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Abstract: The novel coronavirus disease (SARS-CoV-2) has caused many infections and deaths throughout
the world; the spread of the coronavirus pandemic is still ongoing and continues to affect healthcare
systems and economies of countries worldwide. Mathematical models are used in many applications for
infectious diseases, including forecasting outbreaks and designing containment strategies. In this paper,
we study two types of SIR and SEIR models for the coronavirus. This study focuses on the discrete-time
and fractional-order of these models; we study the stability of the fixed points and orbits using the
Jacobian matrix and the eigenvalues and eigenvectors of each case; moreover, we estimate the parameters
of the two systems in fractional order. We present a statistical study of the coronavirus model in two
countries: Saudi Arabia, which has successfully recovered from the SARS-CoV-2 pandemic, and China,
where the number of infections remains significantly high.

Keywords: discrete SIR and SEIR systems; stability; fractional order; statistics for Saudi Arabia and
China; parameter estimation

1. Introduction

Coronaviruses can infect and circulate among different animal species; the virus
may spread from animals [1] (such as cats, dogs, or bats) to humans; the latest scientific
research suggests that the potential scale of novel coronavirus generation in both wild and
domestic animals is greater than previously thought [2,3]. New coronaviruses can emerge when
two different strains co-infect an individual, causing the viral genetic material to recombine.
People infected with the coronavirus have had a wide range of symptoms, according to each
case, from mild symptoms to severe illness [4]. These symptoms may appear 2–14 days after
exposure to the virus. Individuals can have mild to severe symptoms, which may include fever
or chills [5], cough, difficulty breathing, shortness of breath, fatigue, aches and pains in the
body, headaches, loss of smell or taste, flu-like symptoms, a runny or congested nose, nausea,
vomiting, and diarrhea [6]. Researchers studied the evolutionary history of the coronavirus
and found one strain that is responsible for it. They also discovered that the closest known
ancestor of SARS-CoV-2 lived in bats 40–70 years ago [1] and then passed on to humans.

The first human coronavirus strains, HCoV-229E and HCoV-OC43, were discovered
in 1966 and 1967, respectively. Since then, four other human strains have been identified:
SARS-CoV in 2003, HCoV-NL63 in 2004, HCoV-HKU1 in 2005, and the MERS-CoV strain
in 2012. Another was discovered in 2019: SARS-CoV-2 [7,8].

The first coronavirus outbreak occurred in Wuhan, China, in November 2019.
In December 2019, China reported the first 25 cases of infected individuals in Wuhan,
and then the coronavirus rapidly spread throughout China and across the world [2].
In China, the number of confirmed coronavirus cases has gradually increased, reaching
4,836,633 confirmed cases on 13 January 2023 (data sources of cases and deaths are from
JHU CSSE [9]). The first coronavirus infection in Saudi Arabia [10] was identified and
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announced on 2 March 2020.The number of confirmed coronavirus cases has gradually
grown, reaching 827,358 on 13 January 2023. (Data sources of cases and deaths are from
JHU CSSE and WHO [9,11]).

Recently, mathematical models have been widely used as epidemiological tools [12,13].
They can be used to combat many infectious diseases [14]. They are methods used for
studying the dynamics of infectious disease spread, including foot-and-mouth disease, and,
as stated in reference [15], the flu (influenza), Hepatitis, Ebola, and coronavirus. There are
many mathematical models of the coronavirus, such as the SIR, SEIR, MERS, and SARS
models [12,16,17]. Epidemiological models are formulated using ordinary differential
equations. However, at some point, these models cannot fully explain the natural behavior
of the epidemic. The model using fractional derivatives can explain the case better.

Fractional derivatives for functions can be traced to the origin of calculus; the idea of
fractional derivatives was introduced by Gottfried Wilhelm Leibniz in a letter to Guillaume
de l’Hopital in the year 1695 (see [18]). The idea was further developed in the 17th
century by Liouville and Riemann [19], and other types of fractional derivatives appeared.
Among them, Caputo, Caputo–Fabrizio, and Atangana–Baleanu derivatives are the most
important [20]. It is known that the fractional derivative of a constant is not zero, in contrast
to ordinary calculus. Recently, the study of linear and nonlinear equations involving
fractional derivatives brought about more interest in mathematical modeling [21].

In this paper, the authors concentrate on the SIR and SEIR systems in discrete time [22]
using Euler’s method, which maintains the model and provides results over a longer time.
We also study the SIR and SEIR systems using fractional calculus in discrete time, which
have memory features and are useful in demonstrating many biological phenomena and
facts with nonlinear dynamics behaviors. The expansion of the results obtained from the
continuous-time representations of the SIR and SEIR COVID-19 systems to the fractional or-
der in the discrete-time case [23] is clearly motivated by the general trend of using computer-
assisted numerical simulations and applications, biology, and cryptography [24,25]. In the
special cases of fractional order systems, estimation methods lead to new systems and
expand the possibilities of representing and simulating such systems. We determine the
parameters of both the SIR and SEIR models in a fractional–discrete time setting based on
the registered data. We take, for example, Saudi Arabia and China [11]. Saudi Arabia is
considered a leading country in combating coronavirus [11], due to the available medical
services and the number of samples that were conducted for individuals. Saudi Arabia
is a good example of a country where coronavirus infections have decreased. China has
experienced a notable increase [9,26] compared to before.

In this paper, Section 2 provides an overview of the preliminary concepts. Section 3
highlights the SIR model, discussing its continuous-time, discrete-time, and fractional-order
representations, as well as an estimation of the parameters. Section 4 focuses on the SEIR
model, covering its continuous-time, discrete-time, and fractional-order formulations, us-
ing the stability of fixed points and orbits, and providing an estimation of the parameters.
In Section 5, we study the coronavirus statistics in Saudi Arabia and China. Section 6 presents
a discussion and the results of this study. Finally, we present the conclusions of our work.

2. Preliminaries

Definition 1. Let F : [t0,+∞[→ R, we define the fractional order integral of a function F by

Tα
t0
=

1
Γ(α)

∫ t

t0

(t− τ)α−1dτ.

where α > 0 and Γ(.) is the gamma function.

Definition 2. Let F : [t0,+∞[→ R, we define the Riemann–Liouville fractional derivative of F
with order α by

Dα
t0

F(t) =
1

Γ(n− α)
(

d
dt
)n
∫ t

t0

(t− τ)n−α−1F(τ)dτ,
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where n ∈ N∗ and n− 1 < α < n,

Definition 3. Let F : [t0,+∞[→ R, we define the Caputo fractional derivative of F with order α by

cDα
t0

F(t) =
1

Γ(n− α)

∫ t

t0

(t− τ)n−α−1F(n)(τ)dτ,

where n ∈ N∗ and n− 1 < α < n,
if α = n, then cDα

t0
F(t) = F(n)(t).

Let α ∈ (0, 1), and consider the differential equation of the fractional order{
DαX(t) = F(X(t)), t > 0
X(0) = X0, t ≤ 0.

(1)

The corresponding equation with a piecewise constant argument is{
DαX(t) = F(X(a[ t

a ])), t > 0
X(0) = X0, t ≤ 0.

(2)

Let t ∈ [0, a), then t
a ∈ [0, 1), we find that DαX(t) = F(X0) we have

X1(t) = X0 +
tα

Γ(1 + α)
F(X0)

and let t ∈ [a, 2a), then t
a ∈ [1, 2), we find that DαX(t) = F(X1(t)) we have

X2(t) = X1(a) +
(t− a)α

Γ(1 + α)
F(X1(a))

and let t ∈ [2a, 3a), then t
a ∈ [2, 3), we find that DαX(t) = F(X2(t)) we have

X3(t) = X2(2a) +
(t− 2a)α

Γ(1 + α)
F(X2(2a)).

By repeating the process, we find

DαX(t) = F(X(na)), t ∈ [na, (n + 1)a)

we have

Xn+1(t) = X(na) +
(t− na)α

Γ(1 + α)
F(Xn(na)). (3)

3. SIR Model
3.1. SIR Model as a Continuous Time

In a 1927 experimental research study, Kermack and McKendrick introduced the SIR
model [27]. It is a mathematical model of an infectious disease that involves three integro–
differential equations that are described as follows:

dS(t)
dt = − β

N S(t)I(t)
dI(t)

dt = β
N S(t)I(t)− γI(t)

dR(t)
dt = γI(t),

(4)

where N is the total population size, given by N = S(t) + I(t) + R(t); the variables S, I,
and R in the system represent the number of susceptible individuals, the number of infec-
tious individuals, and the number of individuals who have been removed (recovered), re-
spectively. A basic SIR model is shown in Figure 1, where parameter β denotes the effective
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contact rate and parameter γ denotes the mean recovery. Note that the parameters β, γ are
positive real numbers, and the natural birth and death rates are ignored.

In this case, we find that with β = 0.00000265 and γ = 1, and S(0) = 1, 000, 000,
I(0) = 100 (which implies R(0) = 0), the error between the predicted and the observed
values of R is minimum; see Figure 2.

Remark 1. The experiment was conducted on an isolated susceptible population at the beginning of
the epidemic. The rate constants that define the spread of the virus are β = 0.00000265 and γ = 1,
and are determined on a daily basis; see [28].

Figure 1. Basic assumptions of the SIR model.
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Figure 2. (a–c) Graphs of the SIR model.

3.2. SIR Model as a Discrete Time

To find the discrete SIR model, we use the Euler forward-shift operator method [14];
we use equation

dX(t)
dt

=
X(n + 1)− X(n)

h
, (5)



Fractal Fract. 2023, 7, 446 5 of 26

where X is a generic signal that can be replaced by either S, I, or R; h is the integration step
(small real number); and n is the sampling number. The discretization of the system (4)
takes the following form using the approximation in Equation (5):

S(n + 1) = −h β
N S(n)I(n) + S(n)

I(n + 1) = h( β
N S(n)I(n)− γI(n)) + I(n)

R(n + 1) = hγI(n) + R(n),
(6)

we use the following initial conditions:

S(0) ≥ 0, I(0) ≥ 0, R(0) ≥ 0.

The first two equations in the proposed system (6) are unrelated to class R, and this
class can be studied independently using the equation:

N(n) = S(n) + I(n) + R(n),

where N is the total population number in the hundreds of thousands or more.

3.3. Fixed Points

By equating the left-hand side equations of the proposed system (6) to S(n), I(n), and
R(n), respectively, we obtain R(n+ 1) = R(n)⇒ I = 0. As a result, the discrete SIR system
(6) has fixed points described by

S f ∈ [0, N], I f = 0, R f = N − S.

These fixed points indicate disease-free conditions. When applied to coronavirus
epidemics that occurred at the beginning of the 2019 pandemic, the fixed point is

S f = N, I f = 0, R f = 0 (7)

At the beginning of the pandemic in 2019, the coronavirus was a novel disease.
The number of infections was not well known prior to 2019; while considering a spe-
cific population of N people, all of them were susceptible to the coronavirus. S f = N.
A coronavirus outbreak that starts at an initial time n0 is defined as a perturbation that
represents a small population of infectious people. I(n0) > 0, and as a result, it leads to
a movement of disease cases (or individuals in a healthy state), represented by X, away
from the disease-free fixed point (7). The initial conditions (S0 = S(n0), I0 = I(n0), and
R0 = R(n0)) of a coronavirus epidemic that occurred at time n0 are given in terms of a
perturbed fixed point of the condition:

S0 = N − I0, I0 is small and R0 = 0. (8)

Actually, N is usually very large compared to I0 (for example, N = 10, 000, 000, and
I0 = 1), such that

S0

N
' 1.

System (6) has fixed points on the S-axis with S f ≤ N, which are the disease-free fixed
points and initial disease states.

3.4. Orbits

Orbits can be used to visualize discrete SIR system solutions. S(n), I(n), and R(n).
Let us write the evolution Equation (6) as follows:

I(n + 1) = Y(n)I(n), (9)
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where Y(n) = h( β
N S(n)− γ) + 1, and if Y(n) = 1 at the beginning n0 or at any other time

point nc > n0
Hence, there are two types of I(n) orbits. They describe either a monotone or non-

monotone function. If it is a non-monotone function, then I(n) increases gradually and
reaches a peak at nc > n0, where Y = 1 holds; after that, it decays to zero. To dis-
tinguish between these two cases, the expression Y(n) for n = n0 can be written as
Y = γh(ρ− 1) + 1, where

ρ =
β

Nγ
S(0), (10)

where the stability parameter is indicated with ρ.
Figures 3 and 4 represents I(n) solutions for two qualitatively distinct cases. ρ > 1

and ρ ≤ 1, for ρ > 1, there is a wave of an epidemic. In system (6), the stability parameter ρ
is critical for solutions, and the epidemic under study decays monotonically for ρ ≤ 1.

Figure 3. Solutions I(n) of system (6) for ρ > 1 with parameters β = 0.8, γ = 0.5, h = 0.01, N = 1, 000
and initial conditions (S(0), I(0), R(0)) = (930, 70, 20).

Figure 4. Solutions I(n) of system (6) for ρ ≤ 1 with parameters β = 0.4, γ = 0.5, h = 0.01, N = 1, 000
and initial conditions (S(0), I(0), R(0)) = (990, 20, 20).

3.5. Stability Analysis for the Discrete Sir System

The Jacobian matrix of system (6) is given by

J(Sc, Ic, Rc) =


− β Ich

N + 1 − β Sch
N 0

β Ich
N

β Sch
N − γ h + 1 0

0 γ h 1

. (11)
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The eigenvalues of matrix (11) are given by

λ1 = 1

λ2 = 1 + 1
2 h(β

(Sc−Ic)
N − γ− 1

N

√
∆)

λ3 = 1 + 1
2 h(β

(Sc−Ic)
N − γ + 1

N

√
∆),

(12)

where
∆ = β2Sc

2 − 2 β Scγ N − 2 β2Sc Ic + γ2N2 − 2 γ Nβ Ic + β2 Ic
2,

and the eigenvalues (12) evaluated at I f = 0 are given by

λ1 = λ3 = 1

λ2 = 1 + h(
βS f
N − γ).

(13)

to find all the eigenvectors of λ1 = λ3 = 1, we need to solve v =

 x1
x2
x3

 from:


0 − β S f h

N 0

0
β S f h

N − γ h 0

0 γ h 0


 x1

x2
x3

 =

 0
0
0

. (14)

The eigenvectors to the above equation are v1 =

 1
0
0

 and v3 =

 0
0
1

.

For calculating the eigenvector associated with the eigenvalue λ2 = 1 + h(
βS f
N − γ),

we need to solve v3 =

 y1
y2
y3

 from:


h(

βS f
N − γ) − β S f h

N 0

0 0 0

0 γ h h(
βS f
N − γ)


 y1

y2
y3

 =

 0
0
0

. (15)

The eigenvector λ2 is v2 =

 − βS f
γN

βS f
γN − 1

1

.

In Figure 5, the phase curves originate at states slightly above the S-axis.
Consequently, the states can be changed along the two axes; for example, the fixed point
(S f = 1000, R f = 0) can be changed to (S f = 998, R f = 2). The fixed points are not asymp-
totically stable, either in the form of unstable fixed points or neutrally stable fixed points.
Figure 6, show wave-like solution of the SIR model (6) presented in terms of the orbitals
S(n) and I(n). The arrows indicate the direction of the orbitals.



Fractal Fract. 2023, 7, 446 8 of 26

Figure 5. Phase portraits of the discrete SIR system (6) in the (S, I) plane for β > γ with γ = 0.5 and
N = 1000.

(a) (b)

(c)

Figure 6. Wave-like solution of the SIR model (6) presented in terms of the orbitals S(n) and I(n).
(a,b) The phase curve of I(n). (c) The phase curve of S(n).

3.6. Fractional-Order SIR System and Discretization

The fractional-order SIR system is given by
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
DαS(t) = S(t)(1− β

N I(t))
Dα I(t) = I(t)( β

N S(t)− γ + 1)
DαR(t) = R(t) + γI(t),

(16)

where α is the fractional order. The discretization fractional order of the SIR system [29] is
given as 

DαS(t) = S(a[ t
a ])(1−

β
N I(a[ t

a ]))

Dα I(t) = I(a[ t
a ])(1 +

β
N S(a[ t

a ])− γ)
DαR(t) = R(a[ t

a ]) + γI(a[ t
a ]),

(17)

where (S(0), I(0), R(0)) = (S0, I0, R0) are initial conditions.
The discretization method is given by the following steps.
Step 1. Let t ∈ [0, a), then t

a ∈ [0, 1). Thus, we obtain
DαS(t) = S0(1− β

N I0)

Dα I(t) = I0(1 +
β
N S0 − γ)

DαR(t) = R0 + γI0,
(18)

and the solution of (17) is given by
S1(t) = S0 + TαS0(1− β

N I0)

I1(t) = I0 + Tα I0(1 +
β
N S0 − γ)

R1(t) = R0 + Tα(R0 + γI0).
(19)

Then 
S1(t) = S0 +

tα

Γ(1+α)
S0(1− β

N I0)

I1(t) = I0 +
tα

Γ(1+α)
I0(1 +

β
N S0 − γ)

R1(t) = R0 +
tα

Γ(1+α)
(R0 + γI0),

(20)

Step 2. Let t ∈ [a, 2a) then t
a ∈ [a, 2a). Thus, we obtain
DαS(t) = S1(1− β

N I1)

Dα I(t) = I1(1 +
β
N S1 − γ)

DαR(t) = R1 + γI1,
(21)

and the solution of (17) is given by
S2(t) = S1 + TαS1(1− β

N I1)

I2(t) = I1 + Tα I1(1 +
β
N S1 − γ)

R2(t) = R1 + Tα(R1 + γI1),
(22)

Then 
S2(t) = S1 +

tα

Γ(1+α)
S1(1− β

N I1)

I2(t) = I1 +
tα

Γ(1+α)
I1(1 +

β
N S1 − γ)

R2(t) = R1 +
tα

Γ(1+α)
(R1 + γI1).

(23)

Step 3. We repeat the process to find the solution to (17) as
Sn+1(t) = Sn(na) + (t−na)α

Γ(1+α)
Sn(na)(1− β

N In(na))

In+1(t) = In(na) + (t−na)α

Γ(1+α)
In(na)(1 + β

N Sn(na)− γ)

Rn+1(t) = Rn(na) + (t−na)α

Γ(1+α)
(Rn(na) + γIn(na)).

(24)
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We assume that t→ (n + 1)a; then we have the following discretization
Sn+1((n + 1)a) = Sn(na) + aα

Γ(1+α)
Sn(na)(1− β

N In(na))

In+1((n + 1)a) = In(na) + aα

Γ(1+α)
In(na)(1 + β

N Sn(na)− γ)

Rn+1((n + 1)a) = Rn(na) + aα

Γ(1+α)
(Rn(na) + γIn(na)),

(25)

which can be expressed as
Sn+1 = Sn +

aα

Γ(1+α)
Sn(1− β

N In)

In+1 = In +
aα

Γ(1+α)
In(1 +

β
N Sn − γ)

Rn+1 = Rn +
aα

Γ(1+α)
(Rn + γIn).

(26)

3.7. Fixed Points and Stability

System (26) has two fixed points, which are given as:

M0(0, 0, 0); M1

(
(γ− 1)N

β
,

N
β

,
−γN

β

)
.

At a fixed point M0(0, 0, 0), the Jacobian matrix of system (26) is given by

J(M0) =


θ + 1 0 0

0 (1− γ)θ + 1 0

0 γ θ θ + 1

,

where θ = aα

Γ(1+α)
, and the eigenvalues of matrix J(M0) are given as follows

λ1 = λ2 = θ + 1, λ3 = (1− γ)θ + 1,

then λ1, λ2, and λ3 are real eigenvalues and |λi| > 1, i = 1, 2.

Theorem 1. Let |λi| > 1, i = 1, 2.

• If γ < 1 or γ > 2
θ , then | λ3 |> 1, and the fixed point M0 is an unstable node.

• If γ > 1 or γ < 2
θ , then | λ3 |< 1 and the fixed point M0 is a saddle.

At the fixed point M1

(
(γ−1)N

β , N
β , −γN

β

)
, the Jacobian matrix of system (26) is given by

J(M1) =


1 (1−γ)θ

N 0

θ
(

γ−1
N − γ + 1

)
θ + 1 0

0 γ θ θ + 1

,

where θ = aα

Γ(1+α)
, and the eigenvalues of J(M1) are solutions of the following equation

P(λ) = (λ− 1− θ)(A2λ2 + A1λ + A0),

where A0 = γ θ+θ N−θ+θ2γ+N−θ γ N−θ2

N

A1 = (−θ N+θ γ N−γ θ−2 N+θ)
N .

The eigenvalues of matrix J(M1) are given by

λ1 = θ + 1

λ2 = θ N−θ γ N+γ θ+2 N−θ+
√

ω
2N

λ3 = θ N−θ γ N+γ θ+2 N−θ−
√

ω
2N

,
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where

ω = 2 θ2N + θ2 + θ2γ2N2 − 2 θ2N2γ + θ2N2 + θ2γ2 − 2 θ2γ− 2 θ2γ2N.

Theorem 2. Let λ1 = θ + 1. Then, if | λ1 |> 1, and
if ω > 0, we have λ2 and λ3 as real eigenvalues; we obtain the following

• If | λ2 |> 1 and | λ3 |> 1, then the fixed point M1 is an unstable node.
• If | λ2 |< 1 and | λ3 |< 1, then the fixed point M1 is a saddle.

If ω < 0, then λ2 and λ3 are complex conjugate eigenvalues; we obtain:

• If | λ2 |> 1 and | λ3 |> 1, then the fixed point M1 is an unstable spiral node.
• If | λ2 |< 1 and | λ3 |< 1, then the fixed point M1 is a saddle-spiral.

3.8. Determining β and γ for Model (26) at a Discrete Time from the Observed Data

In this study, the algorithm proposed in [30,31] was used to estimate the fractional–
discrete-time SIR model parameters and the method used to predict coronavirus cases
in China and Saudi Arabia. The parameters β and γ are determined from the following
equations in discrete time:

Sn+1−Sn
θ(n) = Sn(1− β(n)

N In)
In+1−In

θ(n) = In(1 +
β(n)

N Sn − γ(n))
Rn+1−Rn

θ(n) = (Rn + γ(n)In),

(27)

where θ(n) = aα

Γ(1+α)
, and n− 1 < α < n, for example, if α = 1

2 , then θ(n) = 1
2n−1√π

, and if

α = 1
2 then θ(n) = 1

3.2n−2√π
. We note that if n is a large value, then θ(n) takes a small value

0 < θ(n) < 1. In this study, we choose θ = 0.01.
From Equations (27), we have

β(n) =
N((1 + θ(n))Sn − Sn+1)

Sn Inθ(n)
, (28)

and

γ(n) =
N(Rn+1 − (1 + θ(n))Rn)

Inθ(n)
. (29)

In this study we assume that the SIR model in Saudi Arabia depends on an exponential
decay function written in the following form.

β(t) = β1 exp−β2t, (30)

and
γ(t) = γ(n), (31)

where β1, β1 ∈ R∗+, γ ∈ R+ and t ≥ 1. Using the logarithm in Equation (30), we find

ln(β(t)) = ln(β1)− β2t, (32)

By placing ρ1 = ln(β1) and ρ2 = −β2 in Equation (32), we have

ln(β(t)) = ρ1 + ρ2t. (33)

using the maximum log-likelihood estimation (MLE) method in [32,33]. MLEs draw
conclusions from the observed data, particularly the joint probability distribution (see [34])
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of the random variables (x1, x2, ..., xn). To find suitable estimators β̃1, β̃2 and γ̃ for β1, β2,
and γ, respectively. We define the positive cost function as follows

Φ(ρ1, ρ2, γ) = ΣK
i=2(ρ1 + ρ2ti − ln(βi)

2) + ΣK
i=2(γ− γi). (34)

The solutions of Equation (34) are called local minimizers ρ̃1, ρ̃2 and γ̃, which can be
obtained by the following method

∂Φ(ρ̃1, ρ̃2, γ̃)

∂ρ1
=

∂Φ(ρ̃1, ρ̃2, γ̃)

∂ρ2
=

∂Φ(ρ̃1, ρ̃2, γ̃)

∂γ
= 0. (35)

Simplifying the equations given in (35), we have

γ̃ =
1

K− 1
ΣK

i=2γi. (36)

ρ̃1 =
1

K− 1
ΣK

i=2(ln βi − ti ρ̃2), (37)

where ρ̃2, given by

ρ̃2 =
ΣK

i=2ti. ln βi − 1
K−1

(
ΣK

i=2 ln βi
)
.ΣK

i=2ti

ΣK
i=2t2

i −
1

K−1 .
(
ΣK

i=2ti
)2 . (38)

Hence, using these parameters (γ̃, ρ̃1, ρ̃2) we estimate the values of (30) and (31) with
a relative mean absolute error (see [35,36]), which can be calculated by

ε =
1
N

ΣN
i=1
|xi − pi|

xi
(39)

where x(i) denotes the observed state, q(i) denotes the simulated state of γ̃, and δ̃ and
N denote the sizes of sampled data. The correlation coefficient (see [36]), produced
by the equation, can be used to confirm the accuracy of the results for the three parameters.

ε =

√
1−

ΣN
i=1(xi − p2

i )

ΣN
i=1(xi − x̄)2

, (40)

the best value of the correlation coefficient is given if ε ∈ [−1, 1].

4. SEIR Model
4.1. SEIR Model as a Continuous Time

It is important to know that the coronavirus disease has an incubation period, which
is the time between the virus exposure and the onset of symptoms. The average incubation
period is 5–6 days but can last up to 14 days. The SIR model described in (4) does not
provide information about the exposed individuals who are infected but have not been
detected yet (infected but still not infectious). It does not provide any information about
closed cases of infectious people who have died. To write the SEIR model, an exposed
variable E can be added to the SIR model [12]. The differential equations of this model are
as follows: 

dS(t)
dt = − β

N S(t)I(t)
dE(t)

dt = β
N S(t)I(t)− δE(t)

dI(t)
dt = δE(t)− γI(t)

dR(t)
dt = γI(t),

(41)

where E denotes the exposed state variable, δ denotes the exposed parameter, γ denotes
the dead variable, and the total population is denoted by N = S(t) + E(t) + I(t) + R(t).
Figure 7 present the basic assumptions of the SEIR model.
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Figure 8 was obtained with fixed parameters β = 0.00000265, γ = 1, δ = 0.5 and initial
conditions S0 = 1000000, E0 = 0, I0 = 100, R0 = 0.

Remark 2. Parameters β = 0.00000265, γ = 1, and γ = 0.5 are determined in the same
method, i.e., experimentally on a non-isolated population, and the results are taken on a daily basis;
see [28,37].

Figure 7. Basic assumptions of the SEIR model.
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Figure 8. Graphs of the SEIR model.
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4.2. SEIR Model as a Discrete Time

To find the SEIR discrete system, we use the Euler forward-shift operator method,
and write

dZ(t)
dt

=
Z(n + 1)− Z(n)

h
, (42)

where Z can be changed by any variable S, E, I, or R; h takes a small value, and n is
an integer. The SEIR discrete system for Equation (41) takes the following form when
applied to the approximation in Equation (42):

S(n + 1) = −h β
N S(n)I(n) + S(n)

E(n + 1) = h( β
N S(n)I(n)− δE(n)) + E(n)

I(n + 1) = h(δE(n)− γI(n)) + I(n)
R(n + 1) = hγI(n) + R(n),

(43)

where S(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, R(0) ≥ 0.

4.3. Fixed Points

The fixed points of a system (43) are the roots of the equation vector Z(n + 1) = Z(n).
We can find the fixed points by solving this equation. The fixed points of (43) are given by

S f ∈ [0, N], E f = 0, I f = 0 and R f = N − S f . (44)

Linearizing system (43) of the fixed point, we can find the eigenvalues of the Jacobian
matrix; these eigenvalues will determine the nature of the fixed point, with fixed N = N0.
The Jacobian matrix at a fixed point is as follows

J(S f , E f , I f , R f ) =



− hβ I f
N0

+ 1 0 − hβ S f
N0

0

hβ I f
N0

−hδ + 1
hβ S f

N0
0

0 hδ −hγ + 1 0

0 0 hγ 1


. (45)

Evaluating (45) at I f = 0, we find the following matrix

J(S f , 0, 0, N − S f ) =


1 0 − hβ S f

N 0

0 −hδ + 1
hβ S f

N 0

0 hδ −hγ + 1 0

0 0 hγ 1

. (46)

The eigenvalues of this matrix are given by

λ2 = 1− h
2 γ− h

2 δ + h
2

√
∆

λ3 = 1− h
2 γ− h

2 δ− h
2

√
∆

λ1 = λ4 = 1,

(47)

∆ = (γ− δ)2 + 4
δ β S

N
> 0,

Theorem 3. Let λ1 = λ4 = 1; if |λ2| < 1 and |λ3| < 1, the fixed points are stable. If |λ2| > 1 or
λ3 > 1. We use the following numerical study to prove that the fixed points are unstable.
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Let λ1 = λ4 = 1; if |λ2| < 1 and |λ3| < 1, the fixed points are stable.
If |λ2| > 1 or |λ3| > 1. We use the following numerical study to prove that the fixed
points are unstable.

Figures 9 and 10 show two types of curves for the discrete SEIR system. Figure 9
exemplifies the case β > γ of the parameters, and the initial conditions chosen R(n) are
initially increasing. However, S(n) decays over time, while E(n) and I(n) increase until
they reach maximum values and then decrease. Figure 10 exemplifies the case β < γ for
the parameters, and the initial conditions chosen R(n) are initially increasing. However,
S(n) and E(n) decay over time, while I(n) increases until it reaches the maximum value
and then decreases.

(a) (b)

(c) (d)

Figure 9. Phase curves of a discrete SEIR system (43) with parameters β = 1.5, γ = 0.6, N = 1000, and
δ = 0.3, h = 0.01, and initial conditions S(0) = 975, E(0) = 25, I(0) = 0 and R(0) = 0 (a) Curve in
(n, S(n))-plane (b) Curve in (n, E(n))-plane (c) Curve in (n, I(n))-plane (d) Curve in (n, R(n))-plane.

(a) (b)

(c) (d)

Figure 10. Curves of the discrete SEIR system (43) with parameters β = 0.2, γ = 0.5, N = 1000, and
δ = 0.3, h = 0.01, and initial conditions S(0) = 975, E(0) = 25, I(0) = 0, and R(0) = 0 (a) Curve in
(n, S(n))-plane (b) Curve in (n, E(n))-plane (c) Curve in (n, I(n))-plane (d) Curve in (n, R(n))-plane.
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4.4. Fractional Order SEIR System and Discretization

The fractional order SEIR system [38] is given by
DαS(t) = S(t)− β

N S(t)I(t)
DαE(t) = E(t) + β

N S(t)I(t)− δE(t)
Dα I(t) = I(t) + δE(t)− γI(t)
DαR(t) = R(t) + γI(t),

(48)

where α is the fractional order.
Then 

DαS(t) = S(t)(1− β
N I(t))

DαE(t) = (1− δ)E(t) + β
N S(t)I(t)

Dα I(t) = (1− γ)I(t) + δE(t)
DαR(t) = R(t) + γI(t).

(49)

The discretization fractional-order SEIR system is given as
DαS(t) = S(a[ t

a ])(1−
β
N I(a[ t

a ]))

DαE(t) = (1− δ)E(a[ t
a ]) +

β
N S(a[ t

a ])I(a[ t
a ])

Dα I(t) = (1− γ)I(a[ t
a ]) + δE(a[ t

a ])
DαR(t) = R(a[ t

a ]) + γI(a[ t
a ]).

(50)

where (S(0), E(0), I(0), R(0)) = (S0, E0, I0, R0) are the initial conditions.
The discretization method is given as follows:
Step 1. Let t ∈ [0, a), then t

a ∈ [0, 1). Thus, we obtain
DαS(t) = S(0)(1− β

N I(0))
DαE(t) = (1− δ)E(0) + β

N S(0)I(0)
Dα I(t) = (1− γ)I(0) + δE(0)
DαR(t) = R(0) + γI(0).

(51)

and the solution of (49) is given by
S1(t) = S0 + TαS(0)(1− β

N I(0))
E1(t) = E0 + Tα

(
(1− δ)E(0) + β

N S(0)I(0)
)

I1(t) = I0 + Tα((1− γ)I(0) + δE(0))
R1(t) = R0 + Tα(R(0) + γI(0)).

(52)

Then 
S1(t) = S0 +

tα

Γ(1+α)
S(0)(1− β

N I(0))

E1(t) = E0 +
tα

Γ(1+α)

(
(1− δ)E(0) + β

N S(0)I(0)
)

I1(t) = I0 +
tα

Γ(1+α) ((1− γ)I(0) + δE(0))
R1(t) = R0 +

tα

Γ(1+α)
(R(0) + γI(0)).

(53)

Step 2. Let t ∈ [a, 2a) then t
a ∈ [a, 2a). Thus, we have

DαS(t) = S(1)(1− β
N I(1))

DαE(t) = (1− δ)E(1) + β
N S(1)I(1)

Dα I(t) = (1− γ)I(1) + δE(1)
DαR(t) = R(1) + γI(1).

(54)
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and the solution of (49) is given by
S2(t) = S1 + TαS(1)(1− β

N I(1))
E2(t) = E1 + Tα

(
(1− δ)E(1) + β

N S(1)I(1)
)

I2(t) = I1 + Tα((1− γ)I(1) + δE(1))
R2(t) = R1 + Tα(R(1) + γI(1)).

(55)

Thus, we have
S2(t) = S1 +

tα

Γ(1+α)
S(1)(1− β

N I(1))

E2(t) = E1 +
tα

Γ(1+α)

(
(1− δ)E(1) + β

N S(1)I(1)
)

I2(t) = I1 +
tα

Γ(1+α) ((1− γ)I(1) + δE(1))
R2(t) = R1 +

tα

Γ(1+α)
(R(1) + γI(1)).

(56)

Step 3. Repeating the process, we deduce the solution of (49) as

Sn+1(t) = Sn(na) + (t−na)α

Γ(1+α)
Sn(na)(1− β

N In(na))

En+1(t) = En(na) + (t−na)α

Γ(1+α)

(
(1− δ)En(na) + β

N Sn(na)In(na)
)

In+1(t) = In(na) + (t−na)α

Γ(1+α) ((1− γ)In(na) + δEn(na))

Rn+1(t) = Rn(na) + (t−na)α

Γ(1+α)
(Rn(na) + γIn(na)).

(57)

We assume that t→ (n + 1)a, then we have the following discretization
Sn+1((n + 1)a) = Sn(na) + aα

Γ(1+α)
Sn(na)(1− β

N In(na))

En+1((n + 1)a) = En(na) + aα

Γ(1+α)

(
(1− δ)En(na) + β

N Sn(na)In(na)
)

In+1((n + 1)a) = In(na) + aα

Γ(1+α) ((1− γ)In(na) + δEn(na))
Rn+1((n + 1)a) = Rn(na) + aα

Γ(1+α)
(Rn(na) + γIn(na)),

(58)

which can be expressed as
Sn+1 = Sn +

aα

Γ(1+α)
Sn(1− β

N In)

En+1 = En +
aα

Γ(1+α)

(
(1− δ)En +

β
N Sn In

)
In+1 = In +

aα

Γ(1+α) ((1− γ)In + δEn)

Rn+1 = Rn +
aα

Γ(1+α)
(Rn + γIn).

(59)

4.5. Fixed Points and Stability

System (59) has two fixed points that are given as follows

M′0(0, 0, 0, 0); M′1(
(1− γ)2N

βδ
,
(γ− 1)N

βδ
,

N
β

,−γN
β

).

At the fixed point M0(0, 0, 0), the Jacobian matrix of system (59) is given by

J(M′0) =


θ + 1 0 0 0

0 (1− γ)θ + 1 0 0

0 γ θ (1− γ)θ + 1 0

0 0 γ θ θ + 1

,

where θ = aα

Γ(1+α)
,
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and the eigenvalues of matrix J(M0) are given as follows:

λ1 = λ2 = θ + 1, λ3 = λ4 = (1− γ)θ + 1,

then λ1, λ2 and λ3 are the real eigenvalues and |λi| > 1, i = 1, 2.

Theorem 4. Let |λi| > 1, i = 1, 2.

• If γ < 1 or γ > 2
θ , then | λ3 |=| λ4 |> 1, and the fixed point of system (59) M′0 is an

unstable node.
• If γ > 1 or γ < 2

θ , then | λ3 |=| λ4 |< 1, and the fixed point of system (59) M′0 is a saddle.

At fixed point M′1
(
(1−γ)2 N

βδ , (γ−1)N
βδ , N

β ,− γN
β

)
, the Jacobian matrix of system (59) is

given by

J(M′1) =



1 0 − (1−γ)2θ
γ 0

θ (1− γ)θ + 1 (1−γ)2θ
γ 0

0 γ θ (1− γ)θ + 1 0

0 0 γ θ θ + 1


where θ = aα

Γ(1+α)
,

and the eigenvalues of J(M′1) are solutions of the following equation

P′(λ) = (λ− 1− θ)(A′3λ3 + A′2λ2 + A′1λ + A′0),

where A′0 = 2 θ3γ + θ3γ2 + θ3 − 2 θ + 2 γ θ − 1,
A′1 = 4 θ − 4 γ θ + 3,
A′2 = −2 θ + 2 γ θ − 3.

Theorem 5. From the Jury test, we have P′(1) = −(1− γ)2θ4 < 0, and | λ1 |=| 1 + θ |> 1,
and (λi), (i = 2, 3) are real eigenvalues. Then

• If | λi |> 1, (i = 2, 3), the fixed point M′1 of system (59) is an unstable node.
• If | λi |< 1, (i = 2, 3), the fixed point M′1 of system (59) is a saddle.

4.6. Determining β and γ for Model (59) at a Discrete Time from the Observed Data

We will apply the algorithm for parameter estimation given in [30,31] with some
modifications to the fractional–discrete SEIR system (59). We use the following equations:

Sn+1−Sn
θ(n) = Sn(1− β

N In)
En+1−En

θ(n) =
(
(1− δ)En +

β
N Sn In

)
In+1−In

θ(n) = ((1− γ)In + δEn)
Rn+1−Rn

θ(n) = Rn + γIn.

(60)

where θ(n) = aα

Γ(1+α)
, and n− 1 < α < n; for example, if α = 1

2 , then θ(n) = 1
2n−1√π

, and

if α = 1
2 , then θ(n) = 1

3.2n−2√π
. We note that if n becomes a large value, then θ(n) takes a

small value, such that 0 < θ(n) < 1. In this study, we choose θ = 0.01.
To use Equation (60), we obtain the following parameters:

β(n) =
N(Sn − Sn+1)

Inθ(n)
, (61)
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γ(n) =
N(Rn+1 − (1 + θ(n))Rn)

Inθ(n)
, (62)

and

δ(n) =
N(In+1 − (1 + θ(n))In + Rn+1 − (1 + θ(n))Rn)

Enθ(n)
, (63)

and since the pandemic is currently declining worldwide, the varying-time parameter β(t)
can be placed in an exponential form, as follows:

β(t) = β1 exp−β2t, (64)

where β1 > 0, β1 > 0, γ ≥ 0, δ ≥ 0, and t ≥ 1. Using the logarithm in Equation (64),
we find

ln(β(t)) = ln(β1)− β2t, (65)

and letting $1 = ln(β1) and $2 = −β2 in Equation (65), we have

ln(β(t)) = $1 + $2t. (66)

Pan J-X and Fang K-T [32], as well as Su, S [33], used a procedure for estimating the
parameters of an assumed probability distribution for the maximum likelihood estimation,
compensating for observed data. To estimate the parameters β, γ, and δ, we apply the
joint probability distribution function of random variables on a sample of the population
(z1, z2, ..., zn). In addition, we define the positive cost function as follows:

Φ($1, $2, γ, δ) = ΣK
i=2($1 + $2ti − ln(βi)

2) + ΣK
i=2(γ− γi) + ΣK

i=2(δ− δi). (67)

The solutions to Equation (67) are local minimizers $̃1, $̃2, γ̃, and δ̃; hence, setting all
partial derivatives of (34) equal to zero.

∂Ψ($̃1, $̃2, γ̃, δ̃)

∂$1
=

∂Ψ($̃1, $̃2, γ̃, δ̃)

∂$2
=

∂Ψ($̃1, $̃2, γ̃, δ̃)

∂γ
=

∂Ψ($̃1, $̃2, γ̃, δ̃)

∂δ
= 0. (68)

Simplifying the equations given in (68), we have

γ̃ =
1

K− 1
ΣK

i=2γi, (69)

δ̃ =
1

K− 1
ΣK

i=2δi, (70)

and
$̃1 =

1
K− 1

ΣK
i=2(ln βi − ti $̃2), (71)

where $̃2 is given by

$̃2 =
ΣK

i=2ti. ln βi − 1
K−1

(
ΣK

i=2 ln βi
)
.ΣK

i=2ti

ΣK
i=2t2

i −
1

K−1 .
(
ΣK

i=2ti
)2 . (72)

Hence, using these parameters (γ̃, $̃1, $̃2, δ̃), we estimate the values of (69)–(72) with a
relative mean absolute error (see [35,36]), which can be calculated by

ε =
1
N

ΣN
i=1
|zi − qi|

zi
, (73)
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where N is the size of the sampled data, x(i) is the variable state, and q(i) is the simulated
state using (69) and (62). The accuracy of the results for the two parameters can be confirmed
using the correlation coefficient (see [36]) given by the equation

ε =

√
1−

ΣN
i=1(zi − p2

i )

ΣN
i=1(zi − z̄)2

, (74)

the best value of the correlation coefficient is given if ε ∈ [−1, 1].

5. Results
5.1. Coronavirus (COVID-19) Outbreaks in China and Saudi Arabia 2022

To forecast the development and the end of the coronavirus epidemic in China and
Saudi Arabia [39,40] from 2020 to 2022 , and at the beginning of 2023, we, in theory, could
use three different types of curves, (the number of infected individuals, the number of
recovered individuals, and the number of deaths caused by the pandemic), based on
data from the World Health Organization. The daily infection rate data are considered
the most obvious. However, such data are especially untrustworthy because they are
highly dependent on the changing test numbers that are available daily. There is also a
dispute between China and the World Health Organization regarding the validity of the
announced data. As noted previously, the actual number of infections is higher than the
reported number in China, and it is higher than the sample numbers reported in other
countries. Figures 11–14 present the curves of the daily counts of confirmed coronavirus
cases and deaths in China and Saudi Arabia from 22 January 2020 to 13 February 2023,
according to COVID-19 data from Johns Hopkins University. Figure 13 present zoom in to
previous figures.
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Figure 11. The curves of confirmed coronavirus cases in China and Saudi Arabia, (a) novel coron-
avirus daily cases, (b) total coronavirus cases.
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Figure 12. Curves of coronavirus death cases in China and Saudi Arabia, (a) novel coronavirus daily
deaths, (b) total coronavirus deaths.
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Figure 13. (a) Zoom of Figure 11a on the y-axis, (b) zoom of Figure 12a on the y-axis.
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Figure 14. Curves of coronavirus cases in Saudi Arabia, (a) coronavirus epidemic in Saudi Arabia,
(b) infection rate, (c) growth rate.

5.2. Results for the SIR and SEIR Systems Using the Data

Figures 15–17 present the results of the discrete-time–fractional-order of the SIR and
SEIR systems defined in (26) and (59) using data observed by the World Health Organization.
By comparing with the results obtained from these data, it can be seen that the results given
in Figures 15–17, which are drawn from discrete fractional models (26) and (59), are closer
to the real data than the expected numbers obtained from models (4) and (41). Furthermore,
these results show that discrete fractional orders have better effects on the behaviors of
continuous models.
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Figure 15. Computational observations from the first seven days of Saudi Arabia, with the optimiza-
tion of initial values using the SIR system (26) in the discrete-time–fractional-order: (a) confirmed,
recovered, and death populations; (b) unidentified infected.
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Figure 16. Computational observations from seven days in Saudi Arabia, with the optimization of
initial values using the SEIR system (59) in the discrete-time–fractional-order: (a) confirmed, exposed,
recovered, and death populations; (b) unidentified infected.
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Figure 17. Curves of confirmed, exposed, recovered, and death populations using the SEIR system
(59) in the discrete-time–fractional-order, using data recorded in 21 days in China.

6. Conclusions

Since the first coronavirus (COVID-19) case was discovered in China in 2019, the coro-
navirus pandemic has spread globally, resulting in at least 101,918,720 infections and
6,733,494 deaths worldwide as of 19 January 2023, according to statistics from Johns Hop-
kins University. In Saudi Arabia, the Ministry of Health noted what was happening
throughout the world and imposed stricter movement restrictions; most of the population
has been vaccinated. Not all populations adhere to health laws, and with a large number of
people adhering to religious visits (e.g., Hajj and Umrah), the spread of the virus has been
reduced. In China, due to the economic crisis and population demonstrations, the coro-
navirus is spreading widely. In this paper, we present a study that utilizes mathematical
models of the coronavirus (i.e., discrete-time and fractional-order models), accompanied
by numerical results. We presented two examples: Saudi Arabia as a country that has
overcome the coronavirus, and China as a country that is still suffering from the spread of
this virus, despite fighting it. As the coronavirus continues to spread in some countries,
and because specific antiviral treatments and vaccines are still being developed, testing
and quarantines are still being encouraged to prevent the spread of the virus. However,
since the virus continues to mutate and evolve, scientific and mathematical studies must
continue until it is eradicated worldwide.
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