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Abstract: The knowledge of fractional calculus can be useful in developing models that allow us to
better understand and manage some phenomena. In the present paper, we study the topological
structure of the mild solution set for a semi-linear differential inclusion containing the T-Caputo frac-
tional derivative in the presence of non-instantaneous impulses and an infinite delay. We demonstrate
that this set is non-empty and an Rj-set. We use a recent result regarding the existence of solutions
for T-Caputo fractional semi-linear differential inclusions. Unlike many results, we do not suppose
that the generating semigroup is compact. An illustrative example is given as an application of our
results.

Keywords: non-instantaneous impulses; T-caputo derivative; semi-linear differential inclusions; mild
solutions; Rs-sets

1. Introduction

The subject of fractional calculus has many applications in industry, fluid flows,
dynamic systems in control theory, electrical circuits with fractance, generalized voltage
dividers, viscoelasticity, multipoles with fractional-order multipoles in electromagnetism,
electrochemistry, tracers in fluid flows, biological models of neurons, engineering, polymer
science, organic dielectric materials, viscoelastic materials, engineering, rheology, diffusive
transport, electrical, networks, electromagnetic theory and physics [1-12].

Impulsive differential inclusions (IDIs) are good tools for describing events where
states change rapidly at specific times and have many applications in physics and biol-
ogy. Differential equations with impulses were considered for the first time by Milman
and Myshkis [13], and this was then followed by a period of active research on this
subject. When the action of impulses continues on a finite interval, they are called non-
instantaneous impulses. For recent papers on fractional differential inclusions (FDIs) with
non-instantaneous impulses, we refer to [14-22].

It is known that the set of solutions or mild solutions for a differential inclusion (i.e.,
the right-hand side is a multi-valued function) is typically not a singleton. Motivated
by this fact, many scientists have proven, under suitable conditions, that the set of so-
lutions or mild solutions for different differential inclusions is an Rs-sets, meaning that
this set is a homotopy equivalent to a point from the perspective of algebraic topology.
Therefore, this topic is very important and is reasonable and practical to study. Among these
studies we mention the following: DeBlasi [23], Papageorgiou [24] and Zhou et al. [25]
considered differential inclusions; Gabor et al. [26], Djebali et al. [27], Zhang et al. [28]
and Ma et al. [29] studied IDIs; Alsheekhhussain et al. [30] and Wang et al. [31] looked
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at semi-linear FDIs with non-instantaneous impulses; and Zhou et al. [32,33] considered
fractional stochastic differential inclusions.

For other contributions on the same subject see, for instance, refs. [34-36] and the
references therein.

In refs. [37-41] the authors demonstrated that the solution set for different kinds of
FDIs is compact.

Almeida [42] introduced the concept of the T-Caputo fractional derivative that gener-
alized the Caputo fractional derivative. Jarad et al. [43] presented some properties for this
definition. Suechoei et al. [44] applied the results in [42,43] and investigated the existence
and stability of mild solutions for fractional semi-linear differential inclusions containing
T7-Caputo fractional derivatives.

To date, there is no work in the literature regarding the study of the topological
properties of a mild solution set for semi-linear differential inclusions containing T-Caputo
fractional derivatives, with infinite delay and a linear infinitesimal generator of a semi
group of operators which are not compact.

Motivated by this fact and the aforementioned works, we prove in the present work
that the mild solution set, Z\J;'T(—oo, b], for the following problem:

‘DI %x(w) € Tx(w) + F(w, Xo(wyry))s 06 W € U=l (s, 0:41),
x(();”) :Yi(f)i,x(()i_)), i=1,...... m,

x(w) =Yi(w,x(6)), we Uij(Gi, sil,
¥(w) =¥(w),w € (—o0, 0],

@

is non-empty and an Rs-set, where v € (0,1), T : | — R is continuously differentiable
and an increasing function with 7(t) # 0, Vt € ], °DJ’, is the T-Caputo derivative of
order v with a lower limit at s; [42], T is the infinitesimal generator of a Cy-semigroup
{T(w) : w > 0} defined on a real Banach space E, B is a phase space, F : | x B —
2F — {#} is a multifunction, p : ] x B — (—o0,b], T € C!(]) is an increasing function with
T(H) #0, YVt €],0=15 <0 <851 <0 <8 <...<8y <0bu1=0"0Y:10
si] x E— E and ¥ € B is fixed with ¥(0) = 0. Furthermore, for any w € (—oo,b] and any
x : (—o0,b] — E with X| g € B, x,, is an element in B defined by (x,)(8) = x(w + 0);
6 € (—o0,0].

It is worth noting that Alsheekhhussain et al. [30] recently demonstrated that the mild
solution set for a similar type for Problem (1) is non-empty and an Rs-set in the special
cases where T(t) = t;t € ], p(w, xy) = w and the delay is finite.

It is important to mention that, due to the presence of non-instantaneous impulses and
an infinite delay that depends on the function p in the considered problem, there are many
difficulties in the proofs that are different from similar previous works, and we will use
an appropriate technique to overcome these difficulties. Therefore, many of the strategies
used in this paper are novel.

The following is a summary of this study’s key contributions.

- Anew class of differential inclusions (the right-hand side is a multi-valued function)

is formulated containing T-Caputo derivatives in the presence of non-instantaneous
impulses and infinite delay in infinite-dimensional Banach spaces.

- We prove that the mild solution set for Problem (1), Zf;,’f(—oo, b], is non-empty and an

Rs-set.

- Our work generalizes what was conducted by Wang et al. [31], in which Problem (1)

was considered without delay (o(w,x,) = 0) and T(t) = t, Vt € ], and by Al-
sheekhhussain et al. [30], in which a similar type for Problem (1) was considered in spe-
cial cases where (t) = t, Vt € ], p(w,xp) = w with finite delay.
Moreover, this work generalizes Theorem 4.1 in [44] when the right-hand side is
a multi-valued function in the presence of both non-instantaneous impulses and
infinite delay.
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- This work is novel and interesting because the linear part is an operator that generates
a non-compact semi-group, the non-linear part is a multi-valued function, and the
studied problem contains the T-Caputo derivative with non-instantaneous impulses
and infinite delay.

- Our technique helps any researcher interested in extending the results in [23-30,32,33]
to cases where the right-hand side is a multi-valued function in the presence of both
non-instantaneous impulses and infinite delay, while the left-hand side contains the
7-Caputo derivative.

For the directions of future work, we suggest proving that the set of solutions for the
considered problems in [19,37-41] is non-empty and an Rs-set.

In Section 2, we collate concepts and known results which will be used later. In Section 3,
the non-emptiness and compactness of Z\E/T(—oo, b] is proven. Section 4 demonstrates that

Z@'T(—oo, b] is an Rs-set. An example is presented in Section 5 to illustrate the applicability of
the obtained results.

2. Preliminaries and Notation

Let Pk (E) denote the family of non-empty, convex and compact subsets of E; P..(E)
is the family of non-empty closed convex subsets of E; AC(], E) is the Banach space of
absolutely continuous functions from | to E; and I’ is the Euler gamma function, whereby

L 415 ¢ ac(,B).

1,7 . .
ACY'(J,E) = {x:] = E, [T/(t) o

Definition 1 ([42]). The t-Caputo fractional derivative is of order vy, where the lower limit at a,
for a function g € ACVT(],E) , is defined by °D)"¢(t) := D" [g(t) — g(a)],t € ],

. 1 d
ACYY(J,E):={x:] —E, [T,(t) &] x € AC(J,E)},
where 1 d
Dng(t) = /(f) at I;;%Tg (t),te],
and

I'Te(t) = /Ot ((t) = T(S))%lﬂ(s)g(s)ds, tel].

Remark 1. If T(t) = t, we obtain the Caputo fractional derivative, and if T(t) = Int, we obtain
the Caputo—Hadamard fractional derivative. Moreover, Almeida [42] presented an application of the
t-Caputo fractional derivative in population growth.

Definition 2 ([44]). Let h : | — E and T be the infinitesimal generator of a Co—semigroup
{T(0) : 6 > 0}. The function x € C(],E) is called a mild solution for the problem

‘Dyox(w) = Tx(w) + h(w), w €],
{ x(0) = xp € E,

*(w) = Kj (e, 0)(xo) + /ow(T(“’) —7(0)"17 (1) K3 (w, v)h(v)dv, w € ],

where for 0 < v < w,

Ki(w,v) = [ &,@)T(x(w) - t(v))6)de,
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and

=

Wy (0) = i(—l)"wwlr(nz!—'_l)sin(nn'y), 0 € (0,00).

Notice that [y~ &,(0)df = 1.

Lemma 1 ([44]). The operators K{ (w, v) and K3 (w, v) have the following properties:

1. K{(w,w) is the identity operator for w > 0.
2. Forany0 < v < w, K] (w,v) and K3 (w, v) are bounded linear operators with || K (w, v)x|| <
M x| and [|K5 (e, 0)%]| < {2 |1x]], Vi € E.

3. Forany0<v<wi; <wy<bandanyx € E,

w}igl}uz ||K{ (w1, v)x — K (wa, v)x|| = 0,and w}igrcldz ||K3 (w1, v)x — K3 (w1, v)x|| = 0.

4. Ifanyt > 0,T(t) is compact, then K{ (w,v) and K3 (w, v) are compact for w,v > 0.
Next, let Iy = {0,1,...,m}, ; = {1, 2, ..,m} and consider the vectors spaces
PC(J,E) : ={u:] = E:uy, €C(J,E),i € Ipand u(6;"),
u(6;) = wu(f;) which are finite for each i € I },

and
By :={x: (—o0,b] = E such that x € B, x|, € PC(],E)},

where Jo = [0,6;] and J; = (6; ,6;;1]. A semi-norm on B, is defined by ||x|[p, = ||xol|p +
sup,¢; |[x(v)]|. Moreover, let

H:={x € By:x(8) = 0,Y6 € (—c0,0]}.

It is known that (H, ||.||z) and (PC(], E), ||-||pc(j,)) are Banach spaces where |[x|[g =
supwejl[x(w)l, [|x|lpcjey = SuP,el[¥(w)]|, and the Hausdorff measure of non-
compactness on PC(], E) is defined by

xpc(D) := maxx;(D) 1),
i€l !

where D C PC(]J, E) is bounded and y; is the Hausdorff measure of non-compactness on
C(J;,E) and

Dy, ={x":]; = E: x"(w) = x(w),w € Jand x*(6;) = x(6;"),x € D}.

It can be easily seen that the Hausdorff measure of non-compactness on H can be
given by
xu(D) := maxx;(D, 1),

i€l

where D C H is bounded.

Definition 3 ([45,46]). A phase space is a vector space B whose elements are functions x :
(—o0,0] — E equipped with a semi-norm ||.||g such that

1. Ifx:(—oo,b] — E issuch that x|; € PC(],E) and xo € B, then for any w € [0,b], the
next properties hold:
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(i)  xw€B;

(ii) > Oexists with ||x(w)]|| < 7n||xw]|B;

(iii) There is a continuous function Ly : [0,00) — [0, 00) and a locally bounded function
21 [0,00) = [0, 00) such that

[1¥0llz < Li(w) sup{[|x(v)]| : v € [0,w]} + La(w)][x0][B- 2

(iv)  The function w — x,, is continuous from | to B.
2. Biscomplete.

Following arguments used in the proof of Lemma 3.3 in ([47]), we have the next lemma.

Lemma 2. Let p : | x B — (—00,b] be continuous, ¥ € B — {0} and set R(p-) = p(] x B) N
(—o0,0]. Assume that:

(Hp) The function w — ¥, is continuous from R(p-) to B, and there exists a bounded
continuous function j¥ : R(p) — (0,00), such that

[¥olls < j¥(@)[[¥]]5,Yw € R(p™).
Then, for any x : (—oo,b] — E, such that xo = ¥ and x|; € PC(], E), one has
|1xwl[p < S1sup{[|x(v)|| : v € [0,max{0, w]} + G2 [¥][B,w € R(p™) U], ®
where & = sup{Ly(v) : v € J} and & = sup{La(v) : v € J} +sup{j¥ (v) : v € R(p7)}.
Proof. Let w € J. Due to (2), it follows that

Ly(w) sup{|[x(v)[| : v € [0, w]} + La(w)]||x0l[B
grsup{|[x(v)[| : v € [0, w]} + La(w)[[¥][5-

If w € R(p™), then by (Hp), one has

Ixolls <
<

|Ixolls < |[¥olls < sup{j¥(v) : v e R(p™)|[¥|lp.

By combining the last two inequalities, we arrive at (3). O
Remark 2 ([47], Remark 3.2). (Hp) is satisfied if ¥ is continuous and bounded.

Definition 4. A function z € By, is said to be a mild solution of (1) if there is ¢ € L(], E) with
g(w) € F(w,2,(,x,)) absolutely everywhere, such that

¥(w),w € (—oo, 0]
KT(w 0)¥(0) + fo’ (t(w) = (1)) (v)KS (w, v)g(v)dv, w € [0, 0]
z(w) = ¢ Yilw,z(6,)), w € Uier, (8, sil,

KT(w si)Y (511 ( )

+f;,.u( w) —7(v))7" 17'(0)K3 (w, v)g(v)dv, w € Uiey, (si, Oi41]-

Notice that this solution function is continuous on (6;, 6;,1],i=1,...,m.
We will use the next lemmas later.

Lemma 3 (([48], p. 350) (Mazur’s lemma)). Let (X, || - ||) be a normed vector space and let
(tn)nen be a sequence in X that converges weakly to uy € X; then, there is a sequence (vn)yeN
such that v, is a convex combination of uy, Uy 11, ... .., Uk(n) and vy, converges strongly to uy.

Lemma 4 ([49], Corollary 3.3.1 and Proposition 3.5.1). Let W € P..(E) and R : W — Py (E)
be a closed multifunction which is x-condensing, where X is a non-singular measure of non-
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compactness defined on E. Then, Fix(R) is non-empty. Moreover, if vy is monotone and Fix(R) is
bounded, then it is compact.

Lemma 5 (([50], Theorem 1) (generalized Young's inequality)). Supposer > 0,a: ] — [0,0)
is locally integrable and g : | — [0,L] is non-decreasing continuous function, L > 0, and
u : ] — [0,00) is locally integrable with

t
u(t) < a(t) + g(1) /(t — sy u(s)ds, Vi € .
0

Then,

£ [e] )n
—i—/ 2 (t—s)"ta(s)]ds, t € J.
0o =t

Definition 5 ([51]). A subset D of a metric space Y is said to be contractible if there is a point
xo € D and a continuous function Z : [0,1] x D — D, such that Z(0,x) = x and Z(1,x) =
xg,Vx € D.

Definition 6 ([51]). A metric space Y is called an Rs-set if Y = N> Ky, where (Ky) is a
decreasing sequence of non-empty compact contractible subsets.

Remark 3 ([52], Example 1.2.12). An Rs-set does not need to be contractible. For more on Rs-sets,
we refer the reader to [53].

3. The Compactness of Zt/" (—co, b]

This section shows that ZQT (—o0, b] is non-empty and compact in By,
Let x € B, with
oy ¥(w),we (-0, 0],
@ ={ Y o,0] @

Then, a function ¥ € B, with ¥(w) = ¥(w); w € (—oo,0] belongs to Z\};,’T(—oo, b] if and
only if the function x verifies the integral equation:

0, w € (—oo,

KT(aJ 0)‘I’(0) fo 7(v))" 1 (V) K3 (w, v)g(v)dv, w € [0,6]
x(w) = ¢ Yilw,x(0;)), w e Uzezl (9 Sz]

KT(w Si )Y (S ( i)

+J5 (t(w) ))7 17 (v)KS (w, v)g(v)dv, w € Uier, (si, 0i11],

where ¢ € L'(], E) with ¢(w) € F(w, Xp(wx,,)) almost everywhere.

Theorem 1. Suppose the following conditions hold:

(HT) T : D(T) C E — E is a linear closed operator generating an equicontinuous semi-
group {T(w) : w > 0} of bounded linear operators, and M > 1, such that sup, . ||T(w)]||
<M.

(HF) F : ] x B— Py (E), such that

(HFy) for every z € B, the multifunction w — F(w,z) admits a strongly measurable
selection, and for almost every w € |, the multifunction z — F(w, z) is upper semi-continuous.

For (HF,), there exists a function ¢ € LY (I, R*)(P > %) such that, for any z € B

[E(w,2)[| < ¢(w) (1 + [z[|p), ae.w € ].
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For (HF;), thereisa p € LP([0,b],E), p > % such that, for every bounded subset D C B,
we have

Xxe(F(w,D)) < B(w) s(;up ])(E{Z(Q) :z € D},ae. forw € J. (5)
e (—o0,0

(H) foranyi = 1,.,m, Y; : [0;,s]] x E — E is uniformly continuous on bounded sets,
Yi(w,.);w € ] maps the bounded sets to relatively compact subsets, and o; > 0 with

[[Yi(w, x)|| < aif|x[|, Vx € E. (6)

Then, ZQT(—oo, b] is not void and a compact subset of By, provided that

&1
M(oc+ =— K <1, 7
( r(,y)HQDHLP(],R*) ) @)
and iIM
W"’?b\\ﬁ“ﬂ’(}, r+) <1 ®8)

1
-1

1 .1 _1
where ¢ = (max,e (o) T (v)) 7 Tand 1y = P (L) T (2(b) = 7(0))" 7.

Proof. Let x € H. Due to (HF,), ¢ € L!(J,E) with g(w) € F(w,* o(wx,)) almost every-
where; therefore, we can define a multifunction ® on H as y € ®(x) 1f and only if

O,w e (—o0 O}
KT (@,00¥(0) + [ (v(w) — ()71 ()G (w, 0)g (0)dv, € [0,64],
y(w) = ¢ Yilw,x(6; )) w e U1611(9 Sl] )

Ki(w,si)Yi(si, x(6;))
+ 5 ((@) = 7)1 (0)KF (@, )3 (0)dv, @ € Uier, (53, Bi1],

where ¥ is defined by (3). Notice that if x is a fixed point for ®, then X is a solution for
Problem (1).
Step 1. Let
_Ame+—%%ﬁ@umm]www w0
1= M0 + 15 119llr g r o))

and D, = {z € PC(J,E) : ||z|| < v}. We show that ®(D,) C D,. Note that, due to (3),
forany w € ] and any x € H, one has

X (w18 < G1v + G2 [F]]5- (11)
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Let x € Dy and y € ®(x). Then, ¢ € L!(],E) with g(w) € F(w, Xy (e,x,)) almost
everywhere, such that y satisfies (9). Using (HF,), Lemma (1), (9), (11) and Holder’s
inequality, it follows for w € (0, 61] that

M1+ ¢iv+&|[Y||B)

y()ll < Ml[xol] + /OW(T(w) = 7(0)" 1 (v)p(v)dv

I'(7)

< M|xol| + M( +§1;($)§2‘Y||3) @llLr(rey X

([ @) = 7)) 7 (@) P1a0) T (12)
< Mol MR

([ (@ = ) T )T
< il HOEEEE S

Next, by (6), one has
sup  sup [|Yi(w,x(6;))]] < ov. (13)

i=1.2,.,mwef,5]
Moreover, as in (12), on has, for 0 € (s;,0;,1],i € I1,

M1+ ¢iv+&|[Y||B)

ly(w)|] < Mov+ ) ellLr gz kD (14)
Combining (10) and (12)-(14), we obtain
M(1+ &
ol < Mo+ O gl o

b
+oM(e + s 1l mnrm)

= L.

Step 2. ® has a closed graph on D,,.
Assume that x,,,y, € D, withy, € ®(x,);n > 1,x, - x € Dyandy, — y € D,.
Then, g, € L'(J,E);n > 1 with g,(w) € F(w, (Xn) p(w, (%)) ) @lmost everywhere, such that

0,w € (—00,0],

Ki (w,0)¥(0) + [’ (t(w) = (v))" ' (v)Kf (w, v)gn(v)dv, w € [0,61],

Yi(w, xn(6;)), w € Uier, (0; sil, (15)
K{(w,s:)Yi(si, xn(6;))

+ fS‘l‘](T(w) —1(0)) 1 (V) K (w, v)gn (v)dv, w € Uier, (Si,0i41]-

Due to (HF2) and (11), we obtain
|18n ()] < @(v)(1+G1v + G2l [¥][B), a.e.v € J. (16)

Then, (g,) is bounded in LP(],E), and thus, there is a subsequence of (g,) denoted,
again, by (g,) such that ¢, — ¢ € L”(J, E). From Lemma 3 (Mazur’s Lemma), we can find
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a sequence (z,),>1 such that each z, is a convex combination of g, ¢n41,--- . Sk(n) and
that z,, converges strongly to g in L”(], E). Let

0,w e (-0 O]
K (w,0)¥(0) + [3° (T 7(v))" 1 (0)KE (w, v)zu (v)dv, w € [0,64],
i/vn(w) = Y; (w xn(() )) w e Uzell (0 Sz]

Ki(w,8)Yi(si, xu(0;))
+ [ (t(w) — T(0))7 17 (0)K (@, v)za(v)dv, @ € Uier, (si, 0iy1]-

By (16), for every w € J,v € (0,w] and every n > 1, one has

[|(z(w) = 7)) @)z ()]] < (t(w) = T(0))77'7'(v) @(v) € L7((0, w], RT).

Since Y;(w,.) is uniformly continuous on bounded sets, by Lebesgue’s dominated
convergence theorem, it yields i, (w) — yo(w); w € ], where

0,w e (—oc0 0]
KT (w,0)¥(0) + [3 (T 7(v))7 17 (v)KS (w, v)g(v)dv, w € [0,64],
yo(w) = ¢ Yi(w,x(6;)) w e Uzell(e Sl]

Kf(w,si)Yi(Si/x(Gi_))
5 (7(@) = ()T (©)KF (@, v)3(0)dv, @ € Uiy, (si 0121,

Note that (1/,,) is a subsequence of (i), such that y = yp.
Next, by (3), for any w € R(p~) U J, one has

nli_{I;loH(fn)w_wa = |[(xn = %)wl]
< lim & f|xn — (|, + Gal|(Xn —X)ollB (17)

= 0.

Then, by the continuity of p on | x B, it yields lim, e p(w, (¥1)w) = p(w, Xw); hence,
by the second axiom of Definition (2), imy—co X, (w,(2,)) — Xp(wz,) || = 0- Consequently,
again by (17), we obtain

1) ()) ~ Folwszo 18

< T () peo,(Ea)e) ™ Fotw, @) | H0 X, @0)0) — Fo(w o)
S élnlg’f(}oHyn—ywHH (18)

= 0.

Thus, from (18) and the upper semi-continuity of F(w,.);a. e. w € J, it follows that
g(w) € F(w, X, x,)) almost everywhere, and hence, y € ®(x).

Step 3. ®(x) is compact for any x € D,.

Lety, € D, withy, € ®(x);n > 1. Using the same arguments in step 3, there is a
convergent subsequence of (y,) converging in D,, proving that ®(x) is relatively compact.
Note that step 3 implies that ®(x) is closed, and therefore it is compact.

Step 4. We demonstrate that the subsets Z ;- (i € Ip) are equicontinuous, where

Z = ®(Dy) and

Zy = {y" € C(TLE) : ¥ (@) = y(@),w € Ji,y"(8) = y(6 ),y € ®(x),x € Dy}.
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Case 1. Suppose i = 0,y* € Zy. Then, thereis x € D, and g € LP([0,61], E) with
g(w) € F(w, Xy x,)) almost everywhere, such that

w
V(@) = Ki (@ 0o+ [ (@) = (o) 17 (0)K5 (@, 0)g(0)do, w € [0,61]
Letty,tpbe 0 < t; < tp < 0. Then, by the second statement of Lemma 1, it follows that

[y*(t2) =y ()]

< ||KF (t2,0)x0 — KT (t1,0) x|
+||/ T(ta) — 7(v))7" 17 (0)K] (ta, v)g (v)dv
- / 0))7 1 (0)K3 (11, 0)g(v)dv]|
< K[ (ta, )xo—KT(h/O)on

+

MU BN 2 (1) — 2(0)) o) p(o) 1)

M(1+¢iv+&|[Y|B)
I'(7)

x /91 [(z(t,) = ()" = (z(t,) = T(v)" 7' () @(v)dv
+||f v)7 7 (0)[[K5 (t2,0)g (v) — K5 (11, 0)(v)|| d.
= 21

Due to the third statement of Lemma (1), tlin} I; = 0. For I, we have
2 h

. - M(l + U) . tZ y=11
tilgtll L = IO tzhg}l , (t(t2) = (v))" ' (v)@(v)dv
M(1 + P(y-1) P-1

IN

1"((7)U)||(P||LP(U’R+) tiig}l(/tltz (t(t,) — T(v)) 7 ’L'/(U)dv)T —o

For I3, using the Holder’s inequality, we have

. _ M(1+v)

S O
i [ () = ()" = (x(t) = ) (0)g ).
*M(1+v)

W”(PHLFLR*) x
[lim [ |(z(t,) = T(0)" " = (x(t,) - (o)) 7T |7 (0)dv] T

tzﬁtl 0

Notice that w = € (—1,0). Then, for T(v) < 7(t,) < 7(t,), we have (7(t, )

()¢ = (t(ty) = T(v

(0,1), we obtain

E"Tﬂ»—‘ >—l

-1
1-
))“. Applying Lemma 3 in [54] and keeping in mind that P 1

)
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Then,
((t) — ()71~ (x(ty) — T(0))7

< [t~ 7@ - (et <)) T

This leads to
(et — ()7~ (x(t) — ()17
< (elt) - 7)) - (x(t) - ()
Therefore,
Jim I
- ;M(1+€H$§2HTHB)”(P”LZ,W)X

| fim, /otl (x(t) — T(0))° — (x(t,) — T(0))°)7 (v)do] T
kM(1+ v+ &Yl ol
I'(7y)

[(2(t,) — 7(0))°!

+((t2) = T(t)) T = (x(t1) = 7(0))* 17
= 0

L x

IN

1i
[t;lﬂl w+1

Next, for any v € [0, 0], one has

(z(t,) = T(v))" 7' (0)[|K3 (t2,v) — K5 (11, 0) |3 (v)

< 2]\/1152/’;)r : (t(t) = 7(0))" 7' (v)g(v) € L7 (], RY).

Moreover, for any v € [0, 6], the equicontinuity of {T(6) : 6 > 0 leads to

lim (7(t,) — 7(v))7 7' (0)[|KS (t2, v)g (v) — K3 (11, 0)g(v)]|

t2 —t

= (t(t) = 7)) () x

o 000 08, (O)[[(T(7(t2) — T(v))70)g(v) — T(t(t1) — T(v))76)g(v)||d6
= 0.

Therefore, by Lebesgue’s dominated convergence theorem, tlin} I4 = 0. Then, Relation
2—h

(19) implies lim ||y*(t2) —y*(t1)|| = 0.
t2*>t1
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Case 2. Assumei =1, y* € Zj.. Then, thereis x € D, and g € LP([6y,62], E) with
g(0) € F(6,%,(g,)) almost everywhere, such that

Y1(9/x(91_))/9 € (01,51],
v (0) = (9 Sl)Yl (51/ x(01)) (20)
+f ()71 (0)K3 (6, v)g(v)dv, 8 € (51,62,

where y*(61) = limg_, ,g, y*(0). Let 6; < t; < tp < s1. From (20) and the uniform
continuity of Y; on bounded subsets, this yields

lim [ly*(t2) —y"(t2)|] = lim ||Y1 b2, X(07)) = Y (t2, x(07)) || = 0.

th—t;

Letsy < t; <t < 6. Then

. * Lk
Jim [ly*(82) = y* (t1)l]
lim ’|Ki[(t2,sl)Y1(Sl,x(91_)) — K{(tl,sl)Yl(Sl,x(Gl_))H

IN

+1 / T(t2) = T(0)) 77 (V)KS (12, v)g (0)dv
- [ el = ) RS, g )]

By the second statement of Lemma (1) and by using similar arguments as in the first
case, one can show that éig}l ly*(t2) —y*(t1)|| = 0.

Therefore, Z;;- is equicontinuous for any i € Ip.

Step 5. Let Dy = cono®(D,), D, = cono®(D,_1), n > 2, and D = N,—1D,. Notice
that D is closed, bounded, convex and ®(D) C D. In this step, we demonstrate that D is
compact. By the generalized Cantor’s intersection property [55], it is enough to show that

lim x3(Dy) = 0. (1)

n—oo

Let e > 0. Due to Lemma 5 in [56], there is a sequence (yk)x>1 in ®(D;_1) such that

XHq)(anl) < ZXH{yk k> 1} +&.
= 2maxyx {yr. :k>1}+e, (22)
icly © T

where y;, is the Hausdorff measure of non-compactness on C(J;, E). As a result of step 4,
the set ®(Dy )|}, (i € Ip) is equicontinuous, and hence, Xi{]/kg, ik > 1} = supyp xe{yk(6) :

k > 1}. Then, (22) becomes

Xu(Dy) <2 sup xe{yx(0) : k> 1} +e. (23)
0€[0,b]

Suppose x; € D,_1 such that y, € ®(x), k > 1. Then, for any k > 1, there exists
gx € LY(J,E) with gy (w) € F(w, Xy (e,(x,),, ) @lmost everywhere, and

0,w € (—00,0],
KI(w,0)x0 + [3" (t(w) — T(0))7 7' (0) K (w, v)gk(v)dv, w € [0,61],
ye(w) = Yilw, x(0;)), w € Ujer, (6 51, (24)
K{(w,s;)Yi(si, x¢(6;))
+ [ (t(w) = 7(v)7 1 (V)KS (w, V) gk (V)dv, w € Uiey, (i, i1]-
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Using (HF3) to obtain v € | for almost everywhere,
xe{ge(v) o k>1F < X {F(v, (%) p(o,z),)) k= 1}

< PB(v) sup ] x{x(p(v, (Xk)v) +0) 1k > 1}
fe(—o0,0

< B(v) sup x{%(d):k=>1} (25)
de(—o0,v]

< B(v) sup x{x(d):k>1}
4€0,v]

< B)xu(Dn-1) = 7(v).

almost w € J, {g :

In addition, from (HF3), ||gk(w)]

< ¢p(w) 1+ &v+&IlTllp), Yk > 1, and for
k > 1} is integrably bounded. In view of Theorem 4.2.1 in [49] or

Lemma 4 in [57], there is a compact set Ko C E, a measurable set J. C ], with measures less

than €, and a sequence of functions {z{} C LP(J,E) forallv € ], {z{(s)

and

llgk(v) — zg(v)|] <2y(v)+e, forallk >1,andallv € | — Je.

:k>1} C Keand

(26)

By using the properties of yx, (25), (26) and Minkowski’s inequality, it follows that

IN

IA

IN

IN

IN

IN

IN

<

Note that

x{ (T(w) = 7(v))" 7' (0)KS (w, v) (g (v) — 2F(v))dv : k > 1}

Jo—Je
1”2(]\;1) /]o—fe(T(w) —7(v))7 7 (v) (27(v) + €)dv
FZ(A,;I)/]O_k(T(w) —7(0))7 1 () (2B(V)Xpc(yE) (Dn-1) + €)dv

2M
WPKUHWHLP(], r+) Xpc(y,E) (Dn-1)

e /jrkmw) —(0))7 1 (0)dv]

e((b) — 7(0))"

5 I

2M
W[ZKﬂbH.BHLP(], r+) Xpc(,E) (Dn-1) +

X{/] (t(w) = 7(0))" 7' (0)KS (w, v)gx (v)dv  k > 1}

I?(A,;I) /Ig(T(w) —7(v))" M (v)x{gc(v) : k > 1}dv
I‘Z(A,)/,I) /]s (T(CU) — T(U))’YilT/(U)’Y(U)dU
%XPC(LE)(D"*) /]e(T(w) —1(v))" ' (v) (v)dv

%XPC(LE)(Dﬂl) ||5||LP(],]R+)(/I (t(w) —t(v)) 71 dv) 7 .

[ (@) = 1)1 (©)KE (w,0)z5(0))dv : k > 1} = 0,

Jo—Je

(27)

(28)

(29)
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and

/] (@) — 7(v))7 17 (0)K (w, v)ge (v)dv

< [ t@) =70 0K (@, ) (v)dv

- T(w) = 7(0))" 1 (V)K5 (w, 0) (gk(v) — 2z (v))dv

+ - T(w) — 7(0)" 1 (0)K3 (w, v)z§ (v)dv.

Then, the inequalities in (27)—(30) lead to

xd{ ]O(T(w) = 7(0))" 1 (V) K3 (w, v)ge(v)dv : k > 1}

T (Dat) Bl (| (rlw) = () 7 a0)7

Je
e(z(b) — 7(0))”
v

IN

.

2M
+W [27(1719‘ |ﬁ| |LP(]: R+) XPC(],E) (Dn—l) +
Taking into account that ¢ is arbitrary, it follows from (31) that

x{ ]O(T(W) —1(0))77 7 (0)K3 (w, v)gr(v)dv  k > 1}

4M
<
- I(y) ©1o|1Bll e (g, we) Xpc(r,E)(Pn-1)-

(30)

(31)

(32)

Next, since Y;(w,.) maps bounded sets to relatively compact sets, and since KT is

linear and bounded,
X{KT (w,si)Yi(si, xc(6;,)) :k>1} =0,Vi=1,.,m.
Through (24), (32) and (33), it yields that,

x{ve(6) : k> 1}
< Mgl D, o

This relation with (23) implies

1M
XH(Dn) < WKUbH.BHLP(], r+) Xpc(j,E)(Dn-1), Vn = 1.

One can obtain the following after a few steps.

4M _
xu(Dyn) < (WKﬂbHﬁHLP(L r+))" 1XPC(],E)(D1), Vn > 1.

(33)

(34)

Using (15) and (34), we obtain (23). Applying Lemma (4) to conclude this, the fixed
points for the multifunction ® : D — Py (D) are non-empty. Moreover, as in step 1, one can
prove that, Fix(®) is bounded. By Lemma (4), again, Fix(®) is compact in H, and hence,

>F(—o0, b] is no-empty and a compact subset of B,. [J
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4. X" (—oo,b] Is an Rs-Set
Consider the multi-valued function F : | x B — Py (E) which is defined by

~ F(t,u),||ul] <wv,
F(t,u) = { F(t vu ),||u|| > v,

7 full

(35)

where v is defined by (13). Since F = F on D,, the solution set of mild solutions for
Problem (1) is equal to the solution set of mild solutions for the problem:

‘D)"5x(6) € Tx(6) + F(6, xy(0,4y)), 0.0 € UZ0 (s, 0;11],
x(6:5) = Yi(0;,x(67)),i € I

x(0) = Yi(6,x(0;)), Yier, (6;, 5],

x(t) =9,t € (—oo, 0].

(36)

Obviously, F satisfies (HF; ) and almost for ¢ € ],

H? (tu)l < { o(t)(

Thus, we can assume, without loss of generality, that F satisfies the following condition:
(HF,)* is a function & € LP(I,RT)(P > %) such that, for every z € ©,

ul]) < e(t)(1+v) =¢(t), [|ul| <v,
= @(t)(1+v) = &(t),||ul| > v.

|F(t,2)|| <&(t), ae.te]. (37)
We recall the following lemma (see [18,22]).

Lemma 6. Assume that the multi-valued function F satisfies (HF;) and (HF,)*. Then, there is
{Fu} 1, Fu : ] X B — Py (E) satisfying

(i) Every F, (t,.) is almost continuous for t € J.

(ii) Fyy1(t,u) C Fy(t,u), coF(t,{y € B: ||y —u|lp <3""}),Vn > 1andV (t,u) €
J X B.

(ii) F(t,u) = Ny>1Fu(t, u).

(iv) For every n > 1, there exists a selection z, : ] X B — E of F; such that Y, (.,u) is
measurable for any u € B and z,(t,.); t € ] is locally Lipschitz.

Remark 4. From (iv) in Lemma 6, for t € |, z,(t,.), n > 1, is almost continuous.

By the symbol Zf;,’”r(—oo, b], we denote the set of mild solutions to the following
fractional neutral impulsive semi-linear differential inclusions with finite delay:

‘DY%x(w) € Tx(w) + F(w, Xo(wyry))r 06 W € UIZ0(si, 0:41),
x(01+) = Yi(gir X(G;)), i€ Il/

x(w) = Yi(w, x(6;7)),0 € Uiy, (i, si],

x(t) =Y¥,t € (—oo, 0].

(38)

From Theorem (1) and Lemma (6), we obtain the following theorem.

Theorem 2. Under the assumptions of Theorem 1 after replacing (HF2) with (HF2)*, there is a
natural number Ny such that Z@’"T(—oo, b]; n > Ny is non-empty and compact in By.

Proof. We can use similar arguments to the ones used in the proof of Theorem (1) to
demonstrate this theorem. Therefore, we focus on the differences. Let € > 0 and Ny be
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a natural number with '7b ||[3||Lp q, R+)31’” < €,VYn > Ny. Fix ng > Ny and define a
multi-operator ®;, : H — 2H as follows: y € @, if and only if

0,w € (—oo, 0],
K (w,0)x0 + [y (t(w) = T(0))7 ' (v)Kf (w, v)g™ (v)dv,
w € [0, 6],
W =9 Yi(w,x(67)),w € User, (8, sil,
K (w Si )Y (SZ/ x(@f))
+ f (0))7 17 (0)K] (w, v)g" (V)dv, W € Uiey, (si, Oi41]

where ¢"0 € L!(], E) such that "0 (w) € F(w, Xp(w,%,,)) almost everywhere. Using similar
arguments as the ones in the proof of Theorem (1), the values of ®;, are convex com-
pact and ®,,(D,) C D,. Moreover, ®,, is closed and ®,,(D,) is equicontinuous. Let

(o]
D" = (\ Dy, where Dy, = cono®,,(Dy) and D, 1, = cono®u,(Dy,u,), ¥ > 2. To
T:Ng

show the compactness of D™, it suffices to show that rlggo Xt (Dyy) = 0. Asin step 5 in
Theorem (1), we have

XH(DV,Vlo) S 2 Sup XE{]/k(w) :k 2 1} +£/ (39)
wel0,b]

where, for any k > 1, we have

0 w € (—oo, 0],
Kf(w,0)x0 + [y (t(w) — T(0))" 17 (0)KE (w,v) g (v)dv, w € [0, 6],
yk(w) = Y; ((U xk(g )) we Uzell (91 /Sz],

KEw,50Y, (51 36, ) n
+ [ (t(w) = T(U))%lf’(v)Kf(wfU)gko(v)dvlw € Uier, (Si, Bi+1],
and X € Dy_1,,, Yk € @(x), k > 1and g° € LY(J,E), such that §°(w) € F,

(w, (X% )p(w,(%).)) almost everywhere, Note that, due to Remark 4.2 in [31], it follows
for almost everywhere that v € |,

XE{GO(v) ¢+ k> 1} < x{Fuy (0 (T p(o, () k> 1}
B(v) sup x{T(p(v, (Tk)o) +6) -k > 1} 4317

<
fe(—00,0]

< B(v) sup  x{xx(6) :k>1} 43170 (40)
S€(—o0,v]

< B(v) sup x{x(d):k>1} 31770
s€[0,v]

S ﬁ(U) [XH(Dr—l,no) + 31—110]'
By using the arguments in (27)—(33), from (40), it yields
4M

XH(Drpny) < ) &1l 1Bl Lp (g, m+) X1 (Dr—1,m0)
4M _
+1—-( )KT]bHﬁ||LP]R+):3 "
4M
< mKﬂbHIB"LP(],RHXH(DT*LHO)+2€rvn21' (41)

Since € is arbitrary, Relation (41) becomes

4M
XXH(DT,HO) = r( )KﬂbH.BHLP (J, R+)XH(DY—1,710>'
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Similar to the proof of Theorem (1), we can show that ILm Xxu (Dr,no) = 0, and hence
r—00

by the generalized Cantor’s intersection property, the set D'0 is non-empty and compact

in H. Similar to Theorem (1), the set Z\I;I"T(—oo, b] is non-empty and a compact subset in
B,. O

Theorem 3. Suppose that the assumptions of Theorem (2) hold. Then, Z{YT’T(—OO, b] = Ny,
Z]:n,T
" (=00, b].

Proof. Due to (ii) in Lemma (6), one can conclude that Zi’f [0,b] € N NOZQ)’T [0,b]. Let
X € ﬂff:NoZig'T[O, b]. Then, for any n > N, there exists g, € LY(J, E) such that g,(w) €

Fi(w,x ,for w € ] and

p(wFa))
0,w € (—oo, 0],
K (w,0)x0 + fo" (T(w) = 7(0)) 771 (0)KF (w, 0)gn(v)dv, w € [0, 61],
x(w) =< Yi(w,x(6;)),w € Uicr, (05, 5],
Ki[(wlsi)Yi(si/x(G;))

+ J5 (t(w) = 7(0))7 717 (0)KS (w, v)gn (V)dv, w € Ujep, (s, Bi1].

almost everywhere.

Using similar arguments to the ones in step 2, in the proof of Theorem (1), we can show
that there is a subsequence (z,),>1 of (¢n),>1 that converges to g for almost everywhere.
We also have

0,w € (—o0, 0],
Kf(w,0)x0 + [5” (t(w) — T(v))7 71 (0)KF (w, v)za (v)dv, w € [0, 6],
x(w) =14 Yi(w,x(0;)),we U6, 5], (42)
Kf(w,si)Yi(si, x(6;)) ,
+ f;:)(r(w) —1(v))" 1 (v)KE (w, )z (v)dv, w € UZT(s;, 6;41].

Next, using Lemma 5, (ii), for w € ], we obtain
zn(w) € coF (w,{y € B: [ly — X1z, || < 31711,V > No.

which implies the upper semi-continuity of F(w,.) almost everywhere, to g(w) € F(w,
Xp(wx,)) for w € ] almost everywhere. By taking the limit in (42) and applying the
dominated convergence theorem, it yields

0,w € (—oo, 0],

K (w,0)x0 + [y (t(w) — (v))" 17 (0)KF (w, v)g(v)dv, w € [0,61],
x(w) =1 Yi(w,x(0;)),w € Uier, (6;, si],

KT (w,si)Y(si,x(6;))

1

+ [ (t(@) = 7)1 (0)KF (w, )8 (v)dv, w € Uiep, (s, O]
This means that x € Yo" (—oco, b]. O
Theorem 4. In addition to the assumptions of Theorem (2), if the following condition holds:
(Hp)* foranyi € I;,v,y € Hand any v € [s;,6;,1], we have

H]/p(v,yv) - Z740(1),2)1,)“15 < sup |ly(g) —v(¢)lle- (43)
QE[SZ'/ U}

Then, Z\I;’T(—oo, b] is an Rj-set.
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Proof. Thanks to Theorems (1)—(3), it is enough to prove that Z‘?”T(—oo, bl,n > Ny is
contractible. Let n > Ny be a fixed natural number. Consider the the following impulsive
semi-linear differential equation:

‘DI px(w) € Tx(w) + zp(w, Xp(s,x,))r 06 W € U= (s;, 0i1),
x(9i+) =Y;(0;,x(6;,)),i€l,

x(w) = Yi(w,x(0;)),w € Uier, (85, si],

x(t) =¥,t € (—o0, 0].

(44)

Due to Lemma (6) and Remark (5), z, (., u); u € E is measurable, and w € ], z,(t,.) is
almost continuous. As the multi-valued F satisfies (F,)* and (F3), using similar arguments
to the ones in the proof of Theorem (2), the fractional differential in Equation (44) has a
mild solution y € Y 4" (—co,b]. Then,

¥(w),w € (—oo, 0]

K{(w,0)¥(0) + [y (t(w) = (0))" 1 (0)KF (@, )20 (v, Yp(v,y,) )V, w € [0, 61],
Yi(w,y(0;)), w € Uiy, (0, si], (45)
Kf(w,s:)Yi(si,y(w; ) ,

+ [ (t(w) = ()71 (VK3 (@, )21 (0, Yp(v,y,) AV, @ € UZT (51, 0i41].

Letv € ZQ"T(—OO, b] be another mild solution for (44). Then,

¥(w),w € (—oo, 0]

Kf(w,0)¥(0) + fow(T(w) —1(0))7 1 (v)KE (w, v)za (v, Vp(v,x,)) 4V

w € [0, 91],

v(w) = ¢ Yi(w,0(6;)), w € Uicy, (0, vi], (46)
K (w,si)Yi(si,v(0;))

+ fs(,d(T(w) - T(U))'Y_LLJ(U)KE(W/U)Zn(vr vp(v,xl,))dvr

w € Ujer, (si, Oi41]-

By the second axiom of Definition 2, the function s — Yo(s, ys)i S € [0, 61] is continuous,
and hence the subset {y,.,.) : s € [0, 61]} is compact. Similarly, {0, o), s € [0, 61]}
is compact, and consequently, Q(61) = {V,(sy,) : 5 € [0, 01]} U {vy(50,) 15 € [0, 01]} is
compact in B. Hence, [0, 61] x Q(6;) is compact in [0, 61] x B. Therefore, by Lemma (6),
there exists gy, such that, for any s € [0, 6;] and any vy, v2 € Q(6,),

[2n(s, ©1) = zn(s, v2)|[ < 6o, 01 = v2][B- (47)

Therefore, by (2) and (43)—(47), we can obtain for w € [0, 61],

(@) - (@)l

< ot @) = )T 020 (0, ) = 200020, 0

: ];/I(gve)l /<)w<T(“’> = 7)Y, o) — Yow, w184V

= ];/I(gve)l /ow(T(w)_T(”))'y_lT'(U)Cl sup |ly(c) — o(c)l[dv. (48)

€0, v]
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Since both y and v are continuous on [0, 6], there exists 6 € [0, 6] with ||y(é) —
v(d)|| = SUP (o0, 6] |ly(w) — v(w)||. Therefore, by (48), it yields that

sup |[|y(w) —v(w)]|

0€l0, 61]
= |ly(d) —v()]|
< & 5(T<‘*’)—T(U))%1T'(U)§ sup |ly(¢) —v(g)[|dv (49)
— I(7) Jo 1g€[0?v] yle 4
< I{V(Ii; /O‘)(T(w) — ()" I (v)& ges[ou,pel] lly(g) —v(g)||dv.

Applying Lemma (5) it follows, from (49), that y = v on [0, 6;], and thus, y = v on
[61,51]. Using similar arguments, we can confirm that y = v on [s1, 6,]. We continue the
same processes to show that y = v on [0, b].

Next, we prove that ZF T (—o0,b] is a homotopy equivalent to y. We have to define
a continuous function Hy : [0,1] x ZF T(—o0,b] — ZF T(—o0,b] with H, (0,x) = x and
H,(1,x) =y, Vx € Z\?" (—oo, b]. Consider the partition D = {0, T mil/ e zﬂ =1}
and let ¥ € Y4" (—oo, b] be a fixed element. Then, there exists v € L'(], E) with v(w) €
Fu(w, X0, %,)) almost everywhere, such that

¥(w),w € (—oo, 0],

Ki(w,0)x0 + [y (t(w) — (s))7 71 (s)KS (w, s)v(s)ds,

w € [0, 91},

*(w) = Yi(w,x(6;)),w € Uiey, (0, sil, (50)
K{(w,si)Yi(si, x(0;))

+ [ (t(w) = ()77 (s)KS (w, s)v(s)ds,

w € Uier, (si, 0iy1]-

(i) LetA€ [0, 57] Putal =b— /\(m + 1)(b — Sm). As a result of the above discussion,

there is a unique mild solution ¥} € Z‘I, 'T(—o0, b] for the following problem:

CDZ}':wu(w) = Tu(w) + 21 (@, Uy u(w)) @ € (a3, 1], 51)
u(w) =x(w),w € (—oo,al].
Note that a} = b and
*(w), w € (—o0, ai],
- Ki(w, ﬂl) (ﬂl)
10,3 _ /\ A
@)= [ w) < ()T O (0,92l () o 1y )l O
w € (11)\, b}.
(i) LetA € [m+1' m+1] Puta} =6, — (A — mH)(m +1)(6m — s;u—1)- By arguing as in

case (i), there is a unique mild solution x2 1€ Z T(—o0, b] for the impulsive semi-linear
differential equation:

¥(w) =X(w),w € (=0 ﬂ
CDZ/Z;:FM y¥(w) = Tx(w) + zn(w, W))W € (a3, O],
x(w) Y (w,x(6,,)),0 € (O, Sm]

DY (@) = Tx() + 20(@, Xp(uo (a0 € (s O]
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Note that
X(w),w € (—oo, ai],
Ki(w, ﬂi) (ﬂﬁ)
S5 (2lw) — ()1 (K (0,925, (3B) s 52,5,
Rw)={ ¢ € (a3, O,
MY You(w, 75(6,)), @ € (O, Suil,
K{(w, sm)Ym(sm,x2(9 ))
+fsm w) —1(s))T" T/( )Kz(w,s)zn(s, (Yg\)p(s,(f%)s))dsl
w e (SMr 9m+1]

(iii) Continuing to the (m + 1) step, we obtain A € [;li7,1]. Put aT“ =6 —(A—
) (m+1)6;, and let ¥}t € Z 10, b] be the unique mild solution for the impul-
sive semi-linear d1fferent1a1 equatlon

x(w) =%(w),t € (—oo, a't1],

CD’yj\nil x(w) - Tx( )+Zﬂ(w' xp(w,x(w))) w e (QT-H 91]/
x(w) Yl(w,x(G;)),w € UﬁzT(Oi, si],

Ds wx( ) = Tx(w) +Z”(wr xp(w,x(w)))/w € UET(Si/ 6i+1]'

Notice that a’{’“ =0and

X(t),t € (—o0,at™],

KT(w aTJrl) ( Kerl)

+ fm+1 (w) —1(3))" 1 (s)KZ (w,8)zn(s, (xT“)p(s’ (fi)s))ds’
Aty = | CE T ol

= " 4 (53)
Yi(w, X H6;)), w € Uiey, (¢, si]
K{(w, )lY (a) x}”“(@i )
+ f ()7 (5)KF (@, 8)zn (s, (T3 ) (s, (2,
w € Ui:l (sl, (Ul+1].
Now, we define H, at (A, X) by
xé, AE [0,1 m%rl]2
A€ G gl
Hy(Ax) =4 (54)
+1 Ae (m—i-l’ Zi%]

From (51) and (53), we obtain H, (0, X) = Y(l) = %, and from (53) and (54), we obtain
Hy(L,x) =% =y.

Now, we only need to prove the continuity of H,. Let (¢, w ), (s, v) € [0,1] x
Z (=00, b]. If ¢ = 6 = 0, then, by (54) limy—y Hy (0, w) = limy_pw = v = Hy(6, 0).

Ifo,6 € (0, m+l} then Hy (o, w) = WL and H, (6, v) = U}, where
w(w), w € (—, at],
_ Kf (w, ag)w(al)
1 _ 1 o (2
D) =44 [ () = T(6) 7 ) KE (@, 8)zas, () oy s O

w € (ak, b],
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and o(w), w € (~oo, al],
sy - { e et
Uy(w) = f 5 e 5 ))7717’(S)K§(w,5)zn(5,(5(17)p(s,(§g)5))d5' (56)

w € (”5/ b],

whereal =b—o(m+1)(b—sy)and a} = b — 5(m +1)(b — s,). Obviously, lim,_,sal =
a}, and hence
lim Hy (o, w)(w) = Hy(8,v)(w),Yw € (—oo, aj].

T—0
w—v

By (55) and (56), and by arguing as above, we obtain
lim Hy, (0, w)(w) = Hy(d,v)(w),Vw € (—o0, b].

o—0
w—v

This leads to the continuity of Hy(.,.), when o, (5 € [0, ;11]. Using similar arguments,
one can prove the continuity of Hy(.,.) on [0,1] x Y-y FvT(—eo, 1], and consequently the set

ZF " (—o0, b] is contractible. This completes the proof. [

5. Example

Example 1. Let E = ([0, ], R),] = [0, 1], m = 1,50 =0, w1 = %, 51 = 3, wp = L.
For every x : | — E = L2([0, 71|, R), the x(w, w);w € J,w € [0, 7] denotes the value of
x(w) at w, and x(w + 0, w) denotes the value of (x4, )(0) at w. Let ¢ : (—o0,0] — (—o0,0] be
continuous with L = f?w 0(s)ds < oo, and

B, : ={u: (-0, 0] = E: uisbounded
and measurable on [—r,0]; Vr > 0, and/ ) sup ||x(w)||ds < oo}.
we[sO

It is known that B, is a Banach space where ||x||p, = fgmg(s) SUP ¢ s.0] [|x(w)]||ds [58].

We show that B, satisfies the assumptions of Definition (2). In fact, let t € [0,1] and
x:(—oo,b] — Ewithx|; € PC(], E) and xg € B,. We have

0 0
[ _es) sup [ln(@)llds = [ ofs) sup [x(t+w)|lds

(UE[S O] (UG[S, 0]
—t
_ / o(s) sup ||x(t+w) |ds+/ ) sup ||x(t+ w)||ds
—oo wels, 0] w€ls.0]
—t
< [ el sup |lx(@)llds+ sup [[x(3)|[}ds
o s€(t+s, 0] 6€(0, t]
+ [ als) sup l1x(o)llds
6€l0, t]
< [ ats) sup [x@)llas+ [_als) sup [[x(6)]lds
—o0 sels, 0] s€lo, 1]
< lxolla, +L sup [Ix(@)]l

s€(0, f]
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which means x; € By and ||x¢|[p, < [[x0][B, + Lsup,c(o 4

|x(0)||. Moreover,

-0
lalls, = [ _o(s) sup [xi(w)|lds

we(s.0]

/,Ooo o(s) sup |[|x(t+w)||ds

we|s.0]

@l [ eo)ds = lix(o) L.

v

Therefore, ||x(t)|| < 1||x(t)||. Finally, if 11,15 € [0, 1], then

0
lim o(s) sup ||x(v1 +w)—x(va+ w)||ds

vy V2 J—o0 we[s, 0}

= 0.

U}ig}/z HxV1 — Xup ‘ ‘Bq

Therefore, B, is a phase space satisfying all assumptions of Definition (2). For more
information about this phase space, see [58].
Next, we define an operator T : D(T) C L?[0, 1] — L2[0, 7] given by
9?2

Tx(w, w) = w, w),

~ 502X

with the absolutely continuous domain D(T) = {u € L?[0,7] : u,u’, and u” € L?[0,1],
u(w, 0) = u(w, ) = 0}.

It is known that [25], T generates an equicontinuous semi-group {T(w) : w > 0}. In
addition,

[e¢]
Tu=) n% <, uy > uy,u € D(T), (57)

n=1

where u,(y) = v/2 sinny,n € N is the orthonormal set of eigenvalues of T. Moreover,
for any u € L2[0,1], we have

T(w)(u) =Y e <,y > Uy
n=1
Moreover, for any u € L%([0, ], R),
-1 o 1
TZu=)Y = <u, uy> iy,
n=1
and

[ee)
1
T2u = Zn<u, Uy > Uy,
n=1

where the domain of T? is given by

D(T?) = {u € L2([0, 7], R) : i n<u, uy > u, € L2([0, 7], R)}.
n=1
Next, we define p : | x B, — R by
plw, ¢) =w—c(9(0)), (58)

where 0 : E — [0, o) is continuous.
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Next, we define F : | x B, — P (E) as

e /52 +s2su w0 X ()]
F(t,x) = {z € E: 2(s) Vo + S SPuct Z,5=(s1,5) €Q}, (59)

a v

where r € (1,00). Then, for every T € By, t — F(t, T) is strongly measurable, and for any
t € J,F(t,) is upper semi-continuous. Moreover,

1
[[F(t, x)[| = sup |z[[p= sup [/ ||2(s)Pds] 2
z€F(t,x) z€F(t, ) Q
e ]| / 2., 2 1
= 1 d
(1_|_||x||)[ Q(Sl +S2)| 5]2

e ]xf| < 7" ([]x]| + D).

IN

In addition, let w € ], 1, ¥» € By and z; € F(t, ¢1). Then,

e*”m SUP (¢ (—oo,0] [ (w)]] w wez

v

zZ1 =

—rt_/ 2+ 2
Setzp = ¢ 1T SuP“f(’""/O] [192()l e Obviously, z; € F(t, ) and

. 1
lz1 =zl < e[ sup |[lg1(w)l|~ sup ||1P2(w)||][/ |s|ds]2
we(—oo, 0] we(—oo, 0] Q
= ¢ sup ([pr(w)]| — llp2(w)]])
we(—oo, 0]
< e osup ([pi(w) — a(w)ll,
we(—o0, 0]
which yields

W(E(t 1), F(t ) < e sup ||y1(w) — ga(w)l], ¥t € ], 1, 2 € By

we(—00,0]

By (52), it follows that, for any bounded subset, D, of B,, one has

x(F(t,D)) <e " fup 0]x{¢<w> :¢p € D}.
we(—oo,

Then, (HF1), (HF2) and (HF3) are satisfied where ¢(w) = B(w) = e "; w € J.
Now, we define Y : [wy, s1] X E — E by:

Y1 (w, x) = xkwI1(x), (60)

where Il : E — E is a linear bounded compact operator. By applying Theorems (1) and (4),
the mild solution set for the following problem:

‘Dix(w) € Tx(w) + F(w, Xy(wx,)), a--w € [0, 51U (5, 1],
x(wf) = Y1 (w1, x(w7)),

x(w) = Y1(w, x(w;)),w € (3, 3],

x(w) =% (w),w € (-0, 0].

is a non-empty and Rs-set, where A, F, p and Y; are given b (57)—(60).
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6. Discussion and Conclusions

It is known that the set of mild solutions with the same initial point for a differential
inclusion is typically not a singleton. Therefore, it is useful and interesting to investigate
the topological structure of this set. Many researchers have performed this for different
types of differential inclusions, proving that it is an Rs-set and homotopically equivalent
to a point (see, for instance, [25,26,28,30-33,36—41]). None of these works addressed the
topological properties of the mild solution set for non-instantaneous impulsive semi-linear
differential inclusions involving a T-Caputo fractional derivative with infinite delay in
infinite-dimensional Banach spaces.

In this paper, we have proven that the mild solution set for a non-instantaneous
impulsive semi-linear differential inclusion involving a T-Caputo fractional derivative
with infinite delay in infinite-dimensional Banach spaces is non-empty and an Rj-set.
This work is novel and interesting because the linear part is an operator that generates a
non-compact semi-group, while the non-linear part is a multi-valued function, and the
studied problem contains the T-Caputo derivative with non-instantaneous impulses and
infinite delay. Moreover, our methodology is based on the properties of both multi-valued
functions, measures of non-compactness and the infinitesimal generators of a Cp-semigroup.
This study generalizes the work of Wang et al. [31], in which Problem (1) was considered
without delay and 7(t) = t, Vt € J. Furthermore, it generalizes Theorem (4.1) in [44] when
the right-hand side is a multi-valued function in the presence of both non-instantaneous
impulses and infinite delay. In addition, our technique could be used to extend the results
reported in [14-22] when the Caputo derivative is replaced with a T-Caputo fractional
derivative and in [25,28-30,32,33,36—41], when the considered problems involve a T-Caputo
fractional derivative with impulsive effects and infinite delay. This could be a proposal for
future work.
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