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Abstract: This article concentrates on a control system with a nonlocal condition that is driven by
neutral stochastic evolution hemivariational inequalities (HVIs) of Sobolev-type Hilfer fractional (HF).
In order to illustrate the necessary requirements for the existence of mild solutions to the required
control system, we first use the characteristics of the modified Clarke sub-differential and a fixed
point approach for multivalued functions. Then, we show that there are optimal state-control sets
that are driven by Sobolev-type HF neutral stochastic evolution HVIs utilizing constrained Lagrange
optimal systems. The optimal control (OC) results are created without taking the uniqueness of the
control system solutions into account. Finally, the main finding is shown by an example.
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1. Introduction

The hemivariational inequality (HVI) was invented by Panagiotopoulos in 1981 and is
a weak framework for a range of engine issues using non-smooth and non-convex energy
functionals [1,2]. The control issues with HVIs have recently drawn a lot of attention
from investigators. In 2000, Migérski and Ochal [3] investigated the OC problems of the
parabolic HVIs using the direct approach of the calculus of variations and the Galerkin
technique. The existence of the OC sets for a hyperbolic quasi-linear HVI was proven
in 2007 by researchers [4] employing the Faedo-Galerkin strategy and the iterative con-
cept of the logic of alteration. A fixed point principle for multivalued maps was recently
used by investigators [5] to investigate the approximate controllability of HVIs. Very
recently, Muthukumar et al. [6] dealt with the optimal control issue of second-order SE-
HVIs with Poisson jumps, applying the fixed point approach of multivalued maps and
Balder’s theorem. Harrat et al. [7] explored the OC and solvability of impulsive HF delay
evolution inclusions with Clarke sub-differential utilizing semigroup theory, fractional
calculus, the fixed point theorem, and multivalued evaluation, and the researchers proved
the existence of an optimal control pair for the Lagrange problem under an appropriate
set of sufficient conditions. Researchers [8] developed Hilfer fractional evolution hemi-
variational inequalities with nonlocal initial conditions and optimal controls by using the
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properties of generalized Clarke subdifferential and a fixed point theorem for condensing
multivalued maps.

On the other hand, over the previous few decades, fractional calculus has become
increasingly important in mathematics. For some physical problems, fractional-order differ-
ential equations are more appropriate than integer-order differential equations. Fractional
differential Equations (FDEs) have been a hot research topic due to their application for
control systems, chemical engineering, mechanical, natural sciences, dynamics, physical
science, viscoelasticity materials, electrical circuits, neural networks, and so on [9-15]. We
draw attention to the fact that over the past three decades, FDEs have developed signifi-
cantly (see, for instance [16-21]), and are an effective tool for describing certain materials
and processes [10,11].

Stochastic differential Equations (SDEs) are useful tools for characterizing diverse
phenomena and procedures with stochastic disturbances in many branches of science
and engineering. See the textbook [22] for details on the broad idea of SDEs. It should
be highlighted as well that stochastic discomfort or noise may be found in both natural
and artificial systems. SDEs are crucial for simulating real-world phenomena where
an element of unpredictability is required. As a result of their numerous uses in the
biological, physical, and pharmaceutical sciences (see [23-25]), SDEs have gained a lot of
interest. The unpredictable events studied in microbiology, including entropy, neurobiology,
and industrial engineering, are the inspiration for SEEs in infinite-dimensional spaces.
Numerous writers have discussed in great detail the existence of mild solutions for different
forms of SEEs and their OC in Hilbert spaces (see [26-28]).

The HFD, which also contains the R-L and Caputo fractional derivatives as special
instances, was introduced by Hilfer [10]. It is used in conceptual simulations of electromag-
netics in glass-forming components. Gu and Trujillo examined in [29] the possibility of mild
solutions to an evolution equation including HFD. The solvability and OC of impulsive HF
delay evolution systems with Clarke sub-differential were examined by Harrat et al. in [7].
Some intriguing results are presented for HF evolution equations under nonlocal situations.
For instance, Yang and Wang examined in [30] the approximation of controllability of
an HF differential system with nonlocal circumstances. Yang and Wang investigated the
possibility of mild solutions to an HF differential equation with nonlocal circumstances
in [31].

The mathematical structure of many physical processes, including the movement
of fluids through cracked rocks and entropy, frequently reveals the differential system
with Sobolev-type. The readers may refer to [32-34]. Neutral systems have gained more
attention recently due to their extensive use in several pragmatic mathematics domains.
Diverse neutral systems, including material’s thermal expansion, stretchability, surface
waves, and a number of biological advances, profit from neutral systems immediately
or later. For further details on the neutral system and its use, readers might refer to
the [21,24,35].

Numerous scientific fields, including ecology, quantum field theory, geography, and
pharmacology, where a consequence or delay must be considered, utilize integral-differential
equations. In practice, a model having hereditary properties is always denoted by an
integro-differential system. The authors Ahmed et al. [36] produced the HF stochastic
integro-differential equations by employing the ideas of fractional calculus, semigroups,
and Sadovskii’s fixed point principle. The existence and controllability of a fractional
integro-differential system of order 1 < r < 2 with infinite delay demonstrated using
the mathematical concepts connected to the fractional derivatives and the MNC were
recently studied by Mohan Raja et al. [37]. Researchers [24,35,38] have investigated the
HF integro-differential systems with almost sectorial operators by utilizing the fixed point
technique. Using the modified Clarke sub-differential and a fixed point principle for
multivalued maps, Sivasankar et al. [39] recently created the OC issues for HF neutral
stochastic evolution HVIs. Inspired by the above articles, the researchers developed the
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existence of Sobolev-type Hilfer fractional neutral stochastic evolution hemivariational
inequalities and optimal controls.

It appears that there are still a lot of intriguing concepts and open-ended questions
in the making, despite the fact that major advances have been made in the solvability
and control problems of HVIs and fractional SEEs. It is generally recognized that the
concept of controllability is important for the research and development of control systems.
Moreover, it is crucial to study HVIs with fractional derivatives since they are connected to
relevant fields such as selective memory entropy, thermoviscoelasticity, and water loss in
heat transfer. To our knowledge, however, there has not been any research on OC problems
for Sobolev-type HF neutral stochastic evolution HVI published in the literature as of yet.

This study proposes to close this gap by drawing inspiration from the above results.
This article’s goal is to demonstrate the existence of solutions and the optimal control
problems for Sobolev-type HF neutral stochastic evolution HVIs of the following form:

(DYELT5(0) = 9(t3(0)] + Al(0) — P(b,3(0)] + Bu(t) +O(t,3(0) Y, w) .
+G04,3(4);w) >0, te¥ =[0,8, Vw € X, )
20D (0] o 4+ h(5) = 50,

where Dé‘f denotes the HFD, t € ¥/ = [0,¢], A € [0,1], { € (0,1). The state variables 3(-)
takes the values in X is the Hilbert space with || - ||x and the inner product (-,-)x. The
almost sectorial operator of the strongly continuous semigroup operator {7 (t), t > 0} in
XisA:D(A) C X — Xand J : D(J) C X — X is the linear operator on X. A control
function is defined as u, and the collection of all admissible controls is classified as U, which
is a Hilbert space. Let the bounded linear operator % : U — X, the functiono : ¥ x X —
2%\ {@} be a bounded, non-empty, closed convex multivalued map, and ¢ : ¥ x X — X
be the appropriate function. Assume that K is the another separable Hilbert space and
(0,3, P) is a complete probability space. Assume that the nuclear correlation operator
Q > 0 and the finite trace of the Wiener process {W(t) : t > 0} are characteristics of the
K-Wiener process. The same expressions, || - ||, are used to represent the norm of L(K, X),
where L(K, X) signifies the region of all bounded operators from K — X. If K = X, then
L(K,X) = L(X). The representation G%(t, -; -) represents the Clarke sub-differential of a
universally Lipschitz function G(t,-) : ¥ — R. Consider that E represents the predicted
value of a random parameter or the Lebesgue integral with reference to the probability
function P, and let .</,; be the collection of such admissible state control sets (3,u). The cost
functional on the set .« is supplied by

H (o) = E [ (30, u(0)d ®

The following are the main contributions of our article:

*  We construct and apply a set of sufficient conditions that demonstrate the existence
and optimal control outcomes of Sobolev-type Hilfer fractional neutral stochastic
evolution hemivariational inequalities under simple and fundamental system operator
assumptions;

* In this study, we prove that the existence findings of Sobolev-type Hilfer fractional
neutral stochastic evolution hemivariational inequalities satisfy certain requirements;

*  We further expand the finding to derive the Lagrange problem for optimal controls
findings for Sobolev-type Hilfer fractional neutral stochastic evolution hemivariational
inequalities;

¢  These optimal control results are created without taking the originality of the control
system’s solutions into account;

e In particular, the optimal control problem is derived from the Lagrange problem and
solved by the fixed point method.
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This paper’s outline is divided into five portions. In Section 2, we provide a list of
required conditions. We show that system (1) has a mild solution in Section 3, assuming a
few fair premises. We discuss the optimal control method governed by (1) under acceptable
requirements in Section 4. A concrete example is given to illustrate our main conclusions in
Section 5.1.

2. Preliminaries

The fundamental concepts, symbols, and lemmas of fractional derivatives that are
required to explore the key outcomes are provided in this part, along with the necessary
preliminary information.

Assume X is a separable Hilbert space and that || - || x represents its norm. Consider that
(U, 3, P) represent the complete probability field with the regular identification {F¢, t > 0}.
L%(3, %) = L*(U,§, P, X) indicates the Hilbert space of all highly §-measurable square inte-
grable X-valued random parameter fulfilling E|[3/|3 < co. Suppose C(¥, L?(§, X)) is the Ba-
nach space of all continuous maps from ¥ — L2(§, X) with ||3]| ;2 = [Supte[o,f] Ell3()1%] : <

co. L2 (7, X) will represent the Hilbert space of all stochastic processes - adapted measur-
able, described on ¥ using values in X and ||3HL2 ¥x) [fo Els()% dt] < oo. The space
12 (“f/ U) will stand for the Hilbert space of all stochastlc processes § - adapted measurable

characterized on ¥ assuming values in U and |jul|,2 2(9,0) = fo E|lu(t ||E2Jdt]

We suppose 3 an entire orthonormal system {e;} in K, a bounded series of non-
negative real integers {B,} > Qe, = Bnen, n =1,2,---, and a series {y, } of independent
Wiener processes >

:i Bulen, e)pn(t), e€XK, t>0.

Let o € L(K, X) and specified by

2

[e9)

ol = Tr(eQe")

Bnoen

Suppose ||o]|g < o, then ¢ is called a Q-Hilbert Schmidt operator. Let Lo (K, X)
serve as the specification of the space of all Q-Hilbert Schmidt operators ¢ : K — X. The
satisfaction of the equation L (K, X) of L(K, X) with respect to the geometry resulting from
the expression || - ||, where ||o||3 = (o, o) is a Hilbert space with the above norm geometry.

The operators A : D(A) C X — Xand J : D(J) C X — X fulfill the accompany-
ing assumptions:

(A1) A and J are closed linear operators;

(A) D(J) € D(A) and J is bijective;

(A3) J~1: X — D(J) is continuous. Here, (A1) and (A), together with the closed graph
theorem, imply the boundedness of the linear operator A7 ! : ¥ — X. We designate
171l < Mg and |71 < M.

The following presents the fundamentals of fractional calculus. (see [11,14]) for more
information.

Definition 1 (see [11,14]). The fractional integral of order A > 0 with the lower bound zero is
specified as for the function g

I{g(t) = F(l)\) /0 (- g(e)de, >0,
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if the RHS is given pointwise on the range [0, 4-c0), where T is the gamma function. We simply
assume that the gamma functions employed in this work are real without loss of generality.

Definition 2 (see [11,14]). The R-L derivative of order A > 0 with lower limit zero may be
expressed as for the function g : [0, +00) — R

1 am ot (¢)
LPro(s) — _ 8% _
Dtg(t)_l"(m—)\)dtm/o (t_g)A_m+1dg,m 1<A<m meN.

Definition 3 (see [11,14]). The Caputo fractional derivative of order A > 0 may be expressed by

m—ltn
) wg“(O)),m—1<x\<m,m€N,

n=1

Dj.s() =+ D} (509 -
where the derivative of the function g is absolutely continuous up to order m — 1.
Definition 4 (see [10]). The HFD of order 0 < A < 1,0 < ¢ < 1 for the function j is specified as
Dyfe(t) = Ly D(z M V) (v).

Remark 1 (see [11,14]).
(a) Ifg(t) € C™0,00), then

Dig(t) = — C8MO) g qnNgm(), 50, m=1<A<m
S TTm—A) Jo (t—gpmir®e = R ‘

(b)  The Caputo derivative of a constant is equal to zero;
(c) Suppose g is an arbitrary function with entries in E; then, the formulas in definitions 1 and 2
are interpreted in Bochner’s sense.

In the following, we discuss a number of essential properties of a multivalued map;
for more information, please refer to the books of [40,41].

In a Banach space Y with || - ||, Y* stands for Y’s dual, and (-, -) represents the pairing
of Y and Y*. We shall employ the accompanying representations for our contentment:
Pg
Plaok(e)(Y) = {0 € Y : U is non-empty, (weakly) compact (convex)}.

(©)(Y) = {0 C Y : Uis non-empty, closed(convex)},

In the next section, we will discuss how to describe the extended Clarke gradient for a
globally Lipschitzian functional G : Y — R. We indicate by Gy (3; w) the Clarke geometric
gradient of G at 3 in the direction w, i.e.,

§(5,w) = lim sup 28 +B0) =96
/ 35 g0t B

Recall also that the generalized Clarke sub-differential of G at 3, represented by dG, is
a subset of Y* produced by

G(;)={" €Y :G°G,w) > (*,w), Vw e Y}

Our main conclusions depend heavily on the preceding essential characteristics of the
generalized directional derivative and the generalized gradient.

Proposition 1 (see [42]). Suppose g : U — R is a globally Lipschitz function on an open set U of
X, then
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(i) Vzé€X onehas g3, w) =max{(;*,w):V;€9g()};

(i) V3 € U, the derivative 9g(x) is a convex, non-empty, weak*-compact subset of X* and
3%+ <KV 3 € g(3) (where K is the Lipschitz constant of g near 3);

(iii) the graph of the generalized derivative 0g is closed in U x X3 topology, i.e., suppose {y, } C U
and {y}} C X are series 5 3, € 0g(3x) and 3o — 3 in X, 3o — weakly” in X, then
3 € 0g(3) (where X3 represent the Banach space X related with the v*-topology);

(iv) the multivalued function U > 3 — 9g(3) € X : U — X} is u.s.c.

Lemma 1 (see [43]). Let G : [0,¢&] x U — L3 bea strongly measurable mapping > foc E||G(t) ||’szt <
0

co. Then N p &
Cc Cc
| [“cloamwio| <t [ EIc©Is

VO <t<&andp > 2, where Lg is the constant involving p and ¢.

Theorem 1 (see [44]). Let Y be a locally convex Banach space and G : Y — 2V be a compact
convex valued, u.s.c. multivalued map > 3 of a closed neighborhood V of 0 for which G(V) is a
relatively compact set. Assume the set

U={3€Y:0;€G(3) forsome A > 1}
is bounded; then, G has a fixed point.

3. Existence

In this section, we investigate the existence of mild solutions for system (1). To achieve
this goal, we shall study the following system:

DoF1T5(6) = 9(t,3(0)] € Als(6) = 9(t,3(6)] + BOu() +O(t,3(6) 24
+0G(4,3(1), te V!, 3)

VO] o + 1) = 20,

where 0§ represents the generalized Clarke sub-differential of a locally Lipschitz functional
G(t-): X = R %B:U — Xis abounded linear operator, the control function u(-) is a
stochastic process provided in Lé(“I/ ,U) of admissible control functions, and the collection
U is a Hilbert space. © : ¥ x X x X — L3 is a suitable function, and 3y is a quantifiable
X-valued random variable independent of W.

The fact that every solution to system (3) also resolves system (1) is obvious. Assume
that in reality, 3(t) € C(¥, L?(, X)) is true. If system (1) has a solution, then a function g(t)
exists in dG (¢, 3(t)), also known as t € ¥, is a number that fulfills the following equation:

DYELT3(6) — (4, 3(4)] € Al3(t) — p(t,3())] + BB)u(t) + (4 3(t)) ot
+3G(4,3(t), te’,
I(g}r%)(lfg) [3()] =0 + 1(3) = 30

In view of the above equation, we obtain

<D6\;§[J3(f) — (6 3())] + AlBG) — v(,3(0)] + BE)u(t) + D(flé(f))dvﬁt),w>x
+<g(t)/w>x =0, aete “f//, VweZX,
VD)0 + 1) = 0.
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Since g(t) € 3G (t,3(t)) and (G(t), w)x < GO(t,3(t); w), we obtain

(DYE[T3(8) — 9(t,3(0)] + A1) — 9(t,3(6)] + BOu(t) +2(t,5() P, w)
+G6%(t,3();w) >0, teV, Vwex,

I(§+ M= g)[ ()] =0 + 1(3) = 30

It is shown that we can investigate system (1) by the corresponding evolution inclusion

system (3).
Now, using the Wright function, we specify the mild solution to system (3):

0 n—1

Z (=9) , 0<pu<1,8€C,

n=1 (n =1L (1 —pun)
that fulfills the equality

| e (e)ae - RAC) B
T+

Lemma 2 (see [21]). The operators M ;, Ny and Q) admit the accompanying requirements:
(a)  For every fixed t > 0, M, ;(t), Nz (t) and Q,(t) are bounded linear operators 5,V 3 € X,

1Moz (3]] < oatHEATA 5, NG (5] < kot 5] and
1Qz (1)31] < w2t I51],

(o NG
where K1 = %/ K2 = 1%)(/\(19))

(b) A Mg(t), >0}, {Ni(t), t > 0} and {Qx(t), t > 0} are strongly continuous;
(c) It T(t) is compact, then ¥/ t > 0, M 7 (t), Ny (t), and Q, (t) are also compact operators.

Lemma 3 (see [43]). If {7 (t) }t>0 is a compact Cy-semigroup for t > 0, then for t > 0, it is
uniformly continuous.

Remark 2 (see [45]). A semigroup T (t) is uniformly continuous zf 11m ||T( )—T(g)|]| =0.

Lemma 3, together with Lemma 4, proves that M ;(t) and Q) (t ) are umformly continuous
provided T (t) is compact for t > 0.

Proposition 2. Consider { € (0,1), g € (0,1] and ¥ 3 € D(A), then 3 a kg >0 >

{kal(2—q)
€Ir(1+ (1 q))

| A9Qq ()3]] < I3ll, 0 < t < &

Definition 5. For each u € L%(”V,IU), an F-adapted stochastic process 3 € C(V,L*(§, X)) is
said to be a mild solution of the control system (3) if 3(0) = 30 € X and Ja g € Lé("i/,%) >
g(t) € 9G(t,3(t)) ae. t € ¥ and

3() = T Mz (1T5(0) — 1) — 9(0,5(0))] + T (t5(1)
+ [T = ot 0o + Bule)lds
+ / T (t= o) Qu(t—6)2(g,3(5))dW(s),
where

Maz(®) = TEOVON, (1), Na() = Q) and Qu(0) = [ 5 @V (E8)ae.
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In this paper, the following hypotheses are used:

(Hp) For t > 0, the operator M (t) is compact;

(H;) The function t — M(t) is continuous in B(X) Vt > 0, and J a constant M > 1 >
MO < M;

(Hy) The function G : ¥ x & — R meets the accompanying criteria:

(a) V3 € X, G(:,3) is measurable;
(b) forae. te ¥, G(t-)is globally Lipschitz continuous;

() Ja function b € L%(”f/,RJF), 4 € (0,2 —1) and a constant ¢ > 0>

E[[9G(t,3)|1* = sup{Ellg(t)[|* : g(t) € 3G (t,3)} < b(t) + cll3]>

forae.te ¥andVj; € X.
(H3) O : ¥ x X — L3 is continuous in the second parameter for a.e. t € ¥ and 3 a function
de L%("t/,R+), d€ (0,20 —1)and aconstante > 0>

E[[2(t,3(1)]1* < d(t) + e3>
(Hy) Jaconstant Ly 5 V31532 € C,

E|[1(31) — 7(32)[1* < Lalls1 — 32/1%

(Hs) ¢ : ¥ x X — X is a continuous function and 3 constants g € (0,1) and My > 03> ¢ is
X;-valued and satisfies the following conditions:

Ellp(t,3)]* < M3 (14 10 512) 5ex, te V.
Define the admissible set as follows:
Ung = {u(-) € LE(¥, U);u(t) € Uae.t € 1},

In addition, %, is a bounded, convex, and closed subset of L¥ (¥, U) with1 < p < oo.
This is shown by Proposition 2.1.7 and Lemma 2.3.2 of [41], %,; # ©. Clearly, Bu €
LP(¥,X) Y u € %,;. Next, define an operator Y : Lé(”i/,%) by

Y(3)={We Lé("l/,%) :W(t) € 9G(t,3(t)) ae.t € Vforz e Lé(“lf,%)}.

In order to obtain the essential findings that we need, we also need the following
lemmas:

Lemma 4 (see [26]). Assume that (Hy) holds, then ¥/ 3 € L2("V,X), the set Y (3) has non-empty,
convex, and weakly compact values.

Lemma 5 (see [26]). Suppose (H,) holds, Y fulfills the following: if 31 — 3 € L2(V, %), zx — z
weakly in L2(V,X) and z; € Y (31), then z € Y(3).

Lemma 6 (see [6]). Suppose (Hy) holds and the operator Y fulfills the following: if 3, — 3 in
ng(”f/, X), Wy — W weakly in ng(“l/, X) and Wy, € Y (35), then we obtain W € Y (3).

Theorem 2. Suppose (Hy)—(Hs) holds, then the HF stochastic system (1) has a mild solution on
V provided by

2 211
§ = 5R(1-E+A-A) 12 <;<F0(r)\(;9))> (e +Lge) <1.
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Proof. Let us assume that the operator of the multivalued map Z : C — 2C is as follows:
forany 3 € C C L2(”f/ , Lz(s, X)), by corresponding Lemma (4),

z € Ciz(t) = tHEHAAT 771N, A (6)[T5(0) — hi(3) — 9(0,5(0))] + T 19t 3(t)
E@G) = + fo T U= o) Qu(t—¢)[g(g) + Bu(g)ldg
+ fy Tt = )M Q= 0)D(c,3())dW(c) |, t € (0,8].

It is now obvious that the major goal of our concentrated effort was to locate a sta-
tionary point of E. In this section, we will show that = fulfills each and every requirement
of Theorem 1. To make our findings more usable, we divided them into the six steps
listed below.

Step 1: We will now prove that V 3 € C, E(3) has convex, non-empty, and weakly com-
pact values.

We can easily show that Z(3) has non-empty and weakly compact values by using
Lemma 4. Because Y(3) has convex values, we can now draw a result for every a € [0, 1] by
first providing x1, x2 € Y(3) and then ax1 + (1 — a)x2 € Y(3). The function E(3) is convex.
Step 2: For every g > 0, D, = {3 € C : [3/*> < g}, and E C C. The closed, convex,
and bounded set of C is undoubtedly ©,.

In fact, it suffices to show that 3 a positive constant * > ||¢| < r*, VY € E(3),
and 3 € ;. Assume ¢ € E(3), then 3 a function g € Y(3) >

(1) =TS [J*Mmt) (T30~ 1() O30 + T 9(t3(0)
[T 0 - gl + [ T -0 MR- ) Bul)ds
[T 0N - 92l aem(e)|, e v
From (H)) to (Hs), Lemma 1, and the Holder inequality, we get
Elll? < 52049 BT Mo (01730 — his) — (05O + LT p(ts(0) P

+ BT e oM e ogeel?

+ [ (= PP VBT e - O Bu(o) e

+Lo [ EIT - 0 M0t 02(ea(e)ely|

2
< SUE 0 [ (o ) B e Bl

+ [[(0) 2] + Lur + 2M (1 + €060 54 12) )

2, DA-T 4t
2 2(1-Z+AL—AD) Kol (¢) ¢ / 2
T+ MEM(1+ ¢ 112+ M3 (2 ) (551 ) ol

+ = 0PV B0 + LeEl2(6 3(6)) e )

2
< SEEM |3 (e gy ) O M Ellal®

+ [[(0) 2] + Lpr + 2M (1 + €654 ]12) )

M M2(1+t2(1 CHAT=A0)||5112) 1 2 xol(9)\° 1-46 071~2A 5|
T (AY) 2V —1-946 LF (VRY)

*

~2/\71
Lol o )+ g e+ Loel + 1817l 0] | =

L5 (¥ RT) 21 —
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Thus, E(D;) is bounded in C(¥, L2(§, X)).
Step 3: {E(3) : 5 € Dy} is equicontinuous.
Firstly, for all 3 € D,
w(t) =t {MM;(") (T30 —1(3) —(0,3(0))] + ¢(t,3(¢) + /Ot(t —oMQult—¢)g(e)dg
+ = - 9Buledg + [ (1= 010t~ (e 3(MW(e) .

Next, given small enough e > 0and 0 < t; < tp < ¢, we get

E[|3(t2) = >e(t)|?

<E

CRM [MA,g(fz)[Jéo —1h(3) = 9(0,5(0))] + (2, 3(t2))

+ /Otz(tz - oMt — 0)gle)ds + /0tz (=) 'Qu(t2 — ¢) Bu(g)dg
+ [0t e - 0206 a(e) (o)

4 Mg (0)1T50 — ) ~ 900,300+ 9(015(0)
[ -0 M - 0g@de+ [0 -l - ) Bulede

2

+ [ =0 o - 0P s(eNae)|

2

<BE||[g MM T IMy () — 4 M T M (6)](T 50— 1i(3) — 9(0,5(0)))

2

+5E|[ SN 71y, 5(1)) — 6 SN T (4, 5(1)

— — Atl
15E|| g ¢ “J*l/o (2 =6 'Qu(t2 — ¢)g(6)dg

- _ b 2
— T [T — oM (e — s (o)

t
+15E tf““’”flj’l/o (-0 Qi - 0)8(6)de

_ _ _ 4 - 2
SRl R CE it ORI A

2
+ 15E

— NG — —_ tz —
ty CHMEAe g 1A (2 — )" Qa2 — 6)g(c)dg
St

+15E|| g ¢ 7 1/0 (=) 'Qu(t2 — ¢) Bulg)dg

CrAras 1 [t B 2
— g g [T — 01 (0 — o) Bu(o)de

+15E

— - f
G [ e (- Bule)ds

AN 1 (B _ 2
— g T [P =M (4 — ) Bule)de

2
+15E

_ — t2
G [ o)l (6 - Bule)de
1

+15E

47 [T (= 1 1t — 9906, a(6))AW(E)

=R [T = Qe — D (6, ()W (o)

t
+15E |6 T [T = 61 10u (2~ 61206 5(6) AW (e)

2

g [T G 10, (0 - 9906 3(0)W ()

2
+15E

G [ 0 ( — (6, 5(6)aW(e)
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By the strong continuity of M +(t)(J30 —(3) — ¢(0,3(0))), we obtain
J1 =+ 0asty — ty.

The equicontinuity of ¢ assures that
Jp —0asty — {;.

By assumptions (Hy)-(Hy) and the same method applied in Lemma 3.1 of [23], we get

— — ‘{1
Js < 15E||¢) ¢4 ”J*l/o (2 — )" Q2 — ¢)g(c)dg

2

t
— T [P -0 M — )3l

2
< 15E‘

4
/0 (éfWHﬂ(fz I A I R Q)H) T 'Qu(t2 —¢)glc)dg

xol'(9) 20 s 21-CHA-AY) ,  \2(A-1)
§15(r(w)) /0 ¢ (—¢)

— GUERAAN g)zw”) M2 (t, — ¢)*M-VE|g(¢) ||2dg} :

We obtain J3 — 0 as t, — t;. Additionally,

2
Ja < 15E

greneeg [ ((n C MOt — ©)g(6) — (4 — Mty — g>g<g>)dg

!
<1561 IE B - PO @t — ) - Qalt — 6)PEg(e) .

By Theorem 3 and strong continuity of Q) (t), Js — 0as t, — t;.

2
Js < 15E

— — — tz -
(oTHAT20 7 1/t (b — )M 'Qu(t — ¢)g(5)dg
1

kol(8)\* 1 20-24A¢-20) CoN2(A-1) 2
< 15( ) M3 (2~ )" VE|g(o)]

Furthermore, in a similar way, we can get

Jo < 15E||6) ¢ ”J*l/o (2 — )" 'Qulta — ¢) Bu(g)dg

2

Al g
— N [T = 0000 (6 — ) Bulc)d

¢ 2
< 15EH /O 1 (@*5”5*”@ R A S (T g)Afl) T Qu(te — ¢) Bu(c)dg

kol(9)\2[ 4 [ 20-¢rag-20),,  20-1)
gls(r(w)> /0 £ (2 —¢)

2(1—-C+AL—AD - -
— UTERATA (200 1))M§(tz—€)2(w 1)H99IIZE||u||izwmﬂlg]-
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J7 < 15E

t
g [0 ((h =)' Q. — ) Bu(c)
2

(M — g>%u<g>)dg

t
2(1—g+AL—AY 1 -
< 1560176 )M§/0 (1 = ¢)** V[Qu(t2 — ) — Qu(t —Q)||2||%HZEHuH%z&(W)dQ
t
2(1—g+AL—AY 1 -
<156 EIME [N - POV~ )~ Qalt - ORI BIPENIR  de.

2
Js <15E

_ — f2
4071 (%, - 10, (1 - 0 Bule)de
1

2
Kol (9) 12 2(1—=C+AL—AD) 2(A-1) 2 2
< M AB||°E
<15( ) M (6= 02 VB PEIE,

51
Jo < 15E||¢) 4T 71 / (2 =)' Q2 — 6)O(6,3(6))dW ()

2

g [N - 0 0 - 02(6a(e)aW(e)

< 15EH 0 <t§‘5“5‘”(t2 N g))\—l>

2

T 1Qx(t2 — ¢)2(,3(¢) )W (g)

KoL) \*[ 1Y (20-2+Ag-A8)  \2(1)
§15Lc(r<w)> /0 & (2 —¢)

_ t%(l—CJrAC—Aﬁ) (t — g)z(A1)>M§(t2 _ g)Z(/wl)E|D(g,5(g))||%%dg}

Jio < 15E

G0 [T (- 0 Qi — 02(6s(0)
2
(=M — g>a<g,z<g>>)dw<g>

_ _ f
< 15LeMFG ) [Tl — P g — ¢) - Qult — o))
EIID(g,z(g))Iligdg
< 15L¢ M’2 2(1 T+AL— w)/ ) (A-1) ||Q,\(’t2— )—Q/\(’q—g)Hz
E[[2(c,5(6)) 7.

) 2
i < 15E||y 6T 71 /t t (2 =)' Q2 — 6)2(g,3(¢) )W (c)

1

r(9)\> ~
< 1586 (BT ) MBEOE) o - )2 VED(G 3(0) s

Hence, using LDCT, we deduce the RHS of the aforementioned constraints — 0 as
tp —t; — 0. We conclude that E(3)(t) is continuous from the right in (0, ¢]; a similar
argument shows that it is also continuous from the left in (0, ].

Similar to the previous case, we can show that E||¢(t,) — 30/|> — 0 operates indepen-
dently of 3 € D, fort; - 0and ty =0and 0 < t; <¢é.
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The aforementioned justifications lead us to believe that {Z(3) : 3 € ©,} is an equicon-
tinuous set of functions in C(¥, L2(g, X)).
Step 4: = is completely continuous.

Consider the case when t € ¥ is fixed. We demonstrate that the collection (t) =

{8(t) : ® € E(Dy)} is relatively compact in X. There is no doubt that ¢(0) = {30}
is compact.

The only variable that has to be considered is t > 0. Assume 0 < t < ¢ to be fixed and
V3€®, 0€&(3),JageY(3)>

B(1) =1 EHE 0T 1 Mo (01T 30— h(5) = (0,5(0))] + 9(0,5(0)
+ [ = - 9ls(o) + Bulo)lde
+ [ - - 02w, e,

Foreache € (0,t), t € (0,¢] and any 3 € D4, we specify

96 () =t! - ErAeAt gl [Mu(f) (T30 —1(3) — 9(0,3(0))] + (¢, 3(t))
+ /Ot_e(f — o) Qu(t—¢)[g(c) + Bu(g)ldg

+/Ot_e(t—g)HQA(t—g)D(g,z(c;))dW@ :

According to the boundedness of fotfe(t —o)M1Q(t—¢)[g(g) + Bu(g)]dg, Otfe(t -
)M QA (t—6)2(¢,3(¢), (H3)(g))dW(g), and the compactness of M, ¢(t), Q,, we obtain

that the set i (t){9°(t) : @ € E(Dy)} is relatively compact in X V € € (0, t). Moreover, ¥
¢ € E(D,), we obtain

Ell6(t) — 6° (9|12 <E

0071 My (01730~ 1(5) = 910,5(0))] + 9(0,5(0)
+ [ =t Q- 0)lg(e) + Bulo)lde

+ [ =0 Mot PG s(Naw )|

SR A (0150 — ()~ $(05(0)] +9(03(0)
[T =0 - 0)ls(o) + Bullds

2

O A B R EREITIE]

2r 20-1 gt
w0 2(1-0+Az-18) p g2 (0L (8) \ T € / 2
= M3 (g ) [t [ Ellsto) + #utolag
t
i [ (= PO VERG a0 ]

20, 20—
<2(1-C+AL-29) M§<KFO(FA(§))) 2e2A-1

1-6 b 2 2
STy e+ B o)

1-6 o—1 1s 62/\71
+LG(2A7(5> € IldHL%("V,R*)+LGZ/\fleq:|'

= the set ¢ (t){0°(t) : & € E(Dy)} is totally bounded, i.e., relatively compact in X.
The Ascoli-Arzela theorem allows us to prove E is completely continuous.
Step 5: & has a closed graph.
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Assume 3, — 3« in C(¥, L%(F, X)), %y € E(34) and 8, — 0. in C(¥,L2(F,X)). We'll
demonstrate 9, € E(34). Accordingly, ¢, € E(3,) means that 3a g, € Y(3,) 2

B (1) =t e [Mmt) (T30 = 1(3) = $(0,5(0)] + (b 3n (1))
+ [ = M- Olza(e) + Bul)lde
+ [ = m- 9Reaenaw(e)| @

We can demonstrate that {(gu, f(,31)) }n>1 C L%(“f/, X) x L2 is bounded by using
(H3)(iii) and (Hy). In light of this, we may assume and go on to a related idea, if neces-
sary, that

(§n f(r3n)) = (84, f( 5)) weakly in LE (¥, X) x L§. ®)

From the compactness of Q,, (Hy), 4 and 5, we get
) 56T T A 20150 — 1) POSO)] + 9(t.(0)
+ [ (=0 1= 0)lge (o) + Bule)ldg
+ [ = - 020 (eNawie)| ©

It should be noticed that g, and ¢, — ¢, in C(¥,L?(F,X)) and g, € Y(3,), respec-
tively. In accordance with Lemma 6 and (6), we obtain g, € Y(3«). Because of this, we have
shown that = & has a closed graph for ¢, € Z(3+). It follows from Proposition 3.3.12(2)
of [42] that E is u.s.c.

Step 6: A priori estimate.

From Steps 1 to 5, we know that Z is a compact convex value and u.s.c., and E(9Dy) is

a relatively compact set. According to Theorem 1, we remain to prove the set

II={3€C(V,L2§X): A €E(3), A>1})

is bounded to obtain a fixed point of E.
Let; € [Tand assume 3a f € Y(3) 3

9(t) =AM EFAA T, (O[T 50 — 1(5) — 1(0,5(0))] + AT HEETATAY 7Ly (¢ 5(1))

artgeeeg [ (= oMt - 0)lg(e) + Bulg)lde

+ AT EHALAS 71 /Ot(t — )M QA (t—6)D(,3(5))AW ().
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By using hypotheses (Hy)—(Hs), Lemma 1 and the Holder inequality, we get
E[l3(0)F < 51764 771 {EHMA,g(f) (T30 = 1(5) = 9(0,3(0)* + Ell(t, 5(4)) 1
B [ (-0 Qe o)g(e)de P
BN [ (6= 0 (- o) Bu(e)de P
+E| [ (-0 - 0P
< 5(17EHALAY) (L(ﬂ))zMﬁtz(‘“g‘A“”) [MZE 50l + E[[1(0) |

I(C(1—A)+A0)
+Lhr+Mlp(1+t2(17§+)\§7)\19)“3 ”2” +5t2(17§+A§7?\0)M/2M (1 +t2(17§+A§7/\19)H5H2)

1 52(1-0+Ag- /\19)M/2(7¥)(1:\(19)> K e )/ [b(¢) + cE|l3(¢) %]

2A—1
+ <2t/\—1> ,/OtEH%u(a)HZdHLc/ (t—¢)* M D[d(g) + eEll3(g) %]

_ _ 9)
< 520-1+A;-18) Kol ( 2 2(~14+{-AL+A8) 2 2
= (r(g(1—A)+w) M [MZEl|30]1* + E[[1(0) |

L Mp(1 4+ E0EE o )] ¢ 5~2<1-€+M-M>M§M¢<l O )

sset-zarangg (STONVTE oy e L2
T(A9) ) [2A— L3 (7 R)

1 5 o—1
_1-0 ' aras
1B )+ Lo (g ) Ay

<I1+S|301% )

where

= 5¢2(1=6+AL=A9) xol'(9) 12 2(~14{-AL+A8) [ 12 2 2
o (F(é(l—)\)+w) M [MZEl|30]1” + E|I(0) ]

+ Lyt + My (14 @A 5 2)] 4 521 EHAADME M, (1 + 52(1‘5+A€‘”) 1311%)

21 211 a2
2(1—4+A7—A8) y g2 [ KoL (8) ¢ A1
o Mj(r(w) et G L PP >

6-1
1-0
L 2A—1-0
+ G(ZA—l—(S) ¢ Ia ”La (VR |

As aresult, from S < 1, the inequality (7)

“I/U)

I
— 51 = sup El5(0I < 1+ I3 < — = po.
ey S—1

As a result, the collection IT is bounded. By Theorem 1, we obtain that Z has a fixed
point. The proof is completed. [

4. Optimal Controls

This section examines the prior Lagrange problem (LP):
(P) Find a set (3°,u’) € C(¥,L?(5, %)) X Uy >

H(°00) < A (3,u), Y (3,u) € C(V, L2(F, X)) X Uaa,

where

H(3u) = E /0 " (4,57 (), u(t) dt
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Here, 3" stands for the mild solution of system (1) relating to the control u € %,;. We
use the preceding assertion (Hg) to explore the Lagrange problem (P):
(i) The functional & : ¥ x X x U — R(J{oco} is Borel measurable;
(if) Foralmostallt € ¥, ¥ is sequentially l.s.c. on X x U;
(iii) Foreach 3 € X and almostallt € ¥, £ (4,3,-) is convex on U;
(iv) 3 constantsry; >0, rp > 0, ¢ is positiveand ¢ € L}(¥,R) >

£ (43u) 2 5(4) +rE[3]% + r2Elullp.

Theorem 3. Suppose the assertions (Hy)—(Hg) are satisfied. The OC problem (P) allows at least
one optimal set if 9B is a strongly continuous operator.

Proof. The Lagrange problem (P) has a single optimum set if inf{# (3, u)|u € %3} =
+oo. Assume inf{# (3,u) : u € %3} = v < +oco without loss of generality. Then,
v > —oo is implied by the condition (Hg)(d). According to the concept of infimum,
a minimizing sequence of possible couples {(3",u")} C .«,; 3 £ (3", u") - vasn — 4o
exists. Therefore, {u"} C %, n = 1,2,---, {u"} is bounded on Lg(“V,TU), due to
the reflexivity of Lg(”f/ ,U), 3 a subsequence of {u"}, denoted again by {u"}, and u* €
LE(¥,U), fulfilling

weakl
un

p
u* e LS(”V ,U).
According to Mazur’s lemma, u* € %, since %, is convex and closed. Remember

that the corresponding sequence of answers to the previous integral equation is indicated
by the symbol {3"}:

§(0 =0T A (0150~ 1(5) — 9(0,6(0))] + (537(0)
+ [ = - 9l (0 + B (e
+ [ =M ut- 0o e)aw(e)|, ®

where (¢, 5" (¢), (H3")(¢)) € So,zn and g" € Y(5").
The next step is to show that {3} is a relatively compact subset of C (¥, L2(§, X)).
First, similar to the proof in (7), we obtain

D renr I(9) 2 (il
n|12 < 5R2(1—(+A7—A8) Ko 12 22(=1+{—AJ+AY) [A 2 2 2
Ells" (1)]]” < 5¢ T A) +ap) ) MI° [MYE||30 + E[[1(0)]

Ly 4 My(1+ A5 0 2)] 4 520 EHAT-00) M2 g (1 4 20-E4AG-00) 5123

2 D2N—
st (STONT AT oy e s, )
J\Te) ) |2a—1 L3 ( R*) L5 (7.0)
1-6 7o AT 9
+Lc<m> : Hd||L%(%R+)+Lc62/\ Jal ©)

We deduce that 3 a constant > 03 ||3"|| < u, = {3"} is uniformly bounded due to
the boundedness of {u, }, (9), and Gronwall’s inequality.

After that, we can demonstrate that {3"(t) } is equicontinuous on ¥, and that {3"(t)}
is relatively compact for any t € ¥ using an equivalent argument to Steps 3 and 4 in
Theorem 2. There is a function 3* € C (“I/ , LZ(S, %)) since the Ascoli-Arzela theorem is a
relatively compact subset of C (“I/ ,L2(F, %)) 3

3" =3 inC(¥,LA(3,%)) C L2(V, L35, X)). (10)
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The dominated convergence theorem, together with the properties of boundedness
and compactness of {u, } and NV, (t —¢),

— [T = N 9B @de - [T -0 N (- 9B (@de. ()

Due to the compactness of Q,, (H)(c), (Hz), (10), and Lemma 6, one gets a result
similar to Step 5 in Theorem 2.

0T Mo (01730~ (6) ~ $(O3(0D] + 963" (0) + [ (1= 61106 0" (e
+/Otu—g)H@A(t—g)a@,a"(g))dW(g)]

= 0T [ My 0150~ h6) — $OKO))] + 965" (0) + [ 1=/ M O- 9" (0)de
+ [ =9 - 02065 )W (o), (12)

where O(¢,3"()) € Sy ;- and g* € Y(3*). Thus, it may be deduced from (11) and (12) that

570 =0T M (01750~ 1)~ 9(0.50)] + 95" (0)
+ [[- 9 - o)lg(0) + B (0))dg
+ [ - op(es W), 3

This proves that 3* is a mild solution to problem (1) corresponding to the control
u € Uy

As we can see from Theorem 2.1 of [46], all of Balder’s assumptions are satisfied by
(a)-(d). Consequently, Balder’s Theorem illustrates that the functional

() = B [ 200540, u(0)at

is sequentially Ls.c. in the strong topology of ng(”i/ ,X) and weak topology of Lg(”if ,X) C
ng(“l/, U). Since Lg(“f/,U) C L%(“i/, U), we conclude that % is weakly L.s.c. on L%("f/,U).
From the hypotheses (Hs)(d), we know that #* > —oo. Consequently, we determine that
A achieves its infimum at u* € %,;, and so

o= 1im E [ 2(t3"(6), " (¢))dt > E/Og.f(t,g*(t),u*(t))dt > 0.

n—oo 0

The result is now finished. O

5. Example
5.1. Example-1

We examine the following control system represented by hemivariational inequality
as an implementation of our major findings:

Défb(t,é)—agg(té)—k(w(tﬁ))} 9@2[(&:) k(t,5(t,¢))] +09G(t,3(t,8)) + Bu(t,¢)
+O(43(48) W e (0,1], & € (0,7,

(14)
(tO)—g,(tn):O te[Ol]

20N (5(0,8)) + 20 [ k(4 6)3(8 6)de = 50(), € € [0,7),
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4 3V (1—
where Dgf is the HFD of order % and type A € [0,1], Iéi)(l Y is the R-L integral of order
(3)(1— A) and k(t,¢) € L?([0, 7t] x [0, 7t]), m is a nonnegative number, and 0 < t; < tp <

-+ < tw < 1. Consider 3(-)(¢) = 3(-, &), B()u(-)(¢) = Bu(-,¢), and

sew=k [ [ aworad s [ [ o P

Let W(t) be the two-sided, one-dimensional Brownian motion in X specified on filtered
probability area (A, §, P), and 9§ represent the generalized gradient of a locally Lipschitz
function G. A simple example of G fulfilling the requirements (Hy) is G(t, u) = G(p) =
min{g¢;(y),g2(¢)} where g; : R — R, i = 1,2, are convex quadratic functions (see [20,42]).
The function 9(t,3(t)) = k(t,3(t,§)), satisfies the condition (Hs).

To write the above system (14) into the abstract form (1), set X = Y := L?[0, ). Specify,
A:DA) cX¥ - Xxand J : D(J) C X = Xby A; = sge and J3 = 3 — 3¢z, where

domains D(A) and D(J) are provided by {3 € X : 3, 3z are absolutely continuous, 3z €
%, 3(0) = 3(71) = 0}. Then, A and 7 can be written as

A; =Y —n*(3,en)en, 5 € D(A),

n=1

(1 +n2)<3,en)en, 3 € D(E),

agk

T3 =

n=1

where e, (y) = \/g sin(ny), n =1,2,- - is the orthonormal basis of eigenvectors. More-
over, for 3 € X, we have

1 > 1
J 3= Z m(éleﬁen/
n=1
A - = PO RY 4 7
T s n;l 1+ n2 <5 en>en

and Q) (t) = Y1 exp <1+”:2> (3,en)en. Here, AJ ! generates the infinitesimal generator
of a compact semigroup T(t)(t > 0) on X, presented as

_q2

T(t); = Y et (3,en)en, 3 € X, | T()]| <e™t, V> 0.
n=1

Specify 3(t)(¢) = 3(t,¢) and O(t,3(t)) (&) = O(t,3(t,¢)) that fulfill the condition (H3).
Let the infinite-dimensional space U be defined by

o0 o0
U={u:u= Zunenwith Zuﬁ < oo}
n=2 n=2

The norm in U is specified by ||ully = (X5, u2) 2. Explain a bounded linear operator
% : U — X as follows:

o0 [ee]
Bu = 2upe; + Z u,e, foru = Z uye, € U
n=2 n=2

Since all of the criteria of the Theorem 2 are met, system (14) may be written in the
abstract form (1). The hemivariational stochastic control system (14) has a mild solution
and at least one feasible optimal pair, according to Theorem 2.
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5.2. Example-2

In this section, we give an example to illustrate our main results. Let X = U = L?[0, 7).
Define A : D(A) C X — X by Aj = 3y, where domain D(A) is given by

D(A) = {3 € X : 3, 3y are absolutely continuous, 3, € X3(t,0) = 3(t, 1) = 0}.

Then, A can be written as follows:

[e9)

Az = — Z 1% (3,en)en, 3 € D(A),

n=1

en(y) = \/Zsinny, n=12,---

is the orthonormal basis of eigenfunctions of A. It is known that A is the infinitesimal
generator of a compact semigroup T(t)(t > 0) on X given by

where

T); =Y e (en)en 3 € X, |T(H)] <e™t, V> 0.

n=1

The admissible controls set %, is defined by %,y = {u € Ul 21,0y < 1}
Consider the problem of finding the controls u(3;y) to minimize the cost function

s =E | [ lstePauy+ [ [ jute Py,

subject to the following system:

< - Df’% (6 y) — k(4306 y)] + [y (b y) — x(t3(Ly)] + f5 (v, O)ult,y)ds

$D3(6 )M, @) + 0w s y)iw) 20, te 01] = (07 -
3(t,0) =3(t, 1) =0, t€[0,1],
7390 (3(0,8)) + BG4 ) = 50(8), € € [0, 7.

where {W(t) } R is a two-sided and standard one-dimensional Brownian motion defined
on the filtered probability space (A, §, P); 0 : ¥V x X — L% is a non-empty, bounded, closed,
and convex multivalued map which satisfies the assumptions (Hz); i : ¥ x X — X be the
appropriate function; g : [0,1] x [0,1] — R is continuous.

Let a functional G : [0,1] x & — R be defined by

1
G(5) = [ 8Ly s)dy, te©1),5€x,
where ,
g(t,y,z):/O 1(4y,0)d8, (4y) e (0,1)x (0,7), zeR.

Suppose that 7 : (0, 1) x (0,1) x R — R is a functional such that

(i) forally € (0,m), z€R, v(-,y,2): (0,1) — R is measurable;
(i) forallte (0,1), z € R, ¥(t,-,2) : (0,r) — R is continuous;
(iii) for all z € R there exists a constant c; > 0 satisfying

[v(, - 2)| < (1 + Iz]);

(iv) forallz € R, (-,-,z+0) exists.
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If v satisfies (iii), then one has 9G(z) C [y(z),¥(z)] for z € R (we omit (t,y) here),
where (z) and 4(z) stand for the essential infimum and essential supremum of 7 at a point
z. If 7y satisfies (i) — (iv), then the function g(-, -, -) defined above has properties as follows:
(i) forally € (0,7),z€R, g(-,y,z):(0,1) = Rismeasurableand g(-,-,0) € L?>((0,1) x

(0, 7));

(i) forallte (0,1), z€ R, g(t,-,z) : (0,71) — R is continuous;
(iii) forall (t,y) € (0,1) x (0,7), g(t,y,-) : R — Rislocally Lipschitz;
(iv) there exists a constant c; > 0 satisfying

2 < a1+ J2]), forall € 9g(t,y, ), (4y) € (0,1) x (0, 7);
(v) there exists a constant c3 > 0 satisfying
(ty,z,—2) < ca(1+ z]), forall (t,y) € (0,1) x (0, 7).

Moreover, the functional G (-, -) defined above satisfies conditions (Hp).

Define .

s(6) =30)(0, Bu) = [ g, 0)u(ty)do.

We also suppose that condition (Hg) holds. Thus, problem (15) can be written as the
abstract form of problem (1) with the cost function

§60) = E [ 5011+ ()2

Summarizing the above, we know that the hypotheses (Hy)-(Hg) hold. Thus, all
conditions of Theorems 2 and 3 are satisfied, and we conclude that problem (15) has a mild
solution and at least one optimal pair.

6. Conclusions

This study explores the existence of mild solutions and OC for a class of Sobolev-type
HF neutral stochastic evolution hemivariational inequalities. The properties of generalized
Clarke’s subdifferential and a fixed point approach for multivalued maps were first em-
ployed to provide appropriate standards for the existence of mild solutions to the focused
control system. The existence of optimal state-control sets that are governed by Sobolev-
type HF neutral stochastic evolution HVIs was then proven using limited Lagrange optimal
systems. The OC results are gathered without considering how unique the control sys-
tem’s solutions are. The main result is eventually illustrated with an example. In the next
study, we will talk about the optimal controls for HF stochastic Volterra—Fredholm integro-
differential evolution HVIs with Poisson jumps, as well as the existence of mild solutions.
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Abbreviations

The following abbreviations are used in this manuscript:

HF Hilfer fractional

HFD Hilfer fractional derivative

FDEs Fractional differential equations

HVI Hemivariational inequality

HVIs Hemivariational inequalities

OocC Optimal control

SDEs Stochastic differential equations

SEEs Stochastic evolution equations

SEHVIs Stochastic evolution hemivariational inequalities
R-L Riemann-Liouville

RHS Right-hand side
LDCT Lebesgue dominated convergence theorem

References

1.  Panagiotopoulos, P.D. Nonconvex super potentials in sense of F. H. Clarke and applications. Mech. Res. Commun. 1981, 8, 335-340.
[CrossRef]

2. Panagiotopoulos, P.D. Hemivariational Inequalities, Applications in Mechanics and Engineering; Springer: Berlin, Germany, 1993.

3. Migdrski, S.; Ochal, A. Quasi-static hemivariational inequality via vanishing acceleration approach. SIAM J. Math. Anal. 2009, 41,
1415-1435.

4. Park, ].Y,; Park, S.H. Optimal control problems for anti-periodic quasilinear hemivariational inequalities. Optim. Control Appl.
Methods 2007, 28, 275-287. [CrossRef]

5. Liu, Z.H,; Li, X.W. Approximate controllability for a class of hemivariational inequalities. Nonlinear Anal. Real World Appl. 2015,
22,581-591. [CrossRef]

6.  Muthukumar, P.; Durga, N.; Rihan, F.A.; Rajivganthi, C. Optimal control of second order stochastic evolution hemivariational
inequalities with Poisson jumps. Taiwan. |. Math. 2017, 21, 1455-1475. [CrossRef]

7. Harrat, A.; Nieto, J.J.; Debbouche, A. Solvability and optimal controls of impulsive Hilfer fractional delay evolution inclusions
with Clarke subdifferential. . Comput. Appl. Math. 2018, 344, 725-737.
[CrossRef]

8. Pei, Y.; Chang, Y. Hilfer fractional evolution hemivariational inequalities with nonlocal initial conditions and optimal controls.
Nonlinear Anal. Model. Control. 2019, 24, 189-209. [CrossRef]

9.  Diethelm, K. The Analysis of Fractional Differential Equations, an Application-Oriented Exposition Using Differential Operators of Caputo
Type; Lecture Notes in Mathematics; Springer: Berlin, Germany, 2010.

10. Hilfer, R. Application of Fractional Calculus in Physics; World Scientific: Singapore, 2000.

11. Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; Elsevier: Amsterdam,
The Netherlands, 2006; Volume 204.

12. Lakshmikantham, V.; Vatsala, A.S. Basic theory of fractional differential equations. Nonlinear Anal. Theory Methods Appl. 2008, 69,
2677-2682. [CrossRef]

13.  Miller, K.S.; Ross, B. An Introduction to the Fractional Calculus and Differential Equations; John Wiley: New York, NY, USA, 1993.

14. Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999.

15.  Zhou, Y. Basic Theory of Fractional Differential Equations; World Scientific: Singapore, 2014.

16. Agarwal, R.P; Baleanu, D.; Nieto, J.J.; Torres, D.EM.; Zhou, Y. A survey on fuzzy fractional differential and optimal control
nonlocal evolution equations. J. Comput. Appl. Math. 2018, 399, 3-29. [CrossRef]

17.  Deimling, K. Multivalued Differential Equations; Walter de Gruyter: Berlin, Germany, 1992.

18. Jiang, Y.R. Optimal feedback control problems driven by fractional evolution hemivariational inequalities. Math. Methods Appl.
Sci. 2018, 41, 4305-4326. [CrossRef]

19. Kumar, S. Mild solution and fractional optimal control of semilinear system with fixed delay. J. Optim. Theory Appl. 2017, 174,
108-121. [CrossRef]

20. Lu, L, Liu, Z; Jiang, W.; Luo, ]. Solvability and optimal controls for semilinear fractional evolution hemivariational inequalities.
Math. Methods Appl. Sci. 2016, 39, 5452-5464. [CrossRef]

21.  Zhou, Y, Jiao, F. Existence of mild solutions for fractional neutral evolution equations. Comput. Math. Appl. 2010, 59, 1063-1077.

[CrossRef]


http://doi.org/10.1016/0093-6413(81)90064-1
http://dx.doi.org/10.1002/oca.803
http://dx.doi.org/10.1016/j.nonrwa.2014.08.010
http://dx.doi.org/10.11650/tjm/8001
http://dx.doi.org/10.1016/j.cam.2018.05.031
http://dx.doi.org/10.15388/NA.2019.2.3
http://dx.doi.org/10.1016/j.na.2007.08.042
http://dx.doi.org/10.1016/j.cam.2017.09.039
http://dx.doi.org/10.1002/mma.4894
http://dx.doi.org/10.1007/s10957-015-0828-3
http://dx.doi.org/10.1002/mma.3930
http://dx.doi.org/10.1016/j.camwa.2009.06.026

Fractal Fract. 2023, 7, 303 22 of 22

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
45.

46.

Mao, X. Stochastic Differential Equations and Applications; Horwood: Chichester, UK, 1997.

Sakthivel, R.; Suganya, S.; Anthoni, S.M. Approximate controllability of fractional stochastic evolution equations. Comput. Math.
Appl. 2012, 63, 660-668. [CrossRef]

Sivasankar, S.; Udhayakumar, R. Hilfer Fractional Neutral Stochastic Volterra Integro-Differential Inclusions via Almost Sectorial
Operators. Mathematics 2022, 10, 2074. [CrossRef]

Sivasankar, S.; Udhayakumar, R. New Outcomes Regarding the Existence of Hilfer Fractional Stochastic Differential Systems via
Almost Sectorial Operators. Fractal Fract. 2022, 6, 522. [CrossRef]

Lu, L.; Liu, Z. Existence and controllability results for stochastic fractional evolution hemivariational inequalities. Appl. Math.
Comput. 2015, 268, 1164-1176. [CrossRef]

Zhou, J. Infinite horizon optimal control problem for stochastic evolution equations in Hilbert spaces. J. Dyn. Control Syst. 2016,
22,531-554. [CrossRef]

Zhou, ].; Liu, B. Optimal control problem for stochastic evolution equations in Hilbert spaces. Int. J. Control. 2010, 83, 1771-1784.
[CrossRef]

Gu, H.; Trujillo, J.J. Existence of mild solution for evolution equation with Hilfer fractional derivative. Appl. Math. Comput. 2015,
257, 344-354. [CrossRef]

Yang, M.; Wang, Q.R. Approximate controllability of Hilfer fractional differential inclusions with nonlocal conditions. Math.
Methods Appl. Sci. 2017, 40, 1126-1138. [CrossRef]

Yang, M.; Wang, Q.R. Existence of mild solutions for a class of Hilfer fractional evolution equations with nonlocal conditions.
Fract. Calc. Appl. 2017, 20, 679-705. [CrossRef]

Dineshkumar, C.; Nisar, K.S.; Udhayakumar, R.; Vijayakumar, V. A discussion on approximate controllability of Sobolev-type
Hilfer neutral fractional stochastic differential inclusions. Asian J. Control. 2022, 24, 2378-2394. [CrossRef]

Kavitha, K.; Nisar, K.S.; Shukla, A.; Vijayakumar, V.; Rezapour, S. A discussion concerning the existence results for the Sobolev-
type Hilfer fractional delay integro-differential systems. Adv. Differ. Equ. 2021, 467 . [CrossRef]

Vijayakumar, V.; Udhayakumar, R. A new exploration on existence of Sobolev-type Hilfer fractional neutral integro-differential
equations with infinite delay. Numer. Methods Partial Differ. Equ. 2021, 37, 750-766. [CrossRef]

Varun Bose, C.S.; Udhayakumar, R. Existence of Mild Solutions for Hilfer Fractional Neutral Integro-Differential Inclusions via
Almost Sectorial Operators. Fractal Fract. 2022, 6, 532. [CrossRef]

Ahmed, H.M.; Borai, M.M.E. Hilfer fractional stochastic integro-differential equations. Appl. Math. Comput. 2018, 331, 182-189.
[CrossRef]

Raja, M.M.; Vijayakumar, V.; Udhayakumar, R. Results on the existence and controllability of fractional integro-differential system
of order 1 < r < 2 via measure of noncompactness. Chaos Solitons Fractals 2020, 139, 110299.

Varun Bose, C.S.; Udhayakumar, R.; Elshenhab, A.M.; Sathish Kumar, M.; Ro, ].S. Discussion on the Approximate Controllability
of Hilfer Fractional Neutral Integro-Differential Inclusions via Almost Sectorial Operators. Fractal Fract. 2022, 6, 607. [CrossRef]
Sivasanakr, S.; Udhayakumar, R.; Subramanian, V.; AlNemer, G.; Elshenhab, A.M. Optimal Control Problems for Hilfer Fractional
Neutral Stochastic Evolution Hemivariational Inequalities. Symmetry 2023, 15, 18. [CrossRef]

Denkowski, Z.; Migérski, S.; Papageorgiou, N.S. An Introduction to Nonlinear Analysis (Theory); Kluwer Academic/Plenum
Publishers: Boston, MA, USA; Dordrecht, The Netherlands; London, UK; New York, NY, USA, 2003.

Hu, S.; Papageorgiou, N.S. Handbook of Multivalued Analysis (Theory); Kluwer Academic Publishers: Dordrecht, The Netherlands;
Boston, MA, USA; London, UK, 1997.

Migdrski, S.; Ochal, A.; Sofonea, M. Nonlinear Inclusions and Hemivariational Inequalities. Models and Analysis of Contact Problems;
Advances in Mechanics and Mathematics 26; Springer: New York, NY, USA, 2013.

Pazy, A. Semigroups of Linear Operators and Applications to Partial Differential Equations; Applied Mathematical Sciences; Springer:
New York, NY, USA, 1983; Volume 44.

Ma, T.W. Topological degrees for set-valued compact vector fields in locally convex spaces. Diss. Math. 1972, 92, 1-43 .

Jiang, T.; Zhang, Q.; Huang, N. Fractional stochastic evolution hemivariational inequalities and optimal controls. Topol. Methods
Nonlinear Anal. 2020, 55, 493-515. [CrossRef]

Balder, E.J. Necessary and sufficient conditions for L!-strong weak lower semicontinuity of integral functionals. Nonlinear Anal.
1987, 11, 1399-1404. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.camwa.2011.11.024
http://dx.doi.org/10.3390/math10122074
http://dx.doi.org/10.3390/fractalfract6090522
http://dx.doi.org/10.1016/j.amc.2015.07.023
http://dx.doi.org/10.1007/s10883-015-9307-2
http://dx.doi.org/10.1080/00207179.2010.495161
http://dx.doi.org/10.1016/j.amc.2014.10.083
http://dx.doi.org/10.1002/mma.4040
http://dx.doi.org/10.1515/fca-2017-0036
http://dx.doi.org/10.1002/asjc.2650
http://dx.doi.org/10.1186/s13662-021-03624-1
http://dx.doi.org/10.1002/num.22550
http://dx.doi.org/10.3390/fractalfract6090532
http://dx.doi.org/10.1016/j.amc.2018.03.009
http://dx.doi.org/10.3390/fractalfract6100607
http://dx.doi.org/10.3390/sym15010018
http://dx.doi.org/10.12775/TMNA.2019.090
http://dx.doi.org/10.1016/0362-546X(87)90092-7

	Introduction
	Preliminaries
	Existence
	Optimal Controls
	Example
	Example-1
	Example-2

	Conclusions
	References

