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Abstract: In the present work, the main objective is to find the solution of the generalized heat and
generalized Laplace equations using the fractional Fourier transform, which is a general form of
the solution of the heat equation and Laplace equation using the classical Fourier transform. We
also formulate its solution using a sampling formula related to the fractional Fourier transform.
The fractional Fourier transform is introduced, and related theorems and essential properties are
collected. Several results related to the sampling formula are derived. A few examples are presented
to illustrate the effectiveness and powerfulness of the proposed method compared to the classical
Fourier transform method.

Keywords: Fourier transform; fractional Fourier transform; generalized heat equation; generalized
Laplace equation; sampling formula

1. Introduction

As is well known, the fractional Fourier transform is a generalization of the classical
Fourier transform. The fractional Fourier transform is a rapidly developing branch of
mathematics, and has become a powerful method for various applications arising in many
areas of science and engineering. This is because the transformation becomes very capti-
vating. In recent years, some researchers have been trying to extend several applications
of the Fourier transform to the fractional Fourier transform. In Refs. [1–5], the authors
applied the fractional Fourier transform to optical signal processing. The authors of [6,7]
discussed the use of the fractional Fourier transform in quantum mechanics. Until now, in
the literature, very little work has been reported on the application of the fractional Fourier
transform in partial differential equation problems. For example, the authors of [8] utilized
the fractional Fourier transform to find the solution of the wave equation. The solution
can be considered an extension of the solution of the wave equation using the classical
Fourier transform. The authors of [9,10] generalized the solutions of the heat and wave
equations using the linear canonical transform and the quadratic-phase Fourier transform,
respectively. However, solutions of the heat and Laplace equations using the fractional
Fourier transform do not exist as far as we know. Therefore, our current work focuses on
the solution of the generalized heat and Laplace equations using the fractional Fourier
transform method. To accomplish this, we first provide the definition of the fractional
Fourier transform, as well as related theorems, and construct a basic relationship between
the convolution theorem for the fractional Fourier transform and the convolution theorem
for the classical Fourier transform. Then, we develop the results and relationship to obtain
the solutions of the generalized heat and Laplace equations. Several examples are also
demonstrated to verify the validity and applicability of the proposed approach compared
to the classical Fourier transform.
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The remaining parts of the present paper are organized as follows. In Section 2, we
present some preliminaries that will be useful in this paper. The definition of the fractional
Fourier transform and its useful properties are provided in Section 3. Section 4 is devoted
to finding the solution of the generalized heat and Laplace equations using the fractional
Fourier transform. Section 5 discusses the solution of the generalized heat equation using
the sampling formula. Section 6 discusses a future research direction. Section 7 draws
conclusions.

2. Notations

Let us first state a few notations and lemmas, which will be used throughout article .

Definition 1. For 1 ≤ s < ∞, the Banach space Ls(R) of measurable functions is defined on R
with the norm

‖ f ‖Ls(R)=

( ∫
R
| f (x)|sdx

) 1
s

< ∞. (1)

In particular, L2(R) is a Hilbert space with the usual inner product

〈 f , g〉 =
∫
R

f (x)g(x)dx.

Now, we recall the definition of the Fourier transform (FT) and the related lemmas.

Definition 2. The Fourier transform of a function f ∈ L1(R) is defined by

f̂ (ω) = F{ f }(ω) =
1√
2π

∫
R

e−iωx f (x)dx, ω ∈ R, (2)

and for any f , f̂ ∈ L1(R), then its inversion formula is calculated by

f (x) = F−1{ f̂ (ω)
}
(x) =

1√
2π

∫
R

eiωx f̂ (ω)dω, x ∈ R. (3)

Lemma 1. The Fourier transformation of a Gaussian function is given by

F
{

e−αx2
}
(ω) =

1√
2α

e−
ω2
4α , (4)

where α > 0 .

Lemma 2. The Fourier transformation of the Poisson kernel is given by

F
{√

2
π

y
x2 + y2

}
(ω) = e−y|ω|. (5)

Definition 3. Let f ∈ L1(R). The translation, modulation, and dilation operators of the function
f are expressed as follows

Ta f (x) = f (x− a), Mb f (x) = eibx f (x), Dc f (x) =
1√
|c|

f
( x

c

)
. (6)

where a, b, c are real constants.

Definition 4. Let f , g ∈ L1(R), the convolution of the functions f and g denoted by f ∗ g, be
defined as

( f ∗ g)(x) =
1√
2π

∫
R

f (t)g(x− t)dt, (7)
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and
( f ∗ g)(x) = F−1

{
F{ f }(ω)F{g}(ω)

}
(x). (8)

3. Fractional Fourier Transform and Properties

In what follows, we provide a definition of the fractional Fourier transform (FrFT), as
well as the related theorems and properties. For more details, see the references [1,3,11–26].

Definition 5. The one-dimensional fractional Fourier transform with angle θ of f ∈ L1(R) denoted
by F θ{ f }(ω) = f̂ θ(ω) is defined as

F θ{ f }(ω) = f̂ θ(ω) =
∫
R

Kθ(x, ω) f (x)dx, (9)

where the kernel Kθ(x, ω) is given by

Kθ(x, ω) =


Cθei(x2+ω2) cot θ

2 −ixω csc θ , θ 6= nπ
δ(x−ω), θ = 2nπ
δ(x + ω), θ = (2n + 1)π, n ∈ Z

, (10)

for which

Cθ = (2πi sin θ)−1/2eiθ/2 =

√
1− i cot θ

2π
.

The inversion formula of the FrFT is described by

f (x) = F−1
{

f̂ θ(ω)
}
(x) =

∫
R

Kθ(x, ω) f̂ θ(ω)dω, (11)

where
Kθ(x, ω) = Cθe−i(x2+ω2) cot θ

2 +ixω csc θ = K−θ(x, ω),

The relation between the FT and the FrFT is

F{r}(ω csc θ) = (2πi sin θ)
1
2 e−

iθ
2 e−iω2 cot θ

2 F θ{ f }(ω), (12)

where
r(x) = f (x)eix2 cot θ

2 . (13)

Some useful properties of the FrFT are summarized in the following results.

Theorem 1 (Translation property). If φ ∈ L1(R), then for any nonzero constant r ∈ R, one has

F θ{φ(x− r)}(ω) = e
i
4 (r2sin 2θ −4ωrsin θ )F θ{φ(x)}(ω− rcos θ ). (14)

Theorem 2 (Modulation property). If φ ∈ L1(R) and m ∈ Z, then

F θ
{

φ(x)eimx
}
(ω) = e

i
4 (4ωmcos θ −m2 sin 2θ)F θ{φ(x)}(ω−m sin θ). (15)

Theorem 3 (Dilation Property). If φ ∈ L1(R), then for any nonzero constant k ∈ R, we have

F θ{φ(kx)}(ω) =
Cθ

kCθ0
e

ik2ω2
2

(
1−
(

sec2θ
sec2θ0

))
cot θ0 F θ0{φ(x)}

(
ksec θ

sec θ0
ω

)
, (16)

where

θ0 = cot−1
(

cot θ

k2

)
.



Fractal Fract. 2023, 7, 557 4 of 19

Theorem 4 (Moment property). If φ ∈ L1(R), then we have

F θ
{

xφ
}
(ω) = ωsec θ

(
F θ{φ}

)
(ω) +

i
cot θ

F θ

{
dφ(x)

dx

}
(ω). (17)

Definition 6 (Convolution definition). Suppose that φ, ϕ ∈ L1(R). The convolution operator
related to the FrFT is defined as

(φ ? ϕ)(x) =
∫
R

φ(t)ϕ(x− t)

√
1− i cot θ

2π
eit(t−x) cot θdt. (18)

As an immediate consequence of Definition 6, we obtain the next theorem.

Theorem 5 (Convolution theorem). With the above notation, one obtains

F θ{(φ ? ϕ)}(ω) = e
−iω2 cot θ

2 F θ{φ}(ω)F θ{ϕ}(ω). (19)

Definition 7. The Schwartz space S (R) of rapidly decaying functions is defined by a collection of
complex-valued functions satisfying

S =

{
φ(x) ∈ C∞(R) : sup

x∈R

∣∣xmDmφ(x)
∣∣ < ∞, ∀m, n ∈ N

}
, (20)

where D = d
dx .

Definition 8. The Schwartz space Sθ(R) of rapidly decaying functions related to the FrFT is
defined by a collection of complex-valued functions satisfying

Sθ =

{
φ(x) ∈ C∞(R) : sup

x∈R

∣∣xmDn
xφ(x)

∣∣ < ∞, ∀m, n ∈ N
}

,

where Dx = d
dx − ix cot θ.

Theorem 6. Let Kθ(x, ω) be the kernel of the fractional Fourier transform and Dr
x =

( d
dx − ix cot θ)r, then for ∀r ∈ N0 we have

1. Dr
xKθ(x, ω) = (−iω csc θ)rKθ(x, ω)

2.
∫
R Dr

xKθ(x, ω) f (x)dx =
∫
R Kθ(x, ω)(D∗x)r f (x)dx

3. F θ
{
(D∗x)r f (x)

}
(ω) = (−iω csc θ)rF θ{ f (x)}(ω),

where

D∗x = −
(

d
dx

+ ix cot θ

)
. (21)

Proof.

1. Direct computation shows

d
dx

(Kθ(x, ω) =
d

dx

(
Cθei(x2+ω2) cot θ

2 −ixω csc θ
)

= Cθ d
dx

(
ei(x2+ω2) cot θ

2 −ixω csc θ
)

= Cθ
(

ei(x2+ω2) cot θ
2 −ixω csc θ

)
i(x cot θ −ω csc θ)

= Kθ(x, ω)(ix cot θ − iω csc θ).
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This means that (
d

dx
− ix cot θ

)
Kθ(x, ω) = (−iω csc θ)Kθ(x, ω).

Continuing in this way, we obtain(
d

dx
− ix cot θ

)r
Kθ(x, ω) = (−iω csc θ)rKθ(θ, ω).

2. Observe first that

∫
R

DxKθ(x, ω) f (x)dx =
∫
R

(
d

dx
− ix cot θ

)
Kθ(x, ω) f (x)dx

=
∫
R

(
d

dx
Kθ(x, ω) f (x)

)
dx−

∫
R

ix cot θKθ(x, ω) f (x)dx

= −
∫
R

Kθ(x, ω)

(
d

dx
f (x)

)
dx−

∫
R

ix cot θKθ(x, ω) f (x)dx

= −
∫
R

Kθ(x, ω)

(
d

dx
+ ix cot θ

)
f (x)dx

=
∫
R

Kθ(x, ω)D∗ f (x)dx.

Then, we obtain ∫
R

Dr
xKθ(x, ω) f (x)dx =

∫
R

Kθ(x, ω)(D∗)r f (x)dx. (22)

3. Using the previous results, we arrive at

F θ
{
(D∗x)

r f (x)
}
(ω) =

∫
R

Kθ(x, ω)(D∗x)
r f (x)dx

=
∫
R

Dr
xKθ(x, ω) f (x)dx

= (−iω csc θ)r
∫
R

Kθ(x, ω) f (x)dx

= (−iω csc θ)rF θ{ f (x)}(ω).

4. Fractional Fourier Transform for Generalized Heat and Laplace Equations

In this section, we utilize the fractional Fourier transform (FrFT) to solve the general-
ized heat and Laplace equations. First, we formulate the one-dimensional heat equation
in the FrFT domain. We then present some examples to illustrate the powerfulness of the
proposed FrFT.

4.1. Fractional Fourier Transform Method for Heat Equation

Let us now consider a one-dimensional heat equation in the fractional Fourier trans-
form (FrFT) domain as follows

∂u(x, t)
∂t

= c2(D∗x)
2u(x, t), −∞ < x < ∞, t > 0. (23)

In this case, the initial condition u(x, 0) = f (x) ∈ L1(R), and D∗x is defined by (21)
with c being any constant.
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Remark 1. It is not difficult to see that relation (23) can be written in the form

u(x, t) = c2uxx(x, t)

= 2 cot θc2(2iux(x, t)− cot θ u(x, t)
)
.

This partial differential equation is the unsteady heat conduction equation. In this case, u(x, t) is the
temperature at position x and time t and c2 cot θ is the thermal conductivity of the media depending
on θ.

Further, for θ = π
2 , the unsteady heat equation becomes

ut(x, t)− c2uxx(x, t) = 0

which is the steady heat equation.
Taking the FrFT on both sides of Equation (23) with respect to x, we obtain∫

R
Kθ(x, ω)

∂u(x, t)
∂t

dx = c2
∫
R

Kθ(x, ω)(D∗x)
2u(x, t)dx.

This equation can be expressed as

∂ûθ(ω, t)
∂t

= c2
∫
R
(D∗x)

2Kθ(t, ω)u(x, t)dx

= −c2ω2 csc2 θûθ(ω, t). (24)

Therefore,
ûθ(ω, t) = Ce(−c2ω2 csc2 θ)t, (25)

where C is an arbitrary constant.
Next, using the initial condition u(x, 0) = f (x), we find that

ûθ(ω, 0) =
∫
R

Kθ(x, ω) f (x)dx = C. (26)

Substituting (26) into (25) results in

ûθ(ω, t) =
(∫

R
Kθ(x, ω) f (x)dx

)
e(−c2ω2 csc2 θ)t. (27)

Taking the inverse of the FrFT in (27), we see that

u(x, t) = F−θ
{

ûθ(ω, t)
}
(x, t). (28)

Due to Equation (11), we further obtain

u(x, t) = F−θ

{( ∫
R

Kθ(x, ω) f (x)dx
)

e(−c2ω2 csc2 θ)t
}
(x, t)

= Cθ

∫
R

e−i(x2+ω2) cot θ
2 +ixω csc θ

(∫
R

Kθ(x, ω) f (x)dx
)

e(−c2ω2 csc2 θ)tdω

= CθCθ
∫
R

e−i(x2+ω2) cot θ
2 +ixω csc θ

(∫
R

ei(x2+ω2) cot θ
2 −ixω csc θ f (x)dx

)
e(−c2ω2 csc2 θ)tdω

=
1

2π sin θ

∫
R

e−i(x2+ω2) cot θ
2 +ixω csc θ

(∫
R

ei(x2+ω2) cot θ
2 −ixω csc θ f (x)dx

)
e(−c2ω2 csc2 θ)tdω

=
e
−ix2 cot θ

2

2π sin θ

∫
R

eixω csc θ

(∫
R

e
ix2 cot θ

2 e−ixω csc θ f (x)dx
)

e(−c2ω2 csc2 θ)tdω. (29)
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Denote
hθ(x) = e

ix2 cot θ
2 f (x), (30)

and
ω csc θ = v. (31)

Now Equation (29) above will lead to

u(x, t) =
e
−ix2 cot θ

2

2π sin θ
sin θ

∫
R

eixve−c2v2tdv
∫
R

e−ixvhθ(x)dx

=
e
−ix2 cot θ

2

2π

∫
R

eixve−c2v2tdv
∫
R

e−ixvhθ(x)dx

=
e
−ix2 cot θ

2
√

2π

∫
R

eixve−c2v2t
(

1√
2π

∫
R

e−ixvhθ(x)dx
)

dv

=
e
−ix2 cot θ

2
√

2π

∫
R

eixve−c2v2tF
{

hθ(x)
}

dv. (32)

By virtue of Equation (4), we obtain

F
{

1√
2c2t

e−
x2

4c2t

}
= e−c2v2t. (33)

Substituting Equation (33) into Equation (32) results in

u(x, t) =
e
−ix2 cot θ

2
√

2π

∫
R
F
{

1√
2c2t

e−
x2

4c2t

}
F
{

hθ(x)
}

eixvdv

=
e
−ix2 cot θ

2
√

2π
√

2c2t

∫
R
F
{

e−
x2

4c2t
}
F
{

hθ(x)
}

eixvdv (34)

An application of Equation (8) on Equation (34) results in

u(x, t) =
e
−ix2 cot θ

2
√

2c2t
F−1

{
F
{

e−
x2

4c2t
}
F
{

hθ(x)
}}

(x, t)

=
e
−ix2 cot θ

2
√

2c2t

(
e−

x2

4c2t ∗ hθ(x)
)
(y)

=
e
−ix2 cot θ

2
√

2c2t

(
e
−x2

4c2t ∗ e
ix2 cot θ

2 f (x)
)
(y)

=
e
−ix2 cot θ

2
√

4πc2t

∫
R

e−
(x−y)2

4c2t e
iy2 cot θ

2 f (y)dy. (35)

In the special case, when θ = π
2 , relation (34) above is reduced to

u(x, t) =
1√

4πc2t

∫
R

e−
(x−y)2

4c2t f (y)dy, (36)

which is the solution of the heat equation using the classical Fourier transform.
To illustrate the above result, we present the following example.

Example 1. Find the solution u(x, t) of (35) with c = 1 and

f (x) =
{

1, |x| < 1
0, otherwise.

(37)
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Solution. Substituting (37) into (35), we find

u(x, t) =
e
−ix2 cot θ

2
√

4πt

∫ 1

−1
e
−(x−y)2

4t e
iy2 cot θ

2 dy

=
e
−ix2 cot θ

2
√

4πt

∫ 1

−1
e
−y2

4t +iy2 cot θ
2 +

2xy
4t e

−x2
4t dy

=
e
−ix2 cot θ

2 − x2
4t

√
4πt

∫ 1

−1
e−y2( 1

4t−i cot θ
2 )+

2xy
4t dy. (38)

Equation (41) can be rewritten in the form

u(x, t) =
e
−ix2 cot θ

2 − x2
4t

√
4πt

∫ 1

−1
e
−( 1

4t−i cot θ
2 )

(
y2− 2xy

4t( 1
4t−

i cot θ
2 )

)
dy

=
e
−ix2 cot θ

2 − x2
4t

√
4πt

∫ 1

−1
e−(

1
4t−i cot θ

2 )
(

y2− 2xy
1−i2t cot θ

)
dy. (39)

The above equation will lead to

u(x, t) =
e
−ix2 cot θ

2 − x2
4t

√
4πt

∫ 1

−1
e−(

1
4t−i cot θ

2 )
(
( x

1−i2t cot θ−y)
2−( x

1−i2t cot θ )
2)

dy

=
e
−ix2 cot θ

2 − x2
4t

√
4πt

∫ 1

−1
e−(

1
4t−i cot θ

2 )( x
1−i2t cot θ−y)

2

e(
1
4t−i cot θ

2 )( x
1−i2t cot θ )

2

dy

=
e
−ix2 cot θ

2 − x2
4t +(

1
4t−

i cot θ
2 )( x

1−i2t cot θ )
2

√
4πt

∫ 1

−1
e−(

1
4t−i cot θ

2 )( x
1−i2t cot θ−y)

2

dy

=
e
−ix2 cot θ

2 − x2
4t +(

1
4t−

i cot θ
2 )( x

1−i2t cot θ )
2

√
4πt

∫ 1

−1
e
−
(√

1
4t−

i cot θ
2 x

1−i2t cot θ −
√

1
4t−

i cot θ
2 y

)2

dy. (40)

If we denote

z =

√
1
4t −

i cot θ
2 x

1− i2t cot θ
−
√

1
4t
− i cot θ

2
y,

then

u(x,t)

=
e
−ix2 cot θ

2 − x2
4t +(

1
4t−

i cot θ
2 )( x

1−i2t cot θ )
2

√
4πt

∫ √ 1
4t−

i cot θ
2 x

1−i2t cot θ +
√

1
4t−

i cot θ
2√

1
4t−

i cot θ
2 x

1−i2t cot θ −
√

1
4t−

i cot θ
2

e−z2 dz√
1
4t −

i cot θ
2

=
e
−ix2 cot θ

2 − x2
4t +(

1
4t−

i cot θ
2 )( x

1−i2t cot θ )
2

√
4πt

√
1
4t −

i cot θ
2

×

√π

2

erf


√

1
4t −

i cot θ
2 x

1− i2t cot θ
+

√
1
4t
− i cot θ

2

− erf


√

1
4t −

i cot θ
2 x

1− i2t cot θ
−
√

1
4t
− i cot θ

2

. (41)
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Hence,

u(x,t)

=
e
−ix2 cot θ

2 − x2
4t +(

1
4t−

i cot θ
2 )( x

1−i2t cot θ )
2

2
√

4t
√

1
4t −

i cot θ
2

×

erf


√

1
4t −

i cot θ
2 x

1− i2t cot θ
+

√
1
4t
− i cot θ

2

− erf


√

1
4t −

i cot θ
2 x

1− i2t cot θ
−
√

1
4t
− i cot θ

2

. (42)

Here,

erf(ω) =
2√
π

∫ ω

0
e−z2

dz, (43)

for all ω. Simulation of (42) at various values of θ and c = 1 is shown in Table 1.

Table 1. The solutions obtained for Example 1 with various values of θ and c = 1.

θ c u(x, t)

π
2 1 1

2

(
erf
(

x+1
2
√

t

)
− erf

(
x−1
2
√

t

))
π
3 1 e

− tx2√
3(
√

3−i2t)

2
√ √

3−i2t√
3

(
erf
( √

3x√
12t−i8

√
3t2

+

√√
3−i2t

4
√

3t

)
− erf

( √
3x√

12t−i8
√

3t2
−
√√

3−i2t
4
√

3t

))
π
4 1 e−

tx2
1−i2t

2
√

1−i2t

(
erf
(

x+(1−i2t)√
4t−i8t2

)
− erf

(
x−(1−i2t)√

4t−i8t2

))
π
6 1 e

− 3tx2
1−i2

√
3t

2
√

1−i2
√

3t

(
erf
(

x√
4t−i8

√
3t2

+
√

1−i2
√

3t
4t

)
− erf

(
x√

4t−i8
√

3t2
−
√

1−i2
√

3t
4t

))

In Table 1, it seems that for θ = π
2 Equation (41) boils down to

u(x, t) =
1
2

[
erf
(

x + 1
2
√

t

)
− erf

(
x− 1
2
√

t

)]
, (44)

which is quite similar to the solution of the classical heat equation using the Fourier
transform as shown in Figure 1. Figures 2 and 3 display the solution of Example 1 for
various values of θ and t.

Figure 1. Solution of Example 1 for t = 1, 2, 5, 10 and θ = π
2 .
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Figure 2. Real and imaginary parts of solution of Example 1 for π
4 and t = 1, 2, 5, 10.

Figure 3. Real and imaginary parts of solution of Example 1 for t = 1 and θ = π
2 , π

3 , π
4 , π

6 .

Now, let us consider the heat equation with a nonconstant coefficient as follows

∂u(x, t)
∂t

= t(D∗x)
2u(x, t),−∞ < x < ∞, t > 0 (45)

with the initial condition u(x, 0) = f (x), and D∗x = −
(

d
dx + ix cot(θ)

)
.

Using the same procedure, we obtain

u(x, t) =
e
−ix2 cot θ

2

t
√

2π

∫
R

e−
(x−y)2

2t2 e
iy2 cot θ

2 f (y)dy. (46)

4.2. Fractional Fourier Transform Method for Generalized Laplace Equation

Consider the following one-dimensional Laplace equation in the FrFT domain

(D∗x)
2u(x, y) + uyy = 0, −∞ < x < ∞, y > 0, (47)

with initial condition

u(x, 0) = f (x) ∈ L1(R), −∞ < x < ∞

lim
y→∞

u(x, y) = 0, lim
|x|→∞

u(x, y) = 0.
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Let us explore the solution of the generalized Laplace equation mentioned above.
Observe first that

F θ
{
(D∗x)

2u(x, y)
}
(ω, y) = −ω2 csc2 θûθ(ω, y) (48)

and

F θ
{

uyy
}
=

∂2ûθ(ω, y)
∂y2 . (49)

Taking the FrFT on both sides of (47) with respect to x, and then including Equa-
tions (48) and (49) into Equation (47), it is easily seen that

∂2ûθ(ω, y)
∂y2 = ω2 csc2 θûθ(ω, y). (50)

The general solution of (50) is

ûθ(ω, y) = A(ω)ecsc(θ)ωy + B(ω)e− csc(θ)ωy, (51)

for some undetermined coefficient functions A(ω) and B(ω). To obtain these coefficients,
we use the boundary condition

lim
y→∞

u(x, y) = 0

and
lim

y→∞
ûθ(ω, y) = 0.

This implies that A(ω) = 0 for ω > 0 and B(ω) = 0 for ω < 0. Hence,

ûθ(ω, y) = C(ω)e− csc(θ)|ω|y (52)

for C(ω) = A(ω), ω < 0 dan C(ω) = B(ω), ω > 0.

Next, based on the initial condition u(x, 0) = f (x), we obtain

ûθ(ω, 0) =
∫
R

Kθ(x, ω) f (x)dx = C(ω). (53)

Taking the inverse transform of the FrFT defined by (11), we arrive at

u(x, y) = F−θ
{

f̂ (ω)e− csc(θ)|ω|y
}

= F−θ

{(∫
R

Kθ(x, ω) f (x)dx
)

e− csc(θ)|ω|y
}

= Cθ

∫
R

e−i(x2+ω2) cot θ
2 +ixω csc θ

(∫
R

Kθ(x, ω) f (x)dx
)

e− csc(θ)|ω|ydω

= CθCθ
∫
R

e−i(x2+ω2) cot θ
2 +ixω csc θ

(∫
R

ei(x2+ω2) cot θ
2 −ixω csc θ f (x)dx

)
e− csc(θ)|ω|ydω

=
1

2π sin θ

∫
R

e−i(x2+ω2) cot θ
2 +ixω csc θ

(∫
R

ei(x2+ω2) cot θ
2 −ixω csc θ f (x)dx

)
e− csc(θ)|ω|ydω

=
e
−ix2 cot θ

2

2π sin θ

∫
R

eixω csc θ

(∫
R

e
ix2 cot θ

2 e−ixω csc θ f (x)dx)
)

e− csc(θ)|ω|ydω.
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Due to Equations (30) and (31), we obtain

u(x, y) =
e
−ix2 cot θ

2

2π sin θ
sin θ

∫
R

eixve−|v|ydv
∫
R

e−ixvhθ(x)dx

=
e
−ix2 cot θ

2

2π

∫
R

eixve−|v|ydv
∫
R

e−ixvhθ(x)dx

=
e
−ix2 cot θ

2
√

2π

∫
R

eixve−|v|y
(

1√
2π

∫
R

e−ixvhθ(x)dx
)

dv

=
e
−ix2 cot θ

2
√

2π

∫
R

eixve−|v|yF
{

hθ(x)
}

dv. (54)

Applying (5) into (54), we obtain

u(x, y) =
e
−ix2 cot θ

2
√

2π

∫
R
F
{√

2
π

y
x2 + y2

}
F
{

hθ(x)
}

eixvdv. (55)

An application of relations (3) and (8) to (55) leads to

u(x, y) = e
−ix2 cot θ

2 F−1

{
F
{√

2
π

y
x2 + y2

}
F
{

hθ(x)
}}

= e
−ix2 cot θ

2

((√
2
π

y
x2 + y2

)
∗ hθ(x)

)
(s)

=
ye
−ix2 cot θ

2

π

∫
R

hθ(s)
(x− s)2 + y2 ds

=
ye
−ix2 cot θ

2

π

∫
R

e
is2 cot θ

2

(x− s)2 + y2 f (s)ds. (56)

In the special case, for θ = π
2 , relation (56) becomes

u(x, y) =
y
π

∫
R

1
(x− s)2 + y2 f (s)ds. (57)

which is the solution of the classical Laplace equation using the Fourier transform (see [27]).

Example 2. We will now solve the Dirichlet problem in the upper half plane of (56) above with the
Gaussian function

f (x) = e−x2
. (58)

Solution. It is easy to verify that

∫
R

eis2 cotθ
2

(x− s)2 + y2 e−s2
ds =

∫
R

e(i
cot θ

2 −1)s2

(x− s)2 + y2 ds

=
π

y
e−(x2−y2)− iy2 cot θ

2

(
e−i2xy−xy cot θ − ei2xy+xy cot θ

)
.

Substituting the above equation into (56), we obtain

u(x, y) =e−(x2−y2)− iy2 cot θ
2

(
e−i2xy−xy cot θ − ei2xy+xy cot θ

)
. (59)

Simulation of (59) at various values of θ is shown in Table 2.
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Table 2. The solutions obtained for Example 2 with various values of θ.

θ u(x, t)

π
2 −2i sin xye−(x2−y2)

π
3 −e−(x2−y2)− iy2

2
√

3

(
e−i2xy− xy√

3 − ei2xy+ xy√
3

)
π
4 −e−(x2−y2)− iy2

2

(
e−i2xy−xy − ei2xy+xy

)
π
6 −e−(x2−y2)− i

√
3y2

2

(
e−i2xy−

√
3xy − ei2xy+

√
3xy
)

In Table 2, it seems that for θ = π
2 Equation (59) above changes to

u(x, y) = −2i sin xye−(x2−y2). (60)

Figures 4 and 5 display the solution of Example 2 for θ = π
4 and θ = π

2 , respectively.
From Table 2, we may infer that relation (59) is more flexible than relation (60) due to the
extra parameter θ.

Figure 4. Real and imaginary parts of the solution of Example 2 for θ = π
4 .

Figure 5. Solution of Example 2 for θ = π
2 .

Let us now consider the following problem of (56) on a strip as follows

(D∗x)
2u(x, y) + uyy = 0,−∞ < x < ∞, a < y < b, (61)

with the initial condition

u(x, a) = f (x), u(x, b) = g(x), (62)

where f , g ∈ L1(R).
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Taking the FrFT on both sides of (61) and (62) with respect to x, we obtain

ûθ(ω, y) = A(ω)eyω csc θ + B(ω)e−yω csc θ , (63)

where

A(ω) =
f̂ θ(ω)e−ωb csc(θ) − ĝθ(ω)e−ωa csc(θ)

2 sinh(ω(a− b) csc(θ))
, (64)

and

B(ω) = − f̂ θ(ω)eωb csc(θ) − ĝθ(ω)eωa csc(θ)

2 sinh(ω(a− b) csc(θ))
. (65)

Denote
ω csc θ = v, hθ

1(x) = e
ix2 cot θ

2 f (x), hθ
2(x) = e

ix2 cot θ
2 g(x), (66)

we obtain

f̂ θ = Cθe
iω2 cot θ

2

∫
R

e−ixvhθ
1(x)dx = Cθ

√
2πe

iω2 cot θ
2 F

{
hθ

1(x)
}
(v), (67)

and

ĝθ = Cθe
iω2 cot θ

2

∫
R

e−ixvhθ
2(x)dx = Cθ

√
2πe

iω2 cot θ
2 F

{
hθ

2(x)
}
(v). (68)

Substituting (67) and (68) into (64) and (65), respectively, we find that

A(ω) = Cθ

√
2πe

iω2 cot θ
2

(
F
{

hθ
1(x)

}
(v)e−bv −F

{
hθ

2(x)
}
(v)e−av

)
2 sinh(v(a− b))

, (69)

B(ω) = −Cθ

√
2πe

iω2 cot θ
2

(
F
{

hθ
1(x)

}
(v)ebv −F

{
hθ

2(x)
}
(v)eav

)
2 sinh(v(a− b))

. (70)

With the help of the inverse transform of the FrFT defined by (11), we arrive at

u(x, y) =F−θ
{

A(ω)evy + B(ω)e−vy}
=

e
−ix2 cot θ

2
√

2π

∫
R

eixv
(
F
{

hθ
1(x)

}
(v)ev(y−b) −F

{
hθ

2(x)
}
(v)ev(y−a)

)
2 sinh(v(a− b))

dv

− e
−ix2 cot θ

2
√

2π

∫
R

eixv
(
F
{

hθ
1(x)

}
(v)ev(b−y) +F

{
hθ

2(x)
}
(v)ev(a−y)

)
2 sinh(v(a− b))

dv

=
e
−ix2 cot θ

2
√

2π

×
∫
R

eixv
F
{

hθ
1(x)

}
(v)
(

ev(y−b) − e−v(y−b)
)
−F

{
hθ

2(x)
}
(v)
(

ev(y−a) − e−v(y−a)
)

2 sinh(v(a− b))
dv

=
e
−ix2 cot θ

2
√

2π

∫
R

eixvF
{

hθ
1(x)

}
(v) sinh(v(y− b))−F

{
hθ

2(x)
}
(v) sinh(v(y− a))

sinh(v(a− b))
dv. (71)



Fractal Fract. 2023, 7, 557 15 of 19

Now observe that∫
R

sinh(v(y− b))
sinh(v(a− b))

eivxdv =
∫
R

ev(y−b) − ev(b−y)

ev(a−b) − ev(b−a)
eivxdv

=
∫
R

ev(y−b+ix) − ev(b−y+ix)

ev(a−b) − ev(b−a)
dv.

Putting p = y− b + ix, q = b− y + ix, r = a− b, and s = b− a, we obtain

∫
R

epv − eqv

erv − esv dv =
∫
R

e(p−r)v − e(q−r)v

1− e−(r−s)v
dv

=
∫
R

e−(r−p)v − e−(r−q)v

1− e(s−r)v
dv. (72)

Letting t = (r− s)v, we see that

∫
R

e−(
r−p
r−s )t − e−(

r−q
r−s )t

1− e−t
dx

r− s
=

1
r− s

∫
R

e−(
r−p
r−s )t − e−(

r−q
r−s )t

1− e−t dt

=
1

r− s

(
ψ

(
r− q
r− s

)
− ψ

(
r− p
r− s

))
, (73)

where

ψ(n)− ψ(m) =
∫
R

e−tm − e−tn

1− e−t dt, m =
a− 2b + y− ix

2(a− b)
, n =

a− y− ix
2(a− b))

. (74)

This means that

F
{

1√
2π

1
2(a− b)

(
ψ

(
a− y− ix
2(a− b))

)
− ψ

(
a− 2b + y− ix

2(a− b)

))}
=

1√
2π

sinh(v(y− b))
sinh(v(a− b))

. (75)

Using a similar procedure, we arrive at

F
{

1√
2π

1
2(a− b)

(
ψ

(
2a− b− y− ix

2(a− b)

)
− ψ

(
b + y− ix
2(a− b)

))}
=

1√
2π

sinh(v(y− a))
sinh(v(a− b))

. (76)

Hence,

u(x,y)

=
e
−ix2 cot θ

2

4π(a− b)

∫
R

(
ψ

(
a− y− i(x− s)

2(a− b))

)
− ψ

(
a− 2b + y− i(x− s)

2(a− b)

))
e

is2 cot θ
2 f (s)ds

− e
−ix2 cot θ

2

4π(a− b)

∫
R

(
ψ

(
2a− b− y− i(x− s)

2(a− b))

)
− ψ

(
b + y− i(x− s)

2(a− b)

))
e

is2 cot θ
2 g(s)ds. (77)

5. Relation to Sampling Theorem for FrFT

In this part, we first introduce the limited band for the fractional Fourier transform.
We derive the following results, which will be useful for solving the discrete version of the
generalized heat equation.

Definition 9. A signal f (t) is called band-limited related to the FrFT if there is a positive number
σ satisfying F θ{ f }(ω) = 0 for all |ω| > σ.
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Lemma 3. (See [28,29]) Suppose f (t) is band-limited to σ in the fractional Fourier transform
domain, i.e.,

f (t) =
∫ σ

−σ
F θ{ f }(ω)Kθ(t, ω)dt,

then

f (t) = ei(t2 cot θ)/2
∞

∑
n=−∞

e−i(t2
n cot θ)/2 f (tn)

sin(σ csc θ(t− tn))

σ csc θ(t− tn)
, (78)

where tn = nπ sin θ
σ .

As an immediate consequence of Lemma 3, we obtain the following important result.

Theorem 7. Under the assumptions as in Lemma 3, one has

F θ{ f }(ω) =Cθei ω2 cot θ
2 (U0(ω + σπ)−U0(ω− σπ))

π sin θ

σ

×
∞

∑
n=−∞

f (tn)e−i(t2
n cot θ)/2e

−inπω
σ , (79)

where

U0(ω + σπ)−U0(ω− σπ) =

{
1, −σπ < ω < σπ

0, otherwise.

Proof. Substituting (78) into (9), we have

F θ{ f }(ω)

= Cθ
∫
R

f (t))ei(t2+ω2) cot θ
2 −itω csc θdt

= Cθ
∫
R

e−i t2 cot θ
2

∞

∑
n=−∞

e−i(t2
n cot θ)/2 f (tn) sinc(σ csc θ(t− tn))ei(t2+ω2) cot θ

2 −itω csc θdt

= Cθ
∫
R

∞

∑
n=−∞

e−i(t2
n cot θ)/2 f (tn) sinc(σ csc θ(t− tn))ei ω2 cot θ

2 e−itω csc θdt.

This equation may be expressed as

F θ{ f }(ω) = Cθei ω2 cot θ
2

∫
R

∞

∑
n=−∞

e−i(t2
n cot θ)/2 f (tn) sinc(σ csc θ(t− tn))e−itω csc θdt

= Cθei ω2 cot θ
2

∞

∑
n=−∞

f (tn)e−i(t2
n cot θ)/2

∫
R

sinc(σ csc θ(t− tn))e−itω csc θdt

= Cθei ω2 cot θ
2

∞

∑
n=−∞

f (tn)e−i(t2
n cot θ)/2

∫
R

sinc
(

σπ
(t− tn)

π sin θ

)
e
−itω
sin θ dt

= Cθei ω2 cot θ
2

∞

∑
n=−∞

f (tn)e−i(t2
n cot θ)/2

∫
R

sin
((

σπ
π sin θ

)
t−
(

σπtn
π2 sin θ

)
π
)

(
σπ

π sin θ

)
t−
(

σπtn
π2 sin θ

)
π

e
−itω
sin θ dt

= Cθei ω2 cot θ
2 (U0(ω + σπ)−U0(ω− σπ))

π sin θ

σ

×
∞

∑
n=−∞

f (tn)e−i(t2
n cot θ)/2e

−inπω
σ ,

which proves the theorem.

The above result will lead to the following theorem.
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Theorem 8. Suppose that the initial condition f (x) is band-limited to σ in the FrFT domain. Then,
the solution of (23) is given by

u(x, t) =
e

it2 cot θ
2 + tc2 csc θ

4c2

2σ

(
erf

(√
t csc θ

2c
+ cσπ

√
t csc θ

)
− erf

(√
t csc θ

2c
− cσπ

√
t csc θ

))
∞

∑
n=−∞

f (tn)e−itn
cot θ

2 . (80)

Proof. From Equations (11) and (28), we deduce that

u(x, t) =F−θ
{
F{ f }(ω) e−c2ω2 csc2 θ

}
=Cθ

∫
R
F θ{ f }(ω)e−c2ω2 csc θ te−i(t2+ω2) cot θ

2 +itω csc θdω.

Substituting (79) into the above identity, we find

u(x, t) =Cθ

∫
R

Cθe
iω2 cot θ

2 (U0(ω + σπ)−U0(ω + σπ))
π sin θ

σ
∞

∑
n=−∞

f (tn)e−
itn cot θ

2 e−
inπω

σ e−c2ω2 csc θ te−i(t2+ω2) cot θ
2 +itω csc θdw

=|Cθ |2
∫
R

e
iω2 cot θ

2 (U0(ω + σπ)−U0(ω + σπ))
π sin θ

σ
∞

∑
n=−∞

f (tn)e−
itn cot θ

2 e−c2ω2 csc θ te−
it2 cot θ

2 e−
iω2 cot θ

2 eitω csc θdω

=|Cθ |2 π sin θ

σ
e−

it2 cot θ
2

∞

∑
n=−∞

f (tn)e−
itn cot θ

2

∫
R
(U0(ω + σπ)−U0(ω + σπ))e−c2ω2 csc θt+itω csc θdω.

which is the same as

u(x, t) =|Cθ |2 π sin θ

σ
e−

it2 cot θ
2

∞

∑
n=−∞

f (tn)e−itn
cot θ

2

∫
R
(U0(ω + σπ)−U0(ω + σπ))e−c2 csc θ tω2+it csc θ ωdω.

Further, we have

u(x, t) =|Cθ |2 π sin θ

σ
e

it2 cot θ
2

∞

∑
n=−∞

f (tn)e−itn
cot θ

2

∫ σπ

−σπ
e−c2 csc θ tω2+it csc θ ωdω

=|Cθ |2 π sin θ

σ
e

it2 cot θ
2

∞

∑
n=−∞

f (tn)e−itn
cot θ

2

∫ σπ

−σπ
e−c2 csc θ t

(
ω2− it csc θ

c2 csc θ t
ω
)

dω

=|Cθ |2 π sin θ

σ
e

it2 cot θ
2

∞

∑
n=−∞

f (tn)e−itn
cot θ

2

∫ σπ

−σπ
e−c2 csc θ t

(
ω2− iω

c2

)
dω

=|Cθ |2 π sin θ

σ
e

it2 cot θ
2

∞

∑
n=−∞

f (tn)e−itn
cot θ

2

∫ σπ

−σπ
e
−c2 csc θ t

((
ω− i

2c2

)2
+ 1

4c4

)
dω

=|Cθ |2 π sin θ

σ
e

it2 cot θ
2

∫ σπ

−σπ
e−c2 csc θ t

(
i

2c2−ω
)2

e
c2 csc θ t

4c2 dω.

Hence,
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u(x, t)

=|Cθ |2 π sin θ

σ
e

it2 cot θ
2 + c2 csc θ t

4c2
∞

∑
n=−∞

f (tn)e−itn
cot θ

2

∫ σπ

−σπ
e−
(√

csc θ t i
2c − c√csc θ tω

)
dω

=|Cθ |2 π sin θ

σ
e

it2 cot θ
2 + tc2 csc θ

4c2

(
erf

(√
t csc θ i

2c
+ cσπ

√
t csc θ

)
− erf

(√
t csc θ i

2c
− cσπ

√
t csc θ

))
∞

∑
n=−∞

f (tn)e−itn
cot θ

2 .

This finishes the proof of the theorem.

We are convinced that the result is very useful for the development of partial differen-
tial equations in the fractional Fourier transform domain and in the mathematical analysis
field because the fractional Fourier transform method has superior performance compared
to classical Fourier transform method.

6. Future Prospects

All works reported in this paper are only initial results. Future work will continue this
research on how to modify all the solutions of the generalized heat and Laplace equations
if the initial and boundary conditions are band-limited to σ. It is known that the classical
Fourier method has wide applications in solving other partial equations. Of course, we
can extend the utility of the fractional Fourier transform method in solving such partial
differential equations.

7. Conclusions

In this paper, we derived the solutions of the generalized heat and Laplace equations
using the fractional Fourier transform. The solutions were obtained using the properties of
the fractional Fourier transform and the relationship between the convolution theorem for
the fractional Fourier transform and the convolution theorem for the Fourier transform.
The solution of the generalized heat equation using the sampling formula in the fractional
Fourier transform was investigated in detail.
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