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Abstract: In this paper, we study some relations between different weights in the classes B;, B;, M,
and M, that characterize the boundedness of the Hardy operator and the adjoint Hardy operator.
We also prove that these classes generate the same weighted Lorentz space A,. These results will
be proven by using the properties of classes B, B;‘,, My and M3, including the self-improving
properties and also the properties of the generalized Hardy operator H, the adjoint operator S; and
some fundamental relations between them connecting their composition to their sum.

Keywords: discrete operators; weighted norm inequalities; self-improving properties; A” —weights;
B, —weights; B; —weights; M, weights; M ;‘, —weights

1. Introduction

In recent years, the study of regularity and boundedness of discrete operators on ¢*
analogs for L” —regularity and boundedness has been considered by some authors; see, for
example, [1-3] and the references they cited. One of the reasons for this upsurge of interest
in discrete cases is due to the fact that the discrete operators may even behave differently
from their continuous counterparts, as is exhibited by the discrete spherical maximal
operator [4]. In some special cases, it is possible to translate or adapt the expressions and
results almost straightforwardly from the continuous setting to the discrete setting or vice
versa; however, in some other cases, that is far from trivial.

For example, in the simplest cases, £¥ —bounds for discrete analogs of classical opera-
tors, such as Calderén-Zygmund singular integral operators, fractional integral operators,
and the maximal Hardy-Littlewood operator follow from known L¥ —bounds for the origi-
nal operators in the Euclidean setting, via elementary comparison arguments (see [5-7]).
However, /¥ —bounds for discrete analogs of more complicated operators are not implied
by results in the continuous setting, and moreover, the discrete analogs are resistant to con-
ventional methods. The main challenge here is to develop a unique approach, as there are
no general methods to study these questions. Instead these methods have to be purposely
built from the basic concepts and definitions. The discrete weighted Hardy type inequality
is given by

o , N o 7
<§u(f)<§f(5)> ) §C<;v(r)f”(f)> , 1

for nonnegative sequence {f(r)},-;, given nonnegative weights {u(r)},-; and {v(r)};,

fixed parameters 0 < p, g < oo and a constant C > 0 that is independent of the sequence
{f(r)}. The ¢7(v) is the Banach space of sequences defined on Z* = {1,2, ...} and is
given by

o0 1/p
(o) = f(r) I f()]] = <lef(r)"v(r)> < oo )
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In the unpublished note [8] (problem 92.11), Heinig posed the question of characterizing
the weights for which the discrete inequality (1) holds. The answer to this question is
transacting the characterizations of the weights for nonincreasing sequences and for un-
restricted nonnegative sequences were presented by many authors; we refer the reader
to the papers [9-11] and the references cited therein. The characterizations of the weights
of integral inequalities similar to the inequality (1) for nonincreasing functions have been
established by several authors; see, for example, the papers [12-20] and the references
cited therein. The paper by Aririo and Muckenhoupt [13] was the first paper to con-
sider this problem. In particular, the authors in [13] established the characterizations
of the weighted functions in connection with the boundedness of the Hardy operator
Hf(t) = (1/t) fgf(x)dx, for t > 0 with equal weights on the space L};(R™) subject to
the case when p = g > 1. In paper [21], the authors also considered this problem and
established some new characterizations of the weighted functions when 1 < p < g4. The
problem when 0 < g < p < 1 has been studied by Carro and Lorente in paper [16] for
decreasing functions. Despite the variety of ideas related to weighted inequalities that
appeared with the birth of singular integrals, it was only in the 1970s that a better under-
standing of the subject was obtained and the full characterization of the weights w for
which the Hardy-Littlewood maximal operator

Mf(x) = sup |11| /1 f(y)dy, (©)

xel

is bounded on L}, (R) by means of the so-called Ap-condition was achieved by Muckenhoupt
and published in 1972 (see [20]). Muckenhoupt’s result became a landmark in the theory of
weighted inequalities because most of the previously known results for classical operators
had been obtained for special classes of weights (such as power weights) and has been
extended to cover several operators, such as Hardy operator, Hilbert operator, Calderén—
Zygmund singular integral operators, fractional integral operators, etc. For more details
on the structure of the Muckenhoupt weights and the self-improving properties with the
applications of extrapolation theory, we refer the reader to the recent paper [22] and the
references cited therein.

In [21], the authors mentioned that the study of inequality (1) is not an easy task and
more difficult to analyze than its integral counterparts and discovered that the conditions
do not correspond, in any natural way, with those that are obtained by the discretization of
the results of functions but the reverse is true. This means that what goes for sums goes,
with the obvious modifications, for integrals that, in fact, proved the first part of the basic
principle of Hardy, Littlewood and Polya [23] (p. 11). Indeed the proofs for series translate
immediately and become much simpler when applied to integrals, but the converse is
not always true. The famous problem in the stability of discrete logistic equation and the
continuous equation reflects this idea. For example, in the continuous case, we know that
the equilibrium point is globally stable but in the discrete case, there is a local stability of the
fixed point for some values of the net growth rate, and then for different values, the solution
will be periodic of period two and then periodic of period four and periodic of period
eight, and then for a particular value the solution will be chaotic. This, in fact, explains the
differences between the study of continuous and discrete models and hence the authors
should be careful when translating the results from the continuous case to the discrete
analogy. This, in fact, motivated us to consider the inequality (1) and aim to develop a new
technique to prove some new equivalent relations between characterizations of weights,
use the new characterizations to formulate some conditions for the boundedness of the
discrete Hardy operator H(a,) = (1/n) Y!_; a5, for n € Z" and prove some embedding
theorems for Lorentz spaces to show the applications of the obtained results.

In the following, for completeness, we give some brief definitions and basic relations
of the classes related to our results and show the motivation of our paper. Throughout
the paper, we assume that 1 < p < oo, and the weights are positive sequences defined
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onlcZ" = {1,2,3, ...}, where I is of the form I = {1,2,...,7} and v is a discrete
nonnegative sequence. Now, we give the definitions of the main two classes that have
been used to characterize the weights in connection with the boundedness of Hardy’s type
operators. A sequence v defined on I C Z™ is said to belong to the Muckenhoupt class .A?,
for p > 1, if there exists a constant A > 1 satisfying the inequality

r —1 p_l
<1 y U(S)> ( Z 0PI (s ) < A, forallr € L. 4
s=1

For a given exponent p > 1, we define the A7 (A)—norm of the discrete weight u by the
following quantity

1 Pl
[AP (v —sup 2 ( 21)17 ) ,

rel 7531
The Hardy-Littlewood maximal operator M f of the sequence f is defined by
(Mf)(r) :=sup Zf 5)
rel s:

Observe that M is merely sublinear rather than linear, and it is a contraction on /.
The structure and the properties of the discrete Muckenhoupt weights, including the
self-improving properties with applications on extrapolation theory, have been stud-
ied in [24-28] and the references cited therein. The boundedness of the discrete Hardy—
Littlewood maximal operator was characterized in [29], and it has been proven that M is
bounded on ¢ (v) if and only if v € AP.

A sequence v is said to belong to the class M, on the interval I C Z* for p > 1 if there
exists a positive constant A > 1 such that the inequality

e o)\ (o N
(Z g,p> <2 Wl(s)> < A, forallr €1, ©)
s=1

s=r
holds. In [25], the authors proved that the Hardy operator H, defined by the form
1 T
Sryfe
is bounded on /7 (v), for 1 < p < coif and only if v € M. A sequence v is said to belong

to the class M, on the interval 1 C Z* for p > 1and p’ = —E is the conjugate of p, if there
exists a posmve constant A > 1 such that

r 1/P 00 7}7//]7 l/p/
Y o(s) v ) A forallre L. @)
P
s=1 s=r S

In [25], the authors proved that the adjoint Hardy operator S, which is defined by the form

r) :2@, forallr €1,
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is bounded on /7 (v), for 1 < p < oo, if and only if v € M. A sequence v is said to belong
to the class B) in the interval I C Z*, for p > 0, if there exists a positive constant A > 1
satisfying the inequality

= 0(s) A

S; " —pg , forallr € L. (8)

In [30], Heing and Kufner proved that the Hardy operator A is bounded on £ (v)?; that is
H : P (v)? — 0P(v), and

o r p [o0]
Y o(0) (1 zf<s>> <cy o), ©)
r=1 "= r=1
for 1 < p < coif and only if v € By and lim, e (v(r +1)/v(r)) = c and Y72 v(r) = co.
In [21], Bennett and Grosse-Erdmann improved the result of Heing and Kufner by excluding
the conditions that have been posed on v. A discrete nonnegative sequence v is said to
belong to the discrete class 53}, of weights on the interval I C Z7, for p > 0, if there exists a
positive constant A > 1 such that the inequality

iL

Y o(s), forallr €1, (10)

s=1

A T
P

holds.
A discrete nonnegative sequence v belongs to the discrete class M on the interval
I C Z™ if there exists a positive constant A > 0 such that the inequality

Svu(r) < Av(r), forallr € L. (11)

A discrete nonnegative sequence v belongs to the discrete class Mj on the interval I C Z*
if there exists a positive constant A > 0 such that the inequality

Ho(r) < Av(r), forallr € I (12)

A discrete nonnegative sequence v belongs to the discrete class B, on the interval I C Z+
if there exists a positive constant A > 1 such that the inequality

H(Ho(r)) < AHo(r), forallr € L. (13)

In [21], Bennett and Grosse-Erdmann developed a new approach to prove, and even to
formulate, their main results in order to improve the result of Heinig and Kufner by
excluding the conditions posed on v. They proved that (1) holds if and only if

. 1/ . b (r—1)/p .
Ap = sup (sZ_:r US(;)> (; sP U)(S + 1) )) < 00, V(r) = Z Z)(S). (14)

1
r>1 Vii(s)V(s+1

Inequality (9) states that for a bounded sequence f on ¢#(v), 1 < p < oo, the Hardy
operator (f) is also bounded on ¢7(v), if and only if (6) holds. In [29], the authors proved
that the Hardy operator is bounded on ¢?(v) and (9) holds if and only if the discrete

Muckenhoupt condition
Vp /s, L\ PV
U(S)) (Z 1) < oo, (15)

s=1
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holds. In [25], the authors proved that inequality (9) holds for 1 < p < oo if and only if

> U(S) Vs -1 (p=1)/p
Az :=sup (Z sl’> <Z(v(s))l’1> < oo. (16)

r>1 \s=r

In [12] (Theorem 4.1), the authors studied the boundedness of the operator in two different
spaces with two different weights, u and v. They proved thatif 1 < p < g < o0, and

1

Ay :=sup <i u(s)) q (Zr;(v(s))l_p*> ' < oo, (17)

r>1 \s=r s=1

then inequality (1) holds where p* = p/(p — 1). Note that when p = g, then condition (17)
becomes condition (6) with v(r) replaced by % In [10,11], Bennett established two
more different characterizations of the weights () and v(r) such that inequality (1) holds
when 1 < p < g. He proved that inequality (1) holds for a nonnegative sequence f and

1 < p <g < oo, if and only if

r % r S q %
AS::sup<Z<u<s>>“’*> (Zv<s>< (v(m))”’*>> < e, (18)
m=1

r>1 \s=1 s=1

o 0 r* pL
(Zvl—p*(s)<z_v(m)> ) < oo, (19)

Okpoti in [31] proved, for 1 < p < g < oo, some characterizations of weights in (1) in
the forms:

or

=1
*

Ag := sup(i u(s)) q

r>1 \s=r

(6-1) 9(p—9) %
P

A7(9) :==sup (Zr: ol P (s)) o iu(s) ( il ol P (m)) < 0o, (20)

r>1 \s=1

for some 6, 1 < § < p. In [21], Bennett and Grosse-Erdmann proved that the two condi-
tions (8) and (14) are equivalent and in [31], the authors proved that the equivalence of
conditions (15)-(20).

Motivated by the results in [21,31], there is a main question: Is it possible to prove some
equivalence relations between the classes By, B;, M, and M;‘J?

Our main purpose in this paper is to give the affirmative answer to this question by
using the notion of the weighted Lorentz space A,(v). In the following, we give brief
definitions and some properties of the classical Lorentz and its discrete space. The classical
Lorentz space LP1(R*) for1 < p < coand 1 < g < oo was introduced by G. Lorentz in [32]
and was defined by

00 1/9
LPr‘f(R*)—{f:nﬂp,q— (Z | <t“*’f*<t>>q”?) <oo},

where f* is the nonincreasing rearrangement of f. In [33], the authors proved that LP/4 is
a linear space and |.[[,, is a quasi-norm if and only if 1 < g < p < co. Since then, there
has been a wide interest in studying the normability and duality properties of LP1(R™);
see [13,34—46] and the references cited therein. We shall denote by A = ZZ+, the power set
of Z*, and by p, a counting measure. The notion X denotes the set of all nonincreasing
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and nonnegative sequences of X. The distribution sequence of any real sequence {v() },>1
is defined by

Do(A) =u{re Z" :jo(r)| >A} =Y u(r), forA >0.
{rlo(r)[>A}

The nonincreasing rearrangement of v with respect to the counting measure y is given by
v*(r) =inf{A > 0: Dy(A) <r}, forr > 0.

For E C Z*, and v(r) > 0, Proposition 7.6.2 [47] implies, for r € E, that

H(E)
Y o(r) < ) ot(r),
reE r=1

where the equality holds when v is a nonincreasing sequence. The classical Lorentz
sequence space (P1(Z™) (or simply ¢71), for1 < p < coand 1 < g < oo is defined by

e

1/q
Azt = v:||v|W:(2(71/%*(0)171) <o, 1)

r=1

where v* is the nonincreasing rearrangement of v, which is obtained by rearranging the
sequence |v(r)| in nonincreasing order. The Lorentz sequence space /1,1 < p < oo and
1 < g < coisalinear space and ||.||,, . is a quasi-norm. Moreover £/4,1 < p < co and
1 < g < oo, is complete with respect to the quasi-norm |||, and £71,1 < g <p < cois
a complete normed linear space with respect to ”'HM' The ¢P-spaces for 1 < p < oo are
equivalent to the ¢PP-spaces. The weighted Lorentz sequence space A;(v) for 0 < g < oo,
is defined by

00 1/q
Ag(0) = f i lfllgo = (Zv(r)(f*(r))q> <o, (22)

r=1

where f* is the nonincreasing arrangement of f and v is a positive weight on Z*.

This paper is organized as follows: In Section 2, we present some basic lemmas that
prove the relation between the composition of operators S; and H, and their sum S, + Hj,
and then use this to prove some properties of the classes of weights. These results are
essential in the proof of our main results. In Section 3, we prove the main results, which
give the equivalence relations between different weights in the classes By, B}, M), and

M;,. We will also prove that although the two different weights v and v (not necessarily
monotone) do not belong to the same class, they generate the same weighted Lorentz space,

ie, Ap(v) ~ Ap(z). This paper will be ended with a conclusion.

2. Preliminaries and Basic Lemmas

In this section, we present the basic lemmas that prove the relation between the
composition of operators S; and H,, and their sum S; + H,, and then use them to prove
some properties of the classes of weights. Recall that two positive quantities A and B are
said to be equivalent, written A ~ B, if there exist two constants ¢ and C such that the
inequality ¢cB < A < CB holds. Furthermore, A < B is satisfied if there exists a constant
C such that the inequality A < CB holds. Clearly, the relation < is transitive; that is, if
A < Band B § Chold, then A < C also holds. Throughout this paper, we assume that
v is a positive real-valued weight defined on Z* = {1,2, ...}. The forward difference
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operator, denoted by A, is defined by Au(s) = u(s+ 1) — u(s). Define the generalized
Hardy operator H, and adjoint Hardy operator S;, for 0 < p and g > 0, by

Hof(r) = rl% Zlf;j) and  S,f(r) = r%q ifs(;‘) 23)

Clearly, for p = 0, the operator H,, gives the Hardy operator, and for g = 1, the
operator S; gives the adjoint Hardy operator. We can easily prove for any 6 > 0 that

wif) = LI =1L (D)o
> L LA = Hof ) = H1(), @

and forall 1 < g < p, we have

s = I (0

< 1y I s, 5)

The next lemmas, which are adapted from [21,48,49], are essential in the proof of the
main results.

Lemma 1. Assume that v and w are two weights such that

i v(s) =~ i w(s),
s=1 s=1

for every r > 1, then for any nonincreasing sequence u, it satisfies that
[e) [e0]
Z u(r)o(r) ~ Z u(r)w(r).
r=1

Lemma 2 (Fubini’s Theorem). Let uand v : ZT — R be two nonnegative sequences, then

N N N r
Ev(r)<_ u(s)) = Zu(r)( lv(s)), (26)

r=1 r=1 s=

and as N — oo, we obtain the inequality

iv(r)(iu(s)) = iu(r)(i v(s)). (27)

r=1 r=1
Lemma 3. Let v be a nonnegative weight and 1 < p < co. Then v € B, ifand only if v € B,,.
Lemma 4. Ifv € By, for 0 < p < oo, then v € By,_¢ for some 0 < € < p.

Lemma5. Ifv € Mjand1 < p < g, thenv € Mg and [U]M; < [U]Mg.

Lemma 6. Ifv € My, and1 < p < g,thenv € M,.



Fractal Fract. 2023, 7, 261

8of 19

Lemma 7. Let H, and S; be operators defined as in (23). Then for 0 < p < q, the equivalence relations
SjoHy ~ (S4+Hp) and Hypo Sy~ (Hp+Sy),
hold.

Proof. For any nonnegative sequence u, and the definitions of the operators S; and H,,
and by re-writing the summation (switching the order of summation), we have that

(SqoHyp)f(r) = Sy(Hpf(r))

1y fR) 5 g1 1y SB) § g
= 7 Zk—sz”q + 1 Zk—sz”q . (28)
k=r s=k k=1 s=r
Since g > p, then by employing inequality (Hardy and Littlewood [23])
'yy“’_l(x —y) <xT—y" < 'yx7_1(x —y),x>y>0andy <Oorvy>1, (29)

with v = p — g < 0, we obtain

Zqu1>27“’ g_ 1

P, (30)
s=rP—4 q—p

and also, by the fact thats > (s +1)/2 for all s > 1 and employing (29), we have

" gpq-1 ptq+1 p—q-1 2P
Ys < ZZ (s+1) < Z As
= s=r s=r P14
2—p+q+1
By using (28) and (30), we obtain
1 L i (),
S;0H ry > ’11 s”q—i- e N
(Spo)f) = Zopt p L Ly
= rq 1 rpfl - fLS)
AV R
= ﬁ [Saf(r) + pr(r)],
and by using (28) and (31), we obtain
2—p+q+l ¥ f(s) B 2—pHg+l @ f(s) B
R et U WA Gl IR b S WA VAP
(Syetp)fin) < = L i e S T s
2 p+q+l S 27p+q+1 . S)
= Z 7_ Tq 1 Z T
q=>r s=1 q=r s=r S
2- p+q+1

Y [Sqf(r) +Hpf(r)].
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This proves that S; 0 H, 2 S+ Hp and S;0 Hp S Sy + Hp, which is equivalent to

Sq0Hp = &+ Hp. This is the required result. Furthermore, by the definitions of operators
S; and H) and re-writing the summation (switching the order of summation), we have

(HpoSy)f(r) = H,,(sq(f(r))):rll_pg;Gmli;k))
s L kil"”l) (32)

We have two cases for p and g, which areg — p < 1and g — p > 1. Let us first consider the
case g — p < 1, and by employing inequality (Hardy and Littlewood [23])

1y Ty 2y 2 x ), 2y 20,0<y <1, 33)

with0 < ¢ =g —p < 1, we obtain

r T 1 1
STP <Y — As—1)7T7 = rir, (34)
s; ; qg—p ( ) qg—p
and also we have . .
Yo st Ly = P (35)
s=1 s=1
By using (32) and (34), we obtain
1 1 & f(s) - 1 1 & f(s) -
HyoSq)f(r) < s17P + ri=p
( 14 Q)f() q_Prl_ps:Zl s q_Prl_pszzr g4
11 wfls) 1 v f()
= _|_ rq LN 72
q—Prl"’g sP i q—p s; sf

= )+ 8,50,

and by using (32) and (35), we obtain

(HpoSg)f(r)

v

LS g LSS 0y
e e e D
_ L v f6) e )
B e Y
= Hpf(r) +S4f(r).
This proves that H, 0 S; S Hp +S;and HyoS; 2 Hp + S; for 0 < g — p < 1, which is

equivalent to H, 0 S; ~ H, + S;. Now, if ¢ — p > 1, by employing inequality (29) with
Y =g —p > 1, weobtain

T T
Y s>y 1 As—1)TP = L ri7?, (36)
s=1 P q—pr
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and also, we have that
,

r
Z sI7PL < pimp—1 2 1=r17P. (37)
s=1 s=1

By using (32) and (36), we obtain
(Hzﬂ ° Sq)f ()

11§ f0) g
Z q prlpz Sqrqp

q—PrHS:Zl S” L —Pr ; 5‘7

q
1

= i [(Hpf(r) +Saf(r)],

v

Prl P

and by using (32) and (37), we obtain
1 fs) 4
R 2 qu o SZ,
= rl P Z + -1 Zf
= pf( ) + Sqf( )

This proves that H, 0 S; < Hp +S;and HpoS; 2 Hp + S, for g —p > 1, which is
equivalent to H, o S; ~ H, + &;. This is the required result. This completes our proof. []

IN

(HpoSg)f(r)

Lemma 8. Assume that f is a positive weight and 0 < 6 < 1. Then inequality

H(Hsf () < $Hsf (1), @8)
holds for all v > 1.

Proof. By the definition of operator H; and by applying Fubini’s Theorem, we have that

o) = L 2 G0 =L L T e

HHsf) < LY Iy dapoay

s=1 s k=s
_ 11 f(s)
= g;S;S—é[r‘s—(s—l)}
1 1 1
< G LI S saa LI = s

This is required inequality (38). This completes our proof. [

3. The Relations between Classes M, M;;, By, B; and A, (v)

In this section, we study the relation between classes M, /\/l;‘,, B, and BI’; defined on
the space /7 for a general weight v (not necessarily monotone) and the weighted Lorentz
space Ap(v).
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Lemma 9. Assume that v is a positive weight and 0 < 6 < 1. If v € B}, then there exists a
constant C > 1 such that the inequality

holds for all v > 1.

H(Hsov(r)) < CHo(r), (39)

Proof. Assume that v € B, then there exists a constant B such that

H(Ho(r)) < BHo(r), forallr > 1. (40)

By applying Holder’s inequality twice with exponents 1/6 > 1and 1/(1 — ), we have

i Hﬂ)(s) =
s=1

IN

IN

By applying Lemma 3 for p =
14

Y (Hs0(s))

s=1

or equivalently,

Y Y oy Ly () e
s=1 k=1 s=1" k=1

y (1 Y Sv<k>)5(1 5 v<k>)”

S\s ik k=

ry U(,f)] 5 [}: % X v(k)] - (41)

H(Hsov(r)) < CHo(r),

where C = A°B > 1. This is the required result. The proof is complete. [J

Theorem 1. Let v be a positive weight and p > 1. If v € By, then there exists veM p such that

v and v generate equivalent weighted Lorentz spaces.

Proof. Assume thatov € B), for p > 1, then by Lemma 4, we have that v € Bp_5 for some

0 <d < p.Fix0 < é < psuch

~

that v € B,_;(B) and define

o(r) =rP717° i :p(—f?s = Sp_s0(r)- (42)
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Now, by using the fact that f(x) = x/(x + 1) is an increasing function for x > 1 and
bounded below by 1/2, we have, by applying Fubini’s Theorem 2, that

Syo(r)

— P 125—1 5<Zk}§k)>

00 —1-0 00
. _5 “1-6 v(k)
r S;(HJ (s+1) (E ju
1+6,p—1 —1-¢ v(k)
< 2y Szrs+1 (kzkp 5

_ gl 12 (z (k+1)" ) 13)

and by employing inequality (29) with ¥ = —J < 0, we obtain that

S S
1-s -1, -1 5. 1 s 1
<y = = —r 9 < 2y 9,
kg:r(k+l) _1; ; Ak 5 (s+1) +or i< ar (44)
Then, by using (43) and (44), we have
N ol+é X g S) 2146
SP'U(T) S T?’p o1 ; SPTtS - Tsp,gv(i’), (45)
that is N N
Spo(r) < Co(r), (46)

where C = 21%9/5 > 1. For p = 1, inequality (46) reads Sv(r) < Co(r), which is the
M condition. If p > 1, then by using the nonincreasing property of Y2, v(s)/sP =%, we

have that
o, 1—p' p-1 r [ k 1=p' Pt
(Geor) = (Bl £5) )

r 1=y Pl
(e (En))

o - r p-1
(Z ZP(S)&> (s; S—1+5/(p—1)> ) (47)

IN

s=r

If 6/(p — 1) < 1, by applying inequality (33) with0 <y =4/(p — 1) < 1, we obtain
r r —
Z —1+6/(p-1) < Z 1)5/(p—1) — PTlra/(p—l),

s=1 s=1

and if 6/(p — 1) > 1, by applying inequality (29) withy =6/(p —1) > 1, we obtain

s —1 -
Y s/ < ZP Lasd/(p-1) — P(S {(r+1)5/(lﬂ 1),1}

s=1

. pg (r 4 1)) < zé/(p—n"T‘lW(P—”.
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Then (47) implies that

(i (5<s>)1"">p_1

s=1

_ I~ -1 - —
R BEE) ) )

S=r

when é/(p —1) < 1, and then we have that

< () (GER) () )

s=r
when 6/(p — 1) < 1. From (46) and (48) together with (45), we can easily see that
= v(s) NN b
<
(%) (Be07) =

for §/(p — 1) < 1, where the constant A is given by

H1+5\ 1/P p—1\F-1/r
=) ()

From (46) and (49) together with (45), we can easily see that

© 5 (s) ey v g\ PP
(55) (£ 60 ) " e

s=r s=1

for6/(p — 1) > 1, where the constant A, in this case, is given by

21426 1/p p—1 (p—1)/p
A‘( 5 ) ( 5 ) |

This proves that v € M. Now, by applying summation by parts formulae

r

Y- u(s)(s +1) = u(syu(s) [ - Y u(s)aw(s) (50)
s=1 s

=1

with w(s) = Y32 (k) /kP~ and Au(s) = sP~17¢, we obtain

i
S
D
I
]

195
=
AN
L

-

agk
-
=
i
N———

Il Il
/\/\
Tz T2
_T_Mg @

- <=
‘Q‘ [ =
o
<, N——

Vv
g
LR o
I |"@»
[ —
/\ =
-
I ®
—
»
RS
AN
<,
~

(51)
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If p — 6 > 1, by applying inequality (29) with v = p — > 1, then we have from (51) that

g s RO (5 1
oG o) s 1 rvs
N gsp5<p—5)_p—(5szi (s)

and if p— o< 1, since k” 1-5 > P 1-5 forall k < S, then (51) becomes
e v S) 1-6 ( ) 1 .
2 v 2 p= E 2 p= E v
= (S) sP— o <S 1 — sP— p—0 ( ) = (S),

This proves that

Furthermore, by using Lemma 7 for p = 0 and g replaced by p — ¢ satisfying 0 < g — p and
since v € Bp,(g, we see that there exists a positive constant C > 0 such that

r

Y. o(s)

s=1

ZSP 1- 5(2 k}gk)> :7’(7‘[008},_5)0(7’)

CT’(HQ +Sp,,5) ( )
ClV(r)+BV(r)] =C*V(r),

IN A

where C* = (B +1)/C. Thatis, Y_, v(s) < ¥'_, v(s). Hence, we have that
r ~ r
Y u(s) =) o(s),
s=1 s=1
and then by applying Lemma 1, we have that

ilw*(r))?%(r) ~ Y (1) o(1).

r=1

This proves that Ay (v) is equivalent to A, (), which is the required result. This completes
our proof. [

Theorem 2. Let v be a positive weight and p > 1. If v € B, then there exists v € My, such that

v and v generate equivalent weighted Lorentz spaces.

Proof. Assume that v € BZ,. Now, fix 0 < § < 1 and define

(S

1 &oo(s
(r) =o(r) + Hso(r) = ov(r) + 1 Z %.
s=1
Now, we have N
Ho(r) = Ho(r) + Hso(r)] = Ho(r) + H(Hso(r)),
and by using (24), (38) and the nonnegative nature of v, we have that

Ho(r) < Heo(r) + CH,o(r) < (1+ %)Hﬂ)(r) < (1+ %)Z(r),
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where C > 1. This proves that v e M , and then Lemma 5 implies that v € M;‘,
Furthermore, we have

Y 0(s) = Y [o(s) + Hsov(s)] > ¥ o(s). (52)
s=1 s=1 s=1
Thatis )., v(s) > Yi_1 v(s). Further, since v € By, then by using (39), we have that
Y u(s) = Y [o(s)+Hsv(s)] = Y 0(s) + rH(Hsv) (),
s=1 s=1 s=1
< Z s)+ CrHo(r) = (1+C) Y o(s)
s=1 s=1
That is, we have
Y 0(s) S ) 0(s), (53)
s=1 s=1

[e9)

Y ()5 ~ Y@t (1) o(r),

r=1 r=1

and then A,(v) is equivalent to Ap(;), which is the required result. This completes
our proof. [

Theorem 3. Let v be a positive weight and p > 1. If v € By N B, then there exists =
My 0 M3, such that v and v generate equivalent weighted Lorentz spaces.

Proof. Assume that v € B, N B, then v € By(B) and v € BL(C). Without loss of
generality, we choose 0 < § < psuch thatd < p —1,v € B,_;(B) and define

v(r) = Sp_s0(r) + Hso(r).

Now, we have N
Spo(r) = (SpoSy_s)v(r) + (Sp o Hs)o(r), (54)
and by applying Lemma 7 for g — p = p — 6 > 0, then (54) becomes

o 2p—(5+1
Spo(r) < (SpoSy_s)o(r) + =

(Sp + Hs)o(r). (55)

By using inequality (25) for p — § < p and inequality (45), then (55) becomes

- 21+6 op—o—1
Spo(r) < Tsp—(ﬂ’(r) + vy (Sp—s +Hs)o(r)
21+4 op—6—-1 -
< (5 + P ) (Sp—s +Hs)v(r) = Lo(r), (56)

where
2146 op—d—1
L=—+

1.
5 T =5
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If p = 1, then (56) proves that v e M. If p > 1, then by using Lemma 7 for
g—p=(p—96)—0>1—-6>0, wehave that

i( ) -1/(p-1) _ i - 50(5) + Hy0(s ))71/(;:71)

=1 1

©w

s
p 25 -1/(p-1) r Yy 1
< <2p pr 1> Z p—s 0 Hy)o(s)) /Y
p—26 -1/(p-1) r b1 ) Hﬂ)(k) 1/(p-1)
= 2p—26—1 § kp—9
s=1 k=s
“(p-1) (o 1 -/ (p-1 ,
< (5=4) (Z H’”J“”) Y5 . (s)
s=r S s=1

Since 6 < p — 1, then by employing inequality (33) with 0 < v = 46/(p—1) < 1, we
have that

Zr ~145/(p-1) < Zr 1%/ = P=L/-) (58)
-_— 5 4
s=1 s=1

By using (58) and (57) and using Lemma 7, we have that

"~ -1/(p-1)
Y (06))
- -1/(p-1)
p—25\ VP Vp_1
<2p—25—1> 5 Py Z sP— oH‘S()

p—25\VDp_q -1/(p-1)
2p—2(5—1> T[Tl P(Spféo%)v(f)}

IA

-1/(p—1) -1/(p-1)

< C* [rlfp(Sp,g + H(;)U(T)} =C* {rlfp%(r)} , (59)

where C* = %421’25/ (P=1)_ Then (56) and (59) imply that

~ 1/p (p=1)/p
2 v LN -1/(p-1)
(Zs(ps)> (Z(v(s)) 1/(p 1)

S=r s=1

= [rse0m) v <i (36s)) 1/<P1)> (p=1)7p

s=1

< [rres)] ey s

C**’
where C** = L1/7(C*)P~1/P_ This proves that v € M p- Furthermore, by using the fact
that H = H,, applying Lemma 7 with ¢ — p = p — 6 > 0 and using inequalities (24) and
(38), then we have that
Ho(r) = H(Sy—s0(r) + Hso(r))
HooSy—s)v(r) + (HOHA‘) o(r)

IN

(
(Ho + Sp—s)v(r) + 7'[50()
(

IN

Hs+Sp_s)v(r) + ’Hw()éDS(r),
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where D = 1+ (1/6). This proves that v € Mj and then Lemma 5 implies that v € M},.
Finally, by the fact that v € B,_s(B), v € B5(C) and inequality (39), then we have that

r

Y o(s) = i(?—l(;JrS,,_(;) o(s) = rH(Hs)v +Zsp512kp5

s=1 s=1
< CrHo(r) + :Bkiv( ) = CrHo(r) + Bri(Ho(r))
5= =1
< CrHo(r)+ BArHv(r) = (C+ BA) Zr: v(s).

s=1

This proves that Y_; v(s) < Y/_; v(s). Furthermore, by using relation (24) and the fact
thatv € B,_;(B), we have that

[Sp,(sv( )—|—HMJ ] i[ ]ﬂ 52) +HU( )]

s=1

e

1=

Y 5(s) =
s=1

w
Il
—_

<
—
S
~—
U’)\D—‘

w
I
A
x
'E
br

|
07~
L——|
1)
=
<,
R

HM8 e

! e v(k 1sP70 & v(k
. ghpm)
= (1+= Zsp‘51<ik(k>
. v( )

which by Fubini’s Theorem and inequality (29) with 7 = p — § > 1, implies that

o) > <1+;>i;51<iw“>
s=1 s=1 k=1
1. G o) [ 1 _
2 (1+B)SX;W<I;_5A(k—1)P 5)
= ()Y o)

This proves that

Hence Y7_, v(s) ~ Y_, v(s). By applying Lemma 1, we have

and then Ap(v) is equivalent to A,(v), which is the required result. This completes
our proof. [

4. Conclusions

In this paper, we were able to prove some equivalence relations between different
weights in the classes B), B;Z, M, and /\/l;;—classes that have been used in proving the
boundedness of Hardy’s operator and its adjoint form. We also proved that although the
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two different weights, v and v (not necessarily monotone), do not belong to the same class,
they generate the same weighted Lorentz space, i.e., Ap(v) ~ Ap(g).
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