direct method and pinning control theory, a novel pinning controller is designed.



(3) Since there is limited research on pinning control in FOCN with parameter uncertainty, the previous studies are extended.



The remainder of the paper is organized as follows: Section 2 provides the preliminaries; Section 3 presents some sufficient conditions for the asymptotic and pinning synchronization of FOCN with uncertain parameters; the effectiveness of the obtained results is verified through simulations in Section 4; and finally, Section 5 concludes the paper and offers prospects for future research.




2. Preliminaries


Definition 1

([33]). The function    ℏ ˜   ( t )    with α-order fractional integral is defined as


      I t α   ℏ ˜   ( t )  =  1  Γ ( α )    ∫   t 0   t    ( t − s )   α − 1    ℏ ˜   ( s )  d s ,     



(1)




where   α > 0  ,   t 0   is the initial time, and   t ≥  t 0   ,   Γ ( · )   is the Euler gamma function.





Definition 2

([33]). The function    ℏ ˜   ( t )    with α-order Caputo derivative of fractional is defined as follows:


         t 0   C   D t α   ℏ ˜   ( t )  =  1  Γ (  k ^  − α )    ∫   t 0   t    ( t − υ )    k ^  − α − 1    ℏ ˜    ( t )   (  k ^  )    ( υ )  d υ ,     



(2)




where    k ^  − 1 < α <  k ^   ,    k ^  ∈  Z +   , and   t 0   is the initial time. And in particular, when   0 < α < 1 ,  


         t 0   C   D t α   ℏ ˜   ( t )  =  1  Γ ( 1 − α )    ∫   t 0   t    ( t − υ )   − α    ℏ ˜  ′  ( t )   ( υ )  d υ .     



(3)









Lemma 1

([34]). For all   0 < α < 1  , if    ℏ ˜   ( t )  ∈  C 1   (  [ t , + ∞ )  , R )   , then


         t 0   C   D  t  α   |  ℏ ˜   ( t )  |  ≤ sign   (  ℏ ˜   ( t )  )    t 0   C   D  t  α   ℏ ˜   ( t )  ,     



(4)




where   t ≥  t 0   , and   t 0   is the initial time.





Lemma 2

([35]).   P ∈  R  n × n     is a positive-definite matrix, and ∀ vectors ϖ,   s ∈  R n   , the below inequality holds true:


      ϖ ⊤  s ≤  1 2   ϖ ⊤  P ϖ +  1 2   s ⊤   P  − 1   s .     



(5)









Assumption 1.

The activation functions     ℏ ˜  i   ( · )   ; for all   i = 1 , 2 , ⋯ , n  , it satisfies the Lipschitz conditions if a positive matrix   L = d i a g (  l 1  ,  l 2  , ⋯ ,  l n  )   exists such that


       |   ℏ ˜  i   t , s  −   ℏ ˜  p   t , ϖ  |  ≤  L i   | s − ϖ |  ,      



(6)




for all   ϖ , s ∈  R n  .  






3. Main Results


In this section, one can obtain some results on asymptotic and pinning synchronization of FOCN with uncertain parameters by means of Lyapunov theory and inequality theory, and some controllers are designed to ensure that synchronization is realizable.



3.1. Asymptotic Synchronization for FONCDNUP


In this segment, the work synchronizes the system (7) and system (8) by an appropriate controller. Then, one will consider the below FONCDNUP: the drive system is described as


     t 0  c   D  t  α   ϖ i   ( t )  =  A 0   ϖ i   ( t )  +  B 0  ℏ  (  ϖ i   ( t )  )  + c  ∑  j = 1  N   d  i j   Λ  ϖ j   ( t )  ,  



(7)




and the response system is described as


     t 0  c   D  t  α   s i   ( t )  =  (  E 0  + Δ E  ( t )  )   s i   ( t )  +  (  G 0  + Δ G  ( t )  )  ℏ  (  s i   ( t )  )  + c  ∑  j = 1  N   d  i j   Λ  s j   ( t )  +  u i   ( t )  ,  



(8)




where   0 < α < 1  ,   i = 1 , 2 , ⋯ , n  ;    ϖ i   ( t )    and    s i   ( t )    are the state of the i-node,   A 0   and   E 0   are constant matrices,   ℏ (  ϖ i   ( t )  )  , and   ℏ (  s i   ( t )  )   indicate the continuous nonlinear functions.   B 0   and   G 0   stand for the weight matrices.   Λ = diag (  ε 1  ,  ε 2  , ⋯ ,  ε n  ) > 0   is the internal coupling matrix.    (  d  i j   )   n × n    is the outer coupling matrix, and if it has a linkage in the node i to j,    d  i j   ≠ 0  ; otherwise    d  i j   = 0  .   Δ E ( t )   and   Δ G ( t )   are the parametric uncertainties.



The vector of synchronization error (sync-error) is defined as


   e i   ( t )  =  s i   ( t )  −  ϖ i   ( t )  .  



(9)







Based on (7) and (8), the sync-error system is as follows:


        t 0  c   D  t  α   e i   ( t )  =        t 0  c   D  t  α   s i   ( t )   −  t 0  c   D  t  α   ϖ i   ( t )       =     (  E 0  + Δ E  ( t )  )   s i   ( t )  +  (  G 0  + Δ G  ( t )  )  ℏ  (  s i   ( t )  )       −     B 0  ℏ   ϖ i   ( t )   −  A 0   ϖ i   ( t )  + c  ∑  j = 1  N   d  i j   Λ  e i   ( t )  +  u i   ( t )  ,     



(10)




where   i = 1 , 2 , ⋯ , n .  



In order to obtain the main results, one makes the following assumption.



Assumption 2.

The parametric uncertainties   Δ E ( t )  ,   Δ G ( t )  ,   Δ D ( t )  , and   Δ Q ( t )   are the following forms:


   Δ E  ( t )  =  M e  F  ( t )   H e  ,   










   Δ G  ( t )  =  M g  F  ( t )   H g  ,   










   Δ D  ( t )  =  M d  F  ( t )   H d  ,   










   Δ Q  ( t )  =  M q  F  ( t )   H q  ,   








where   M e  ,   M g  ,   H e  ,   H g  ,   H d  ,   H q  ,   M d  , and   M q   are the diagonal matrices with appropriate dimensions. And the uncertain matrix   F ( t )   can satisfy    F ⊤   ( t )    F  ( t )  ≤ I  , where I is the identity matrix.





Theorem 1.

Under the Assumptions 1 and 2, and scalar   0 < α < 1  , FONCDNUP can achieve asymptotic synchronization, if the following inequalities hold:




	(i) 

	
   Υ ^  < 0  ,




	(ii) 

	
   u i   ( t )  = −  (  E 0  + Δ E  ( t )  −  A 0  )   ϖ i   ( t )  −  (  G 0  + Δ G  ( t )  )  ℏ  (  ϖ i   ( t )  )  +  B 0   ℏ (   ϖ i   ( t )  −  δ i   e i   ( t )  ,   and    Υ ^  =  E 0  +  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  + L  G 0  + L  1 2   M g   M  g  ⊤  + L  1 2   H  g  ⊤   H g  +  ∑  j = 1  N   d  i j   Λ −  δ i  .  











Proof. 

Construct the following Lyapunov function:


  V  ( t )  =  ∑  i = 1  n    e i   ( t )   ,  



(11)




then, taking the fractional derivative of   V ( t )   by Lemma 1, we can obtain


        t 0  c   D  t  α  V  ( t )  =        t 0  c   D  t  α   ∑  i = 1  n    e i   ( t )        ≤     ∑  i = 1  n   sign ⊤   (  e i   ( t )  )      t 0   c   D  t  α   e i   ( t )       ≤     ∑  i = 1  n   sign ⊤   (  e i   ( t )  )   [   (  E 0  + Δ E  ( t )  )   s i   ( t )  −  A 0   ϖ i   ( t )  −  B 0  ℏ  (  ϖ i   ( t )  )           +  (  G 0  + Δ G  ( t )  )  ℏ  (  s i   ( t )  + c  ∑  j = 1  N   d  i j   Λ  e i   ( t )  +  u i   ( t )  ]       ≤     ∑  i = 1  n   sign ⊤   (  e i   ( t )  )   [  (  E 0  + Δ E  ( t )  )   s i   ( t )  −  A 0   ϖ i   ( t )  ]           +  ∑  i = 1  n   sign ⊤   (   e i   ( t )   [  (  G 0  + Δ G  ( t )  )  ℏ  (  s i   ( t )  )  −  B 0  ℏ  (  ϖ i   ( t )  )  ]           +  ∑  i = 1  n   sign ⊤   (  e i   ( t )  )  c  ∑  j = 1  N   d  i j   Λ  e i   ( t )  +  ∑  i = 1  n  s i g  n ⊤   (  e i   ( t )  )   u i   ( t )  .     



(12)







It follows from Lemma 2 and Assumption 2 that


      W 1  =      ∑  i = 1  n   sign ⊤   (   e i   ( t )   (  E 0  + Δ E  ( t )  )   s i   ( t )  −  A 0   ϖ i   ( t )       ≤     ∑  F = 1  n   |  (  E 0  + Δ E  ( t )  )   s i   ( t )  +  (  E 0  + Δ E  ( t )  )  )   ϖ i   ( t )           −  (  E 0  + Δ E  ( t )  )   ϖ i   ( t )  −  A 0   ϖ i    ( t )  |       ≤     ∑  i = 1  n   |  (  E 0  + Δ E  ( t )  )   e i   ( t )  +  (  E 0  −  A 0  + Δ E  ( t )  )   ϖ i   ( t )  |       ≤     ∑  i = 1  n   |  (  E 0  +  M e  F  ( t )   H e  )   e i   ( t )  +  (  E 0  +  M e  F  ( t )   H e  −  A 0  )   ϖ i   ( t )  |       ≤     ∑  i = 1  n   |   (  E 0  +  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  )   e i   ( t )           +  (  E 0  +  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  −  A 0  )   ϖ i   ( t )   | .      



(13)







Using Assumption 1, one has


      W 2  =      ∑  i = 1  n   sign ⊤   (   e i   ( t )   [  (  G 0  + Δ G  ( t )  )  ℏ  (  s i   ( t )  )  −  B 0  ℏ  (  ϖ i   ( t )  )  ]       ≤     ∑  i = 1  n     G 0  + Δ G  ( t )   ℏ   s i   ( t )   −  B 0  ℏ   ϖ i   ( t )         ≤     ∑  i = 1  n   (  G 0  + Δ G  ( t )  )  ℏ  (  s i   ( t )  )  +  (  G 0  + Δ G  ( t )  )   ℏ (   ϖ i   ( t )           −  (  G 0  + Δ G  ( t )  )  ℏ  (  ϖ i   ( t )  )  −  B 0   ℏ (   ϖ i   ( t )       ≤     ∑  i = 1  n   |   (  G 0  + Δ G  ( t )  )  L  e i   ( t )  +  (  G 0  + Δ G  ( t )  )  ℏ  (  ϖ i   ( t )  )  −  B 0  ℏ  (  ϖ i   ( t )  )       ≤     ∑  i = 1  n   |  (  G 0  +  M g  F  ( t )   H g  )  L  e i   ( t )  +  (  G 0  +  M g  F  ( t )   H g  )  ℏ  (  ϖ i   ( t )  )  −  B 0  ℏ (   ϖ i   ( t )       ≤     ∑  i = 1  n   |  (  G 0  +  1 2   M g   M  g  ⊤  +  1 2   H  g  ⊤   H g  )  L  e i   ( t )  −  B 0  ℏ (   ϖ i   ( t )           +  (  G 0  +  1 2   M g   M  g  ⊤  +  1 2   H  g  ⊤   H g  )  ℏ  (  ϖ i   ( t )  )   | .      



(14)







Similarly, one can obtain the following formula:


     W 3     =  ∑  i = 1  n   sign ⊤   (  e i   ( t )  )  c  ∑  j = 1  N   d  i j   Λ  e i   ( t )           ≤  ∑  i = 1  n   | c  ∑  j = 1  N   d  i j   Λ  e i   ( t )  |           ≤ c  ∑  i = 1  n   ∑  j = 1  N   d  i j   Λ  |  e i   ( t )  |  .     



(15)







Adding the controller    u i   ( t )    to (12), we obtain


      W 4  =      ∑  i = 1  n   sign ⊤   (  e i   ( t )  )   u i   ( t )       ≤     ∑  i = 1  n   sign ⊤   (  e i   ( t )  )   [ −   (  E 0  + Δ E  ( t )  −  A 0  )   ϖ i   ( t )  −  δ i   e i   ( t )           −  (  G 0  + Δ G  ( t )  )  ℏ  (  ϖ i   ( t )  )  +  B 0  ℏ  (  ϖ i   ( t )  ]       ≤     ∑  i = 1  n   | −   (  E 0  + Δ E  ( t )  −  A 0  )   ϖ i   ( t )  −  δ i   e i   ( t )           −  (  G 0  + Δ G  ( t )  )  ℏ  (  ϖ i   ( t )  )  +  B 0  ℏ  (  ϖ i   ( t )  |       ≤     ∑  i = 1  n   | −  (  E 0  +  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  )   ϖ i   ( t )  +  B 0  ℏ (   ϖ i   ( t )           −  (  G 0  +  1 2   M g   M  g  ⊤  +  1 2   H  g  ⊤   H g  )  ℏ  (  ϖ i   ( t )  )  −  δ i   e i   ( t )  +  A 0   ϖ i   ( t )   | .      



(16)







By adding (13)–(16) to (12), one can obtain


        t 0  c   D  t  α  V  ( t )  ≤      W 1  +  W 2  +  W 3  +  W 4       ≤     ∑  i = 1  n   |   (  E 0  +  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  )   e i   ( t )   E 0   ϖ i   ( t )  −  A 0   ϖ i   ( t )           +  (  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  )   ϖ i   ( t )  +  1 2   M g   M  g  ⊤  L  e i   ( t )           +  G 0  L  e i   ( t )  +  1 2   H  g  ⊤   H g  L  e i   ( t )  +  1 2   H  g  ⊤   H g  ℏ  (  ϖ i   ( t )  )           +  (  G 0  +  1 2   M g   M  g  ⊤  )  ℏ  (  ϖ i   ( t )  )  −  B 0  ℏ  (  ϖ i   ( t )  )  +  A 0   ϖ i   ( t )           −  (  E 0  +  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  )   ϖ i   ( t )  +  ∑  j = 1  N   d  i j   Λ  e i   ( t )           −  (  G 0  +  1 2   M g   M  g  ⊤  +  1 2   H  g  ⊤   H g  )  ℏ  (  ϖ i   ( t )  )  −  δ i   e i   ( t )  +  B 0  ℏ  (  ϖ i   ( t )  |       ≤     ∑  i = 1  n   [   E 0  +  1 2   M e   M  e  ⊤  +  1 2   H  e  ⊤   H e  + L  G 0  + L  1 2   M g   M  g  ⊤           + L  1 2   H  g  ⊤   H g  +  ∑  j = 1  N   d  i j   Λ −  δ i   ] |   e i    ( t )  |       ≤     ∑  i = 1  n   Υ ^   |  e i   ( t )  |  .     



(17)







When    Υ ^  < 0  , the      t 0  c   D  t  α  V  ( t )  ≤ 0  , which means the FONCDNUP can achieve asymptotical synchronization under the controller. □






3.2. Pinning Synchronization for FOCDNUP


In this subsection, we explore the pinning synchronization of the following fractional-order complex dynamical networks with uncertain parameters (FOCDNUP): the drive system is described as


     t 0  c   D  t  α    ϖ ˜  i   ( t )  =  ( D + Δ D  ( t )  )    ϖ ˜  i   ( t )  +  ( Q + Δ Q  ( t )  )  g  (   ϖ ˜  i   ( t )  )  + c  ∑  j = 1  N   d  i j   Λ   ϖ ˜  j   ( t )  ,  



(18)




and the response system is described as


     t 0  c   D  t  α    s ˜  i   ( t )  =  ( D + Δ D  ( t )  )    s ˜  i   ( t )  +  ( Q + Δ Q  ( t )  )  g  (   s ˜  i   ( t )  )  + c  ∑  j = 1  N   d  i j   Λ   s ˜  j   ( t )  +   u ˜  i   ( t )  ,  



(19)




where   0 < α < 1  ,   i = 1 , 2 , ⋯ , n  ,     ϖ ˜  i   ( t )    and     s ˜  i   ( t )    are the state of the i-node, D and is the real constant matrix, and Q indicate the weight matrix.   g (   ϖ ˜  i   ( t )  )   and   g (   s ˜  i   ( t )  )   show the continuous nonlinear functions.    Λ ˜  = diag  (   ε 1  ˜  ,   ε 2  ˜  , ⋯ ,   ε n  ˜  )  > 0   is the internal coupling matrix of the networks.    (   d ˜   i j   )   n × n    is the outer coupling matrix, and if they have a linkage in the node i to j,     d ˜   i j   ≠ 0  ; otherwise,     d ˜   i j   = 0  .   Δ D ( t )   and   Δ Q ( t )   are the parametric uncertainties.



The sync-error vector is defined as


    e ^  i   ( t )  =   s ˜  i   ( t )  −   ϖ ˜  i   ( t )  .  



(20)







Based on (18) and (19), the sync-error system is expressed as


     t 0  c   D  t  α    e ^  i   ( t )  =  ( D + Δ D  ( t )  )    e ^  i   ( t )  +  ( Q + Δ Q  ( t )  )  g  (   e ^  i   ( t )  )  +  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜    e ^  i   ( t )  +   u ˜  i   ( t )  .  



(21)







Then, the pinning controller of FOCDNUP is described as


          u ˜  i   ( t )  =      −   δ ˜  i    e ^  i   ( t )  ,     i = 1 , 2 , ⋯ , m       0 ,     i = m + 1 , m + 2 , ⋯ , n .             



(22)







Synchronizing the FOCDNUP by the pinning controller is the next task.



Theorem 2.

Under Assumptions 1 and 2, and scalar   0 < α < 1  , the FOCDNUP can achieve synchronization under the pinning controller, if the following inequalities hold:


   D +  1 2   M d   M  d  ⊤  +  1 2   H  d  ⊤   H d  + L Q +  1 2  L  M q   M  q  ⊤  +  1 2  L  H  q  ⊤   H q  +  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜  −  ∑  i = 1  m    δ ˜  i  < 0 .   













Proof. 

Construct the following Lyapunov function:


  V  ( t )  =  ∑  i = 1  n     e ^  i   ( t )   ,  



(23)




then, taking the fractional derivative of   V ( t )   by Lemma 1, one can obtain


        t 0  c   D  t  α  V  ( t )  =        t 0  c   D  t  α   ∑  i = 1  n     e ^  i   ( t )        ≤     ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )      t 0   c   D  t  α    e ^  i   ( t )       ≤     ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )   [   ( D + Δ D  ( t )  )    e ^  i   ( t )  +  ( Q + Δ Q  ( t )  )  g  (   e ^  i   ( t )  )           + c  ∑  j = 1  N    d ˜   i j    Λ ˜    e ^  i   ( t )  +   u ˜  i    ( t )  ]       ≤     ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )   ( D + Δ D  ( t )  )    e ^  i   ( t )           +  ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )   ( Q + Δ Q  ( t )  )  g  (   e ^  i   ( t )  )           +  ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )   (  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜    e ^  i   ( t )  +   u ˜  i   ( t )  )  .     



(24)







It follows from Lemma 2 and Assumption 2 that


      V 1  =      ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )   ( D + Δ D  ( t )  )    e ^  i   ( t )       ≤     ∑  i = 1  n   |  ( D + Δ D  ( t )  )    e ^  i   ( t )  |       ≤     ∑  i = 1  n   |  ( D +  M d  F  ( t )   H d  )    e ^  i   ( t )  |       ≤     ∑  i = 1  n   | D +  1 2   M d   M  d  ⊤  +  1 2   H  d  ⊤   H d    e ^  i   ( t )  |  .     



(25)







Using Assumption 1, one obtains


      V 2  =      ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )   ( Q + Δ Q  ( t )  )  g  (   e ^  i   ( t )  )       ≤     ∑  i = 1  n   | Q + Δ Q  ( t )  ) L    e ^  i    ( t )  |       ≤     ∑  i = 1  n   |  ( Q +  M q  F  ( t )   H q  )  L   e ^  i   ( t )  |       ≤     ∑  i = 1  n   |  ( Q +  1 2   M q   M  q  ⊤  +  1 2   H  q  ⊤   H q  )  L   e ^  i   ( t )  |  .     



(26)







Adding the pinning controller     u ˜  i   ( t )    to (24), one has


      V 3  =      ∑  i = 1  n   sign ⊤   (   e ^  i   ( t )  )   (  c ˜   ∑  j = 1  N   d  i j    Λ ˜    e ^  i   ( t )  +   u ˜  i   ( t )  )       ≤     ∑  i = 1  n   |   c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜    e ^  i    ( t )  | −   ∑  i = 1  m    δ ˜  i   |   e ^  i   ( t )  |  .     



(27)







By adding (25)–(27) to (24), we have


        t 0  c   D  t  α  V  ( t )  =      V 1  +  V 2  +  V 3       ≤     ∑  i = 1  n   | D +   1 2   M d   M  d  ⊤  +  1 2   H  d  ⊤   H d    e ^  i   ( t )  +  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜    e ^  i   ( t )  −   δ ˜  i    e ^  i   ( t )           +  ( Q +  1 2   M q   M  q  ⊤  +  1 2   H  q  ⊤   H q  )  L   e ^  i   ( t )   |       ≤     ∑  i = 1  n   [ D +   1 2   M d   M  d  ⊤  +  1 2   H  d  ⊤   H d  + L Q +  1 2  L  M q   M  q  ⊤           +  1 2  L  H  q  ⊤   H q  +  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜  −  ∑  i = 1  m    δ ˜  i   ] |    e ^  i    ( t )  | .      



(28)







If   D +  1 2   M d   M  d  ⊤  +  1 2   H  d  ⊤   H d  + L Q +  1 2  L  M q   M  q  ⊤  +  1 2  L  H  q  ⊤   H q  +  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜  −  ∑  i = 1  m    δ ˜  i  < 0 ,   the FOCDNUP is pinning synchronization under the controller. □







4. Numerical Simulation


In this section, the viability and validity of the approaches are verified by two numerical instances.



Example 1.

Suppose that the below FONCDNUP is made up of n nodes and it is given in the following way:


      t 0  c   D  t  α   ϖ i   ( t )  =  A 0   ϖ i   ( t )  +  B 0  ℏ  (  ϖ i   ( t )  )  + c  ∑  j = 1  N   d  i j   Λ  ϖ j   ( t )  ,   



(29)




and


      t 0  c   D  t  α   s i   ( t )  =  (  E 0  + Δ E  ( t )  )   s i   ( t )  +  (  G 0  + Δ G  ( t )  )  ℏ  (  s i   ( t )  )  + c  ∑  j = 1  N   d  i j   Λ  s j   ( t )  +  u i   ( t )  .   



(30)









The controller is


   u i   ( t )  = −  (  E 0  + Δ E  ( t )  −  A 0  )   ϖ i   ( t )  −  (  G 0  + Δ G  ( t )  )  ℏ  (  ϖ i   ( t )  )  +  B 0   ℏ (   ϖ i   ( t )  −  δ i   e i   ( t )  .  



(31)







Considering the 10 nodes of FONCDNUP, where   δ = 20  ,    ϖ i   ( t )  =   [  ϖ  i 1   ,  ϖ  i 2   ,  ϖ  i 3   ,  ϖ  i 4   ]  ⊤   ,    s i   ( t )  =   [  s  i 1   ,  s  i 2   ,  s  i 3   ,  s  i 4   ]  ⊤   ,   i = 1 , 2 , ⋯ , 10  , c is the coupling coefficient, which represents the degree of connection between each node, and   c = 0.01  ,   a = 0.25 , b = 8.1  ; and the nonlinear functions can be expressed   ℏ  (  ϖ i   ( t )  )  =   [ a ∗ tanh  (  ϖ  i 1    ( t )  )  , a ∗ tanh  (  ϖ  i 2    ( t )  )  , a ∗ tanh  (  ϖ  i 3    ( t )  )  , a ∗ tanh  (  ϖ  i 4    ( t )  )  ]  ⊤  ;     ℏ  (  s i   ( t )  )   = [ b ∗ tanh   (  s  i 1    ( t )  )  , b ∗ tanh  (  s  i 2    ( t )  )  , b ∗ tanh  (  s  i 3    ( t )  )  ,    b ∗ tanh  (  s  i 4    ( t )  )    ]  ⊤  .  



The weight matrices and the parametric matrices are


   A 0  =      − 18.058    0   0   0     0    − 1.256    0   0     0   0    − 10.847    0     0   0   0    − 1.865      ,   B 0  =      10.8    0    5.5     0.18      0    − 1.55     0.01     0.05       15.3    1    − 10    0      2.5    0   0    − 2.815      .  










   E 0  =      − 20.204    0   0   0     0    − 4.15    0   0     0   0    − 5.357    0     0   0   0    − 1.613      ,   G 0  =      − 1.048     0.015     0.05     0.6       − 0.01     0.85    0    1.47      0    − 1.3     − 4.25     − 1.45       0.86    0   3    − 1.45      .  











The internal coupling matrix can be shown as


  Λ =      0.25    0   0   0     0    0.25    0   0     0   0    0.25    0     0   0   0    0.25      .  











The outer coupling matrix can be indicated by


    (  d  i j   )   n × n   =      − 2.1    0    1.15    0    2.05     − 2     1.02     − 1     0.22     − 2.15       − 2.1     − 1.15    0    − 0.12     0.21     − 0.45    0    1.5     0.1     − 3.3      0    − 1     − 3.1    0   1    − 1.5    0    − 1.25     − 1.15     1.02       2.5    0    1.5     − 2.2     1.5    0    − 1.5    0    − 2.03     0.5      0    − 1    0   1    − 2.35     − 1.25     − 1.5     3.01     0.5     − 1.1       − 1.01    0   2    − 2.1     1.05     − 1.5    0    0.1     − 1    0      0.5    0    − 1     2.1    0    1.5     − 1.5     − 0.5     1.01     1.45       − 2.03     0.1     − 1.01     1.2     − 1.5    0    − 1.2     − 1.25     2.35     − 0.2      1    − 2.51    0    1.5     − 1     0.2     0.5     1.06     − 1.15     − 1.25       1.5     − 3.13     0.5     − 0.5    0    − 1.15    3   0    0.2     − 1      .   











The parameter uncertainties matrices can be shown in terms of


   M e  =      0.1    0   0   0     0    0.5    0   0     0   0    0.2    0     0   0   0    0.3      ,   H e  =      0.2    0   0   0     0    0.1    0   0     0   0    0.2    0     0   0   0    0.5      ,  










   F e   ( t )  =      cos (  ϖ 1   ( t )  )    0   0   0     0    cos (  ϖ 2   ( t )  )    0   0     0   0    cos (  ϖ 3   ( t )  )    0     0   0   0    cos (  ϖ 4   ( t )  )      ,  








and


   M g  =     1   0   0   0     0    0.9    0   0     0   0   1   0     0   0   0    0.3      ,   H g  =     1   0   0   0     0    0.9    0   0     0   0    0.8    0     0   0   0   1     ,  










   F g   ( t )  =      0.41 cos (  s 1   ( t )  )    0   0   0     0    cos (  s 2   ( t )  )    0   0     0   0    0.3 cos (  s 3   ( t )  )    0     0   0   0    0.13 cos (  s 4   ( t )  )      .  











We choose the appropriate initial values. Then, using the MATLAB R2020a, the Admas–Bashforth–Moulton predictor corrector method is employed for numerical simulation. If the previous parameter matrix changes, it will extend our control time. Figure 1, Figure 2, Figure 3 and Figure 4 show the trajectories of sync−error (9) (  e  i 1   ,   e  i 2   ,   e  i 3   ,   e  i 4   ) without control, respectively. We can observe that the (29) and the (30) without control is unsynchronized. Figure 5, Figure 6, Figure 7 and Figure 8 reflect the trajectories of sync−error 9 (  e  i 1   ,   e  i 2   ,   e  i 3   ,   e  i 4   ) under control, respectively. Figure 9 shows the trajectories of total sync−error systems (9) not under control. Figure 10 shows the trajectories of total sync−error systems (9) under the control. From the simulation results and graphs, it can be obtained that the error system is actuated to the point of initial. Clearly, (29) and (30) can achieve asymptotic synchronization. This shows the effectiveness and feasibility of Theorem 1.



Example 2.

Supposed that the below FOCDNUP is made up of n nodes and it is given in the following way:


      t 0  c   D  t  α    ϖ ˜  i   ( t )  =  ( D + Δ D  ( t )  )    ϖ ˜  i   ( t )  +  ( Q + Δ B  ( t )  )  g  (   ϖ ˜  i   ( t )  )  +  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜    x ˜  j   ( t )  ,   



(32)




and


      t 0  c   D  t  α    s ˜  i   ( t )  =  (  D 0  + Δ D  ( t )  )    s ˜  i   ( t )  +  ( Q + Δ Q  ( t )  )  g  (   s ˜  i   ( t )  )  +  c ˜   ∑  j = 1  N    d ˜   i j    Λ ˜    y ˜  j   ( t )  +   u ˜  i   ( t )  .   



(33)









The 10 nodes of FOCDNUP are considered, where   δ = 15  ,     ϖ ˜  i   ( t )  =   [   ϖ ˜   i 1   ,   ϖ ˜   i 2   ,   ϖ ˜   i 3   ,   ϖ ˜   i 4   ]  ⊤   ,     s ˜  i   ( t )  =   [   s ˜   i 1   ,   s ˜   i 2   ,   s ˜   i 3   ,   s ˜   i 4   , ]  ⊤     i = 1 , 2 , ⋯ , 10  ,   c = 5  ,    a ^  = 0.01 ,  b ^  = 0.01  ; and the nonlinear functions can be expressed as:   g  (   ϖ ˜  i   ( t )  )  =   [  a ^  ∗ tanh  (   ϖ ˜   i 1    ( t )  )  ,  a ^  ∗ tanh  (   ϖ ˜   i 2    ( t )  )  ,  a ^  ∗ tanh  (   ϖ ˜   i 3    ( t )  )  ,  a ^  ∗ tanh  (   ϖ ˜   i 4    ( t )  )  ]  ⊤   ;   g  (   s ˜  i   ( t )  )  =   [  b ^  ∗ tanh  (   s ˜   i 1    ( t )  )  ,  b ^  ∗ tanh  (   s ˜   i 2    ( t )  )  ,  b ^  ∗ tanh  (   s ˜   i 3    ( t )  )  ,  b ^  ∗ tanh  (   s ˜   i 4    ( t )  )  ]  ⊤  .  



The first five nodes are added to the controller, namely,


          u ˜  i   ( t )  =      − 15   e ^  i   ( t )  ,     i = 1 , 2 , 3 , 4 , 5       0 ,     i = 6 , 7 , 8 , 9 , 10 .             



(34)







The weight matrices and parametric matrices are


  D =      − 3.54    0   0   0     0    − 2.96    0   0     0   0    − 5.07    0     0   0   0    − 2.93      ,  Q =      − 15.5     0.05     5.1    0     70   0    − 15.01    35      60.1     − 10.1     − 8.25     15.5       − 0.1     − 0.03     30.01     − 0.35      .  











And the inner coupling matrices can be expressed in terms of


   Λ ˜  =      0.25    0   0   0     0    0.25    0   0     0   0    0.25    0     0   0   0    0.25      .   











The outer coupling matrix can be indicated by


    (   d ˜   i j   )   n × n   =      − 2    1   0   1   0   0   0   0   0   0     0    − 2    1   0   1   0   0   0   0   0     1   0    − 3    0   0   1   1   0   0   0     0   0   1    − 1    0   0   0   0   0   0     0   1   0   1    − 3    0   0   0   1   0     1   0   0   0   0    − 1    0   0   0   0     0   1   0   0   0   0    − 1    0   0   0     1   1   0   0   0   0   0    − 2    0   0     1   0   1   0   0   0   0   0    − 2    0     0   0   1   0   0   0   0   0   0    − 1      .   











The matrices of parameter uncertainties are


   M d  =     1   0   0   0     0    0.81    0   0     0   0   1   0     0   0   0   1     ,   H d  =     1   0   0   0     0   1   0   0     0   0    0.8    0     0   0   0    0.3      ,  










   F d   ( t )  =      0.41 cos (   ϖ ˜  1   ( t )  )    0   0   0     0    cos (   ϖ ˜  2   ( t )  )    0   0     0   0    0.3 cos (   ϖ ˜  3   ( t )  )    0     0   0   0    0.13 cos (   ϖ ˜  4   ( t )  )      ,  








and


   M q  =      0.1    0   0   0     0    0.5    0   0     0   0    0.2    0     0   0   0    0.15      ,   H q  =      0.2    0   0   0     0    0.1    0   0     0   0    0.2    0     0   0   0   1     ,  










   F q   ( t )  =      cos (   s ˜  1   ( t )  )    0   0   0     0    cos (   s ˜  2   ( t )  )    0   0     0   0    cos (   s ˜  3   ( t )  )    0     0   0   0    cos (   s ˜  4   ( t )  )      .  











We choose the appropriate initial values and use the same MATLAB and methods as in Example 1. Figure 11, Figure 12, Figure 13 and Figure 14 show the trajectories of sync−error (20) (   e ^   i 1   ,    e ^   i 2   ,    e ^   i 3   ,    e ^   i 4   ) not under control, respectively. We can observe that (32) and (33) not under control are unsynchronized. Figure 15, Figure 16, Figure 17 and Figure 18 reflect the trajectories of sync−error (20) (   e ^   i 1   ,    e ^   i 2   ,    e ^   i 3   ,    e ^   i 4   ) under control, respectively. Figure 19 shows the trajectories of total sync−error systems (20) not under control. Figure 20 shows the trajectories of total sync−error systems (20) under the control. From the simulation results and graphs, it can be obtained that the error system is actuated to the point of initial; it is clear that (32) and (33) can achieve asymptotic synchronization. This shows the effectiveness and feasibility of Theorem 2.




5. Conclusions


The asymptotic synchronization of FONCDNUP was studied via a novel control. Several sufficient conditions were derived for ensuring the asymptotic synchronization of FONCDNUP, utilizing fractional differential theory, differential inclusion theory, and the Lyapunov method. The pinning synchronization of FOCDNUP was investigated, where Parameter uncertainties were introduced to the networks. Instead of adding controllers to all nodes, controllers were only added to the first five nodes, reducing costs and enhancing efficiency. Finally, two numerical instances were also presented to demonstrate the effectiveness of the proposed approaches. However, this paper does not consider time delays or extending pinning control to fractional nonidentical complex networks. In the future, the inclusion of time-varying delays in FONCDNUP will be considered, along with the exploration of pinning control for non-identical networks, which presents an interesting and challenging area.
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Figure 1. Time behaviors of sync−error trajectories    e  i 1    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 2. Time behaviors of sync−error trajectories    e  i 2    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 3. Time behaviors of sync−error trajectories    e  i 3    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 4. Time behaviors of sync−error trajectories    e  i 4    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 5. Time behaviors of sync−error trajectories    e  i 1    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 6. Time behaviors of sync−error trajectories    e  i 2    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 7. Time behaviors of sync−error trajectories    e  i 3    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 8. Time behaviors of sync−error trajectories    e  i 4    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 9. Time behaviors of sync−error trajectories    e  i j    ( i = 1 , 2 , ⋯ , 10 ; j = 1 , 2 , 3 , 4 )    without controller. 
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Figure 10. Time behaviors of sync−error trajectories    e  i j    ( i = 1 , 2 , ⋯ , 10 ; j = 1 , 2 , 3 , 4 )    with controller. 
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Figure 11. Time behaviors of pinning sync−error trajectories     e ^   i 1    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 12. Time behaviors of pinning sync−error trajectories     e ^   i 2    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 13. Time behaviors of pinning sync−error trajectories     e ^   i 3    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 14. Time behaviors of pinning sync−error trajectories     e ^   i 4    ( i = 1 , 2 , ⋯ , 10 )    without controller. 
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Figure 15. Time behaviors of pinning sync−error trajectories     e ^   i 1    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 16. Time behaviors of pinning sync−error trajectories     e ^   i 2    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 17. Time behaviors of pinning sync−error trajectories     e ^   i 3    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 18. Time behaviors of pinning sync−error trajectories     e ^   i 4    ( i = 1 , 2 , ⋯ , 10 )    with controller. 
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Figure 19. Time behaviors of pinning sync−error trajectories     e ^   i j    ( i = 1 , 2 , ⋯ , 10 ; j = 1 , 2 , 3 , 4 )    without controller. 
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Figure 20. Time behaviors of pinning sync−error trajectories     e ^   i j    ( i = 1 , 2 , ⋯ , 10 ; j = 1 , 2 , 3 , 4 )    with controller. 
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[image: Fractalfract 07 00571 g020]













	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2023 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



























media/file26.jpg





media/file8.jpg
or-zi=)'e





media/file27.png
W/






media/file34.jpg





media/file13.png





media/file31.png
-400

1.4 1.6 1.8

1.2

0.8

0.6

0.4

0.2





media/file39.png
-100

-200

-300

-400
0






media/file12.jpg
30

20






media/file18.jpg





media/file9.png
10





media/file14.jpg
30

40

-50






media/file35.png
400

-400

1.4 1.6

1.2

0.8

0.6

0.4

0.2





media/file20.jpg





media/file23.png





media/file5.png
10

10 |

15 |

-20





media/file36.jpg
100

-150

o 02 04 06 08 1 12 14 16 18 2





media/file15.png





media/file19.png
1,2,3,4)

-,10;j=

60

40

20 |

o

-20

-40

| \'H
\ TN
H" i l “‘\f\'h’n‘,\;
i »J ll’!“""m
y M

Ml

-60






media/file28.jpg
200

g

200





media/file2.jpg
20

15






media/file32.jpg





nav.xhtml


  fractalfract-07-00571


  
    		
      fractalfract-07-00571
    


  




  





media/file11.png





media/file6.jpg





media/file24.jpg





media/file29.png
e|1 (|=1 !2!"'!10)

I I ' '
1.2 1.4 1.6 1.8

! I L '
0 0.2 0.4 0.6 0.8 1

2





media/file1.png





media/file37.png
-,10;j=1,2,3,4)

1,2,--

eij(i

100

50

-50

-100

-150

2

N?

’\ ‘-\

\

!9

\\\\’:\h

Y

X ’/I/"
yﬂb ‘aﬁ«qpu‘ﬁ§§‘\@v>

\\?5. Vg A"")'.

// A\
lﬁgd‘4§§\\
N

I/N'l:,’/"

‘\ 10 a% \"{\‘n\\\\“\‘.\q :”/
‘\ \\\ \\\', 4/»" NVA v{f//// ///’
‘. fv‘” ‘//"’ \\\\'] e /A
-4 A \ // \\\\\’ N
‘\ /A‘ /7 y—
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8






media/file10.jpg
-60





media/file7.png





media/file33.png
300

-300

1.4 1.6 1.8

1.2

0.8

0.6

0.4

0.2





media/file16.jpg
=
<

o o 3 & 8

e (i=1;






media/file38.jpg





media/file3.png
20

15






media/file22.jpg





media/file17.png
e (i=1,2,---,10;j=1,2,3,4)

1)

10-

5 \"/ WMWM\A‘LA‘\ “ “ “ Al “ “ ,; : /4% .‘M “ “ ‘ l‘
| \" "\/N ‘M \W " I \" \"l \"l \'/ \'/ L wl i






media/file4.jpg
10

15

20





media/file30.jpg





media/file25.png





media/file0.jpg





media/file21.png





