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(S I N

Abstract: In the paper, the authors find a sufficient and necessary condition for the power-exponential
function (1+ 1)**
tives of the power-exponential functions (1 + %)M and (1 + x)*/*, and present a closed-form
H,_x(x)) forn > k > 0, where

Hie(x) = [o° eu;#uk Le=*" dy for k > 0 are completely monotonic on (0, ).

to be a Bernstein function, derive closed-form formulas for the nth deriva-
formula of the partial Bell polynomials B, x(Ho(x), H1(x),...,
Keywords: Bernstein function; sufficient and necessary condition; power-exponential function;
completely monotonic function; partial Bell polynomial; derivative; closed-form formula; Descartes’

rule of signs; zero of polynomial

MSC: Primary 44A10; Secondary 11B73; 11B83; 26 A06; 26 A09; 26A48; 26A51; 33B10

1. Motivations

Let I C R be a finite or infinite interval. Recall from [1] (Chapter XIII) and [2]
(Chapter IV) that a real-valued function f(x) defined on I C R is said to be completely
monotonic on I if and only if (—1)¥f¥)(x) > 0is valid for all k > 0 and x € I. The interval
I C R is called the completely monotonic interval of f(x). A non-negative-valued function
f(x) on an interval [ is called (see the paper [3]) (Chapter 3) a Bernstein function if its first
derivative f’(x) is completely monotonic on I.

In the paper [4], the authors reviewed, discussed, and presented closed-form formulas
for the nth derivative of the power-exponential function x* for x > 0. One of the main
results in the paper [4] is Theorem 1, in which the formula

i nx)k-i
(x%) () —n'x"”z Z[Z q+],])< J >1(ék—)j)!]' n>0

ol=0 @+t \n—k—q

was established, where s(n, k) denotes the Stirling numbers of the first kind, which can be
analytically generated [5] (p. 20, (1.30)) by

=, |xl<1;

[ln(l —l—x i

see also the monographs [6,7]. For more information on the nth derivative of the function
x"*, please refer to [8] (pp. 139-140, Example), [9] (p. 8), and the papers [10-12].
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In this paper, for alternatively demonstrating that, if and only if 0 < a < a* € (2,3),
the function

1 ox
ha(x)—(l—l—x) , a€R, x>0 (1)

is a Bernstein function on (0, o), see the papers [13-16], we will compute the nth derivative
of the power-exponential function h, (x) using several approaches.

Why do we consider the power-exponential function /i, (x) and determine the largest
number a* € (2,3) such that i, (x) is a Bernstein function on (0, 0) for 0 < & < a*? What
applications of this necessary and sufficient condition has? Ones can find explicit answers
to these two questions in the papers [13-15,17,18] and closely related references therein.

Another reason why we will consider the function h, (x) is that writing out the general
formula for the nth derivatives of power-exponential functions, such as x*¥, (1 + %)M, and
(14 x)*/* is, although elementary, also difficult.

2. Preliminaries

In [19] (p. 412, Definition 11.2) and [8] (p. 134, Theorem A), the partial Bell polyno-
mials By, x(x1,X2,...,X,_k41) in the variables x1,x2, ..., X, _j+1 of degree k are defined for
n >k > 0by

nl n—k+1 X k;
Bn,k(XL X2, eny xn7k+1) 2 W H <|> . 2)
k>0 for 1<j<n—k+1, I =1 \[I’
ZVI —k+1 ]k =n,
):n k+1 k —k

In particular, the special values Byo(x1) = 1 and B, o(x1,x2,...,%,41) = 0 forn > 1 are
useful. The famous Faa di Bruno formula can be described in terms of the partial Bell
polynomials B,, ; by

L fosl Zf(k Bui(g (1), 8" (1), " F (x). )

The partial Bell polynomials B,, ; satisfy the identities

By (aBxr, aB?xo, ..., af " hx, giq) = a* B By k(x1, %0, ., Xy ki), 4)
k
n
By (x1,%2,. . Xpg1) = Y (E)xane,kz(orxzn--,xnkﬂ), @)
=0

and

By (%1 +y1, %2+ Y2, X1 + Yn—kt1)
=Y ) ( )Bh X1, X2, Xg—p11) Bms (Y1, Y2, - - Ym—s+1). (6)

r+s=k {+m=n

These three identities can be found in [19] (pp. 412, 420) and [8] (pp. 135-137).
In [20] (Theorem 1.1), the closed-form formula

Bn,k(o,u,z!,...,(nk)!):(1)"—k(2) Zk:(1)m(,f'ﬁ) sin—mk—m) (7
m=0

for n > k > 0 was presented. Since

X2 X3 Xn—kt2 n!
=, =,..., = 0,xp,..., 8
n,k<2 3 n—k—|—2> CEYL Btk (0,2, -, Xpt1) ®)
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for n > k > 0, Formula (7) is equivalent to

2! —k+1)! 41 & mw G

for n > k > 0. Formula (8) can be found in [8] (p. 136), while Formula (9) can be found
in [20] (Theorem 1.1).
In [4] (Lemma 1), it was established that

s(n +m,m) )

B,x(0,0,11,2L,..., (n —k—2)!, (n —k —1)!)

— (_1\" k.1 - (*1)]‘ £ ks(£+]”j) j
=(-1) n.]g(k_j)!;o (04 )! (n—k—f) {10)

forn > k > 0. In [8] (p. 135, Theorem B) and [20] (Theorem 1.1), we can find the identity

B, r(1,2),...,(n—k+1)) = (Z:;)Z:—L(n,k) (11)

for n > k > 0, where L(n, k) is called the Lah numbers in combinatorial number theory
(see [6,21] (pp. 43—44)).

A family of polynomials P,(x) of degree n > 0 is said to be of binomial type if it
satisfies the binomial identity

Putr9) = 1 () P10,

k=0
Let

n
Pn(l") = Z Bn,k(xl/ X2, - ..,xn_k+1)zxk, n > 0.
k=0
Then the family of polynomials p, («) of degree n > 0 is of binomial type, that is,

n

putat) = 3 () p@pii®), n>0, 1)

k=0
and
ph(0) =x, n>1
These results can be found in [22,23] (p. 83).

3. A Sufficient and Necessary Condition

In this section, we discuss the nth derivative of the power-exponential function ()
and present a sufficient and necessary condition for /i, (x) to be a Bernstein function on the
infinite interval (0, c0).

Theorem 1. For « € R and x > 0, the nth derivative of the power-exponential function
ha(x) = (14 1) can be computed using

" (x) = (—1>"ha<x>ki(—l)"a"Bn,kmo(x),Hl<x>,---,Hnk(x>>, (13)
=0

where n > 0 is an integer and the functions

o0 U1
’Hk(x):/o ee#uk_le_x”du, k>0 (14)
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are completely monotonic on (0, o).

Proof. Let Hy(x) = Inh,(x). Then direct computation gives

H(x) =« [ln(l + i) - 19(} = aHo(x)

and

) = | S = (e | = Ve

for k > 1, where we used the integral representation

b ooe—au_e—bu
nlo [retoety,
a 0 u

in [24] (p. 230, 5.1.32) and the formula
T(z) = w? / e @ dy, R(z), R(w) > 0 (15)
0

in [24] (p. 255, Entry 6.1.1).
By virtue of the Faa di Bruno Formula (3) and the identity (4), we arrive at

d" eHa(x) n B
W) = S = Y e B (H (), B (), Y ()
k=0
n
= (=1)"ha(x) Y (=1 a B, x(Ho(x), H1(x), ..., Hy k(%))
k=0

for n > 0. From the integral representation (14), we can easily see that all the functions
Hi(x) for k > 0 are completely monotonic on (0,00). In conclusion, we acquire the
Formula (13). The proof of Theorem 1 is complete. []

Remark 1. It is clear that

(e9)

u
11—
) = - [T S e = (), k20

Since the functions Hy(x) for k > 0 are completely monotonic on (0, o0), the product of finitely
many completely monotonic functions is a completely monotonic function on the intersection of
their completely monotonic intervals, considering definition (2), we conclude that the functions

Bn,k(Ho(x),’Hl(x),. o Hyk(x)) >0, n>k>1
are completely monotonic on (0, c0).

Theorem 2. For «, € R and x > 0, the derivatives of the power-exponential function
ha(x) = (1+ 1) satisfy the identity

B (x) = kg (’;) WP on P (x), n>o. (16)

In other words, the nth derivative h&") (x) for n > 0 is of binomial type.
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Proof. Based on Formula (13) in Theorem 1, let

(n) n
pala) = (155 = 3 B Hol), ~Ha0). o, Hos ()

for n > 0. Making use of Equation (12), we obtain

0y )
(-1) haJr‘B(x) :I;J<k> (-1) Ha (%) (—-1) W, n>0,

which can be simplified as (16). O

Theorem 3. There exists a positive constant a* such that, if and only if 0 < a < a*, the power-
exponential function hy(x) = (1+ %)M is a Bernstein function on (0, 00).

Proof. It is easy to see that i, (x) for « € R is positive on (0, c0). Hence, to prove that /1, (x)
is a Bernstein function on (0, c0), it is sufficient to show

(—1)" [ (x)] ™ = (=1)"h{" ™ (x)
n+1

= —hq(x) kZ: (_1)k“k3n+l,k(7'[0(x)rHl(x)r- o Mk ()
=1

>0

for n > 0. Therefore, it is sufficient to demonstrate
- k. k
& Y (— 1) 0By 141 (Ho(x), Ha (%), .., Hoy_4(x)) > 0 a7
k=0

on (0,00) forall n > 0 and a part of « € R.
Descartes’ rule of signs [25] (p. 22) states that:

1. If the nonzero terms of a single-variable polynomial with real coefficients are ordered
by descending variable exponent, then the number of positive zeros of the polyno-
mial is either equal to the number of sign changes between consecutive (nonzero)
coefficients or is less than it by an even number. A zero of multiplicity k is counted as
k zeros.

2. The number of negative zeros is the number of sign changes after multiplying the
coefficients of odd-power terms by —1, or fewer than it by an even number.

Applying this rule to the polynomials

Pyy(a) = an:(_1)k“an+1,k+1(H0(x)/Hl(x)r ooy Mk (%)) (18)
—0

of the variable a for n > 0 and x > 0 reveals that,

1. whenn = 0, the polynomial Py, (a) = By 1(Ho(x)) = Ho(x) > 0 has no any zero;

2. whenn > 1, the polynomial P, y(«) has no any negative zero;

3. whenn > 1, the polynomial P, («) has at most n positive zeros or has positive zeros
of an even number less than 7, or has no positive zero.

For convenience, we denote the set of all positive zeros of the polynomial Py («) for
n>0by Z,(x)in x € (0,00). Itis clear that Zy(x) = @in x € (0, o). Since

P1x(a) = By,1(Ho(x), Hi1(x)) — aBa2(Ho(x)) = Hi(x) — aHj(x)
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has a positive zero 24 the set Z; (x) = {Hl(x) }in x € (0,00). Since
H2(x)’ H(x) ’
Pux(0) = Byy11(Ho(x), Hi(x), ..., Hn(x)) = Hn(x) >0, n>0, (19)

if for some positive integer n the set Z,(x) = @ in x € (0, c0), then the polynomial P, »(«)
is positive for all x,a € (0,00), and then (—1)" [}, (x)]") > 0is valid for all x, & € (0, c); if
for some positive integer 1 the set Z,(x) # @ in x € (0, ), then the polynomial P, ,(«)
is positive for those numbers &, which are located on the open interval between 0 and the
smallest element in Z, (x) in x € (0,c0), and then (—1)" [, (x)]") > 0is valid in x € (0, )
for those numbers a which locate on the open interval between 0 and the smallest element
inZ,(x)inx € (0,00).
Denote o
Z(x) = |J Zu(x), x€(0,00).
n=0

Then the union set Z(x) in x € (0, 00) has at least one element. Accordingly, the number

= inf Z
% xel(r(}/m) (x)

is defined and significant. From the complete monotonicity of the function #,(x) on
(0,00) and the positivity of P, (0) in (19), we conclude that the number a* is positive.
Consequently, if and only if & € (0,a*), the inequalities (—1)" [ (x)]") > 0 are valid in
x € (0,00) for all integers n > 0, and the power-exponential function h,(x) is a Bernstein
function on (0,00). O

Remark 2. When n = 1, the inequality (17) is equivalent to
32,1 (Ho(x),Hl (x)) — D(Bz/z(Ho(x)) >0, xé€ (O, OO),

which can be rewritten as

0<n < B21000(), Hi(x)  Hilx) _ ! S
Bya(Ho(x)) M3 x[1+ (x+1)In 5]

G1(x) (20)

for x € (0,00). Using the software WOLFRAM MATHEMATICA 12, we can plot the graph of the
function G (x) for x € (0, %) The graph is shown in Figure 1. This implies that «* < 3.7 ...

55¢

50¢

45+

4.0r

0.1 0.2 0.3 0.4 0.5
Figure 1. The graph of the function Gy (x) for x € (0, 1).
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Remark 3. When n = 2, the inequality (17) can be rearranged as

Bs1(Ho(x), Ha(x), Ha(x)) — aBsp(Ho(x), H1(x)) + a*Bs3(Ho(x)) > 0,
whose discriminant is

[Bsp(Ho(x), Ha(x))]* — 4B31 (Ho(x), Hi(x), Ha(x))Bsz(Ho(x))
= HG(x) [9H] (x) — 4Ho(x)Ha(x)]

5, ABx*+4x+1)Inx —4(3x* +4x+1)In(x+1) +12x +13
= Holx) A1)
Ga(x)
A 9.2 2
2 12 (x) Ty <€ (0,00).

The graph of Gy(x), plotted using the software WOLFRAM MATHEMATICA 12, on the interval
(0, %) is shown in Figure 2. This means the function Gy(x) has a zero xo € (0.06,0.1). When
x € (0,xq), the polynomial P, («) has no positive zero, that is, the positivity Py ,(«) > 0 is valid
forall « > 0 and for x € (0,xp); when x € (xg, o), the polynomial P, () of the variable x has

two positive zeros

34 (x) F \/9H (x) — 4Ho(x) Ha(x)
2H3(v) '

Consequently, we take

3H IHT(x) — 4Ho(x)H
o= 1) F z;igiﬂ LI )

in x € (0,00). The graph of the function

3H1(x) — \/9MA(x) — 4Ho (1) Ha ()
2H3(x)

Gs(x) =

7

plotted using the software WOLFRAM MATHEMATICA 12, on the interval (xo, %) is shown in
Figure 3. This implies that «* < 3.1...

Figure 2. The graph of the function Gy (x) for x € (0, 3).
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4.0

3.8+

34+

3.2
I L 1 I I 1 | 1 L L

0.1 0.2 0.3 0.4 0.5

Figure 3. The graph of the function G3(x) for x € (xo, 1).

Remark 4. When n = 3, the inequality (17) can be concretely written as

4 2
Pg,x(zx):—(lnler ! )vc3—|—x( 0 (lnler ! >0c2

x  1+x x+1)2 x 14«
4(3x2+4x+1)In1Ex —12x -1 2(6x? +4x+1)
— X a_|_
xZ(x+1)% ¥(x+1)*

for x > 0. This implies that the polynomial Ps () of the variable a has at least one positive zero;
that is, the set Z3(x) in x € (0, 00) is not empty.

Remark 5. For given n > 1, if Z,,(x) in x € (0, 00) is not empty, then all the positive zeros of the
polynomial P, x(«) are bounded using

T e I

o Byt1,n41(Ho(x))
1 +max{Bn+1,n(7"lo(3f)/7"11(x)) Buy1u—1(Ho(x), H1(x), Ha(x))
Buiini1(Ho(x)) Byi1n+1(Ho(x)) T
Byi1 k1 (Ho(x), Hi(x), ..., Hy—k(x)) Byy1,1(Ho(x), Hi(x), ..., Ha(x)) }
Bn+1,n+1 (Ho(x)) T Bn+1,n+1 (HO(X)) '

In particular,

Uy (x) = min{max{l, Ba1 (Ho(x), #a(x)) } . { By (Ho(x), i (x)) }}

By (Ho(x)) Bz (Ho(x))
= min< max Ha(x) Ha(x) — max Ha(x) _ Hi(x)
- { {1’ H2(x) }’1 * H5<x>} {1’ H5<x>} H2(x)

for x € (0,00), which coincides with the result in (20).
Remark 6. In [16], it was established numerically that a* = 2.2... See also the paper [14].

4. A Closed-Form Formula of the nth Derivative of (1 + %)M

In this section, we present an alternative formula for the nth derivative of the power-
. . 1\ ax
exponential function hi (x) = (14 1)".
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Theorem 4. For n > 0, the nth derivative of the function hy(x) = (1+ %)M for a € R can be
computed using

R CI B G ) P B
b~ (42 A (n b E)(”x)
Lo v |sesarpp) (o p | nn)r
X{KZO( e Eo = @@+p)! (j—é—q)} (E—P)!} @
k—j ¢ [k—j—¢ -
D R Y s(q+p.p) P (In(1+x)]""P
{gg) (+ )pZOLZO (@+p)! <k—j—€—q)} (£—p)! }
where s(q + p, p) denotes the Stirling numbers of the first kind and
= o Jzz=1) e (z=n+1), n=>1
=1t ")—{1, -

stands for the falling factorial of the number z € C.
Proof. The function i, (x) in (1) can be rewritten as

ho(x) = (14 2)* 0y (1 4 x)™ xeR, x#0.
In [4] (Theorem 3), it was obtained that

[(1+x)1x(1+x)](") =n!(1+ )oc(1+x)—n

3o kairz q+]]< j )][ln((llct’]fﬁk_j, 22)

k=0 j=0 [ q=0 q+] Tl—k—q
Replacing 1 + x with x in (22) yields
ax (1) xAx—n k. .k q +]/]) < ] ) (h’lx)kij
X = o x —_— - 23
() Z ZOLEO @+t \n—k—q)| (k=j)! =

See also [8] (pp. 139-140, Example), [9] (p. 8), and the papers [10-12]. Therefore, making
use of Formulas (22) and (23), we obtain

N 1als! Sslatpp)( p (Inx)! 7
() = e L ‘”le (j—ﬁ—qﬂ )

4=0 (q+p)!
and
[(1+x) (1+x)](k 7) (k ])|(1+x)tx(l+x)7(k7])kij (1_|_x)
(=0
sa+pp) p ] [In(1+x)]“*
XPZOLZ(; (q+p)! (k—J—f—q) (£=p)

hgé”)(x) — i <Z> [ 7pcx(1 +x)“(1+x)}(k)[(1 _'_x)fpc](nfk)

f< >l—|—x“+"k2 ( > D [(1 4 x)* (1+x)](k*f)

j=0



bttt 202,737 -
e Bl () e
» :;;m +x>€péo [";:0“((2 “n) (k_]_pe_m i1+
- ) e & :0<1 1y
S o e N
x :_; &' (1+2)! pé lk:;j Sg u f;f)r;) (k P q)] [1n<(1£ + o;))]f—v

The proof of Theorem 4 is, thus, complete. O

Remark 7. Since
(1+4x)% = (14 x2)* 0+ (1 4 x)=*

and

xzx(1+x) = XM

by virtue of Leibnitz’s rule for differentiation and with the help of (22) and (23), we can easily
compute the nth derivatives of the power-exponential functions (1 + x)* and x*(1**) using

(14 2% = i(1 4 ) o Sk
= (n—k)!

and

K
[xe142)] () _ (1) i () n—k Y alxt

= (n—k)! =
L s(a+id) (0 (Inx)*~
XELZO ORI} (k—e—qﬂ —p @

respectively.

Remark 8. In theory, comparing coefficients of a* in (21) with corresponding ones in (13) for
0 < k < n, we can derive a closed-form formula of partial Bell polynomials

Bux(Ho(x), Ha(x), ..., Hyr(x))
forn >k > 0. In practice, it seems to be complicated to carry out this idea.
Remark 9. Making use of the formula
n

k
1({& o d v
E(E %) = Ensomnnf, 20
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listed in [8] (p. 133) yields

n+k

Taking

(ar,az,a3,a4,...,0y,...) = (Ho(x), H1(x), Ha(x), H3(x), ..., Hy1(x),...)

results in

_ (n+k d" | & "
Byiikk(Ho(x), Hi(x), ..., Hu(x)) = ( k )lelg}) do" LZZOHm(X)M
k
_ n—I—k > o gt 1—u w1 —xu o™

_< o5 don L;OUO e e du (m+1)!
k
_ n—|—k o et 1 e o™ xu
-("; Hodvn{/o [z e

s k
= n+k lim / el e -1 e~ (tDugy
v—0 dv” 0 uv

00 k
_ ”+k lim / ! —1—u /euvlde e HDu gy
v—>0dv” 0

This is an alternative possibility to derive a closed-form formula of partial Bell polynomials
B k(Ho(x), H1(x),..., Hy—k(x)) forn > k > 0and x > 0.

5. A Closed-Form Formula of B, ;. (Ho(x), H1(x),..., H,—k(x))

In this section, we present a closed-form and explicit formula of the partial Bell
polynomials B, x(Ho(x), H1(x),..., Hy_k(x)) forn >k > 0.

Theorem 5. Forn > k > 0 and x > 0, we have

Bk (Ho(x), Ha(x), ..., Hu—r(x))

Lo(=1)7 A s(t+0,0) o U (j) .
X [Z (i—o)! o) (AiTﬂ [Z(—l)” s =pi=p)|. @)
Proof. By virtue of the identities (5), (6), and (4) in sequence, we acquire
Bnk(H ( ) Hl( ) ,HZ(x)r"-//ank(x))

- Z ( ) By—gk—q(0, H1(x), Ha(x), ..., Hy_i(x))
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0! 0! 1! 1! 1!
_2<>H0()”qk q(ox T+x (1+x)2x2 (14x)2

4=0 (
2 (n—k-=1)! (m—k-1)!  (n—k) )
(1 + x)3 """ xn—k (1 + x)” k (1 + x)ﬂ*k“rl
n n—gq or 1! (L—r—1)
M EE (", e (02 5 -
‘1;) (q> ° r+t§<—q f-&-mX::n—q ¢ x x2 xt
S S B | C(m—t=1)  (m—1)! >
" T 1+ a2 (1T+x)m=t (14 x)mtHl
n n—q or 1! (L—r—1)!
= H(x) ( )Bg (0 Sy, -
q:ZO <q> 0 r+t;k7q£+m;;17q 14 ! X X2 Xg r
m 0! 1! (A—i— 1)!)
B,,i{ 0, — S5y —_—
: iJ;:t/\erZ:m ()‘) M ( T ol4x" (14x)? (1+x)rt
N et
B (O' (1+x)2" (1+x)3"""" (1+ x)r—i+l

& c(n—q\ B, (0,0L,1L,..., (0 —r—1)!)
-x (e § 2 co ()

r+t=k—q l+m=n—q

m ' |
x ) ) (A>BA,1‘(O,O!,1!,...,(A—1—1)!)By,j(0,1!,2!,...,(y—])1)_

Further making use of the Formulas (7) and (10), we arrive at

Bk (Ho(x), Hi(x), Ha(x), ..., Hy—k(x))
. qi) (Z) 1 (x) M;{_q(—nt “m;n_q K” B q) By, (0,0,11,...,(—r—1)!)
x i-«;:t/\—&-;:m <’:> Byi(0,0,1L,..., (A —i—1)1)
B, (01,21, ( —j)!)] W
L () -] B v

o G| [ =t o=

T T

m
A

22 0P SEnE T frﬂ
l(?)g(_l)p(ééij W=pi=p 1 xf’r1+x
= ( 1)”"{:02;{ln<1+1> _1+x] Ht;{ q( 1)
L {EEnEteen( )]

Lo(=1)° Hs(t+o,0) o
p 2 [Z(i—a)! t (T +0)! (A—i—r)}
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e B e ’”] }<1+>

The closed-form Formula (26) is derived. The proof of Theorem 5 is complete. [

6. A Closed-Form Formula of the nth Derivative of (1 + x)*/*

Combining Formula (26) in Theorem 5 with Formula (13) in Theorem 1, we can easily
deduce an alternative closed-form and explicit formula of the power-exponential function
he(x) = (14 )™

Corollary 1. For « € R and x > 0, the nth derivative of the power-exponential function
ha(x) = (1+ %)M can be computed using

(n) n ' k l 1 B 1 q
h (x) = nlhe(x) } Zq[ ( T

k=0

5,
P T Sy

r+t=k—q l+m=n—q
where n > 0 is an integer and Q(r, t; £, m) is defined using (27).

Finally, we derive a closed-form formula of the nth derivative of (1 + x)”‘/ Yforn >0,
x>0,and « € R.

Theorem 6. For o € R and x > 0, we have the nth derivative formula

xtx/x n n— x D(k
o = S (1)

n k
x x=0 k=0 X

XZ [1n1+x—xr Y (1)t Y% Qrtitm) g

I+ r+t=k—q l+m=Kx—q

where n > 0 is an integer and Q(r, t; £, m) is defined using (27).

(1+2)*% = I, <i)

Therefore, by virtue of the Faa di Bruno Formula (3), the identity (4), and (11) in sequence,
we reveal that

e 11 2! i1 (m—x+1)!
[(1+x)%7] Zh,ﬁ"< > <_x2’x3"“’(_1) e

x=0

_ ihp(x)( CD Lo (x4 1))

k=0
W =1\ (=1)" (1
_E(K—1>K! xnte ha x)

From the closed-form Formula (28), we deduce

Proof. It is clear that

1 e x 17
h,(XK)(x>—K!ha( )Z:(xkx kz {lnl—f—x _1—1-}
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Consequently, we conclude

[(1+x)%/1] " = <—1)"fiha<alc> 3 (Z:D y

x=0 P
k q )
1 X Q(r,t;¢,m)
X Z — [ln(l +x) — } 2 (—1)! Z =
q=0 q! T+x r+t=k—q l+m=Kk—q (1 + x)m !

Formula (29) is, thus, proved. The proof of Theorem 6 is complete. O

7. Conclusions

In this paper, via Formula (13) for the nth derivative of the power-exponential function
1+ %)M, we discovered the relation (16) for the nth derivative of the power-exponential
function (1 + 1)*", found a sufficient and necessary condition 0 < a < a* € (2,3) in
Theorem 3 for the power-exponential function (1 + %)M to be a Bernstein function, and
derived a closed-form formula (21) for the nth derivative of the power-exponential function
(1+1)™

The derivative Formulas (24) and (25) are also useful and interesting.

Formula (26) in Theorem 5, Formula (28) in Corollary 1, and the closed-form For-
mula (29) in Theorem 6 are also our main results of this paper.
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