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Abstract: Fractional differential operators have recently been linked with numerous other areas of
science, technology and engineering studies. For a real variable, the class of fractional differential
and integral operators is evaluated. In this study, we look into the Prabhakar fractional differential
operator, which is the most applicable fractional differential operator in a complex domain. In
terms of observing a group of normalized analytical functions, we express the operator. In the open
unit disc, we deal with its geometric performance. Applying the Prabhakar fractional differential
operator QGZEJ to a subclass of analytic univalent function results in the creation of a new subclass of
mathematical functions: W(7y, w, «, B,6,m,c,z,p,q). We obtain the characteristic, neighborhood and
convolution properties for this class. Some of these properties are extensions of defined results.

Keywords: analytic function; fractional calculus operator; Hadmard product (convolution); hyper-
geometric function; neighborhood; Prabhakar operator; Prabhakar fractional differential operator;

univalent function

1. Introduction

Let A be the class of analytical functions in the open unit disc
U={zeC: lzl<1}

of the form

flz)=z+ i a2~ (1)
k=2

The subclass of A that consists of functions of the type is also denoted as W

) =2— Y ast @
k=2

These functions are normalized in U and are univalent.
Let us say f(z) € Ais of the form in Equation (1), and g(z) € A is given of the form

s(@) =2+ Y b 3
k=2

The convolution or Hadamard product of two mathematical functions f, g is denoted
by the notation (f * ¢) and is defined as follows:

(F*8)(z) =z+ ) mbiz" @)
k=2

Tilak R. Prabhakar [1] introduced the entire function in 1971.The three-parameter
Mittag-Leffler function can be another name for the Prabhakar function Eg’y (z) [2]. The
generalized Mittag-Leffler function is defined by [3-5]
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where p, i, o € C,R(p) > 0, (p) is the Pochammer symbol, which is defined by the
following equation:

1(k=0)
- 5
() {@(p—l—l) ...... (p+k—1) (k€ N) ®)

The following is the derivation of the generalized hypergeometric function , Fs:

M.”M]}Z_mwi
[.Bl o Bo ]_ng)(ﬁl)n"'(ﬁ(s)nk!

= yFs(a1, coetty; B Bs; 2) (6)

We assume (for simplicity) that the variable z is the numerator parameters a; - - - ay
and the denominator parameters B - - - B take on complex values, provided that there exist
positive integers for # and J or zero (interpreting an empty product as one). The special
case , Fs of (Gauss) hypergeometric series is referred to by Equation (5).

Srivastava et al. [6] explored the class of complex fractional operators (differential
and integral) geometrically and generalized it to two-dimensional fractional operators.
Ibrahim’s parameters are for a group of analytical functions in the disc of the open unit [7].
We use these operators’ fractions to express many sorts of analytical functions and compli-
cated differential equations [8], named fractional algebraic differential variables and the
Ulam stability, using equations [9,10].

In the area of complex fractional differential operators, we continue our research. Using
the well-known Prabhakar fractional differential operator, we formulate an arrangement
of the fractional differential operator in the open unit disc in this inquiry. As a result, we
examine the classes via the lens of geometric function theory.

The normalized complex Prabhakar operator in the open unit disc is denoted by the
symbols 292;’ Since EQZEJ € A, we may investigate it from the perspective of geometric
function theory.

The series in [11] expands the integral operator that corresponds to the fractional

differential operator 2(;7’/5

200 f(2) Z+Z = V[wza] I )

It is obvious that

(5o #5675 ) £(2) = (56 + 005 ) f(2) = £(2)

/!

The operators 565 B and ¢ wp are combined to form a linear convex combination:

2 CoeT(z) + (1~ )57 f(2),
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Cis in the range of [0,1]. Clearly, § Z e A.

If Equation (1) defines the function f( z), we can see from Equation (7) that

Y BT [wz"] k
aPup (2 _Z+22rk+1) Endir /S[wz]]z ak ®

If there is a Schwarz function w(z), which is by definition analytic in U with w(0) =
and |w(z)| < 1 for every z € U such that f(z) = g(w(z)), z € U, then we say that f is
subordinate to g, written as f(z) < g(z), for two analytic functions f, g € W.

Similarly, we have the following equivalence if the function g(z) is univalent in U: f(z)

=< 8(z) < fl0) = £(0) and f(U) C g(U).

2. Preliminaries
Definition 1. The ¢ neighborhood for any function f € VW and ¢ > 0 is defined as follows [9]:

Ni(f) = [8(z) =2 = }_|bl2" € W;kz klla] — 1bel] < ¢] ©)
=2

k=2

For the function e(z) = z, in particular, we observe that

Nigle) = [g(z) =z — Y |belz" € W; Y k|be| < ¢] (10)
k=2 k=2

Definition 2. If the following subordination criteria are met, then we may state that [11] f € W is
in class W(vy,w,w, B,0, m, ¢, z, p, q) for the given parameters p and q with —1 < q <p < 1:

(CQZﬁ) 1+ pw(z)

CO7) " T+qw(z)

1+

Applying the meaning of subordination is equal to the following circumstance:

2(29;‘7/’;‘})”

()
Ty + (9—p)

<1 (11)

where (z € U), and then the class of functions in V) meeting the inequality is denoted as
W(y,w,a,B,0,m,c,z,p,q):
2(6675)"

(©075

K1+ > U,

where0 <y < landf, z € U.

3. Characteristic Property for the Class W (v, w, &, B,0,m,c,z,p,q)

We now examine the characterization property for the function f belonging to the class
W(y,w,a,B,0,m,c,z, p,q) by determining the coeffiecient limits:
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Theorem 1. A function f € W belongs to the class W(y,w, a, B,0,m,c,z, p,q) if and only if the
following conditions are satisfied:

KL+0) g w ]~ (14 p) E e ez

a S( - )/ (12)
5L, lag] < (p—q

forc,y,w,s € N,y <s+1lLa>0and-1<g<p<1L
Proof. Assume that f € W belongs to the class W(7y, w,a, B,0,m,c,z,p,q). Then, we have
2(300%)" 1+ pw(z)

GOy " T+ qo(z)

1+

(92,;}) +2(3 a,f;) . 1+ pw(z)

(©07%) T+ g (z)

1+ Z[ PkE 7[“’2“] ]k k— 1ak+ ):[ PrE T [wz"] ]k(k—l)zk_zak

(k+1) :xk+l ‘5[ a] k=2 r(k+l)_mk+1 /3[ a} 1+p(JJ(Z)
1 9iE ] k-1 14 qw(z)
* Z[ T g, ] 2
T+ DE [ glwzf]+ ) (B w2 k2] + Y[98 7 [w2"]
k=2 k=2
1+ pw(z) _ k(k—1) ]
1+ gels) P+ D, Ly glozt] + & o 1fwzlkalay
= L (@B T wz"k(k — 1) ]
=2 = = = w(z) (13)
(= PT+1E L glwz] = p Y [pE w2k ey +q Y (g2~
k=2 k=2
[wz®|k?ZF 1ak]}
= ¥ [pkB w2 [k(k — 1) ]
k=2
lw(z)] = = =
(9= PIT+1E L glwzt] = p ¥ [pE w2 ke +q Y (g2~
k=2 k=2
[wz*]k?2F 1ak]]




Fractal Fract. 2023, 7, 266 50f 10

Thus, we obtain

¥ (@B w2 k(k — 1)z 1]
k=2 - - <1
(P =T+ 1E Ly glwz] +p Y [pE w2k o] —q Y[~
k=2 k=2

[(uz“]kzzkflak]}

Therefore, we have

Y [peB T [wzk(k — 1)26 gy ]

[(P —L(k+1E ) plwzt]+p Y (g 7wz k"] — g ) (2
k=2 k=2

[0z k225
With |z| =1, for sufficiently small r values with 0 < r < 1, since w(z) is analytic for
|z| = 1, then the inequality yields

(1449) kz (BT [wz" |1 ag]] — (1+ p) kZ (& [z ¥ |y |] <
=2 =2

(p—a)Tk+1)E [ 4

r—1

(149) ¥ (& w2k — (14 p) ¥ [px 7 [w2]K]

k=2 k=2
— lax| < (p—q)
F<k+ 1)':‘04,1(3-&-1—/3
k[(1+q) k22[¢k5‘7[w2“]k] —(1+p) k22[¢k5‘7[w2“]]]
= — - lag| < (p—1q)
Tk + 1)La,12+1—/3

O

4. Neighborhoods for the Class W(y, w, &, B,0,m,c,z,p,q)

Next is the determination of the inclusion relation involving (n,d) neighborhoods.
We define the (n,6) neighborhood of a function f(z) € W in accordance with prior studies
on the neighbors of analytic functions by Goodman [12], which were generalized by
Ruscheweyh [13] and examined by other writers including Atshan [14] and Atshan and
Kulkarni [15]:

Theorem 2. If

T'k+1)zE7
9= - Wt DBonip (14)
201+9) L [pE 7wz = (14 p) L 98w

then W(y,w,a,B,0,m,c,z,p,q) C Npgl(e).
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Proof. From Equation (12), it is clear thatif f € W(vy,w,w,B,0,m,c,z,p,q), then

H+0) g ws ] = (14 p) T e ez

T(k“)E{,ZH_;a lag] < (p—9q)
K2(1+4) :_iz (P& Twz]] — (1+ p) :iz[qoka-“f[wz“nnak

S(p-gTk+1E {4

o Trk+1)Z 7 .
Y klax| < = SN
k=2 20+q) LB w2t = (1 +p) E (9B wz]

=¢
O

5. Convolution Property of Class W (v, w,«, B,0,m,c,z,p,q)

This section examines a few generalized convolution features for the functions f(z)
belonging to the class W(y, w,a, B,0,m,c,z,p,q):

% i
(fixfox.fi)(z) =2+ ¥ ( I ak,j)zk, (j=1,23..)
k=2 \j=1
Theorem 3. Let the function f; = (j=1, 2, ....) defined by

f](z) =z+ 2 ]ak,j|zk. (15)
k=2

be in the class W(y, w,a, B,0,m,c,z,p,q). Then, f1 % f, € W(y,w,a,B,0,m,c,z,p,q,0):
I'(k+ 1)5;,j+1_/5(1 + q)[@rE Y [wz*]K?] — T (k + 1)5;;“_5(1 + p)[@rE Y [wz k] +

{1+ p)eE w2 K 1+ 9 [pE (w2 )] = (14 p) g2 w2 K] |
pE {1+ )[BT wz k] — (1+ p) @& (w2 K]}

(16)
Proof. We need to determine the highest ¢ value such that

(149) ¥ (& 7wz — (14 p) 1 [k [wz]K]
k=2 k=2

I'(k+ 1)3;/2“75

(140) ¥[8 7wz ]k2] — (14 p) ¥ (B [wz]K]
k=2 k=2

lax| < (p—q)

a a < _
T+ 1), |k [axz| < (p—a)

(1+0) ¥[8 7wz k2] — (14 p) ¥ [pE 7 [wz]K]
k=2 k=2

—— agj| < (p—q)
r(k+1)‘:‘a,12+175 ‘ ]’
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By the Cauchy-Schwartz inequality, we have

o

(1+9) ¥[8 Twz]k] — (14 p) ¥ (g8 Tw2?]K]

k=2 k=2 / <1
T(k+ 1)z 7 |ag1||aka| <

“ak+1-B

We only want to show that
(1+ o) [@kE " [wz"]k%] — (1 + p)[guE[wz"
I'(k+ 1)3;/;“7!3

(14 q)[@E " [wz"1k*] — (1 + p) [pxE " [wz" K]
I'(k+ 1)5;,j+1_ﬁ

k
M gy aga] <

|ax1||ax2 |
This is equivalent to

||| ax2| < (14 ) @ E w2k — (1 + p) [~ [w*]K]
ST A gleET w2 k] = (14 p) [ E T (w2t k]

==
fuallna < e
ST (L) eE T [wzt R = (14 p) (927 w2zt K]

This is sufficient to show that

T(k+1)E 7 p 3

A+ D) pE @] — (1+ p)[geE Twz k]
(14 0) @& " [wz k] — (14 p)[@iE " wzIK]
A+ )& M@z — (1+ p)gsE T[wz K]

which implies

IN

{re+1)2, 7. s H O+ )lpE " wz)] - (1+ p) g "wz"]k] |
{1+ 0)[pE w21 = (1 + p)[E 7 [wz"Jk

{(1 +@)[E T [wz" K] — (1 + p) (@B [wz"]K]

N~ =~

We then obtain Equation (16):
T(k+1D)E 7 g1+ [gE 7 [wz K] = T(k+ 1E T, p(1+p) [peE " [wz*]k]+

{0+ p)lpE w2k H{ 1+ 9) [~ [wz"]] = (1 + p) [~ "wz"]K] |
& TR+ )l [z R = (T Pl Tz )

Theorem 4. Let the function f] =(j=1,2,...) defined as being in the class W(vy, w, «, B,60,m,c,z,p,q)
h(z) =z+ Z(‘”k,1|2+ |ak,2|2)zk (17)
k=2

belong to the class W(vy,w,a, B,0,m,c,z,p,q,€):
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Pl 12, - ﬁ((1+‘7)li[fpk3‘7[w2“]kz] - (Hp)é[fp B w2 K))2+
esl- oo {A+PlaE M w K 2Tk +1DE ¢ p)° (18)
L o8 Tz K2R+ 18 )2

k=2
Proof. We need to determine the highest € value such that
(1+9) LlpE Twz ] = (14 p) E 97wz

(k+1) ak+1 B

(|01k,1!2 + |“k,2’2) <1

Since
1) oo 2
(1+9) T [pE " [wzt]k?] = (1+p) L [@E " [wz"]k]
k=2 k=2
|ak,1| <
<k+1) zxk+1 B
(e} o) 2
(1+9) ¥ [peE w2k = (14 p) X [peE " [wz"]k]
= k=2
’akrl‘ <1
T(k+1)Z g
and
1) o 2
(1+9) T [pE " [wzt]k?] = (1+p) T [@E " [wz"]k]
k=2 k=2 2
|ak,2| <
<k+1) zxk+1 B
(e} o0 2
(1+9) ¥ [peE w2 k] = (14 p) X [peZ " [wz"]k]
k=2 k=2
laa| p <1
T(k+1)Z, g
then by combining these inequalities, we obtain
[e¢] o0 2
(1+0) E 9= s8] = (14 p) £ [p= "z

a1 |* + |axa|* <1

N[ —

T(k+1)E, /g

(1+€) & [ [z~ (14 p) © [ (w2

Tk+1)2, 1 4
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The inequality will be satisfied if
(1+e) ¥ (B "wzt k] — (1+p) L [ [wz*K]
k=2 k=2 <
T(k+1)8, )1 4
((1+4) kgz[qvkE"’[WZ“]kz} —(1+p) kgz[qvkﬁ’”[m“]k])z
2C(k+1DE Jy_p)?
such that
2Tk +1)E 1 p)2(1+€) )[BT wz' k] = (14 p) ) (B [wz"IK] <
k=2 k=2
T+ 1)E 1 5((1+q) LB T [wzlK] = (1+p) Y[98 7 [wz"]k])?
k=2 k=2
We then obtain Equation (18):
D210 0) Dl Tz W) = (104 p) Ll oz )P
k=2 =
L (14 gy T 2T+ =)
L loeZ Tzt 2Tk +1)F, Eti1-p)
O

6. Application

Fractional calculus is extensively used in engineering science and technology, espe-
cially in the areas of heat and mass transfer, nonlinear differential equations, and fuzzy
differential equations. Fractional differential calculus now plays a significant part in the
diagnosis of diseases in the medical field.

7. Conclusions

The generalized Prabhakar fractional differential operator, which will be utilized in
the future to deal with a variety of real-world application problems, has presented us with
a number of major implications. This study suggests that this new finding can be used to
resolve a variety of issues in mathematical methods and other new fields.

8. Future and Outlook

The characteristic, neighborhood, and convolution properties will be included within
future fuzzy subordination.
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