i fractal and fractional

[

Article

Fast Linear Canonical Transform for Nonequispaced Data

Yannan Sun * and Wenchao Qian

check for
updates

Citation: Sun, Y.; Qian, W. Fast
Linear Canonical Transform for
Nonequispaced Data. Fractal Fract.
2023, 7,353. https://doi.org/
10.3390/ fractalfract7050353

Academic Editors: Carlo Cattani,
Zunwei Fu, Bingzhao Li and

Xiangyang Lu

Received: 18 February 2023
Revised: 14 April 2023
Accepted: 18 April 2023
Published: 26 April 2023

School of Mathematics, Jiangsu University, Zhenjiang 212013, China
* Correspondence:sunyannan@ujs.edu.cn

Abstract: The investigations of the discrete and fast linear canonical transform (LCT) are becoming
one of the hottest research topics in modern signal processing and optics. Among them, the fast
calculation of LCT for non-uniform data is one of key problems. Focus on this problem, a new fast
algorithm of the LCT has been proposed in this paper firstly by interpolation and approximation
theory. The proposed algorithms can calculate quickly the LCT of the data, whether the input
or output data is uniform. Secondly, the complexity and precision of derived algorithms have
been analyzed for different situations. Finally, the experimental results are presented to verify the
correctness of the obtained results.

Keywords: linear canonical transform; fast fourier transform; interpolation; approximation theory;
linear canonical series

1. Introduction

Linear canonical transform which is generated by second-order differential operators,
is a four-parameter class of linear integral transform [1,2],

FA(M) _ {foooox(t)KA(t/ U)di’, b#0

 cdi?
\ﬂd)e’de(du), bh—0
where
17T

A = [a,b;c,d],ad — bc = 1, FA(u) is LCT of the function x(t). The LCT integral kernels
are Green functions of quadratic Hamiltonians that can be found in [3]. The research on
LCT was first proposed by Collins (1970) and Moshinsky (1971) [1,2]. It includes many
special cases, such as, the Fourier transform (FT), the fractional Fourier transform (FRFT),
the Fresnel transform, the Lorentz transform and scaling transform. The class of LCTs
are important in signal processing [4,5], computational and applied mathematics [6,7],
optics [8] and quantum mechanics [9]. Significant applications of LCT in signal processing
include radar system analysis, filter design, pattern recognition, image watermarking and
so on [10,11]. Basic theories of LCT have been developed that include convolution theorems,
sampling theorems, and uncertainty principles [12-14]. The numerical approximation of the
LCT is of importance in modeling first-order optical systems and many signal processing
applications. Therefore, the discrete and fast algorithms of the LCT are one of the most

important issues in practical applications.

After the continuous LCT has been introduced, therefore, the definition and fast imple-
mentation of the discrete linear canonical transform (DLCT) have been widely considered
by many researchers [15-28]. The existing algorithms can be divided into the following
categories. The one is the operator decomposition type, which decomposes an arbitrary
Attribution (CC BY) license (nttps:// ~ LCT operator into its special cases that have a fast algorithm [17,18,29]. The second is
creativecommons.org/licenses /by / the eigenvector decomposition type, which computes the LCT of a function by using the
4.0/). eigenfunctions of the LCT [24,27]. The third is split basis algorithm, which decomposes
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the discrete transform matrix of LCT into smaller matrices iteratively [20,23]. All these
algorithms can effectively and rapidly calculate the entire spectrum in the LCT domain. In
recent years, the new LCT algorithms have been proposed, which can realize local spectrum
analysis of signals [30-32]. In addition to the above-mentioned algorithms, various other
fast algorithms have been proposed in [33-39]. These research results provide a good basis
for the further development of the DLCT toward meeting the requirements of practical
applications. Many aspects of the fast methods of the DLCT still need to be studied. To the
best of our knowledge, the existing discrete algorithms are required that both input and
output data are uniform sampling. However, for certain applications, the input or output
data is nonuniform. In these cases, the fast DLCT will be lost.

For overcome the aforementioned problems, in this paper, we present a set of fast
algorithms for computing nonuniform DLCT, namely,

1 N2t '
flta) = o= ¥ ape BT i M

V —i27th m=0

wheren =0,1,---N, f(t,) € Cay, € C, t, € [—br,br] ,and u,, € [-N/2,N/2 —1]. Ac-
cording to the sampling of the t, and u,, , we will operate under the following assumptions

*  Uniform samples and non integer frequencies: In Equation (1) the samples are equi-
spaced, ie., t; = j27t|b|/ N, and the frequencies uy, - - - ,un_1 are non integer. This
corresponds to evaluating a generalized linear canonical series at equispaced points.

*  Nonuniform samples and integer frequencies: In Equation (1), to, - - - , fn5—1 are noneq-
uispaced points in [—b7, brr| and the frequencies ug, - - - , uny_1 are integers.

*  Nonuniform samples and non-integer frequencies: In Equation (1) , fo, - -, fN_1 are
nonequispaced points in [—b7r, brt] and the frequencies uy, - - - , uy_1 are non-integers.
This is the fully nonuniform transform and corresponds to evaluating a generalize
linear canonical series at nonequispaced points.

To develop various nonuniform fast LCT(NFLCT) for above issues, one has to exploit
a nonzero working precision of 0 < € < 1 and makes careful approximations. The
approximation properties of the various approaches may be obtained by considering how
they perform on the linear canonical modes.

The rest of the paper is organized as follows: In Section 2, a brief review of the related
preliminaries is presented which are used in the design of the algorithms. The Section 3
is main results of this paper. In this section, we give an exact statement of the problem
and introduce some notation that is used. The algorithms are derived. Some numerical
examples are presented in Section 4 to illustrate the preference of the schemes. Finally,
conclusions are drawn in Section 5.

2. Preliminary

The linear canonical series (LCS) is a generalized form of Fourier series (FS), which
can reveal the mixed time and frequency components of signals. The basis function of LCS
is defined as [40]

Pan(t) = /%eﬂ%tzﬂ%(nznb/T)ZJri%(nznb/T) @)

wheren = —co,---,—1,0,1,--- ,400. Thus, {- -, @a_1(t), pao(t), pai(t), - - } construct
an orthonormal basis. It can be observed that every basis function is a chirp function with
chirp rate —a/b, which is an aperiodic function. Therefore, the LCS is only applicable to
finite-length function. The LCS expansion of the finite-length function x(#) can be written as

Z Ca A, n Z Ca n\/> —12bt —sz (n27tb/T)? +ig L(n2rb/T) (3)

n=—oo n=—oo

T/2 .
CAn _ / / x t e'th2+12h(n27rb/T)271£(n27rb/T)dt @)

T/2
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where t € [-T/2,T/2] and C4, are called LCS expansion coefficients with the parameter
matrix A.The LCS expansion coefficients are computed by the inner product of the function
and chirp basis function. The relationship between LCS and LCT is that the LCS expansion
coefficients are the sampled values of LCT, by

Can =\ 22 FAL (1)) (n

2mb

=) ©)

The well-known FS is just a special case of LCS for the parameter matrix A = [0,1; —1,0].
In addition, we also presented some well results to be used in the remainder of the pa-

per [41].

Lemma 1. For any real & > 0 and complex z,

/OQ e—atzeztdt — /Eezz/4a (6)
—0 14

Lemma 2. Forany real x > Qandr > 0,

/Oo P TP ¢
.

2ur

—ar?

@)

In the next section, the main results will be derived based on above facts.

3. Main Results
3.1. Exact Statement of the Problem and Information Description of the Algorithm
3.1.1. Exact Statement of the Problem

In the reminder of this paper, we will operate under the following assumptions:

u={ug,uy,--- ,un_1}and t = {ty,fy,--- ,tn_1} are finite sequences of real numbers.
Um € [-N/2,N/2—1] form =0,1,--- ,N — 1.

tj € [-bm,br] forj=0,1,--- ,N—1.

a={ao, - anat, E={f N2 Nl B={B-Ns2 BNz}

g = {8081+ ,8n-11, v = {10,- -, yn-1} and {ho by, -+ hyo1} are finite se-
quences of complex numbers.

LN =

We will consider the problems of applying and inverting the LCT and its transpose. We
are interested in the transformations F, G: CN — CN and their inverse defined by formulate

N-1 2brj

- q LUy 27 .
fj=F@); = ¥ we BRI T g0 ®)
k=0
forj=-N/2,--- ,N/2—-1,and
Ne2-l e M e
g = G(g)j = Z ABke gt i ippk 9)
k=—N/2

Forj=10,1,--- ,N — 1, we will also consider the more general transformation H :
CN — CN defined by the formula

cd 2

NI 7ilt2+iuk—tjfzfu
hj =H(y); = kZ Yee UL Rk (10)
=0

More formally, we consider that give &, B, 7y to find F4(a), GA(B), H? () respectively.
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3.1.2. Information Description of the Algorithm
In this section, we give information outlines of algorithms for above problems. The al-

gorithms are based on the following principal steps. Any function e~/ (20 J-+ipt/b—id/ (2b)p?
can be accurately represented on any finite interval on the real line using a small number of
terms of the et ¢~ia/ (20)*+ikt/b=id/(20)k* and this number of terms of q is independent of
the value B. For the efficient calculation Equations (8)—(10), the following two ways will
be used,
e toapproximate each e~/ 2b+iunt /b=iduj, /20 i term of a g-term LCS;
*  to approximate the value of a LCS at each ¢, in terms of values at the nearest g
uniformly-spaced nodes.
The interpolation between equispaced and nonequispaced sets of points can thus be

performed in O(Ngq) operations.

3.2. Derivation of Algorithms
3.2.1. Relevant Facts from Approximation Theory

The principal tool of this paper is a detailed analysis of the LCS of functions
¢ : [-bm, brt] — C given by the formula

P(t) = e Lo BT I5F (11)

where & > 1/2 and B are real numbers. The lemmas and theorems are presented in
the following.

Theorem 1. The functions ¢(t) = e i T ~ifF 4 (—b7t, brt) can be approximated
by LCS, the error of the approximation can be obtained by the following inequality

> i P02 ikt id 2

/ —ig ikt _jd

P(t) — Z PAk\ s—e ' ]
P/ 2brt

1 8a(1+4b)
712172)( 9

— . _(B=k?
pak =\ g BE ) [ e i (13)

a, b, c,d are linear canonical parameters, & > 1/2 and B are any real , q > 4ab?7t is even integer.

(12)

< e’ {(1 + +2b7 +2) + 1}

where k = —oo,- -+ ,00

Proof. The kth LCS coefficient for ¢(t) is denoted by o4 «,

0(t) =\ 55— L oape BT (14)
k=—o0

where t € (—brm, br),

—1 b a2 gkt yid g2
=) — 2t =1y g £\dt 15
oax =\ 5pm |, ¢ "0 (15)

For any real &« > 0 and complex z, we have the following equality

/00 e Pt = ,/Eezz/‘“‘ (16)
— 00 o
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—i 2 a2 Pt 2 iap ikt id g2
Tag = / oot efzz’l—bt +ig— sz‘B e iapte =i +ispk dt

7 . (=] L (B— —br (B—
_ 1 el%(ﬂ*ﬁz) / ef”‘tzel B bk)fdt . / 67’”261 B bk)tdt
2brt o P

(k)% br (B—k) 17)
N B 1 N P g () / af?
T A + 2o’ B 0 a
_/oo e*lxtzei(ﬁ k)tdt:|
br
=] it ) /°° ~ap? _
PAk T 2 - e " cos[(B —k)t/b]dt
Rearranging Equation (17), we obtain
g = | i)y /oo - — k)t/b]dt 18
Tak = PAK 2t )€ cosl(B—k)t/b] (18)
Owing to
bt (p-
’ / e~ cos[(B — k)t/bldt + e~ 2/ el(ﬂbk)tdt'
br br
ot a2 —a? 1
<2 - e"‘dt—i—ane”‘ ™ < 2bme™® ”(2 Ty 5 +1) (19)
1
< 2bme—0*m (72 +1)
and integrating by parts, we have
oo,
2 e ™" cos[(B — k)t/b]dt
" 2b 2,2 dob [t 2 (20)
= —me_"‘b T sin [(B — k) 7] 5=k Jon te=*" sin [(B — k)t/b]dt

After rearranging the terms in Equation (20) and integrating by parts again, we obtain

2 /;OO oo cos[(B — k)t/bldt + % sin[(B — k)]

+c0

_ ;buck A to—t? sin[(ﬁ—k)t/b]dt‘

- 7T

2 e

< (;b‘l’{‘)z<bn by A e—"‘fzdt+/b t~20cte_“t2dt) (21)

_ T Jbr

4% 2.2 +oo 2 b2 et 2

853 rrae b7 1

"o )
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Therefore, we can obtain the following inequalities

b
‘ /b e~ cos [(B— k)t ]dt+67“”2b2/ e
7T

—br

i(ﬁk)t/hdt'

22
8b37me_"‘b 2 1 ( )

Bz )

Due to Equations (19) and (22), we have the inequalities
br
o ] T s ) | —an? / i(B—K)t/b 4
TAk — PAk ane . e
L i g
2brmt

— b
Tak—Pak— 1] ——e'? i (=) | pmar?h? / T i(BR)/b gy
Y y 2b7T b

(23)
1

< ,ane*abznz(m+l) = \/2b7te —ab?r 2(1+

22 )

(24)
4b%a/2bme— b’ . 1
G-t )

for any t € (—bm, brr), combination of Equations (14), (23), and (24), we have

+oo ;
‘(P(t)_ Z pAk\/E —ig il il —ab?n? i il i g2
k=—o00

+o0 :
1 . 2 _sd 2 122 ca 2 Bt -d 2
Z <‘TA,k_PA,k)\/%e iyt ik _ oW ittty —igp B

k=—o0

[ . . . 2 —ab?n?
y b iy igge 4 a\/ﬁez i 21 )
kp—keor| | 2070 (B—k) b2

i 2 ikt 2 b2 1
+ Y \/%elz i 2bne“”(1+W)

k,|B—k|<|bm|

N

(25)

4b2ae—ab2ﬂ2 1
< (1 T
o pE

1

22
)+ 2|brrfe (1 + W)

1

< 4ab?e *”M(H—b2 )x2 Y —+2 (bre+De 7 (14 )

k= \bn|

Due to

© 1 1 1 1+ 4b
+/ —dt = =+ < 26
k %ﬂ K2 |b7T| lbr| 12 o> |b7| 92 (26)

and substituting Equation (26) into Equation (25), we obtain

[ee] .
—1 2 :d1.2 2 2 5 )
|¢(t) - 2 PAk\/;e izt +zb71bk e*th 712 t +17712 B
k=—00

1 8a(1+4b)
nzbz)[ 9

(27)
< e—abznz (1 +

+2bm + 2]
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Then, we make use of the triangle inequality and Equation (27) to obtain

ad i a 42 kt dk2
—ig e —i
¢(t) = ). pak\ 5oe BT
P 2br

1 |, 8a(1+4b)
nzbz)( 9

(28)

< o' [(1 + +2b7 +2) + 1}

Thus, the proof of the Theorem 1 is complemented. [J

. . —af? iy iBl jd g2 . .
According to Theorem 1, functions e~ ¢ ~/25" 15 12" can be approximated by linear

canonical series whose coefficients are given analytically, and the error of the approximation
decreases exponentially as « increases.

The coefficients p 4 x in Equation (13) have a peak at k = [B] ([*] is the nearest integer
to %), and decay exponentially as k — Foco. We keep only the g + 1 largest coefficients,
where the integer g is chosen such as

q > 4ab?m (29)

thus
e(fq/2)2/4b2 < eﬂxbzrfz (30)

The following theorem provides a method for approximating functions ¢(f) defined in
Equation (11) by a g + 1 term series, and estimates the truncation error under the conditions
Equation (29).

. ja g2y Bt .
Theorem 2. The functions ¢(t) = e~ i Pl —ig Bt o (—brm, brr) can be approximated by
q + 1 term linear canpnical series, and the truncation error can be obtained by the following inequality

(Bl+q/2 ~ . Kt
§) = Y pa e BOHEEE
k=[B]=q/2 & 31)
a2 1 ., 8a(1+4b) 1 1
<e [(1+b2”2)( 3 +2bn+2)+1+—b\/27t(1+n)

where p 4 . is defined by Equation (13), a, b, c, d are linear canonical parameters, & > 1/2 and p are
any real, and q is an even integer such that g > 4ab?m.

Proof. For any t € (—brm, brm),
(b +q/2

o) — Y. pak ie*iz‘%ﬂﬂ%*i%kz
k=[B]—~q/2 T

ad i a2kt jd 2

/ —if 2kt it

P(t) — Z PAx\ =€ "2 b 125
o 2br

[ 1 a2 ikt idg2
+ Z OAk %6 igpt+ify —igpk
q

+ L omigp it —igp k2
PAR 267
k<[p]=q/2

<

(32)
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Based on Equation (13) and the triangle inequality, we have

i —1 1,‘2-i-17—1'7lk2
20
2 , PAK\ 57~ b

k>[Bl+q/2
. [ _ B> .
e’zdfh(szlgz) Ee w2 e —igg iy i g5k (33)
14

1 d 1
“Var,_ b, Vo

1 o _(B=h? 1 © k2
402 _ e 4b2a

D < y
2b\/am k= (B 1a/2+1 2b\/am k=272

y [ gk ifie
pAk 2b b 2b
2b

k<[pl—4/2
—q/2—-1 —k2
3 L[ﬁ] qz B S R . PN A (34)
2b
T Vb o
1 i _ (=R 1 .
e Wk < Z e 4b2a
VT s 2bVaT (S0

Because of real « > 0 and r > 0, we obtain

Voetgy < 0 35
/r ¢ < 2ur (35
Thus,
efk2/4b2a < e*(q/2)2/4l721x + 7t2/4h Xdt < o —ab?m? (1+ 1) (36)
k=q/2 q/2

Substituting Equation (36) into Equations (33) and (34), we have

i ekt dk? /1 2kt a2
Z PAk\/;e Igpt+iGy —i%y + Z PAk b —e lzb +1 %9

k>[B]+q/2 k<[B]—q/2 (37)
1 a2 l
< T (1+ 71)

Substituting Equations (28), (37) into Equation (32), we obtain

(Bl+q/2 i . s
PO~ Y pay g B
4 7T

k=[p]—q/2
b2 1 8ua(1+4b) 1 (38)
<e {(1+n2b2)( 3 +2bn+2)+1+bf( )
a2 1 8u(1+ 4Db) 1 l
<e [(1+ﬂ2b2)( 9 +2bn+2)+1+b\/271(1+7r)

O

12bt +1

The following corollary describes that the function e =i can be approxi-

mated by using a series of g 4 1 terms.
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Corollary 1. Supposed that the conditions of Theorem 2 are satisfied. Then, multiplying both sides
of Equation (31) by e, we obtain

Bl+q/2
i i g g b Hi 2; oAxe —i B2 ik g2
k= (39)
—aPr2(1-1/m?) [ (1 1 80&(1 +4b) Db+ 2) + 1 1 1 1
<e [( + ) (— +2bm +2) + + Tn( +)

where t € [—brt/m,brt/m],m > 2 is an integer.

Finally, Theorem 3 makes use of a simple linear scaling to generalize the inequality
Equation (39) from [—b7rt/m,brt/m] to [—s,s],

Theorem 3. Let o > 1/2, B, s > 0 be real numbers and let m > 2, q > 4art be integers. Then,
forany t € [—s,s]

[msB/br|+q/2 : >
a2 Bt od 2 bt \2 1 _ia 42 s dk b2
e iapt iy —igpht _ pa(5) 2 P:‘Lk”ﬁe fopr ik t—i%g ()

k=[msp/br]—q/2 T (40)
1 . 8a(l+4b 1 1
< R (1-1/m) [<1+ ) alt 9+ )+2bn+2) br<1+ )
where 2
Paj = ﬁel (52208 (msp /b))~ G (41)

Corollary 2. Ifa =d = 0,b = 1,c = —1 in Theorem 3, and the conditions of Theorem 3 are
satisfied. Then, for any t € [—s,s]

) [msB/m]+q/2

. ot P
el/gt _ ea(ms B Z pk Eelkmst
k=[msB/m)—q/2 (42)
ot [, L3 Ll
<e {(1+n2)( 3 +2n+2)+1+\/27r(1+ﬂ)
where py is defined by

Ok = /2“ —(Bms/m—k)?/4a (43)

3.2.2. Implementation of Algorithms

In this subsection, the notations to be used for the detailed algorithm descriptions are
introduced. For an integer m > 2 and a real number &« > 0, we will define a real number
€ > 0by

1 . 8a(l+4b) 1 1
R R S 1 Chted]

and we will denote by g the smallest even natural number such that

€ — efabznz(lfl/mz) (1+

q > 4nb*a (45)

For an integer m and a set of real number u; , we will denote by y; the neatest integer
to muy fork=0,1,--- ,N—1,

i k)2 — (2] — min=(n 2
pi‘l,k,n - \/;6 2 i [0 )y () ]6 12y (46)
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forn=0,1,--- ,N—1,andk=—q/2,--- ,q/2.

Corollary 3. Setting s = brt in Theorem 3, we obtain that

q/2 . . . - d(un+k)2
a2 cupt_od 2 2 i _jag _t (k)T
e it +’%*1ﬂ”n_e"‘(%) p' kn‘/ e igpt™ ikt pin) 5 =i =5 <e (47)
k——a/2 Ak, 2brt

foranyn =0,1,--- ,N —1,and any t € [—br, brt|, where € is defined by Equation (44).

For a given set of complex numbers «,,, we will denote by 7; the unique set of complex
coefficients such that

N it g
Z ae 2 b lopln
n=0

N-1 q/2 - ) ) y 2
12 1 i 2k, ) L —i (pn+k)
= ¥ e Y g gy BT (48)
n=0 7-[]/2

k=
, — mN/2-1
:e_zﬁtze"‘(%)z /2; Z Tlezklt/hm
Ly E—y
so that
,id(}anrk)Z p
7= Z ape 2bm?2 04 kn (49)

nk,pn+k=l1

We denote by Tj a set of complex numbers defined by the formula

mN/2=1 i
Ti= ) g (50)
I=—mN/2

forj=—-mN/2,--- ,mN/2 — 1. Furthermore, the ]7] is denoted by the formula
~ . (2bm 7 1
f= e—lﬁ%])zeﬂ(%)ﬂ/ﬁn (51)

Remark 1. Combing Equations (47)—(51) with the triangle inequality, we see that

forj=-N/2,--- ,N/2.

_ 1 N-1
i— fi| < —=€ o 52
=5 < e Ll 2
forj=—-N/2,---,N/2, where f] is defined by Equation (8).

Thus, the implements of NFLCT for Equation (8) is Algorithm 1.

For an integer m and a set of real of numbers ¢;, we will denote by v; the nearest
integer to tij/(Zﬂ) forj=0,1,---,N —1,and by Qj,k a set of real numbers defined by
the formula

Qi = 1 (N /2m— (o +0)]2/4a (53)

- 2my/a
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Algorithm 1 NFLCT for fast computation of Equation (8).

Input parameter A = [a,b; ¢, d], the {ug, uy,- - ,un_1}{a0, -+, an—_1}-
Choose precision € « and g = [47tb%«]
forn=0:N-1
Compute p;, the nearest integer to muy,

for k = —q/2 q/2
Calculate p’ ‘Akn and T, 4 according to
Equation (46) ‘and Equation (49), respectively  end
end
Comment: Evaluate i Fourier Seres at uniform sampling in [—bm 7, bm]
using inverse FFT of size mN
Calculate T] according Equation (50), for j = —mN/2,--- ,mN/2 -1
Comment: Scale the values at those points which lie in [—b7, b7
forj=—-N/2:N/2-1
J?j _ T],efia/(Zb)(2b7rj/N)zeac(2b7rj/mN)2 ﬁT'

end
Output: Approximate values ]7],] =—-N/2,--- ,N/2—1.
The total complexity is 2Ng + mN/2log N + 3N

Corollary 4. Setting s = N /2 in Corollary 2, we obtain that

6 tin Y Z Q] in(k+v;)27t/Nm
k——q/Z

<€ (54)

forj=0,1,--- ,N—1and n € [-N/2,N/2]where € is defined by
¢ = o (102 (54 1 28/3) (55)

For a given set of complex numbers {f,}, the {B},} is a set of complex numbers
defined by the formula

;Bln _ ‘Bnefi%nzqta(Zrm/mN)z (56)
forn =—N/2,--- ,N/2 -1, and by U a set of complex numbers defined by the formula
N/2-1 4
ul — Z ;16127rnl/mN (57)
=-N/2

forl = —mN/2,--. ,mN /2. Furthermore, taking account of the periodicity of /, we will
denote by {g;} another set of complex numbers defined by the formula

q/2

8= e~im Z Qo+ (58)
I=—q/2

forj=0,1,--- ,N—-1
Remark 2. Combining Equations (54)—(58) with the triangle inequality, we obtain that
N-1
~ /
18— &l <€ X 1Bl (59)
n=0
forj=0,1,---,N —1, where {g;} are defined by Equation (9).

Thus, the implements of NFLCT for Equation (9) is Algorithm 2.
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Algorithm 2 NFLCT for fast computation of Equation (9).
Input parameter A = [a,b;c,d|, the {—N/2,--- ,N/2—=1},{B_Nn/2, - ,BN/2-1},

{to,+-  tn—1}-
Choose precision € « and q = [47tb%a]
forj=0:N-1

Compute vj, the nearest integer to timN /(27)
Calculate ﬁ;‘—N/z = ,B]-_N/ze_id/Zh(j—N/2)2+a[(27T(]'—N/2))/(mN)

fork=—q/2:q/2
Calculate Q; x according to Equation (53).
end
end
Comment: Evaluate Fourier series at uniform sampling in [—bm7t, bm ]
using inverse FFT of size mN

Calculate Uy = Y)Y/2  » Bre™/™N for| = —mN/2,--- ,mN/2 -1
Comment: Calculate approximate values at desired points in terms of the values at
equispaced points [—brr, brr]

forj=0:N-1

forl=—q/2:q/2

8j = &+ Qo+

end ' .

Output: Approximate values g; = e~ ia/ (2b)(bt;) gyj=-N/2,--- ,N/2—1.

The total complexity is Nq +mN/2log, N + 3N

? according to Equation (56)

Corollary 5. Setting d = N /2 in Corollary 2, we obtain that

. 27tn \2 q/Z / LH
pinti/m _ e"‘(Nmz) Z Q]-’lelzm "N | < € (60)
I=—q/2

foranyj=0,1,--- ,N—1,and anyn € [-mN/2,mN /2 — 1], € is defined by Equation (44).

For a given set of complex numbers {7, },the {v;} is the unique set of complex coeffi-
cients such that

N-1 q/2 q/2 ; . ) d(un k)2
Yo ) i) P;}kn\/ 2;*6_%{2*1@%11)%‘1?27
&, lis
q/2

n=0  k=—q/2 k=—

(61)
a2 2 i mN/2-1 ;
— o inpt pt(5) T Z Ulellt/bm
=N /2
so that
_»d(ynJrk)z ,
o= ), e W ply, (62)
nkn+k=1
Here, we take t = t/b, then the Equation (61) can be rewritten as
N-1 q/2 - q/2 7 a2 d(pn+k)?
+ / / —i e 2 i (kg ) oy —i LS
Z Tn Z e“(m) 2 PAkn Zbﬂe » ’ 20
n=0 k=—q/2 k=—q/2
N/2-1 (63)
mN/2—
_ efiﬁ(tb)zetx(%)z ! vleilt/m

2b o
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where t € [—7, 7]. The {V;} is a set of complex numbers defined by the formula
mN/2-1
V= Z vkerx(an/mzN)eZnikl/mzN (64)
k=—mN/2

forl = —m2N/2,--- ,m*N/2 — 1.

Furthermore, the {hj} is another set of complex numbers defined by the formula

; q/2
~ 1 bti/m)? —id (t:b)?
hj = \/;e“( i/m)” g5 (1) l:—Eq'/Z Qj,lejH (65)

forj=0,1,---,N — 1. Thus, the implement of NFLCT for Equation (10) is Algorithm 3.

Algorithm 3 NFLCT for fast computation of Equation (10).

Input parameter A = [a,b; ¢, d], the {ug, uy,--- ,un-1}, {ao, -+, an-1}-
Choose precision € « and q = [47tbh%a]
forn=0:N-1
Compute Un, the nearest integer to mu,
fork=—q/2:q/2
Calculate P;x,k,n and T, 1 according to Equation (46) and Equation (49), respectively.
end
end
Comment: Evaluate 7 Fourier Seres at uniform sampling in [—bm7t, bm ]
using inverse FFT of size mN
Calculate T; according Equation (50), for j = —mN/2,--- ,mN/2 —1
Comment: Scale the values at those points which lie in [—b7, b7
forj=—-N/2:N/2-1
]7], — o—ia/(20)(2b7tj/N)? pa(2b7j/mN)? ﬁTj

end
Output: Approximate values f;j = -N/2,--- ,N/2—1.
The total complexity is 2Ngq + mNlog N + 3N

4. Simulations

In this section, some numerical examples are given to support our theoretical analysis
in the above section. All tests of numerical examples are implemented in Matlab R2016a.
Two measures of precision are selected for each algorithm,

y N-1
Feo = 0§5§5}’,‘_1|f1 —fil/ ,; || (66)
N-1 o N=1o
B=\ LIi-sl7 Ll (67)
= j=

where « is the input data, f is the result of a direct computation, and f] is the result of
computation by proposed methods.

Example 1. Here we consider the transformation FA : CN — CN of Problem 1, as defined
Equation (8). In this example, j = —N/2,--- ,N/2—1,uyg,- - - ,un_1 were randomly distributed
on the interval [—N/2,N /2], and wy, - - - , an_1 were generated randomly on the unit square in
the complex plane defined as

0<Re(z) <1, (68)

Wetakea =2,b=1,c=3,d =2, 2 =0.5993, g = 14.
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We applied Algorithm 1 and direct method to this problem respectively. For different
N, we loop Algorithm 1 20 times, the error mean are presented in Table 1. The results show
that the precision is almost independent the length of input data.

Table 1. For different N, the error comparison between direct method and Algorithm 1.

N 64 128 256 512 1024
Ewo 0.0149 0.0084 0.0037 0.0024 9.7624 x 104
E; 0.0536 0.0433 0.0271 0.0253 0.0141

Example 2. The Problem 2 as defined Equation (9) is considered for j = 0,--- ,N — 1. In this

example, ty, - - -, tn_1 were randomly distributed on the interval [—brt, brt|, and By = g2k +idmy
k=—-N/2,---,N/2—1, my were distributed randomly on the interval [-N/2,N/2 —1].

We take the parametersa = 2,b = 1,c = 7,d = 4, the interpolate factors m = 2, the
terms of LCS g = 10, « = 0.646. For N = 64, we loop our algorithm 20 times, the results are
presented in Figure 1. It shows that the Algorithm 2 has almost the same effective as the
direct method. For different N, the results of E«, and E; are showed in Table 2. It suggested
that the precision of the Algorithm 2 is independent N. For different « and g, the errors are
presented in Table 3. It shows that the lager « and g is, the more accuracy of the Algorithm 2
is, and the rate of accuracy improvement is decreasing. The complexity of the Algorithm 2
dependents g and N. For m = 2 and different g, the calculation is plotted in Figure 2.
Therefore, we should not choose too big g according to the accuracy and complexity.

Table 2. Errorcomparison between the direct summation Equation (9) and the Algorithm 2 in case of
difference N.

N 64 128 256 512
Ec 2.1569 x 10~° 2.0019 x 10~° 2.1367 x 107° 2.0761 x 10~°
E, 2.1113 x 10 2.2353 x 107° 22271 x 10~° 2.0740 x 10~°

Table 3. For fixed N = 64, error comparison between the direct summation Equation (9) and the
Algorithm 2 in case of difference « and 4.

(a,9) (0.246, 4) (0.446, 6) (0.646, 10) (0.846, 12)
Eco 0.0016 2.8818 x 1074 24913 x 10~° 1.0767 x 10~
E; 0.0023 2.5009 x 10~4 2.2433 x 10~° 1.1986 x 10~

Amplitude

frequency

- frequency (b) times

(a) times

Figure 1. Cont.
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Figure 1. Twenty independent experiments. Amplitude (a) obtained by directly summation
Equation (10); (b) obtained by Algorithm 2. Error of amplitude between the direct summation
and Algorithm 2 (¢) E; (d) Es.
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Figure 2. When m = 2, N = 526, complexity comparison between Algorithm 2 and direct summation

for different g.

Example 3. Here we consider the transformation G : CN — CN of the Problem 3 as defined
Equation (10). In this example, ty, - - - , tN_1 were randomly distributed on the interval [—br, br],
ug, - -, un_1 were randomly distributed on the interval [—N /2, N /2], and

D D a2
T = 2610.4uk+12uk 4 ezO.4uk+z4uk 4 ezO.4uk iduy (69)

wherek = 0,1--- ,N—1,a = 0.234,b = 1.5,c = —0.5835,d = 0.5333; interpolation factor
m = 2; the terms of the linear canonical series ¢ = 8 and the constant a = 0.245.

For N = 512, the Figure 3 shows the amplitude and error for this problem by direct
summation Equation (10) and Algorithm 3, respectively. It suggested that the Algorithm 3
has the almost same performance as the direct method. For different N, the Table 4 shows
the error E, and E; between direct method and Algorithm 3 by cyclic algorithms 20 times.
The results show that the precision of Algorithm 3 is almost independent of the length of
input data.
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(a) times 05 frequency (b) times 0 5 frequency
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0.05
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wha uf 0.03
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(c) (d)
Figure 3. Twenty independent experiments. Amplitude (a) obtained by directly summation
Equation (10); (b) obtained by Algorithm 3. Error of amplitude between the direct summation
and Algorithm 3 (¢) E; (d) Es.

o
o

Table 4. The error Es and E; between direct method and Algorithm 3 by cyclic algorithms 20 times.

N 64 128 256 512 1024
Eco 0.0089 0.0033 0.0025 0.0014 0.0014
Ey 0.0343 0.0166 0.0162 0.0067 0.0102

From the above three examples, the errors produced by Algorithms 1-3 are com-
parable with those produced by the corresponding direct methods. we can see that the
numerical results coincide with the theoretical analyses which show the high efficiency of
the new method.

The results of this paper can be generalized in the following ways: the algprithms
of 1,2 and 3 will allow the efficient application of linear transform F;, Gy, Hy : cN 5 cM
defined by

Nt . g (2bmj up 2w .
Fl(“)j = Z txke_lﬁ(T])Z-s-szWf_l%u% -
k=0
fOrjI 7M/2’."/M/2*1,and
N/2-1 TR
Gl(g)]': Z Bre igpti+ig —igpk -
k=-N/2

Forj=0,1,--- ,M —1, we will also consider the more general transformation H :
CN — CN defined by the formula

Ukli 4 oo

H o N —i i —i dy?
1(7);= Y we P (72)
k=0

The algorithms ofthis paper also assume that uy € (-=N/2,N/2),t; € (—bm, brm).
Other distributions can be handle by partitioning the vectors u and t,treating each partition
separately and finally combining the results.
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5. Conclusions

In this paper, we have described three algorithms for computing DLCT for nonequis-
paced data based on the interpolation formulae and approximation theory, which transform
a function values from equispace to nonequispaced points. The complexity and precision
of derived algorithms are also presented. The simulation shows that the derived approach
is effective for computing nonuniform DLCT. The proposed algorithm can be viewed
as generalizations of discrete linear canonical transform, and will have a broad range of
applications in many branches of mathematics, science and engineering.
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