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Abstract: In the present work, the main objective is to find the solution of the generalized heat and
generalized Laplace equations using the fractional Fourier transform, which is a general form of
the solution of the heat equation and Laplace equation using the classical Fourier transform. We
also formulate its solution using a sampling formula related to the fractional Fourier transform.
The fractional Fourier transform is introduced, and related theorems and essential properties are
collected. Several results related to the sampling formula are derived. A few examples are presented
to illustrate the effectiveness and powerfulness of the proposed method compared to the classical
Fourier transform method.

Keywords: Fourier transform; fractional Fourier transform; generalized heat equation; generalized
Laplace equation; sampling formula

1. Introduction

As is well known, the fractional Fourier transform is a generalization of the classical
Fourier transform. The fractional Fourier transform is a rapidly developing branch of
mathematics, and has become a powerful method for various applications arising in many
areas of science and engineering. This is because the transformation becomes very capti-
vating. In recent years, some researchers have been trying to extend several applications
of the Fourier transform to the fractional Fourier transform. In Refs. [1-5], the authors
applied the fractional Fourier transform to optical signal processing. The authors of [6,7]
discussed the use of the fractional Fourier transform in quantum mechanics. Until now, in
the literature, very little work has been reported on the application of the fractional Fourier
transform in partial differential equation problems. For example, the authors of [8] utilized
the fractional Fourier transform to find the solution of the wave equation. The solution
can be considered an extension of the solution of the wave equation using the classical
Fourier transform. The authors of [9,10] generalized the solutions of the heat and wave
equations using the linear canonical transform and the quadratic-phase Fourier transform,
respectively. However, solutions of the heat and Laplace equations using the fractional
Fourier transform do not exist as far as we know. Therefore, our current work focuses on
the solution of the generalized heat and Laplace equations using the fractional Fourier
transform method. To accomplish this, we first provide the definition of the fractional
Fourier transform, as well as related theorems, and construct a basic relationship between
the convolution theorem for the fractional Fourier transform and the convolution theorem
for the classical Fourier transform. Then, we develop the results and relationship to obtain
the solutions of the generalized heat and Laplace equations. Several examples are also
demonstrated to verify the validity and applicability of the proposed approach compared
to the classical Fourier transform.
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The remaining parts of the present paper are organized as follows. In Section 2, we
present some preliminaries that will be useful in this paper. The definition of the fractional
Fourier transform and its useful properties are provided in Section 3. Section 4 is devoted
to finding the solution of the generalized heat and Laplace equations using the fractional
Fourier transform. Section 5 discusses the solution of the generalized heat equation using
the sampling formula. Section 6 discusses a future research direction. Section 7 draws
conclusions.

2. Notations
Let us first state a few notations and lemmas, which will be used throughout article .

Definition 1. For 1 < s < oo, the Banach space L*(R) of measurable functions is defined on R

with the norm )
15 o= [ VPax) <o )

In particular, L2(R) is a Hilbert space with the usual inner product

(,8) = [ f(x)3(x)ex

Now, we recall the definition of the Fourier transform (FT) and the related lemmas.

Definition 2. The Fourier transform of a function f € L1(R) is defined by
fl@) = Fiftw) = —= [ ey w ek, @

and for any f, f € LY(R), then its inversion formula is calculated by

A

F(x) = F Y f(w)} (x) F/ % f(w)dw, x € R, 3)

Lemma 1. The Fourier transformation of a Gaussian function is given by

f{efaﬁ}(w) _ \/127(6 . @)

where « > 0.

Lemma 2. The Fourier transformation of the Poisson kernel is given by

2 —Y|w
f{\/;xz_ywz}(w)ze yll, ®)

Definition 3. Let f € L'(R). The translation, modulation, and dilation operators of the function
f are expressed as follows

() = f(x =) Myf() = (), Def() = A (), ©

c

where a, b, c are real constants.

Definition 4. Let f,g € L'(R), the convolution of the functions f and g denoted by f * g, be

defined as
(Fe8)x) = = [ fOte =1t )
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and

(f *9)(x) = FH{ F{fHew) Flghw) | (x). ®)

3. Fractional Fourier Transform and Properties

In what follows, we provide a definition of the fractional Fourier transform (FrFT), as
well as the related theorems and properties. For more details, see the references [1,3,11-26].

Definition 5. The one-dimensional fractional Fourier transform with angle 6 of f € Ll (R) denoted
by FO{f}(w) = f%(w) is defined as

FUfHw) = (@) = [ K@) fx)dx, ©)

where the kernel K% (x, w) is given by

Ceei(x2+w2)#—ichsc9 0 £ nm
K (x,w) = 5(x — w), 0 =2nm , (10)
I(x + w), 0=02n+1)mr,neZz

for which

CY% = (27isin§) ~1/269/2 = 4 | m.
27
The inversion formula of the FrFT is described by
1) = F @)} = [ K@) (@ide, (1)

where e
= cotf | :
Kg(x’w) — COp—i(x* 4w ) $GE tixwescd _ Kfe(xlw)/

The relation between the FT and the FrFT is
2 cot

F{r}(wcsch) = (27risin0)%e*%e*i“’ 2 .Fe{f}(w), (12)

where
2 cotd

r(x) = f(x)e™ 2. (13)
Some useful properties of the FrFT are summarized in the following results.
Theorem 1 (Translation property). If ¢ € L}(R), then for any nonzero constant r € R, one has
FO{p(x =)} (w) = ed (7sin20 —dersin® ) 0 (1)} (@ — reos 6 ). (14)
Theorem 2 (Modulation property). If ¢ € L'(R) and m € Z, then
Fo {4)(3()6””’(} (w) = g (4wmeosd —m?sin29) Fp(x)} (w — msin®). (15)

Theorem 3 (Dilation Property). If ¢ € L1(R), then for any nonzero constant k € R, we have

Pgt ) = oo 0(E) g0 (Serw) a0

ol sec
where o
t
By = cot™! (C(])CZ > .
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Theorem 4 (Moment property). If ¢ € L' (R), then we have

Fxp}(w) = wsech (f9{¢})(w) + if"{d‘g(xx)}(w). (17)

cotf

Definition 6 (Convolution definition). Suppose that ¢, ¢ € L'(R). The convolution operator
related to the FrFT is defined as

(P*(P /(P x—t % it(t— x)COtht (18)

As an immediate consequence of Definition 6, we obtain the next theorem.

Theorem 5 (Convolution theorem). With the above notation, one obtains

zw cot 0

FHpx )} (w) = T} w) F{p}(w). (19)

Definition 7. The Schwartz space .7 (R) of rapidly decaying functions is defined by a collection of
complex-valued functions satisfying

xeR

S = {(])(x) € C®(R) : sup [x""D"p(x)| < o0, Vm,n € N}, (20)

_d
where D = I

Definition 8. The Schwartz space .#yp(R) of rapidly decaying functions related to the FrFT is
defined by a collection of complex-valued functions satisfying

Sy = {(P(x) € C*(R) : sup ‘xmﬁqu(x)] < oo,Ym,n € N},

xeR
where Dy = % — ix cot@.

Theorem 6. Let K?(x,w) be the kernel of the fractional Fourier transform and D, =
(% —ix cot8)’, then for ¥r € Ny we have
1. DyK(x,w) = (—iwcsc ) KO (x,w)
2. [ DYKO(x,w)f(x)dx = [ K?(x,w)(Dy)" f(x)dx
3. F{DY f(x) Hw) = (—iwesed) F{f(x)} (),
where p
D,=—- (dx +ix cotG). (21)

Proof.
1. Direct computation shows

di(Ke(x,w) dd (CG 1(x +w )Mfzchsce)
X X
_ct dd ( i(x%w%#—ichsce)
X

_ C9( i(x2 4w )C"zte zchsc@) (xcot@ wcscG)

= K%(x, w) (ix cot® — iw csch).
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This means that

(;; - ixcot@) K (x,w) = (—iw csc0)K? (x, w).

Continuing in this way, we obtain
d ; ’ 0 ; 8
= ixcotf | K'(x,w) = (—iwcscO) K’ (0, w).

2. Observe first that

/RDxKe(x,w)f(x)dx:/R(;;—ixcotG)Ke(x,w)f(x)dx
:/R(;i[(e(x,w)f(x)>dx—/Rixcot(?KG(x,w)f(x)dx

-/ Kg(x,w)<d‘i f(x))dx— [ ix cotek® (x,0) f(x)ax

- /]R KO (x, w) <;; + ixcotG)f(x)dx

— /I;R{Kg(x,w)ﬁ*f(x)dx.

Then, we obtain
/R DLK? (x, w) f(x)dx = /R K (x,w)(D") f(x)dx. 22)

3.  Using the previous results, we arrive at

P F0) fw) = [ K D3 fix
— [ DK (0 ()

= (—iwcsc@)r/RKe(X,w)f(x)dx

= (—iwesc )" FOLF(x) Hw).
L]

4. Fractional Fourier Transform for Generalized Heat and Laplace Equations

In this section, we utilize the fractional Fourier transform (FrFT) to solve the general-
ized heat and Laplace equations. First, we formulate the one-dimensional heat equation
in the FrFT domain. We then present some examples to illustrate the powerfulness of the
proposed FrFT.

4.1. Fractional Fourier Transform Method for Heat Equation

Let us now consider a one-dimensional heat equation in the fractional Fourier trans-
form (FrFT) domain as follows

ou(x,t)
ot

= c*(Dy)*u(x,t), —co<x<oo,t>0. (23)

X

In this case, the initial condition u(x,0) = f(x) € L'(R), and D, is defined by (21)
with c being any constant.
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u(x, t) =

Remark 1. It is not difficult to see that relation (23) can be written in the form

u(x,t) = Py (x, t)
= 2 cot0c? (2iuy(x,t) — cotOu(x,t)).

This partial differential equation is the unsteady heat conduction equation. In this case, u(x, t) is the
temperature at position x and time t and c® cot 0 is the thermal conductivity of the media depending
on 6.

Further, for 6 = 7, the unsteady heat equation becomes
up(x, 1) — Py (x,£) =0

which is the steady heat equation.
Taking the FrFT on both sides of Equation (23) with respect to x, we obtain

g ou(x,t
K%(x,
/R (x,w)

This equation can be expressed as

)dx = cz/RKg(x,w)(ﬁz)zu(x,t)dx.

M (w,t) _ o5 [ 5r2p
e /R(Dx) KO(t, w)u(x, t)dx
= —Pw? esc? 00 (w, t). (24)
Therefore,
ﬁﬁ( ) Ce( c wzcsczé’)t, (25)

where C is an arbitrary constant.
Next, using the initial condition #(x,0) = f(x), we find that

2% (w,0) = /R K®(x,w) f(x)dx = C. 26)

Substituting (26) into (25) results in

= (/R K%x,w)f(x)dx)e(_CZ‘*’zcsczg)t. (27)

Taking the inverse of the FrFT in (27), we see that

= F a0 (w, 1)} (x,t). (28)

Due to Equation (11), we further obtain

9{ ( /RKQ(X,OJ)f(x)dx)e(Czwzcscze)t}(X, t)
:@ —i(x2+w2)mf9+ichsc9( K? , d ) (—c2w? csc G)td
/e 2 /R (x,w)f(x)dx w

R
— coct / '(x2+w2)°°t9+ichsc9(/ ei(xz-&-wz)coz”)—ichscf)f(x)dx) e(—czwzcsczf))tdw
R

i(x2+w?) 9 tixw csc /ei(x2+w)°°2"9 1chsc9f( )dx p(~CwWres )t g,
27'csm€ R

—ix“ cotf cotG

/ezchsc9</Rei"2§°wei’“*’csc"f(x)dx)e(CZWZCSCZ")tdw. (29)

- 27tsin® Jr
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Denote
6 ix2 cotf
W(x)=e 2 f(x),
and
wesch = wo.

Now Equation (29) above will lead to

—ix2 cotf

e P 2.2 ;
: 9/ ixv ,—c vt / —zxvhﬁ d
rreing S0 e dv | e (x)dx

—ix2 cotf
2

. 2 2 .
— XV =V td?]/ e’”“’h"(x)dx
21 R R

—ix? cotf
2

— .eixve—CZUZt / —1xvh9 dx do
V21T ./R <\/27‘L’

—ix2 cotf
2

\/27-( /Relxv e ¢ th}—{he( )}dv.

By virtue of Equation (4), we obtain

1 _ a2 2.2
]:{ e 4c2t} = TV,
V202t

Substituting Equation (33) into Equation (32) results in

u(x,t) =

—ix? cot

e 1 —% ixv
u(x, t) = Nz /R}"{me 4cf}]-"{h9(x)}e dv

—ix2 cotf

e _ a2 )
e — 2 Ko ixv g
= | e W () o

An application of Equation (8) on Equation (34) results in

—ix2 cotf

u(x,t) = Mfl{]-"{e_ﬁlczt}]-"{he(x)}}(x,t)

—ix2 cot0

= () )

—ix? cot
2

—x2 ix2 cotf

- = (e4c2f*e 2 f(x)>(3/)

7lx cot@

zy cotf

oo J i f(y)dy.

In the special case, when 6 = %, relation (34) above is reduced to

) = 7 [ s

which is the solution of the heat equation using the classical Fourier transform.

To illustrate the above result, we present the following example.

Example 1. Find the solution u(x,t) of (35) with ¢ = 1 and

ER

otherwise.

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)
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Solution. Substituting (37) into (35), we find
7zx cot@ B 2 Iyzcot()
u(x,t) = \/7 / T dy
—1x22c0t6' 1 N
0 X! -
= 67 e i 'Hyzmt + 4tye 47; dy
4t J-1
—rrzcotﬂ x )
= / e y2(4t_lC0t6)+ 3ydy. (38)
Equation (41) can be rewritten in the form
i eo 2 ) 2
lxzcd'97% 1 7(%71#)@/27“( 1 jﬂotﬂ))
u(x,t) = 7/ e 2/ dy
47t -1
—ix’cotd _ x2
— S — 1 . 0 2.
_¢e * i / e*(%*l%)@z*%)d% (39)
47t -1
The above equation will lead to
—ix?cotd _ x2
et & 1 1_coth ) 2 5 2
u(x t) — e 2 a / ei(ﬂil%)((l—iﬁ(coté‘ 7y) 7(1—i2¥c0t6) )dy
47t -1
7ix22c0t9_J‘rTZ 1 5 5
t 1 : 0 1_ - 6 2
— 67/ e~ =190 (oo ) plar—1°%") (1=teore) dy
47t -1
a2 2 : 2
e - () () 1 cotf x 2
= / e (=19 (= oo —Y) dy
47t -1
—ix?cotf 2 1 icotf x 2 = lcgtg 1 icotf ?
ef—ﬁ‘*(@—T)(m) 1 - W* T A
_ / e dy.  (40)
VAt -1
If we denote
icotf .
4t 2 1 icotf
1 —i2tcotl 4t
then
u(x,t)
i cotd 2 i cotf ) 2 1 1c0t9
= — = zcotG 7.
47Tt 12tc0t9 \/ 1C0t9 % - lcgte
Cieotd 12 0 2
P (g% )( 12fc0t9)
VATE ] L —
it
icotf - 1 icotf "
Va— 2t 4t 2 x 1 icoth i 2 icotd
X — — (41)

1 —i2tcotf m

1—i2tcotd V4t
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e*ixzzcow %+(l ‘Cgtg)(l tZtcotH)z

2f / zcot9
Nt / 1cot0 l B ot o 4t zcot9 1C0t9 42)
12t cot9 4¢ 2 1—12¢ cot9

e P dz, (43)

Here,

erf(w

-k

for all w. Simulation of (42) at various values of 6 and ¢ = 1 is shown in Table 1.

Table 1. The solutions obtained for Example 1 with various values of § and ¢ = 1.

0 c u(x,t)
I 1 241 _ x=1
2 ! (et (55) —ef(34))
12
s 1 e ‘[\/5 2 ( orf V3x + V3—i2t ) erf V3x [ \/B=i2t
E 2,/ V12t —i8/312 44/3t Vizi_isyvae \ 4VBt
2

7 o T x+(1-i2)\ x—(1-i2t)
4 1 2V/1-12t (erf< /4t —i812 ) erf( /At —i8t2 ))

_ 3tx2
s 1 e 1avat (¢ 1-i2v/3t | _ £ x ] 1=i24/3t
6 2y/1-i2v/3t Vat— zsftz + 4 N\ Varsvae 4

In Table 1, it seems that for § = 7 Equation (41) boils down to

u(x,t) = ;{erf(xzjﬁl> - erf(y;\[tlﬂ, (44)

which is quite similar to the solution of the classical heat equation using the Fourier
transform as shown in Figure 1. Figures 2 and 3 display the solution of Example 1 for
various values of § and t.

Figure 1. Solution of Example 1 fort=1,2,5,10 and § = %
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Now, let us consider the heat equation with a nonconstant coefficient as follows

with the initial condition u(x,0) = f(x), and D, = — (% +ix cot(G)).
Using the same procedure, we obtain

ix2
—ix“ cotf
e (X—y)z iy2c0t9

ulet) =" [ F T fy)ay (46)

4.2. Fractional Fourier Transform Method for Generalized Laplace Equation

Consider the following one-dimensional Laplace equation in the FrFT domain
(Dy)?u(x,y) + gy =0, —co < x < o0,y >0, 47)

with initial condition

u(x,0) = f(x) € LY(R), —o0<x < o0

limu(x,y) =0, lim u(x,y) =0.

y—roo x| o0
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Let us explore the solution of the generalized Laplace equation mentioned above.
Observe first that

FLDulxy) fw,y) = —w? s 0 (w,y) (48)
and o
79{”yy} = ua(yc;y) (49)

Taking the FrFT on both sides of (47) with respect to x, and then including Equa-
tions (48) and (49) into Equation (47), it is easily seen that

1 (w,y) 2 240

T = wcsc” 00" (w, y). (50)

The general solution of (50) is
ﬁe(w,y) — A(w)ecsc(e)wy + B(w)e—csc(e)wy, (51)

for some undetermined coefficient functions A(w) and B(w). To obtain these coefficients,
we use the boundary condition

ylgrolou(x,y) =0

and
lim 2% (w, y) = 0.

y—o0
This implies that A(w) = 0 for w > 0 and B(w) = 0 for w < 0. Hence,
1% (w, y) = Clw)e™ lely (52)
for C(w) = A(w),w < 0dan C(w) = B(w),w > 0.
Next, based on the initial condition u(x,0) = f(x), we obtain
2 (w,0) = /R KO (x, w) f(x)dx = C(w). (53)
Taking the inverse transform of the FrFT defined by (11), we arrive at
u(x,y) = F 0 flw)em =@l
= .7-'_9{ (/R K%(x, w)f(x)dx) e~ CSC(G)“’y}
_ Cg/Rei(x2+w2)w;9+ichsca</R KG(x,w)f(x)dx>ecsc(9)|w|ydw

_ @CQ/ ei(x2+w2)“°2te+ichsc9</ ei(x2+w2)“’2t9ichsc9f(x)dx) e csc(6)|w\ydw
R R

_ 5 1- Q/Ei(szrwz)“’z“’wacsce(/ ei(x2+w2)“’2‘9ichchf(x>dx)ecsc(9)wydw
7T SINn R R

—ix2 cotf

2 / plXwescd (/ ei"z%‘ee—ixw csch(x)dx)> e~ csc(9)|w|ydw_
R R

- 27t sin 0
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Due to Equations (30) and (31), we obtain
—ix2 cotf .
_ : ixv ,—|vly / —ixvy,60
u(x,y) Srsnd sin 6 /R eIy € hY (x)dx
e 7ix22cot9
_ ixv ,—|vly / —ixvy,0
= /R e Wiy ¢ h? (x)dx
e —ixzzcot(-}' 1
= eXveloly ( / e nd (x dx) do
V21 /R V2 JR (x)
—IJ( cot(i‘
— —loly gl y0 d 54
%e x) ¢do.
o A O (54
Applying (5) into (54), we obtain
e —ixzzcote . > y
_ “ 0 ixv
u(x,y) = om ./R]:{”ﬂxz—l—yz}]:{h (x)}e do. (55)
An application of relations (3) and (8) to (55) leads to
u(x,y) = e_iszwte]-"*1 Fu/ 2_V f{he(x)}
’ X2 +y?
—ix? cotf 2 y 0
—e" 2 ((,/nw>*h (x))(s)
—ix? col
ye ()
= ds
T R (x —s)2 +12
ye 7ix22cot6 eisz §0t9
- T /R (x —s)2 + y2f(s)ds (56)
In the special case, for § = 7, relation (56) becomes
_Y
L e s 7)

which is the solution of the classical Laplace equation using the Fourier transform (see [27]).

Example 2. We will now solve the Dirichlet problem in the upper half plane of (56) above with the

Gaussian function

Solution. It is easy to verify that
is? # (1# —1)s?

e _g2 - e
/]R Gt ET G 2™

Substituting the above equation into (56), we obtain

. 2 9 . ]
u(x,y) :e*(xzfyl)f% (efzzxyfxycote . eszerxycotG)'

Simulation of (59) at various values of 6 is shown in Table 2.

W2
_ 7(x27y2)7w (efi2xy7xycot9 _ einy+xycot9)

(58)

(59)
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Table 2. The solutions obtained for Example 2 with various values of 6.

0 u(x,t)
.. 22
z —2isin xye~ (¥ V)
1] 2 . X . X
g 767(XZ7‘V2)72% (efl2xy7% _ 612xy+%>
2
% _ef(xzfyz)f% (efi2xy7xy _ ei2xy+xy>
Jis —(x2— 2)—@ —i2xy—/3x i2xy-+/3x
z e ¥)-5 (e y—V/3xy _ pi2xy y)

In Table 2, it seems that for § = 7 Equation (59) above changes to
u(x,y) = —2i sinxye_(xz_yz). (60)

Figures 4 and 5 display the solution of Example 2 for § = 7§ and 6 = 7, respectively.
From Table 2, we may infer that relation (59) is more flexible than relation (60) due to the
extra parameter 6.

03
]
i

N i {? i} [T
fridii

,’:'ﬁlé A
‘5"5’:%55&33\\\\&‘\ W {{ir{f‘;{{m{{
i U

; N

3
THITH

]
i ]
i)

Im u(x,y) with 9:7[/4]

Re u(x,y) with 9:1'[/4] l

l

Figure 4. Real and imaginary parts of the solution of Example 2 for 6 = 7.

s
Q“\

l

u(x,y) with 6=m/2 |

Figure 5. Solution of Example 2 for § = 7.

Let us now consider the following problem of (56) on a strip as follows
(Dy)?u(x,y) + Uyy =0,—00 < x < 00,0 <y<b, (61)
with the initial condition
u(x,a) = f(x),u(x,b) = g(x), (62)

where f, g € L}(R).
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Taking the FrFT on both sides of (61) and (62) with respect to x, we obtain

ﬁg(w,y) _ A(w)eywcsc()_i_B(w)efywcsce, (63)
where
B fe(w)67WbCSC(9) _ g()(w)efwucsc(())
Al) = = @@= D) (@) 64)
and
B _f‘@(w)ewbcsc(e) _ g@ (w>ewucsc(9)
Blw) = = Gnh(w(a = b) csc(8)) (65)
Denote
0 ix? cot 0 ix? cot
wesch =v,hi(x) =e 2 f(x),hy(x)=e 2 g(x), (66)
we obtain
2 iw? co ; iw? co
fo = Che s /Re*m’hf(x)dx = CG\/Zneftg]-"{h?(x)}(v), (67)
and
iw? co ; iw? co
§f = Cle s /Re*”“’hg(x)dx = COV2me™ 2 tGJ"-'{Iig(x)}(v). (68)
Substituting (67) and (68) into (64) and (65), respectively, we find that
V2me™ i gotd (]—"{he )} (v)e=t — ]-"{hg(x)}(v)e_‘"’>
_ b
Alw) =€ Zsinh(o(a — b)) ‘ (69)
V2rme fo? gotd (f{he )} (v)e? — }'{hg(x)}(v)e‘w>
_
Blw)=-C 2sinh(v(a — b)) ' 0
With the help of the inverse transform of the FrFT defined by (11), we arrive at
u(x,y) =F {A(w)e” + B(w)e ™}
7efix22cot9 etrv (]—"{h?(x) }(0)e?W=b) — FIng(x)} (U)ev(y”)) ]
T ar e 2sinh(v(a — b)) ¢
R etrv <]—"{h‘f(x) }(©)e?®Y) + Fng(x)} (v)e”(”y)> ]
T V2n e 2sinh(0(a — b)) v
—ixzzcote
T
DT} @) () =) - FH ) o) (e e )
2sinh(v(a — b))
—ix? cotf 0 . 9 . _
e 2 el-xv]-'{hl(x)}(v) sinh(v(y — b)) — F{h5(x)} (v) sinh(v(y a))dv. 1)

V2 Jr sinh(v(a — b))
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Now observe that
/ sinh(v(y — b)) ox ) _ / W =Y o
R sinh(v(a — b)) R ev(a—b) _ pv(b—a)
o(y—b+ix) _ po(b—y+ix)
o / ev(a—=b) _ pv(b—a) do.
Puttingp=y—b+ix,g=b—y+ix,r =a—b,and s = b — a, we obtain
eP? — v —ela— ’)
[ [ e,
R erv i eSU 1 — e
e—(r= ) — (V q)vd .
= (72)

Letting t = (r — s)v, we see that

r-p r—q

(7= _ _(m) = e ()
/Re 1—e: / 1—6’_t tdt

—?< & > (1)

_[etm_emin _a—2b+y—ix  a—y—ix
pin) —plm) = [ =G m= T e = S o

where

This means that

At () ()| - it @

Using a similar procedure, we arrive at

At ((525) (5 ) - i) o

Hence,

u(x,y)

_4;(azb)/R<¢(2a—b(y bé()x—s))_lp(W))gisz?wg(s)ds. (77)

5. Relation to Sampling Theorem for FrFT

In this part, we first introduce the limited band for the fractional Fourier transform.
We derive the following results, which will be useful for solving the discrete version of the
generalized heat equation.

Definition 9. A signal f(t) is called band-limited related to the FrFT if there is a positive number
o satisfying FO{f}(w) = 0 for all |w| > 0.
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Lemma 3. (See [28,29]) Suppose f(t) is band-limited to o in the fractional Fourier transform
domain, i.e.,

£ = [ PR,

then
sin(ocscO(t —ty))

oescO(t—ty,) @8

f(t) :ei(tzcote)/2 i efi(t%cote)/Zf(tn)

n=-—oo

where t,;, = nnsm9

As an immediate consequence of Lemma 3, we obtain the following important result.

Theorem 7. Under the assumptions as in Lemma 3, one has

w cot9 (uo(w +0_7_[) _ UO((U _ 0‘7‘[)) 7T sin 6

F{fHw) =C%
% Z f 71 t2 cotf)/2 7’"7“”, (79)

n—=—oo

where

1, -—
UO(erU?T)—Uo(w—m): 0'7T<‘(,U<(77'[
0, otherwise.

Proof. Substituting (78) into (9), we have

F{fHw)
_CG/f t2+w mﬂi‘cucscé)dt

[ee]
_CG/ t“’“’ Z e i(t2 coth) /Zf(tn)sinc(gcsce(t_tn))ei(t2+w2)#7itwcsc9dt

n=—oo

w2 cotf
2

—CG/ 2 g i(F cotf) )/2f(t,) sinc(o csc O(t — t,))e’ eitwescl gy,

n—=—oo
This equation may be expressed as
]:G{f}( C9 lw CotG / 2 e i(t2 cot6) /zf(tn)sinC(UCSCG(t—tn))eiitwcscedt
n=—oo

)
— Cf% jw? cotd cote Z f 71t cotG)/Z/ SinC(O’CSCG(f—tn))eiltwcscedt
R

n—=—oo

= oo i f(t )it cot6) /2 / sinc (ani(t — t”))eéﬁ‘éjdt
" JR 7T sin 6

n=—oo

. £
B w cotB i f 71 t2COt9 /2/ Sln((ng{;[lQ)t_ (ngz'ine)n>efmézdt
ty
R (ng{rrle)t_ (rcgg[iné)n
'UJZCO i 0
= %" te(l,lo(cu +om) — Up(w —om)) ns;n

« Z f —lt cot9)/2 7’””‘*’

n=—oo

n—=-—oo

which proves the theorem. [

The above result will lead to the following theorem.
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Theorem 8. Suppose that the initial condition f(x) is band-limited to o in the FrFT domain. Then,
the solution of (23) is given by

it?

c019+tc csch — —
u(x,t) = ¢ <erf< fesc6 + comtVtesc 9> — erf( tzccsc o_ comV tese 9) )

20 2c

Z f 7ltn cot0 (80)

n—=-—oo

Proof. From Equations (11) and (28), we deduce that

—c2w? csc?
u(x,t) = {f{f}( ) ertado]
_CQ/ }-G{f} 7c w?csct 71(t2+w )C°t9+ztwcsc9dw

Substituting (79) into the above identity, we find

7Tsinf

- iw? co
u(x, b) :c9/ CPe 5> (Up(w + o) — Up(w + o71))

1tncot6 _inw 2,2 (82 2\ cotf | ;
Z f tn T p—Ctw?escht, i(tF4w*) S Fitwescb 7.,

n=-—oo

iw? cof i
:|C9|2/ e 2tg(uo(w+(77r)—Uo(w+07r))nsén9

_ ity cotf cotS 2,2 _i2 cotf m;zcoté)
Z f tn ccw csc@te 2 e 1twcsc9dw
n=—o0

|C9|2 71'511’10 lt cot& i f tn ltnCOte

n—=—oo

/R(UO(“’ 4 o) — Ug(w +om))e "

22 csc Ot+itw cse de

which is the same as
0

12C0 © :
(x t) |C9|27'L'51n9 - cotf 2 f *lnTt

n=—oo

/R(UO(W+‘77T) 7uo(w+O.H))e—c2csc6tw2+itcsc9wdw‘

Further, we have

7tsin 6 itzcotS s . ocotf [OT0 o 2, -
u(a,t) =|COPTERELTEE Y fla)e S [ et titacto gy
4 e —oo —om
7'[511'19 i2cot) to o _ 2 ( 2 _ _itcscd )
:|C9|2 i Z f —ltnm / Pt escft(w =5 2w dew
n=—oo —on
Tsing ifeots ity [ 7c2csc9t(w2*'ﬂ)
=[P Y f(ta)e it e 2/ dw
Nn=—oo —07TT
N
[ee] o 2 ( ,L) 1
_|C9|27'L'SII19 it2 cot cot6 Z f —ztn#/ . c csc9t< W= +4C4 dew
n=—oo -0

2 2
7Tsin 0 tz t 60 o _ ( ) c“escht
—|C9|27 dgo / e c?cscht 22 W

e 4«2 dw.
o o7

Hence,
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u(x,t)

=|C?|

=|c?

s i2 2
27'(511’196115 50t9+c Z:E(H

cotd [ITT 7<7V°52°C‘”ifccsc9tw>
dw

Y fe s [T

n=-—oco —oT

2c

7Tsin @ it? cotd | tc?csch t 01 t 01
prrsing g e G&(WHMm) —erf(?—can@))

ad it cotf
Y, flta)e ™2

n=—oo

This finishes the proof of the theorem. [

We are convinced that the result is very useful for the development of partial differen-
tial equations in the fractional Fourier transform domain and in the mathematical analysis
field because the fractional Fourier transform method has superior performance compared
to classical Fourier transform method.

6. Future Prospects

All works reported in this paper are only initial results. Future work will continue this
research on how to modify all the solutions of the generalized heat and Laplace equations
if the initial and boundary conditions are band-limited to ¢. It is known that the classical
Fourier method has wide applications in solving other partial equations. Of course, we
can extend the utility of the fractional Fourier transform method in solving such partial
differential equations.

7. Conclusions

In this paper, we derived the solutions of the generalized heat and Laplace equations
using the fractional Fourier transform. The solutions were obtained using the properties of
the fractional Fourier transform and the relationship between the convolution theorem for
the fractional Fourier transform and the convolution theorem for the Fourier transform.
The solution of the generalized heat equation using the sampling formula in the fractional
Fourier transform was investigated in detail.
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