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Abstract: The Fokas system with M-truncated derivative (FS-MTD) was considered in this study. To
get analytical solutions of FS-MTD in the forms of elliptic, rational, hyperbolic, and trigonometric
functions, we employed the extend F-expansion approach and the Jacobi elliptic function method.
Since nonlinear pulse transmission in monomode optical fibers is explained by the Fokas system, the
derived solutions may be utilized to analyze a broad range of important physical processes. In order
to comprehend the impacts of MTD on the solutions, the dynamic behavior of the various generated
solutions are shown using 2D and 3D figures.
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1. Introduction

Most phenomena and models in the fields of computer science, medicine, botany,
zoology, ecology, human biology, oceanography, engineering, quantum mechanics, applied
physics, plasma physics, meteorology, applied mathematics, electricity, and fluid dynamics,
are well described by partial differential equations (PDEs). Over the last several decades,
there has been an increase in study on the robustness, stability, uniqueness and existence
and application of solutions to PDEs in many disciplines. Consequently, the exact solution
of PDEs is one of the main topics of nonlinear science. Many specific and simple methods
for getting the exact solutions to PDEs have been introduced and improved in recent
years, for example the (G’/G)-expansion approach [1,2], mapping method [3,4], Jacobi
elliptic function expansion [5], exp-function method [6], sine-cosine procedure [7], auxiliary
equation scheme [8], first-integral method [9], generalized Kudryashov approach [10],
exp(—¢(g))-expansion method [11], etc.

In this study, we look at the FS-MTD in the following form

IMPU + 01U + 02UV = 0,

1
03Vy = 04(IU[*)x, g

where V = V(x,y,t) and U = U(x,y,t) are complex functions, and 61, 6,, 63 and 6, are
arbitrary constants. Mi f is the M-truncated derivative operator for § € (0,1], and g > 0,
and will be defined in the next section. If we put 6 = 1,8 — 0, then we have the Fokas
system (FS):
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iUy + 01Uy + UV =0,
05V = 04(JU|)x .

Fokas [12] and Shulman [13] introduced the 2 (FS) for examining NLSE in (2 + 1) dimen-
sions. Due to the importance of FS (2), many authors have acquired the exact solutions by
employing numerous techniques, such as Hirota’s bilinear method [14], extended rational
sine-cosine and sinh-cosh methods [15], Jacobi elliptic function expansion [16], exp-function
method [17], He’s frequency formulation method, variational method, tanh-function, and
the simplified extended [18], generalized Kudryashov method [19].

Recently, there have been some studies about the obtained solutions of PDEs with
MTD, for instance the Boiti-Leon—-Manna—-Pempinelli equation [20], Fokas equation [21],
KdV equation [22], Kraenkel-Manna—Merle system [23], complex Ginzburg-Landau equa-
tion [24], Phi-4 equation [25], etc.

The goal of this research is to obtain the exact solutions of the FS-MTD (1). We utilize
the extended F-expansion method (EFE method) and Jacobi elliptic function method (JEF
method) to obtain the solutions of FS-MTD (1). Since the Fokas system is utilized to explain
nonlinear pulse transmission in monomode optical fibers, the attained solutions can be
utilized for the analysis of a wide variety of crucial physical process. The dynamic behavior
of the various obtained solutions are simulated in 3D and 2D in order to interpret the effects
of MTD on the solutions.

The paper has the following structure: Next, we identify MTD and describe its features.
In Section 3, we find the wave equation for the FS-MTD (1). After then, we employ two
various methods to attain the exact solutions of FS-MTD (1) in Section 4, while the impact
of MTD on the solution of FS-MTD (1) is investigated in Section 5. Finally, the conclusion
of the paper is provided.

@

2. M-Truncated Derivative

Many authors have presented different types of fractional derivatives. Those offered
by Riemann-Liouville, Riesz, Erdelyi, and Hadamard and Caputo [26-29], are the most
popular. Classical derivative rules, including the quotient rule, chain rule, and product
rule, cannot be applied to the huge variety of fractional derivative forms. In recent years,
Sousa et al. [30] have suggested a novel derivative known as MTD.

Definition 1. If ¢ : [0,00) — R then the MTD of order 6 € (0, 1] is known as

%%Uﬁ%W%W?%W)

, fort >0,

where & g is known as
Erglz) = ; 7Zj
z E - ,
kp = T(jB+1)

]:
for B >0,z € Cand T is a gamma function.

The next theorem describes the characteristics of MTD:

Theorem 1. Ify and ¢ are é-differentiable functions for 6 € (0,1], B > 0, then
(1) M”’ﬁ(a(p +by) = aMP (@) + oM ()

@) M) = M)tv s,

(3)/\/1 ((p) tp+¢/\/lkt(p,
10

(9 M} wxr—;mﬁ,

(5) M (0 9)(1) =/ (p() ME (),

where a, b, v are real constants.
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3. Traveling Wave Equation for FS-MTD
To get the wave equation for FS-MTD (1), we utilize

U(x,y,t) = @(u)e?, V(x,y,t) =¥ (),
with 3
¢ = rx + ¢oy + s L EVE and p = pyx + gy + s ELE,

where @ and Y are real functions, and ¢y, pyj are non-zero constants for k =1, 2, 3. We
note that

MPU = [u3® +igs®le™?,
Uy = (1 +ig1®)e?, (JUP*)x = pr (D?),
Uy = (3" +2ip1 @ — p20)e?, V, = i (4)

Plugging Equation (4) into Equation (1), we have, for the real part

(O111)@" + (—¢3 — 0191) @ + 0,0¥ =0, ®)
0312 = Oapir (%), (6)
and for the imaginary part
(201111 + p3)@" = 0. @)
Setting that:
3 = —201¢1pi1.

Then, Equation (7) vanishes. Integrating (6) once and ignoring the integral constant, we get

94#1

Y= 8
b5 yz ®)

Substituting Equation (8) into Equation (5), we have
@ + AD + BD® =0, )

where
A u andB= %
0113 0301112

4. Exact Solutions of FS-MTD

To solve Equation (9), two different approaches are used: the EFE method and the JEF
method. Then, the solutions to the FS-MTD (1) are derived.

4.1. EFE Method

Assuming the solution ® of Equation (9) is:

N
by
O(u) =ao+ Y (axF*(n) + ), (10)
: L @F 0+ 7
where F solves
Fl=F+a, (11)

where @ is a real constant. Hence, Equation (11) has the solutions:

F(u) = Vaotan(vVaopu) or F(u) = —Va cot(vou), (12)
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if @ >0, or
F(p) = —vV~@tanh(v~@p) or F(u) = —v/~@ coth(v'~w@p), (13)
if @ <0, or .
Fu) = K (14)
if @ = 0.

To determine N, we balance ®” with ®3 in Equation (9) as follows:
N+2=3N = N=1.

Equation (10) becomes

b
O (i) = ag+ a1.F + fl (15)

Setting Equation (15) into Equation (9), we attain

(2a1 + Ba3) F° + (3apa?) F? + (2way + 3Baja
+3Ba2by + Aay)F + (Baj + 6Baga; by + Aay)
+(2by + 3Badby + 3Bayb? + Aby) F !+
+(3apa?) F~2 4 (2by@* 4 Bb3) F 3 = 0.

Comparing to zero the coefficients of every power of F:
2a; + Ba3 =0,
3a0a% =0,
2@ay + 3Bajay + 3Bajb; + Aay =0,
Ba% + 6Baga1by + Aag =0,
2@by + 3Bajby + 3Ba b} + Aby =0,

3agh? =0,
and
2b1@* + Bb3 = 0.
The following are the three families of solutions obtained by solving these equations:
First family:

-2 3+ 0 2
aozo,alzi,/f,blzo,ylzi,/‘l’Tﬂé"’l. (16)
Second family:
| — -2 [P35 + 61 2
ap = 0, a = :l: ?, bl - :|:(D f’ ]x{] == GDSTW% (17)

- -2 3 + 0197
ao:0,a1::|:\/f, blzicm/?, ylzi,/"’T;”l. (18)

First family: Equations (8) and (9) have the following solutions:

() = | A2 ),
204

N

Third family:

N
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and

—260117
Y(p) = Tl}_z(#)-

Consequently, by using Equation (3), the solution of FS-MTD (1) is

[_ . —20, 13
U(x,y,t) ==+ W}'(ﬂ)e”” and V(x,y,t) = lel]—"z(y). (19)
204 p)

where ¢ = ¢1x + Py + ¢35 ﬂ“ O and p = pux + poy + pz—L (ﬁﬂ) t°. For F(u), there are
three different cases:
Case 1: If @ > 0, then Equation (19), using (12), has the form

U(x,yt) ==+ 7_2602321#1#2 tan(\/apt)ei"), (20)
\/ 0,4

—200; 142
V(x,y,t) = 792”‘1 tan?(v/a@p), 21)
and
—2w030 ;
U(x,y,t) = F4/ 79291;11#2 cot(vaou)e'?, (22)
—200; 142
V(x,y,t) = T”*lco#(\/ay). (23)
Case 2: If @ < 0, then Equation (19), using (13), becomes
20656 ;
Ulxyt) = Fy ;261)5 12 tanh(v/=ap)e*, (24)
200, 142
V(x,y,t) = 92”‘1 tanh?(v/~@p), (25)
and
U(x,y,t) = F4/ 2@9;26# coth(v/—@p)e?, (26)
200,12
V(x,y,t) = Twlcothz(\/—coy). (27)

Case 3: If @ = 0, then Equation (19), using (14), takes the type

*29391]41}{2 1 i —291}{% 1
U(x,y,t) = F| ——=—==ePand V(x,y,t) = —, 28
(x y ) + 6264 ye an (X y ) 62 ]’lz ( )

where ¢ = ¢1x + gy + ¢3 "B and = px + oy + s TE
Second family: Equatlons (8) and (9) have the following solut1ons:

D) = | oAb (W) + f‘fy))

_ 2 2
¥ = 5 (F 0+ 507 )

and
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Consequently, by using Equation (3), the solution of FS-MTD (1) is

2040 -
U(x,y,t) = £, /% (f(y) + %)e"l’, (29)

—20;2 2
Vi) = =g (F + 575 ) 30

and

where ¢ = ¢1x + Py + ¢3 ;3+ TED g and W= p1x + poy + u3 (’5+ TE 0 For F(u), there are
three cases:
Case 1: If @ > 0, then Equations (29) and (30), using (12), become

U(x,y,t) = iW(tam(\/@y) + cot(ﬁy))ei‘l’, (31)
204

and
—200
Vit = —¢ 200 (tan(vap) +cot(vap)) (32)
Case 2: If @ < 0, then Equations (29) and (30), using (13), have the forms
U(x,y,t) = %4/ % (tanh(\/ —@p) + coth(v/ —a)y)) e'?, (33)
204
and
206
V(x,y,1) = 9”‘1 (tanh(v=ap) + coth(v/~ap) ) (34)

Case 3: If @ = 0, then Equations (29) and (30), using (14), become

20,0 —20113 ?
Ux,y t) =+ —— =5 Wz( ﬂ‘) ®and V(xy, 1) = <1+ﬂ> - (39
0204 U ) U

Third family: Equations (8) and (9) have the following solutions:

B —20301 1 p2 @
O =+ \/ 0204 (}-(V) ]:(#))’

and 5 5
—291“111 < () >
Y(u) = Fp)— =1 -
Consequently, by using Equation (3), the solution of FS-MTD (1) is
—20501 11142 < @ > ;
U(x,y,t) = 1| ——=—L2 F(u) — =— )9, 36
vy t) =+ /—¢ 0 M) = Zo (36)
and

—261343 2
Vi) = =g (F - 575 ) @)

F(ﬁ+l

where ¢ = ¢1x + oy + ¢3 O and p = ux + poy + pz—L (ﬁH) t°. For F(u), there are

three cases:
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Case 1: If @ > 0, then Equations (36) and (37), using (12), become

U(x,y,t) = :I:\/m<tan(\/5y) - cot(ﬁy))ei¢, (38)
0,04

—2@0 1?‘1

Vioyt) =~ (tan(f @) — cot(va y)) (39)

Case 2: If @ < 0, then Equations (36) and (37), using (13), take the types

U(x,y,1) = =) | =222 (tanh (=) — coth(v/=@p) ), (40)

2(@91‘111
0>

and

and

V(x,y,t) = (t anh(y/—@u) — coth(v/—@u) ) (41)

Case 3: If @ = 0, then Equations (36) and (37), using (14), has the form

_ . —20 2 2
U(,0) = | 200 (L) and Vi) = < (Dou) L @)
0,64 |2 ) H

4.2. JEF Method
Assuming that the solutions of Equation (9), (with N = 1), is

D(p) =a+ben(Au,m), (43)

where a, b, A are unknown constants and cn(Ap, m) is Jacobi elliptic cosine function for
0 < m < 1, then differentiating Equation (43) twice, we attain

" (n) = —(2m* — 1)bA%cn(Au, m) — 2m>bA%cn® (A, m), (44)

where [cn(Au,m)] = —Asn(Au, m)dn(Ap,m), [dn(Au,m)] = —Am2sn(Au, m)cn(Au, m)
and [sn(Ap,m)]" = Acn(Ap, m)dn(Au, m). Since sn is Jacobi elliptic sine function and dn
is the delta amplitude function, then plugging Equations (43) and (44) into Equation (9),
we have

(Bb® — 2m?bA%)cn® (Ap, m) + 3Bab*cn®(Ap, m)

+[3Ba*b — (2m?* — 1)bA% + Ab]cn(Au,m) + (Ba® +aA) =0
Balancing the coefficient of [cn(Au, m)]" to zero for n = 0,1,2,3, we obtain
Ba® +aA =0,

—(2m?* —1)bA%? 4+ 3Ba’b + Ab = 0,
3Bab* =0,

and
Bb3 — 2m2bA% = 0.

The solution to the above equations is

2m?A 2 A

a=0b 2m2 —1)B’ 2m2 —1)
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Thus, Equation (9), by using (43), has the solution
O(u) ==+ (ZnZHiAl)Bcn(Ay'm)'
Hence, the solution of FS-MTD (1) is
Utry.t) = i\/(zéﬁﬁ)#“(\/(mf— 1)”’m)ei¢’ )
V(x,y,t) = (22241111?;;2Bcn2( (Zm?— 0 y,m), (46)

F(ﬁ+1)

where(221)>0¢ P1x+ oy + 3 B and g = prx+ oy + 3 "B TEm 1,

the solution of FS-MTD (1) is

U(x,y,t) = £4/ %sech(\/z,u)ei"’. (47)
204 A o
V(x,y,t) = Ba12F sech (\/Zy), (48)

In similar way, we can replace cn in (43) by sn and dn to get the next solutions of Equation (9):

2
2m+A J A

D(p) = (2—m2)B n( = mg)ylm)r
and
2m2B B
(I)(l’l) = (m2+1)Asn((m2+1) y,m),

respectively. Thus, the solutions of FS-MTD (1) are

Ulxy,t) = i\/(2752”1?31)Ad"(\/(ZmZB— 1)”””)ei¢’ 49
V(xy,t) = (2551%[117)11(9;214”1”2( (2sz - 1)””")’ (50)
for m > 0, and
U(x,y,t) = i\/(mznff)Asn(\/(szJr 1)y,m)ei4’, (51)
V(x,yt) = (mieff;;gm 2 2( (sz+1)V/m)/ (52)

for B > 0, respectively. If m — 1, then the solutions (49) and (51) are

U(x,y,t) = £4/ %csch(ﬁy)ei‘l’, (53)
. 294]413 2
V(x,y,t) = 793V2A csch (\/Ey), (54)
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and for B > 0

U(x,y,t) = :i:\/ftanh (\/gy)ei‘l), (55)

LT
V(x,]/, t) - 93]/12A tanh ( 2}1), (56)
where ¢ = ¢1x + ¢2y+¢3@t5 and p = p1x + poy + m@t(s.

5. Effects of MTD on the Solutions

Here, we discuss the effects of MTD on the exact solution of the FS (1). To demonstrate
the behavior of certain found solutions, several diagrams are presented, such as (24), (25),
and (45)—(48). Let us fix the parameters 61 = 6 = 603 =64 =1, yo = —1, uz3 = -2,
y =0, x €[0,4],and t € [0, 3] to simulate these figures.

Now we conclude from Figures 1-6 that the surface shifts to the right when the order
of M-truncated derivatives increases.

Solution
Solution

Space "x" 0 o Time "t*

@d=1,p=0 (b)5 =07, =08

Solution
Solution

Space "x" 0 o Time "t* 0 0.5 1 1.5 2 25
Time "t"

(c)0=05 =08 (dé= 05071

Figure 1. (a—c) display 3D profile of solution |U/(x,y,t)| in Equation (24) with yy = 1 and
6= 0.5, 0.7, 1. (d) shows 2D-style of Equation (24) with different J.

Solution
Solution

Space "x" 0 D Time "t" Space "' e D Rl
@d=1,B=0 (b)5 =07, =08

Figure 2. Cont.
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Solution
Solution

Space "x" 0 o Time "t" 0 05 1 15
Time "t"

()6 =05, =08 (d)s= 05,071

Figure 2. (a—c) display 3D profile of solution |V(x,y,t)| in Equation (25) with py = 1 and
6= 0.5, 0.7, 1. (d) shows 2D profile of Equation (25) with different J.

”

IS

53 5
E] 5
a2 a
1
0
4
3
2
Space "x" 0 o Time "t* Space "X’ voo Time "t"
(@dé=1p=0 (b)6 =07, =08
5
5 3
& £
2 2
@ =]
a
3
Space "x" 0 o Time "t" 0 0.5 1 15 2 25
Time "t"

()6 =05, =08 (d)s= 05,071

Figure 3. (a—c) display 3D profile of solution |U/(x,y,t)| in Equation (45) with yy = 1 and
6= 0.5, 07, 1. (d) shows 2D profile of Equation (45) with different J.

Solution
Solution

Space "x" 0 0 Time "t Space "' o o Time "t'

B=0 (b)5 =07, =08

(@d=1,

Figure 4. Cont.
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25

20

o

Solution
Solution

a 05 1 15 2 25

Space "x" 0 o Time "t"
. Time "t"
()6 =05, =08 (d)s= 05,071

Figure 4. (a—c) display 3D profile of solution |V(x,y,t)| in Equation (46) with y; = 1 and
6= 0.5, 0.7, 1. (d) shows 2D profile of Equation (46) with different J.

Solution
Solution

0.5

°

2

Space "x" o o Time "t" Space "' 0 o Time "t"

@d=1p=0 (b)5 =07, =08

Solution
Solution

Space "x" 0 o Time "t" 0 0.5 1 15 2 25
Time "t"

()6 =05, =08 (d)s= 05,071

Figure 5. (a—c) display 3D profile of solution |U/(x,y,t)| in Equation (47) with 1 = 2 and

6= 0.5, 07, 1. (d) shows 2D profile of Equation (47) with different J.

Solution
Solution

Space "x" 0 0 Time "t Space "' o o Time "t'

@d=1,B=0 (b)5 =07, =08

Figure 6. Cont.
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References

1.6

14

12

Solution
Solution

08

0.6

0.4

0.2

Space "x" 0 0 Time "t* 0 0.5 1 15 2 25
Time "t"

()6 =05, =08 (d)s= 05,071

Figure 6. (a—c) display 3D profile of solution |V(x,y,t)| in Equation (48) with py = 2 and
6 = 05, 0.7, 1. (d) shows 2D profile of Equation (48) with different 4.

6. Conclusions

In this study, the Fokas system with M-truncated derivative (FS-MTD) is considered.
We used extend F-expansion method and Jacobi elliptic function method to get the exact
solutions of FS-MTD (1) in the form of rational, elliptic, hyperbolic, and trigonometric
functions. Furthermore, we can use various other methods, such as the exp(—¢)-expansion

method, improved tan( ¢(2p) )-expansion method, Hirota bilinear method, complex hyperbolic-
function method, Painleve approach, extended trial equation, Weierstrass elliptic function
expansion method, etc. to acquire some different solutions.

Since the Fokas system is utilized to explain nonlinear pulse transmission in monomode
optical fibers, the acquired solutions can be applied to the analysis of a wide variety of
crucial physical phenomena. The dynamic performances of the various obtained solu-
tions are depicted using 3D and 2D curves in order to interpret the effects of MTD on the
solutions. We deduced that the surface shifts to the left when the order of M-truncated
derivatives decreases.
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