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Abstract: In this paper, the Kharrat-Toma transforms of the Prabhakar integral, a Hilfer-Prabhakar
(HP) fractional derivative, and the regularized version of the HP fractional derivative are derived.
Moreover, we also compute the solution of some Cauchy problems and diffusion equations modeled
with the HP fractional derivative via Kharrat-Toma transform. The solutions of Cauchy problems
and the diffusion equations modeled with the HP fractional derivative are computed in the form of
the generalized Mittag-Leffler function.
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1. Introduction

Integral transforms are very relevant in solving differential and integral equations with
initial and boundary value conditions. Recently, Kharrat and Toma [1] suggested a new
integral transform called Kharrat-Toma (KT) transform with applications to initial value
problems. In the field of fractional calculus, various notable works have been reported.
Hilfer [2], Podlubny [3], and Kilbas [4] have provided efficient literature on the theory of
fractional differential equations (FDEs). Hilfer [5] generalized the Caputo and Riemann-—
Liouville (RL) fractional derivative operators (FDOs). The Prabhakar integral and derivative
were introduced by replacing the kernel of the RL integral operator with the three-parameter
Mittag—Leffler function [6]. The generalization of the Prabhakar integral appears as an
important tool in solving the problems involving the Hilfer-Prabhakar (HP) fractional
derivative utilizing the integral transform technique. The HP fractional derivative (HPFD)
and its regularized Caputo version were introduced in [6]. Panchal et al. [7] computed the
Sumudu integral transform of HP fractional derivatives and demonstrated its applications
to Cauchy problems. Moreover, Singh et al. [8] provided the solution for a free-electron laser
(FEL) equation modeled with the HP fractional order derivative using the Elzaki transform.
Furthermore, Singh et al. [9] adopted a new method to investigate the Cattaneo—Hristov
diffusion model and fractional diffusion equations with the HP derivative.

This paper derives the KT transform of the Prabhakar integral (PI) and the HP frac-
tional derivative and its regularized version, and the derived formulae were used further to
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explore the solutions of some non-homogeneous Cauchy-type FDEs [6] modeled with the
HP fractional derivative. Moreover, the diffusion equations in 1D and 2D spaces [10-12]
modeled with the HP fractional derivative were also solved by an integral method con-
sisting of Fourier sine transform (FST) [13] and KT transform [1]. The remaining paper is
organized as follows: Section 2 presents the definition and properties of the KT transform
and HP fractional derivatives. Section 3 derives the KT transform of the Prabhakar integral
and HP fractional derivatives. In Section 4, the derived results from the previous section
are utilized in solving Cauchy problems involving the HP derivative and its regularized
version. Section 5 presents the application of the integral method consisting of FST and
KT transform in solving diffusion equations with the HP fractional derivative. Finally,
Section 6 presents the concluding remarks.

2. Preliminaries: Kharrat-Toma Transform and HP Fractional Derivative Operator

In the present paper, we follow these definitions, theorems, and symbols:

Definition 1 ([1]). A function (&) is called of exponential order on every finite interval in [0, o0)
if 3 a positive number K such that |3(&)| < Ke*, K > 0, > 0, V& > 0.

Definition 2 ([1]). Let () be a real valued function such that 3(&) > 0 for & > 0and () =0
for & < 0. If I(C) is piece-wise continuous and of exponential order, the KT transform (KTT) of the
function () denoted by B[3(()] is expressed by:

¢
2

BIS()) = G(s) =5* [ e 3@ dEi s >0, 0

providing the integral on the right exists. Here, s denotes the transform variable. Here, (&) is
called the inverse KT or the inverse of G(s) and is expressed by (&) = B~1[G(s)].

Theorem 1 ([1]). (Sufficient criterion for the existence of the KT transform)
The KT transform B[(¢)] exists if it has exponential order and fob |3(&)|dE exists for any b > 0.

Theorem 2 ([1]). (Linearity property)
If a and b are any constants and J1(¢) and I, (&) are functions, then:

B{a31(¢) +b32(8)} = aB[31(8)] + bB[32(3)]. @)

Theorem 3 ([1]). (KT transform of the mth-order derivative)
If ™ (§) is the mth-order derivative of the function (&) in respect of &, then its KT transform
is given by:

1 m—1

B[S0 (@)] = Guls) = S5G(s) = Y s 225500 (0), m > 1. 3)
k=0
Form =1, 2, 3, we have:
B[3/(©)] = Gi(s) = 5G(5) — °3(0), @
B3 ()] = Gals) = 5 G(s) ~ $3(0) ~ £3/(0). 5)

Similarly, the KT transform of the first-order partial derivative of a function I (y, {) is written as:

PR
B3 0:8)] = 619) = 56009 - 30, 0) ©
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Theorem 4 ([1]). (Convolution theorem for KT transform)
If 39(s) & 3 (s), respectively, are the KT transforms of 31(¢) & 3(E), then:
1—  —
B[%l *%2] = 5%1(5)%2(5), (7)

where 31 * Xy is the convolution of two functions 31 (&) and Sp(§).

Some important formulae for the KT transform of special functions described in refs. [1] are
5

constituted here: B[1] = s°, B[¢™] = s?""5.m |, B[sin(kx)] = H"%, Blcos(kx)| = 1%z,
B[E"] = 2" m form=1,2....
Definition 3 ([1]). (Inverse of the KT transform)
The inverse of the KT transform is defined by:
o _£
BGH)(E) =) =B [33 | s@e dec] >0, ®)

where G(s) denotes the KT transform of the function ().

Definition 4 ([14]). Let (&) be a real valued function taken on |—oo, 00| and be section-wise
continuous in each partial interval of finite length and completely integrable in (—oo, ) ; then,
F[S(O)(p) = [, e P6(&)d¢ is called Fourier transform (FT) of (&) and is denoted by

F[%(é)](p) = Q(p). The function () called the inverse FT of 3(p) expressed by (&) =
F! {%(p)} (&) and is formulated as:

30 = F 30| © = 5 Py ©)

Definition 5 ([13]). The Fourier sine transform of a function 3(¢) defined in Definition 4 is given by:

FanclS@1(9) = Sy (p) = = [ 3(0)simpi .

s
The function 3(¢) is called the inverse Fourier transform of Sy (p) and is formulated as:

2

%(g) = Fsirlei1 [%fst(p)] (C) = ;/Ooo %fst(p) sin pC dp. (10)

Definition 6 ([2]). (Hilfer derivative)
Leto € (0,1),A €0, 1,3 € L(w,p), o <a < g < p<oo (31, "V (0) €

a
AC'[a, ).
Then, the Hilfer fractional derivative (HFD) of 3(&) of order o and type A is given by:

Mi-0) 4 (1-0)(1-2
(D59) @) = (1077 140N @) an
The HFD operator is considered as an interpolator between the RL and Caputo derivative operators.

Definition 7 ([6]). (Regularized version of HFD)
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Leto € (0,1),A € [0, 1], and I € AC'[0,B], 0 < & < B < 0. Then, the regularized
version of HFD of 3(&) of order o and type A is defined as:

(o529 @) - S0 ~epgsie), 1)

where CD0+ 3(§) denotes the Caputo fractional derivative (CFD) operator.

Definition 8 ([15]). The generalized three pammeters Mittag—Leffler function (MLF) given by

Prabhakar is formulated as E,(Y?g( ) = Z © 6'7;;;0) i forn,o,® € Cand Re(17) > 0, where C

specifies the set of complex numbers.

Definition 9. Garra et al. [6] introduced the generalization form of the Hilfer derivative by
substituting the RL integml in the formula of the Hilfer derivative with a more general integral
operator with kernel e, 0, 0(8) =7 EY,(657), where § € R, 1,0,6,0 € C,Re(c), Re(y7) >0,

and E,W( z) = Z  TOr G);;:)HT) %71 is the generalized MLF investigated for the first time in [15].

Definition 10 ([15,16]). (Prabhakar integral)
Let S € L1(0,B), 0 < & < B < oo. Then, the Prabhakar integral is written as:

4 .
EQ0u0r 3@ = [ €= Q0@ —0)"]3Wdy = (3xe0) @), (13
where x denotes the convolution operation; 17,0,0,® € C with Re(r7), Re(c) > 0 and
€ha(8) = &7 Eyp(67). (14)

Definition 11 ([6]). (HP fractional derivative)

Let ¢ € (0,1), A € [0,1, & € LY0,B8), 0 < & < B < oo and let
(C‘ Sxe g(lA))E)l J)G)(C) € ACY[0, B]. The HP fractional derivative (HPFD) of (&) of order o

illustrated as D@)()Uo/}r S(E) is defined by:

d
DL 3(E) = (Emea oo o (£.500 0)90N)>(g), (15)

where ®,0 € R, n > 0and E2090+% =G.
Here, it is observed that the mathematical expression (15) reduces to the Hilfer derivative for ® = 0.

Definition 12 ([6]). (Regularized version of the HP fractional derivative)
Let S € ACYH0,B8],0 << B <ooandleto € (0,1),A€10,1],0,0 €R, 7> 0. The
regularized version of the HPFD of (&) of order o is written as CD®9 o+ S(6) and defined by:

Cpo: oA —0(1-1) d
DWGUO-%—%(é) (ET])\(l 0.)90+E77 (1-A)(1— ‘7)90+d63> (g) (16)
In addition:
(Ef(?,a,ﬂ,0+ Erjy\,)\,e,0+ %) (€)= (E® TAB,0+ s) (©). (17)

3. Kharrat-Toma Transform of the Prabhakar Integral and HP Fractional Derivatives

This section derives the formula for the KT transform of the Prabhakar integral and
HPFD and its regularized Caputo version.
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Lemma 1. The KT transform of the kernel function e? v,0(8) is given by:

B {ego,g(ij)} = 203 [1 -0 52’7] -

foro € (0,1),0,0 € R, y > 0and consequently, the KT transform of the Prabhakar integral is
obtained as:

B [Ega,e,w%(g)} = s2B(9) {1 i 52,7} -0

Proof. From Definition 8 of the three-parameter generalized Mittag-Leffler function, we have:

2 ®+k> (057"
; T(yk+o) k!~ (18)

From Equations (18) and (14), we have:

0 o _ a1 L(O+k) (601

Taking the KT transform of Equation (19), we obtain:

(©+k)  (FM)F
B[ef?,a,e(é‘)] = {Z g 1r(@ —i;k-)&-a) ( 1%!) }

_ o5 I'(®+k ok _
= L moyityera f1B(e77)

oo k

=L %2,5 Ukto=D+5 (nk + 0 — 1) !

k
_ 2043 E ®+k) (657)
T@) kT -

(20)

After simplification, we obtain:

O

Now, by using the formula of the Prabhakar integral and the convolution transform of
KT, the KT transform of the Prabhakar integral is obtained as:

-0
B[E, 40 3(8)| = B(®)[1-057] . (1)
The above obtained formulae will be used frequently in forthcoming lemmas and theorems.

Lemma 2. The KT transform of the HP fractional clerwatzveD(ae‘roA+ (&)provided in Equation (15)
is given by:

_ —0(1-1)
B(E, icpe0+ (B 0on0-0100-5) ) )
= 57201 - 0.21]%B[3] (5) ~ =31 - 6 21) (£

Proof. The KT transform of the HP fractional derivative is given as:

A o d
B(D9539®) ()= B(E, %o 2 (B0 s 9) )1 @)
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Utilizing the formula of the Prabhakar integral, Equation (23) is reduced as:
d (r-e(1-2 _
B(D953(0) 6 = B( e (B, 0 00 3©) #6,8000a@) () 29

Through the convolution theorem for KT transform and using Lemma 1, Equation (24)
is expressed as:

\_/

B(DJ @) () =3B (e, 5 g)9<é>)3(%(aﬁ“ﬁwoﬁ ))©

= Le2(1=0)+3 219 g (4 (E-

PR =0 7B (F, 0000000 90) ) )

Y )} O(1-1)

AL )[1 52'7] S%B{E” (1-2)(1=0),0,0+ g)} S) s (E ,(1— /\(1 o) 90+ (§)>€0+]

_ oA —0(1-1) 0(1-1)

o) [1_95277] S%B{%*en 1-2) 1 0)9 } 53<E 1— /\)(1 rr),6,0+s)g=o+]

oA ~0(1-1)

11— 057 _:sB(%)B(%(l—w ©) = (E,0 0 -0r00-3 >¢—o+}

— $2A(1-0)[1 _ g 520]® 1B(Q)s20-N(1-0)+3 ]y R SS(E,]_g(EA_)A(La)ems)g O+].

After simplification, we obtain:

B(D@{oi%(r:)) =5 [1 .y sz”r)B[%] (s) — A7)t [1 —6 sﬂm (E g(lMA(i 0)00* )cf.:w
0

Lemma 3. The KT transform of the regularized version of the HP fractional derivative of order o is
computed as:

(©]
B(CD%’m%) (s) = [1 —9 52'7} [5—203[%(5)] (s) — 55—2”%(0+)] (25)
Proof. The regularized version of the HPFD of order ¢ is given by:

o, —0(1-1) d
CD?] :0*99(6) (Eq )(?()i —0),0,0t En (1-XA)(1—0),0,0* dg 0) (g) (26)

Using Equation (17), Equation (26) is simplified as:

¥ _ d
D230 = (£, ppe 73 ) ©) @)

Using the formula of the Prabhakar integral and exerting the KT transform on
Equation (27), we obtain:

B(TD9%0-9) (s.0) = B( 55356, 0ol0) ) 4) 28)

In view of the convolution theorem of the KT transform, Equation (28) is transformed as:

B(C Dggoﬁ) (s) = 5133 (é%) (s)B (6;1@7‘7/9(6)) (5). (29)
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With the help of Equation (4) and Lemma 1, Equation (29) reduces to

B(CD25),S) (5) = 22072 [1- 021 [ LBIS(9)] (5) — 5

= [1-052]°[s2B[S()] (s) — 5 20S(07)].
This completes the proof. [

3%(0+)}

4. Cauchy Problems via the HP Fractional Derivative and KT Transform
This section presents the solution of some Cauchy problems modeled with the HP
fractional derivative with the help of KT and FT methods

Theorem 5. The solution of the Cauchy problem [6] modeled with the HP derivative

DyigsS(@) = 8 E) 50:3(8) +9(2),
[E -0 S (5)]

where & € (0,00), (&) € L'[0,00), ¢
given by:

M>0, (30)

=0t

€(0,1),A€0,1,8,0€R, &y >0,and ®,6>0is

g(g) =M i ﬁmgx\(lfa)+a(l+2m)flE®(l A)+(64+0)m

O(m+1)+om
. 1 A=) +o(1+2m) (02") + 2 ﬂmE ,(14+2m)c,6,0+ (€)- (1)
m=
Proof. Exerting the KT transform on both sides of Equation (30), we have
B<D®900A+%(‘§)) _193( qaeo+\f(§)) + Blp(2)]- (32)

Now, using Lemma 2, Equation (13), the convolution theorem of the KT transform and
Lemma 1, Equation (32) reduces to:

_ 0 _ (€]
20 [1 —9 5277] B[S] (s) — g2A(1 U)+3 —0 SZr] (Er] (1( M) 90+<\)§:0+

:ﬁg[g*%ag<ﬂ< Blp(2)](s
(

)+ ) (33)
SB(9)(5)B(¢,4,4(2) ) () + Blo(@)](5)
)s? ) )

s27[1-65%1]° + B[p(&)](s)-

After rearrangement of the terms, we have:

SzA(1—7)+3[1,9 5277}@)‘ (E ?(1 )}(‘) 00t S ) +B[¢(§)}(S)
s20[1-0 52*7} 9 s20[1-9 s2’7]
M1-0)+3[1_g 521 (E;gg;)’\(;%)yem \r) ot +B[p(£)](s)
5720[179 52'7}@{ 1_9 gio [179 211]*(!54»@)}
$2[A(1-0)+0]+3 [1,9 52'7]’9(1”\) (E};g(j/\% o) p0+ (\>5 o+ +5% [1*9 52'7]7(93[“5)](5)

{10 st[1-0 ]

M+ % [1— 052 7®B[p(§)} (s)) X ofj shomgm 1 — g s21] —m(@+6)
m=0

— M E gmg2A(1-0)+o(12m)]+3]
m=0

34
_ (52[/\(1—J)+0]+3 [1—6s21] —-0(1-4)

1—-90 52;7] —[m(6+©)+0(1-1)]

+ ozo: M g20(1+2m) [1 .y 32;7] *[Q(’”+1)+5m13[m(

m=0

s).
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Applying the inverse KT transform operator B! on both sides of Equation (34) and
applying Lemma 1, we have:

m m(6+0)+0(1-7)
%(g) MmZ:: 9'e ryA(l o)+ (§+2m)t7,9(g)

+ OZO: 19me1< Bg] (s)s2(1+2m) +3[ B Gszﬂ]—[G(m-s-l)-i-(Sm])‘ (35)
m=0

On account of the convolution theorem of the KT transform and Lemma 1 in
Equation (36), we obtain:

(@) =ML ome iAo 1-amoa®) £ 0 x B (2031 g ) 10010
=0

. (36)
=M Yo" oo o (0x e iames ) ©)

,(1+2m)o,0
Using Equations (13) and (14) in Equation (36), we obtain

cx( MZ ﬁmg/\l o)+ (1+2m)o— lE m(6+0)+0(1-1)

m p©®(m+1)+5
A 1 A(1—0)+(1+2m)o (6¢7) + Z o"E T+zn)1>az10+@(§)
m=

O

Remark 1. For ¢ = —ipB, () =0,0 =A=0,n=0=1,0=ia, p,a € R, { € (0, 1], the
above Cauchy problem transforms to the following FEL equation [17]

43 = —ipp [$(& — 1) eI ()dr, )
%(0) =1.
Theorem 6. The solution of the Cauchy problem [7] modeled with the HP derivative
CD@"’G p 168 = —001—ONI(E.8), [¢] <1 o5

with >0,0>0,0>0,17€(0,1],0€(0,1],9,0 €R, {,7 >0,and ©,5 > 0is given by

H(@,C) = 2 (_ﬁ)m( g) gmaEry m(7+1( 967])

(39)
m=0

Proof. Taking the KT transform of Equation (38) with respect to § and using initial condition
I1(¢,0) = 1 and Lemma 3, we obtain:

B(CDY7, 0. 11(2,0))
s720[1460521]°B

—8(1—{)B(II(Z,8))({,5)
[11(Z,)] (gs) — 52 [1+6.521]°

After rearranging the terms, we obtain:

I1(Z,0%) = —8(1 = {)B[TI(Z, &)]-

BITI(G,8)) (§s) = — L]

5720 (140 521]°+8(1-¢)
5
S

- {H w00 } (40)
. s—20 [1+9 5277]
BN, E)] (65) = & (~8)"(1-0)"s™ 51+ 052) "
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Applying the inverse KT transform operator B~! on Equation (40) and utilizing Lemma
1 and Equation (14), we have:

e = %

O

Theorem 7. The solution of the Cauchy problem [6] modeled with the HP derivative

DyaiiT1(E,8) = T ST, ),

O(1-1) agz
{Eq (1-A)(1-0) 90+ L o+ P(2), (41)
lim H(C ¢)=0,
{—+£

witho € (0,1),A€1(0,1],,6 €R, &, T,n>0,and ® > 0is given by

1 [> — o) o(m O[m+(1-1)]
e =5 ) dpz( p) gl gl A (687, @)

Proof. LetII({,s) and I1(p, ¢) denote the KT and Fourier transforms of I1(g, ), respectively.

Furthermore, let I1(p, s) and ¢(p) denote the Fourier-KT transform and Fourier transform
of I1(¢, ¢) and ¢ (), respectively.

Employing Fourier-KT transform of Equation (41) and using Lemma 2, we have

s~ [1 -0 52’7} (p s) —

1" —
A= g p(p) = ~TpT(p,s).  (49)
On simplification, we obtain:

- 2A1-0)+3[1_g s2”]®A¢(P)
II(p,s) =

(p,s) s20[1-0 S2v]®+Tp2
2A(1-0)+20+3[1 _g §21] 7(17”@1;(?7)

Tp2 (44)
1+s_2"' [1—179 5277]6
_ § (_sz)mlp(p)sz[A(l—a)+(m+1)a]+3 [1-6 52;7] —O[(1=A)+m]
m=0

Inverting Fourier transform in Equation (44), we obtain

Z 27_[/ 2 ngllJ( ) dp g2[A(A—0)+(m+1)0]+3 [1 -0 52’7} _6[(1_/\)—'—7’1]. (45)

Applying the inverse KT transform on Equation (45) and using Lemma 1 and Equation (14),
we obtain:

(8 = 3 o[ (~Tp?)"

eep(p)dp ey N L e(68)

O[(1-A)+m]
(m1)o= lEr]/\(l o)+ (m+1)o (GCW)

= L% ePly(p)dp Y (~T)"p2mehi-o)+

m=0



10 of 16

Fractal Fract. 2023, 7,413

O
Theorem 8. The solution of the Cauchy problem [6] modeled with the regularized version of the

HP derivative:
CDPY TN, E) = Ta511(0,8), £ >0, €R,
10)]o- = #(0) ey
Jim 11, ¢) =0,
witho € (0,1),A€1[0,1],{,6 €R, T, > 0,and © > 0 is given by:
M@0 = 5 [ Mulp)p Z (~Tp2) " By 1 (027). @)

Proof. LetT1({,s) and I(p, &) denote the KT and Fourier transforms of I1({, &), respectively.

Furthermore, let T1(p, s) and ¢ (p) denote the Fourier-KT transform and Fourier transform

of I1(¢, ¢) and ¢(), respectively.
Taking the Fourier-KT transform of Equation (46) and applying Lemma 3, we have

{1 -0 52’7} ®s_2‘7ﬁ(]a,s) - [1 -0 52’7} 655_201;0(17) = —TpTI(p,s)-

After simplification, we obtain:

_ . [179 52”]655_2‘71;1(;7)
H(pls) - [1_9 52,7]65720+sz
_ S¢(p) (48)

sz
l+ [179 5211 ] 65*2”

—p(p) EO (~Tp?)"s2m5]

m=

1—65%] —mo

Inverting the Fourier transform in Equation (48), we obtain:

Z 27r/

Applying the inverse KT transform on Equation (45) and using Lemma 1 and

2 1p§1p( )dp s 2(mo+1)+3 [1 .y 5217} B (49)

Equation (14), we obtain:

—Tp?)" ey (p)dp e, 15(2)

= T A% (TE)" e (p)p EUESS,  (627)
= 2e /S e y(p)dp | 2 (=Tp?) "™ EMS, 1 (68).

O
The results of Theorems 5-8 are exactly the same as the solutions reported by
Panchal et al. [7].

5. Analytical Solution of Diffusion Equations with the HPFD in 1D and 2D Spaces
In this section, the fractional diffusion equations in 1D and 2D spaces are investigated
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The diffusion equation discussed in the works of Hristov [11] is reported as:

8%(14,@') — kZBZS(u/’é)
o¢ ouz '

where k2 = %, H is the thermal conductivity, ® is the specific heat, C, is the density of
q

material, and 3 is the temperature distribution of the material.
The 1D fractional diffusion equation discussed in refs. [10,12] modeled with the HP
derivative is given as:

S (u, )
Q,0,A _ 12 ’
DYYs S (n,8) = o= =2,

where ©,0 € R, 1 > Q, k% denotes the diffusion coefficient, D® oA o+ specifies the HP

fractional derivative operator defined in Definition 11, and E?] 000t S =S
Here, Equation (51) is equipped with the following Dirichlet boundary conditions:

$(u,0) =0, when u > 0;
$(0,¢) =1, when ¢ > 0.

In the 2D space, the fractional diffusion equation [12] with the HP derivative is given by:

pooA O(Li, 0, C) _ kZ{ 82%(1,[, o, g) + 82%(14, v, C) }

R)
7,0,0 ou2 902

with Dirichlet boundary conditions:

e (u,v,0) =0,whenu >0,v>0;
e $(0,9,8) =(1,0,8) =1, when ¢ > 0.

The Dirichlet boundary conditions are very helpful in the context of an integral method.
The form of analytical solutions is governed by the boundary conditions. This section
presents the integral method consisting of the KT transform and Fourier sine transform to
explore the solutions for diffusion equations with the HP fractional derivative.

Model I: Diffusion equation with the HPFD in 1D space

The HP fractional diffusion equation in 1D space is given as:

0
Dpai:S(u,§) = kzﬁ (50)

subjected to Dirichlet boundary conditions:

S(u,0) =0, u>0
3(0, )=,<§>0 (51)
Jim 3(u, &) = 0.

Now, employing the Fourier sine transform on Equation (50), multiplying by % sin pu,
and integrating it within the range of 0 to co with respect to 1, we obtain:

D®900A+%fst(% ¢) = kz{iyg(olg) N Vzngt(%C)}

(52)
_ 2%
RS (1, 0),
where S (1, ¢) denotes the Fourier sine transform of S(u, ¢).
After rearrangement of the terms in Equation (52), we obtain the following FDE:
. . 2k?
DY S, ©) + 2 g (1,8) = —F. (53)
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Applying the KT transform on both sides of Equation (53), we obtain
B<D®" L Sra (1, C)) +k27"2§fst(ﬂfs) = @55- (54)
Using Lemma 2, Equation (54) transforms into the following
sT27(1-6 52’7)®gfst(y,s) B
_g2A(1- a)+3( 9 5) oA (E”( ;)/zifa),G,O*ngt(y’ §)> N +k2,uz§fst(ﬂ/5) _ %ZHSS
;f (u,s) {5’2‘7(1 -0 52’7)® + kzluz}
(0™ (B Sy )) |
;fst(l/hs) = e (Emg(lA)A(i”)"),OJﬁfSt(% g))§:0+ + 2oy ®
B 5720 (1-0 21) O 4 k2p2 n [5*247(179 §21) +k2y2}
éfst(lifs) = SZ[A(l_UHUHs(l -0 5217)7(1%)(9 (EW (@i(lA)A(i 0),0,0% \’fst(y’ €)> F=0+ [1 + s_zﬂ(i@;;:z”)@} ) (55)
Spa(pys) = SAI-0243(1 g g21) (1O (E 8“5& o0 S a))g_m
x X (~1)"Remnsem (1 -0 52) "
+@32‘7+5 (1m—_(; 52’7) 7®m§0 (—1)" 2y 2mg2om (1-6 52’7) —me
Spuli) = E (im0l 1 g n) IO (A0 L q @)w
+%m§0 (—1)"k20m+1) g 2m+1g2[or(m+1)+1]+3 (1-6 SZW)—(WH)@J

7

where S ¢ (14, s) denotes the KT transform of S (1, ¢). Now, applying the inverse of the KT
transform on both sides of Equation (55) and using Lemma 1 and Equation (14), we obtain

ijst(#r g) _ ;0( )mk2my2m (E ?( )/?) )9/0+%fst(yr €)>€ 0 e[(m+1)7)x]®

ot 17,/\(1—t7)+0(m+1),9(€)
= m m+1)0
+%m:0 (_1) k2(m+1)y2m+161(7,0-é—m11)+1 9((;’) (56)
%fSt(y’ (:) - mgo(_l)mkzmyzm (E’;ga;)/t)lo),e,oﬁ- %fst(‘uf C)>§—0+§A(1 o)Fo(m+1)= 1E15(1;\1(—‘;1)U)3*]t7(m+1 (9677)
+% Of: (—1)mk2(m+l)‘u2m+1é“7(m+l)E(erl
m=0

n,0(m+1)+1 (Gé’”)

Applying the inverse of the Fourier sine transform on both sides of Equation (56), we obtain

3(14 g) =2 [ sinpu
X <m§0(_1)mk2m#2m (E 8( )A() )0,0+%f5f(7’l’ C)) g/\ (1—0)+o(m+1

1p[(m+1)—-7A]©
_ "E - a)+a<m+1)(9§”)>d’* (57)
+25 Sinw«t< L (-1t N ()5, ))
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This is the complete analytical solution of the HP fractional diffusion Equation (50).
Model II: Diffusion equation with the HP fractional derivative in 2D space
The HP fractional diffusion equation in 2D space is illustrated as:

D9g S(u,0,8) = 1 2] | ESMn )] 58)

du? Jv?
subjected to Dirichlet boundary conditions:

S(u,v,0)=0,u>0,0>0
R

(0,9,8) = 3(1,0,8) =1, >0 (59)
Mhni S(u,v,8) =0.

Now, employing the Fourier sine transform on Equation (58), multiplying by
% sin pu sin 9v, and integrating it within the range of 0 to oo in respect of u and v, we obtain:

D93 31 2,8) = {2 3(0,0,8) — (124 )37 0,0 |

_ 2k2(y +0 )

. (60)
7'[;119 _k2 (luz +l92) %fst(y/ 19/ g)/

where S (1, 9, ¢) denotes the Fourier sine transform of 3(u,v,§).
After rearrangement of the terms in Equation (60), we obtain the following FDE:

212 (p* + 0°)

0,0, 2 2 2 . _
DOS S (10, 0,8) + (42 + 07) 31 (1, 0,) = s (61)

Applying the KT transform on both sides of Equation (53), we obtain:

2k% (p* + 6°) S

—_ (62)

B(D® a0, é‘)) + 2 (124 02) S, 0,5) =

Using Lemma 2, Equation (62) transforms into:
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14 0f 16
_ @T _ A
2k2 2 192
R (2 4 ) 8,5) = %55
%fst(ﬂl 19,5) [5720(1 -0 5277)(9 + kZ(‘uZ + 192)}
_ o1 O(1-A 2K2 (p?+0>
= 21703 (1 9 577) (Ev A (o0 St 1, 8, ‘5))¢=0+ pEaueia L
N ( , S) - 52/\(170)+3(1_9 5217) (E;,g(jX)A(Lg),e,o+%fsf(V'ﬁ'§)> ot
fst\B, U, 8) = [5—20(179 52'7)®+k2(142+z92)]
2k? (y2+192)55
R
_ -1
B - —(1-10 [ —e(1-A) k(440
Spat(p, 8,5) = s2MA=0)+o143 (1 — g 520) (Eq (a-n)(1-o)00+ Sfst (1O, 5))6_0+ [1 * 2”((19523)6 (63)
22 (12 48%) 9is

oy —© K2 (12 +92) -
B +TS (1—9577) [1+2‘7(1652’7)G)
-(1-1)®
“fst(%l9 5) = A=)l 13 (1 — g 20y~ (17 (E’? (®1(1A))8 o), GO*JfSt(#' §)>€0+

« i (_1)mk2m(‘u2+l92)m52¢7m(1_95277)7"1@
=0

2(,24 92 " 0o
2k (77;:;19 )520+5 (1 0 52;7)7®m§0 (_1)mk2m (VZ + 192)m32(7m (1 —0 5217)*'”@
%fst(,u/ 19/ S)
= % (—1)"K2m (2 4 92) " 2M1=0)+olmt 1]+ (1 _ g 52;7)_[("14‘1)_)‘]@ (EW(®1(1A)/E) )90+stt(y,19 §)>
m=0 ! =0+
+72Ik2(y +62) °Z°: (- )mem (VZ i 02)m52[0(m+1)+1]+3 (l _9 Szﬂ)f(erl)@,

where S (p, 8, 5) denotes the KT transform of Sz (p, ¢, §). Now, applying the inverse of
the KT transform on both sides of Equation (63) and using Lemma 1 and Equation (14), we
obtain:

Saln 0,8) = T (<1812 + 192)’”( S ea0r S (1,9, 6))g_mei,(f;’(ﬁ”@ﬁ]ﬁmﬂ),g(C)
2 2 ]
+% (1 ]j;?ﬁ ) y (_1)mk2(m+1) (‘u2 + 192) E(erl)@

— q,a(m-i—l)-‘rl,ﬁ(g)
S et (1,9, €) (64)
= m m 0(1-1) —0)4o(m [(m+1)-A]©
7m20(—1)mk2 (7"2+l92) (E ,(1-A)(1— a)eo+%fst(%l9/§))§_0+§”1 Jro(m+1)- 1E;77/(l(1 o)+o(m+1) (95”)
2 192) ]
+2 (H +

T ; (_1)mk2(m+1) (P‘z +l92)mgg(m+1)Er(in;J(rnl1)+®l +1(9§ )-

Applying the inverse of the Fourier sine transform on both sides of Equation (64), we obtain:
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_O(1-A
=20l SmWSH”%< (1(12\)(1 a)oo+\’fst(ﬂ,19 €)>§0+

S(u,
("Zj 1)k (2 4 92) MEA(1-0)+(mt1)— 1Er[7(§1€;1)a))ﬂ§)m+l (9@’7)),;1”,119 (65)

+% 0Oo Smyw 0Oo Slryw ( )3 (_1)mk2(m+1) (P‘z + ﬂZ)mﬂga(mH)Er(]ner(rriﬂ +1(9€ ))dydﬂ.

This is the desired analytical solution of the HP fractional diffusion Equation (58).

6. Conclusions

In this work, the Kharrat-Toma transforms of the Prabhakar integral and HPFD and
its regularized version are derived. Furthermore, the solutions of some fractional order
Cauchy problems and diffusion equations arising in mathematical physics with the HPFD
and its regularized Caputo version are also computed utilizing the derived results of the KT
transform of the HP derivatives. The solutions of the HP fractional order Cauchy problems
and diffusion equations were obtained in the form of generalized Mittag-Leffler function.
The present work illustrates that the computation of solutions of fractional order Cauchy
problems and diffusion equations with KT transform is very much easier than other integral
transforms.
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