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Abstract: Long-run bifurcation analysis aims to describe the asymptotic behavior of a dynamical
system. One of the main objectives of mathematical epidemiology is to determine the acute threshold
between an infection’s persistence and its elimination. In this study, we use a more comprehensive
SVIR epidemic model with large jumps to tackle this and related challenging problems in epidemi-
ology. The huge discontinuities arising from the complexity of the problem are modelled by four
independent, tempered, a-stable quadratic Lévy processes. A new analytical method is used and
for the proposed stochastic model, the critical value fRj is calculated. For strictly positive value of

3 the stationary and ergodic properties of the perturbed model are verified (continuation scenario).
However, for a strictly negative value of fi}, the model predicts that the infection will vanish expo-
nentially (disappearance scenario). The current study incorporates a large number of earlier works
and provides a novel analytical method that can successfully handle numerous stochastic models.
This innovative approach can successfully handle a variety of stochastic models in a wide range of
applications. For the tempered a-stable processes, the Rosinski (2007) algorithm with a specific Lévy
measure is implemented as a numerical application. It is concluded that both noise intensities and
parameter « have a great influence on the dynamical transition of the model as well as on the shape
of its associated probability density function.

Keywords: dynamical system; noise; bifurcation; ergodicity; 1évy processes; jumps
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1. Introduction

For the last two centuries, infectious diseases have been identified as the greatest
impediment to human civilization. These infectious illnesses (particularly the emerging
epidemics) have caused a huge number of health and economic problems [1], and thus,
investigating the dynamics and control of such diseases is the focal point of today’s re-
searchers. For instance, the pandemic COVID-19 has very serious consequences (for health,
economy, culture, education, etc.), with more than 200 million confirmed cases worldwide,
including more than 4 million deaths [2]. Human influenza, a contagious respiratory
infection caused by influenza viruses, has a seasonal pattern and, to date, is assumed to be
a major public health problem. In Morocco, it affects about 1 to 5 million people each year
and causing between 17,000 and 30,000 deaths [2]. The Ebola virus illness produced a large
outbreak in West Africa in 2016, with at least 28,600 officially recognized cases and over
11,325 deaths [2]. In this situation, developing tools to better understand the dynamics
driving the epidemic’s spread is critical for guiding public health strategies [3]. Developing
a mechanistic model that drives the dynamics of such diseases and contains the criteria
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that characterise them is a natural way to describe their prevalence [4]. Nonetheless, due to
the unique way infectious diseases spread, the finding of a straightforward technique that
precisely predicts their behavior is highly desired [5]. In that respect, mathematical biology,
notably through compartmental formulations, is considered the most substantial means to
depict the epidemiological dynamics of pathogen transmission. Furthermore, the subject
research may aid policymakers and health officials in developing and implementing an
effective control strategy to reduce the spread of an infectious disease [6]. Besides other
control interventions, vaccination is assumed to be the most effective strategy for restricting
the spread of COVID-19 [7]. Many countries have approved vaccines for emergency use
from Pfizer/BioNTech, Janssen, Sinopharm, Astra-Zeneca, and Sputnik V [2]. As of 23 April
2022, the health department reported that 24,898,497 people had been vaccinated in Morocco,
providing significant group immunity against this virus. Consequently, the epidemiologi-
cal condition began to improve, with the goal of completely eliminating the disease. We
focus on an infection model with four groups in this study by considering the vaccination
strategy’s application (see Table 1).

Table 1. A list of the different groups of the studied population.

Group Biological Classification
G Sensitive people
G, Vaccinated people
G3 Infected people
Gy Recovered people with total immunity

The movements between these groups are characterized by the following deterministic
system:

LOglan growth tional response
t F 1 resp
dG (¢ (fcl ) —B1H1(G1(t), Gs(t)) Ga(t) — (u+@)G1(t)>df/
dGy(t) = ((Dcl t) - 527'12 (Ga(1),Gs(H))Gs(t) *(H+G)G2(t)>dt/ @
dGs(t) = (/517'1 (G1(1),G3(1)) Gs(t) + B2 H2(Ga(t), G3(t)) G (t) — (u+ﬂ+C)G3(f)>df,
dGy(t) = (ng t) +cG3( ) —uGy(t ))dt,

where, t designates the inherent growth rate of Gy, K is the standard carrying capacity of
the environment, @ is the vaccination rate, B; is the transmission coefficient between G;
and G3, 87 indicates the infection transmission rate between G; and G3 before obtaining the
immunity, ¢ is the recovery rate of G, u and a are respectively the natural and the infection-
induced death rates, lastly, ¢ is the recovery rate of G3. Due to some analytical reasons,
we assume that 7** = v — (u + @) is positive. The functions H1(G1, G3) and Hz (Go, G3)
appearing in system (1) denote the general incidence rates and biologically, these functions
shows the number of cases being infected in a unit time. These two interference functions
characterize the cross-infections, and their forms include the vast majority of response
examples found in the literature. For ease of reading, in the remaining parts of this
manuscript, we outline the transmission mechanisms of the above-mentioned model by
the flow diagram shown in Figure 1. Analytically, we suppose that the general interference
responses Hi, Hy € C*(R; x Ry, R, ) and satisfies the following two conditions:

o C,: Hi(0,G3) =0, Hp(0,G3) = 0 VG3 > 0; H; is increasing in G and decreasing
in Gs; H; is increasing in G, and decreasing in G3; and there exists two positive
constants A1, Ay such that

0H1(G1, G3)
— =
0Gq < Ay

a'Hz(Gz, Gg)

< Ay,
G, =72
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for all G1, Gy, Gz > 0.
e  Cy: Hq and H; follow the uniform continuity property at Gz = 0:

lim sup {|H1(G1,G3) — H1(G1,0)[} =0,

(e HOGl >0

lim sup {|H2(G2, G3) — H2(G2,0)[} = 0.

G3—>0G2>0

The above properties are readily satisfied by the typical examples listed in Tables 2 and 3.

Figure 1. The diagram of the deterministic epidemic model (1). Different transfer rates between the
classes are illustrated by arrows.

Table 2. List of some prototypes of the general interference function ;.

Name Expression
Bilinear H1(G1,G3) = Gy
Gy
Saturated 2 H1(G1,G3) = ———,(q>0
aturate 1( 1 3) Cl‘zf'Gl (g )
G
Dual saturated Hi(G1,G3) = 1 ,(@1,92 >0
1(61,Gs) (n + G%(Qz +G1) (41,92 > 0)
Beddington-DeAngelis H1(G1,G3) = L (q1,92 > 0)

1+ qud + 92G3’
Crowley-Martin H1(G1,G3) = ! )’ (41,92 > 0)

(01 +Gy)(q2 +G3
G

Modified Crowley-Martin ~ Hy(Gq, G3) = TraGrt Q2é3 GGy’ (91,92,93 > 0)

In [8], the authors treated the epidemic model (1) in its particular case with functional
response type 1. They proved that the deterministic critical value is expressible in the form
of:

—G° —G?°
5 B1EC** (u +¢) + po Ko™ 1 (ﬁ Kn* 8 Kn**@ )
° t(u+g)(u+a+ec) (w+ato\"t e 2tlu+tg) )

This quantity allows us to classify the dynamics of infection and predict its long-run
behavior. That is, if R, < 1, then the infection will disappear, while the endemic nature of
the infection occurs for R, > 1.
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Table 3. List of some prototypes of the general interference function ;.

Name Expression
Bilinear 7‘[2 (Gz, G3) = G2
G
Saturated Hy(Gy, G3) = (>0
2(G2, Ga) = G (" > 0)
G
Dual saturated H2 (G2, G3) = — 2 , (g%, 95 > 0)
(&) (g Gy ag G O
Beddington-DeAngelis Hy(Ga, G3) = 2 L (at,q5 >0
g Q 2(G2, G3) 150G, 1 4iGs (a1, 95 > 0)
. G,
Crowley-Martin Hy(Gy, G3) = ,(aF,95 >0
v (G2 &) = Gy ag w6y (% 70
Modified Crowley-Martin ~ H,(Go, G3) = 2 (af, 93,95 > 0)

~ 149{Go +a5G3 + q5G2G3’

In reality, external variations affect the spread of an infection and make it more tricky
to predict its behavior [9]. Epidemic systems are totally sophisticated and complex. One of
the characteristics of complexity is the randomness and uncertainties, either in the reasons
for a phenomenon that has occurred, or in the prediction of its long-term evolution [10].
The stochastic approach highlights many assumptions and concerns when studying the
dynamics of a system. For this reason, multiplicative and additive noise sources carry
out a significant role in the transient dynamics of biological and physical systems [11].
Technically, if the noise level is abnormally high, the signal can be drowned out, similar
logic for biological systems where noises help in reducing the infection [12]. Regarding
the physical understanding of biological models, the above two types of casual noise have
been widely used. Patently, additive noise is characterized by its proactive role in the
transient dynamics of dynamical systems, and multiplicative noise is responsible for noise-
induced transitions [13]. In such situations, deterministic formulations, which are able to
make very instructive predictions and forecasts, are not close enough to reality to warrant
reliance [14-17]. Consequently, we need an improved and sophisticated mathematical
framework that takes into consideration the randomness effect, especially when studying
the prevalence of a highly harmful infectious disease like COVID-19 [18]. In this regard,
plenty of researchers have proposed and developed a variety of perturbed models that
simulate the dynamics of a number of diseases from different perspectives [19-25]. In all
these surveys, the transit from the deterministic setting to the probabilistic one is done by
presuming that the parameter values fluctuate around their value in a natural way, which
is often expressed by perturbing the system with white noises. The introduction of these
fluctuations is considered to be one of the most logical and eminent ways of depicting any
real phenomenon under slight and continuous oscillations. Regrettably, concept is lacking in
describing the spread of infection during large and unexpected environmental disturbances,
during economic crises, or through the use of human interventions (vaccination strategy
in the case of COVID-19 [7]). For this ground, we looking to the use of Lévy processes
which are famous for their capability to decently formulate this sort of stochasticity. This
formulation can be upgraded by using the the quadratic Lévy noise to model the complexity
of certain physical impulses caused by massive extrinsic disturbances [26-28]. In addition,
the standard Lévy formulation is based on distributions which have partially-weighty tails,
and consequently they have limited potential to simulate radical and brutal phenomena
which usually lead to unexpected variations in the total number of individuals [27-35].

Stable Lévy distributions were originally introduced for financial returns by Man-
delbrot in 1963 [36]. They offer an advantage over the log-normal assumption in that
extreme and great events can exist in the model. They have not been widely used due to
the difficulty of performing the calculations [37]. Most models using stable distributions
also assume that they are stationary; when the parameters are fitted to a stationary stable
model, the tails turn out to be systematically too heavy. A a-stable Lévy process can be



Fractal Fract. 2023, 7, 226 5 of 30

represented as a combination of a (compound) Poisson process and a Brownian motion.
For small values of «, we see that the process is dominated by big jumps. For medium
values (e.g., « = 1, i.e., Cauchy process) we get both small and large jumps. For « close
to 2, we get Brownian motion with occasional jumps (see Figure 2). a-stable processes for
« € (0,2) have infinite variance, which makes them somewhat inconvenient. Nevertheless,
they are important in physics, biology, meteorology, and have been used in option pricing
in finance [38-40].

Tempered ao-Stable Process

Tempered a-Stable Process Tempered a-Stable Process

om0

—a=1.9

Zfﬂ@‘)

0

0.1

02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time Time Time

Figure 2. Numerical illustration of sample paths of the single-sided tempered a-stable process Y(f)
when a« = 0.2,0.8,1.2 and 1.9. The inputs tuning of the used algorithm are as follows: ¢, = 0,
Ga+ =28, %, =12and x, + = 1.2

In many epidemiological models, the largest jumps are frequently ignored. Lévy’s
tempered motion adopts a different approach, exponentially tempering the probability of
massive jumps, so that remarkably large jumps are extremely unlikely and all moments
exist [41]. Tempering stable processes offer technical advantages, since the jumps process
remains an infinitely divisible Lévy process whose governing equation can be identified
and whose transition densities can be calculated at any scale [42]. These transition densities
solve a tempered fractional diffusion equation, quite similar to the fractional diffusion
equation. Like the truncated Lévy flights, they evolve from an early super-diffusive
behavior to a late diffusive behavior of the disease.

In this research, we investigate the impact of tempered a-stable Lévy distribution on
the dynamics of an epidemiological model. This scope is new and puts forward a novel
analytical approach that deals with epidemic models under heavy variations. Inspired
by the above facts and motivations, the improved version of system (1) will take the
following shape:

Deterministic part

Fluctuations
dG,(t) = <tG1(t) (1 - G;C(ﬂ) — B1H1(G1(t), G3(t)) G (t) — (u+w)G1(t))dt+ m ,
dGs (1) = (@G1(t) — F2H2(Ga(t), Gs (1)) Ga(t) — (u+6)Ga(t) )dt + dSs (1), @)
dGs(t) = (B1H1(G1(1), Ga(1)) Ga(t) + B Ha (Ga(t), Ga(1)) Ga () — (u+a+ €)Ga(t) )df + dSs(t),
dGy(t) = (ng(t) +¢Gs(t) — uG4(t))dt +dSy(t),

where
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Quadratic white noise Quadratic tempered stable jumps
dSy(t) = (21.G1(t) + 210G ))dBl(t)Jr/ (01 (1)G1(+) + 010(1)G2(+))C¥(dt, du),
dS2(t) = (Ca1Ga(t) + 220 G3(1)) dB (1) + f (622 () Ga(t) + Ba(u)GA( ) CE (dt, du),
dSs(t) = (Ca1Galt) + CagGR(H))dBs(H) + f (63 ()G () + Ba(u)G3()) G4 (dt, du),
dS5(f) = (CarGalt) + CagG2(H))dBa(t) + /i (641, (1) G (1) + a0 () G2(+7)) G2 (dlt, du).

To well characterize the probabilistic part of the updated model, firstly, we define the
underlying probability space (Qg¢, £, Pq) with its associated filtration {&} }¢> (right contin-
uous, increasing and &y encompasses all Po-null collections). Before moving further, let us
explain the notations, processes and measures appearing in system (2):

G/ (t7) indicate the left limits of G, (f) (£ =1,2,3,4).
By(t) (¢ = 1,2,3,4) are alternately independent Wiener processes presented on
(Qg, &, {&}=0,Pa).

e (i (£ =1,23,4) denote the linear diffusion amplitudes; and (o (£ = 1,2,3,4)
represent the strengths of quadratic fluctuations.

. (:’V;‘ (¢ = 1,2,3,4) are the mutually independent compensator processes associated
respectively with the Poisson random measures 0, (¢ =1,2,3,4).
Ny (¢ =1,2,3,4) are independent to By (¢ =1,2,3,4).
37(+) (£ =1,2,3,4) are the tempered a-stable Lévy measures defined on a measurable
set x C (0,).

o 3%(x)<co(£=1,2,34)and C~z‘(t, du) (¢ =1,2,3,4) are {&; }-martingales, where

My (t, du) = C¥(t,du) + t3%(du),
My (t,du) = C&(t,du) + t35(du),
N3 (t, du) = CY(t,du) + t35(du),
Ny(t, du) = CX(t,du) + t35(du).

e  The tempered a-stable Lévy measures 37 (¢ =1,2,3,4) are expressed as follows:
/R / ~a-1p ) (1) 5, (dy)dT a € (0,2). 3)
"

Here, $),(+) denotes a measure on x such that / min (||y]|?, [|y[|*) 32 (dy) < co. Ac-
X
cording to the theory presented in [29], we take

Ha(dy) = ¢= (dy) + ¢7 (dy),

where

*x o
(P, - G*ﬁK*,f‘s(fl/x*,,,fl/;c*/,,fl/K*,,,fl/;c*/,)r
*x o
DL = Gt Kot O(1 /i i 1 a1 /04 N K )7

forall gx,—, s+ = 0, K+ —, K4+ > 0 and 6, is the Dirac mass measure at point z in R%.
From (3), we infer that the measure 3¢ (i =1,2,3,4) are rewritten as follows:

= [y ldr s [ gt T A ae (02, @
R, R+
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where

P = Gu My (=T /Ky =T/ Koy =T/ Ky =T/ K,
P = Gt Wy (T/ K, T Kokt T/ Ko, T/ Kok 1)

e  We principally presume that the intensities 6, (u) and 6,o(u) (¢ = 1,2,3,4) are
positive continuous functions that meet the following primary criterion:
Ce:

[ @3t <o =123,
070(1)35(du) < oo, £=1,2,3,4.
X

Analogous to the aforementioned deterministic setup, the chief target of stochastic
modeling in epidemiology is to define the decisive value responsible for eradication and
insistence of the illness, that is, the long-run bifurcation. Since system (2) is perturbed
by a quadratic noise, its analysis is both a complicated and fascinating subject. Many
researchers have recently addressed the long-term behaviour of infection models using
Brownian motion in higher order representation (see for example, [23-25]). To our knowledge,
to date, biological models driven by quadratic tempered a-stable jumps have not been
investigated due to some analytical complexities. The present research strives to cope with
the long-run bifurcation of system (2). Of course, ergodic steady distribution implies the
permanence of the epidemic. Technically, the well-known approach to checking ergodicity
is the Khasminskii theorem, which provides in most cases insufficient criteria [43,44]. Thus,
the pivotal question of this research is: what is the acute threshold (extended deterministic
threshold) between the permanence and eradication of the infection? Specifically, the
present study suggests a novel method for dealing with biological systems perturbed by
quadratic noises. We will also explore the sharp criterion for the ergodic property of our
model and the disappearance of illness (6). By using two auxiliary equations with tempered
a-stable quadratic noises, we establish the threshold quantity 2ij. In other words, if 535 > 0,
then model (2) has a single steady ergodic distribution, and if 9 is strictly negative, then
the density of the infected class will disappear.

The remaining parts of this research are ordered in the following arrangement: In
Section 2, we start by giving some necessary lemmas and techniques, then we introduce
the value i} associated with the stochastic system (2). In Section 3, we treat the dynamical
bifurcation by proving that 937 is the sharp threshold between stationarity and extinction
of the illness. Section 4 numerically validates the mathematical outcomes and explores
the effect of tempered a-stable quadratic Lévy noises on the behavior of a general SVIR
infection model (2).

2. Some Preliminaries and Required Lemmas

The first question in exploring the dynamics of an epidemic model is whether it
admits a unique and positive global solution over time. The following lemma shows these
properties and ensures the well-posedness of the proposed probabilistic system (2).

Lemma 1. Let C holds. Then, the stochastic system (2) is biologically and mathematically well-
posed in the sense that it has a single solution G(t) = (G1(t), Ga(t), Gs(t), G4(t)) € RY* which
is positive and global in time, where

RY* = {(z1,22,23,24) : 21 > 0,22 > 0,23 > 0,24 > 0}.

To create a link between stationarity and permanence properties, we need the following
lemma.
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Lemma 2. There exists a specific constant 5t > 0 such that

limsup ]E{Q,IP’} [Gl(i’)]
t—o0
limsup E( py [Ga(t)] <
t—oo
limsup Eqqpy [G3(t)] <
[Ga(t)] <

t—00

limsup E(q py | Ga(t

t—oo

The above result can be proven by employing an analytical treatment identical to that
of Lemma 2.1 in [45].

Next, we explore some long-run characteristics of the boundary equations associated
with model (2) in the case of G3(t) = 0 (absence of the infection). Because of that reason,
we use the following two-block auxiliary system with quadratic Lévy noise:

Deterministic part when G3(t)=0 .
Fluctuations
—

ds:(t) = (tSl(t) <1 - Slé”) - (u+@)81(t))dt+ ds$(t) ,
81(0) = G1(0) >0,

©)

dS,(t) = (cosl(t) —(u+ g)Sz(t))dt +dsS (1),
$2(0) = G2(0) >0,

where

dSP(t) = (Z10S1(t) + L10ST (1)) dBy (t) +/ (01L.(u)S1(t7) + 10(1)ST(t7))CE (dt, du),

dS3(£) = (GarSa(t) + (2S5(t))dBa(f) +Z(92L(”)52(f_) + 020 (u)S5(¢7))C5 (dt, du).

Lemma 3. Let (S1(t),Sa(t)) be two Markov processes that verify the two-block auxiliary system
(5). Then, we have the following properties:

1. System (5) is well-posed.
2. S1(t) > Gy(t) a.s. and Sy(t) > Ga(t) a.s. (stochastic comparison result [46]).

3. Iy — 0503 — /X (61L(u) —In(1+ 91L(u)))3‘i‘(du) > 0, then for each process, there

exists a single invariant probability measure, named respectively as 751 and 752
4. Sqand S, follow the ergodic property.

The proof of this lemma is almost analogous to that of Lemma 2.2 in [11].

Lemma 4. Presume that ** — 0.503; — / (91L(u) —In(1+ 91L(u)))3‘{‘(du) > 0. Then, the
he
time averages of S1(t) and Sy (t) are estimated as follows:
lim® [ 8 (s)ds <o {,7** 0588~ [ (6@ —n(1+ 91L<u>))3%<du>} = ¢} >0,
i—oot Jo (v+ KZ1el1g) X

o1t ok . a _ @93
tlgglo; ; Sy(s)ds < (u+g)(t+lCC1L§1Q){;7 —0.5€%L_/X(91L(u) —In (1+91L(u)))31(du)} = (u+lg) > 0.

Proof. See Appendix A. O
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Remark 1. Throughout this research, we always assume that ** — 0.50%; — / (91 p(u)—In(1+
x

61 (u)))f’;‘i‘ (du) > 0. By using the properties of functions H1, Hy (especially, the hypothesis C,)
and Lemma 4, we deduce that

At

S1 < / S1 — 1 71/
/R+ H1(x,0) %1 (dx) < Ay o x7t21 (dx) lim F S1(s)ds < oo,
/]R+ Ha (x,0)752(dx) < A, /R+ xS (dx) = tli_glo—Atz /0 S>(s)ds < oo.

By using Remark 1, we properly introduce the well-defined threshold of the proba-
bilistic system (2) which can be expressed in the following form:

=1 [ Hi(5,0) T )+ fa [ Halr,0)7%(d) - (wato)

=053~ [ (6520) = (14 052.(u)) ) 35 ()

Remark 2. Note that in the case of the functional response type 1, the threshold is

[e9)

Rl = By /0 " xS1(dx) + o /O 752 (dx) — (u+a+ ) — 0503, — /X (B () —In (1 + 651.(u)) ) 35 (dlu).

Since the expressions of w51 and 7152 are unknown, Lemma 4 gives the exact value of the threshold
which is presented as:

R = B1GS + B2G5 — (u+a+c) — 0.503, — /X (9. () — In (1+ 03 ()) ) 33 (dlu).

In the next subsection, we shall show that 937 is the threshold among the stationarity
and the disappearance of the infection.

3. Long-Run Bifurcation of the Stochastic System (2)
3.1. The Stationarity Case

This section demonstrates a novel method for proving the perturbed system’s sta-
tionarity and, of course, its ergodicity. The following intriguing lemma describes this
procedure.

Lemma 5 (Limited possibilities result, [47]). Let M € R" be a stochastic process that verifies the
t 2
Feller property. Then, the ergodicity and stationarity hold or tlim sup% / / Pa(x;s,D){(dx)ds =
—00 2 0 Rn
¢

0 for all closed and bounded subset I C R" and all elementary distributions { on R”", where
P (x;5,D) is the probability for M in D with M(0) = x € R".

Remark 3. Since the fundamental dynamics of the group Gy has no effect on the behavior of the
disease, we can omit the fourth equation of (2) and we will only deal with the following reduced

system:
46(1) = (161(0) (1= S ) = Bt (G1(1), Ga(1) Ga(t) — (u+ @)Ga (1)) + S 1)
dG,(t) = ((DGl(t) — BaH2(Go(t), G3(t))Gs(t) — (u+ g)Gz(t))dt +dS,(t), (6)

dGs(t) = (B1H1(G1 (1), Ga(1) Ga(t) + B Ha (Ga(t), Ga(1)) Ga(t) — (u+a-+)Ga(t) )dt + dSs ().
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In this case, we set
Ri’* ={(z1,22,23) : z1 >0,z > 0,23 > 0},
and we simply survey the long-run conduct of the first three groups.
Theorem 1. Assume that Ry > 0 holds. Then, system (6) admits a single ergodic steady distribu-
tion 777 (+).
Biological interpretation 1. The ergodicity reveals that the perturbed model (2) has a

limiting stable distribution that prophesies the continuation of the infection. This means
that the infected group will tend to stay for a long time.

Proof. See Appendix B. O

Remark 4. From Lemma 2 and Theorem 1, we can establish more indications on the insistence of
the stochastic processes G1, Ga, G4 and Gy. Specifically, we obtain

t
lim t‘l/ G(T)dt = /R4 c17t*(dey, deg, deg, dey) < oo,
0 i

t—o0

t—o0

t
lim t‘l/ Gy(7)dt = /R4 cp7*(deq, dep, des, dey) < oo,
0 i

t
lim til/ Gs(T)dt = /R4 c37*(deq, dep, des, dey) < oo,
0 il

t—o0

t
lim t*1[) Gy(t)dt = /R“/* cg7*(deq,dep, des, dey) < oo.
+

t—o0
By way of explanation, this shows the continuation of all groups of the population.
3.2. The Disappearance Case

Theorem 2. If R < 0, then Gj verifies that

limsup t ! InG3(t) < MG <0 (almost surely),

t—o0

which implies that the group Gs(t) will disappear with full probability. Furthermore, the distribu-
tions of G1(t) and Gy (t) converge (weakly) to the invariant measures w51 and 7152, respectively.

Biological interpretation 2. The quantity 93} contains linear random intensities, which are
related to the infected class G3. This designates that if 9Rj is strictly less than zero, the
stochastic fluctuations help to the inhibition of the illness.

Proof. See Appendix B. O

4. Numerical Verification

This part of the manuscript is devoted to the verification of Theorems 1 and 2 through
numerical examples. Through computer simulations, we generated plots for trajectories
and histograms, from which the complex dynamical behaviours of the perturbed system
(2) can be easily interpreted. Moreover, we chose some reasonable parameter values to
verify our hypothetical framework. According to the work presented in [48], we use the
following compensated tempered Poisson process:

. t ~
Y (f) = / / u C(ds,du), i=1,2,34, @)
0 Jx
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with the associated Lévy measure (4). To numerically apply the method proposed in [29],

we define the following setup inputs tuning:

e (aj)j>1 is an iid. Bernoulli random sequence with the associated distribution
(Q*,f /(Gx,— + Gt ) Gaot / (G- + Q*,+))~

e (bj)j>1and (b}) j>1 are i.i.d. exponential random variables with the parameter 1, where
Bj=by+---+b,.

e (¢j)j>1 areiid. uniform random variables.

e (dj)j>1isaniid. uniform U(0,1) random sequence.

According to Theorem 5.3 in [29], all of the above sequences are supposed to be mutually
independent. Furthermore, the process 'Y with (4) can be presented as follows:

e WhenO < a < 1, then ’Y(t) =Y, ]1(0,t] (c]-)%gl, forall0 < t < T, where §; =
j

1 1
- (g*—+g*+)T)a b gu
min< ( ~=e=—xtio )" Lge s
{( aB; laj] "]
a

1
e Whenl<a<2thenY(t) =Y, (11((”] (Cj)*]:gz — 204 (g*’;;;gf'* ) a) +tP7, forall

‘”]'

1
~ . et \® b L
0 <t < TwhereS; = mm{ (g &BT/GT’+) ds }, 20 = (6x,— = 6ot )/ (64— +Gut ),

7 il ”g

—1—u —1—u
21 = Gu4Ke © — Gx—K, " and

#r(1) (M)l —nlo(e—1), 1<a<?,

br =
(270 +In(ge + Gut))z1 — /X xIn(jx|)3,(dx) a=1,

where (g (-) denotes the Riemann zeta function, I'(-) is the Gamma function, and 7,
is the Euler constant.

Since the main motive of the tempered a-stable Lévy process is to obtain systems that
simulate heavier tails more appropriately compare with the standard Lévy fluctuation,
therefore, it is very much important to study the behavior of these tails. First of all, we need
to simulate the process 'Y (t) = Y(t) and then we will illustrate the effect of parameter a on
the shape of its fluctuations and discontinuities. In Figure 2, we considered four cases for a
for understanding the behavior of tails. It was concluded that by choosing a smaller value of
«, the jumps become more radical and brutal, while by increasing the value, the trajectories
behave like Brownian motion with jumps. In a large time scale, the most recent behavior
is clearly visible. Now, we choose 6, (1) = ej u and Oxg(u) = ex u, where e, exg > 0,
(i,k = 1,2,3,4); then, we consider the stochastic system (2) with Beddington-DeAngelis
functions as follows:

dGy(t) = {xGy (1) (1 - G;C(t)) - 1+ﬁ;1GG11Gj(:2 = - (u+w)G1(t)}dt+dS1(t),

_ B2G2Gs(t)
dG,(t) = L @G (t) — ﬁ - (u+g)G2(t)}dt+dSZ(t),
B1G1G3(t) B2G2G3(t)

®)
dG;(t) = — Gs(t) pdt +dS3(t),
3() {1+q1G1+qu3 T a:Gy 3Gy MTeto) 3()} T dSa(!)

dGy(t) = {ng(t) +¢Gs(t) — uc4(t)}dt+ds4(t),
G1(0) = 0.8, G5(0) = 0.1, G3(0) = 0.1, G4(0) = 0.01,
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where
dsi(t) = {GuGi() +C10GA(1) fdBi (1) + {e1.Ga (1) +e1gGR(t) pal¥ (1),
ds(t) = {52LGz(f) +C2QG%(f)}d32(f) + {ezLGz(ff) +€2QG%(f7)}d2Y(f)/
dSs(t) = {GaGa(t) +C3oG3 (1) fdBa(t) + {e3nGs(t7) +esgGR(t) JP¥ (1),
dS4(t) = {GaGa(t) + CaoG3(t) fdBu(t) + {ea Ga(t7) + esgGR(t) btV (1),

For simplicity, we will present advanced simulation results for system (8) in the case of the
single-sided tempered stable processes 'Y (t) with ¢, — = 0. The deterministic parameters
of (8) are as follows: t = 0.04, K =1, 31 = 0.1, 1 = 0.15, q» = 0.12, u = 0.01, @ = 0.01,
B2 = 0.00045, q7 = 0.17, g5 = 0.11, a = 0.02, ¢ = 0.0001, ¢ = 0.004. To study the influence
of jumps noises on the dynamics of system (8), we fix the values of the deterministic
parameters and will vary the stochastic intensities.

4.1. First Case: « = 0.7
4.1.1. Scenario 1: Stationarity and Permanence

Since the proposed algorithm is very sensitive to its inputs, thus we select the intensi-
ties of noises from Table 4.

Table 4. Selected values of the noise intensities in system (8) (stationarity case).

Stochastic Parameters Values
(Cir, Cirs Cor, C31, Car) (0.051, 0.042, 0.07, 0.0315)
(C10: C10: G20, C30, Ca0) (0.001, 0.002, 0.004, 0.001)
(e1r, e1L, ear, €sL, esr) (0.01, 0.011, 0.0101, 0.01025)
(elQr elQ/ EZQ/ €3Q, E4Q) (00014, 00012, 00071, 00011)

By choosing a sufficiently large number T > 0, the threshold fij is calculated as
follows:

* _ *© ﬁlx
9Q‘O_/o 1+q1x +/ 14—q1 dx) (utatc)

—0.5¢3, — /X (egLu —In(1+ e3Lu)>38'7(du).

The probability density functions 7751 and 7152 obey a Fokker-Planck equation, which can
be easily approximated through Monte Carlo simulations. Via ergodic property (Lemma 3),
we can also estimate these quantities:

T T
lim T~1 7[5181(5) ds, lim Tfl/ 7'328*2(3) ds,
T—o0 0 1491S1(s) T—00 0 14 q5Sa(s)

for a large time T. This last technique is the one we used in our simulations. Since the
equations for S; and S, are disturbed by quadratic a-stable fluctuations, therefore, the said
limit will be modified according to the magnitude of the intensities. Consequently, the
threshold will also be changed. In this regard, our threshold can expressed as follows:

1 T BiSi(s) 1 (T BaSa(s)
Ry = lim S ACOR P _P2929)
0= T Jo T+as:(5) " ToeT Jo T+ aiSs(s)

_ 0-5€3L — ‘/X (e3Lu —In (1 + €3Lu)> )33 (du)
= 0.0012 > 0.

ds — (u+a+c)
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From Theorem 1, we infer that there is a single steady distribution to system (8). To
numerically illustrate this statistical property, we need to present Figure 3, the associated
joint two-dimensional densities for all groups. For a good visibility, we offer the upper
view of the said joint densities in Figure 4. From numerical approximation and Remark 4,
we obtain

t
lim ! / Gy (7)dt = /R . e (dey, dey, des, dey) = 03001 > 0,
0 23

t—o0 i

t
lim t_l/ G(t)dt = / cat*(dey, deg, des, deg) = 0.2060 > 0,
t—o0 0 Ri*

t
lim t_l/ Gs(t)dt = /R4 c3t*(dey, deg, des, deg) = 0.0673 > 0,
0 i

t—o0

t
lim t_l/ Gy(t)dt = /R4 c477*(deq,dea, des, dey) = 0.0030 > 0.
0 %

t—o0 i

This indicates that the infection is still present in the population over time. We talk here
about persistence in the mean of the epidemic. In Figure 5, we illustrate the continuation of
all groups of the studied population. One can notice that the stochastic trajectories fluctuate
around the deterministic solution with reasonable distances according to magnitude of
the noises.

Joint probability distribution Joint probability distribution Joint probability distribution

120

100

/}/'/”0“““‘“\\&\\
7 7X) TN
i “‘:“::“ \\R\

A5 \
i AR
7 SS

s

\ X/ 04
0.2 =

0.15

0.3

5 S
Group 2 Group 1 Group 3 Group 1 Group 4 oz Group 1

Joint probability distribution Joint probability distribution Joint probability distribution

i Vi 0‘ A ““\ \\\\\&\\‘\\\\\
i) 7l y GAGTIMIN
SN 2 27 OO
AR AN

IO
2 ,;,",’.“..““‘\\\\\\\\\ \

= = oo 0.06

2 2 3 .04
Group 3 Group 2 Group 4 e Group 2 Group 4 002 Group 3
Figure 3. The 3D representation of the joint densities at time ¢t = 5000 of system (8) with stochastic

parameters appearing in Scenario 1, different colored stages indicate various sizes of the density.
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Figure 4. The 2D upper view of the joint densities at time t = 5000 of the classes G1, Gy, G3 and Gy.
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Figure 5. Computer simulations based on the probabilistic model (8) with tempered a-stable jumps.
The deterministic parameters are selected as follows: vt = 0.04, £ =1, 1 = 0.1, g1 = 0.15, g = 0.12,
u = 0.01, @ = 0.01, B, = 0.00045, q7 = 0.17, g5 = 0.11, a = 0.02, ¢ = 0.0001, ¢ = 0.004. The
deterministic parameters are chosen from Table 4.

4.1.2. Scenario 2: Extinction

Now, we seek to verify that the long-term dynamics of the model can change its
behavior at certain noise intensities. To this end, we increase the amplitude of the noises as
stated in Table 5.
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Table 5. Selected values of the noise intensities in system (8) (extinction case).

Stochastic Parameters Values

(C1r, Cirs Cors G31, Car) (0.11, 0.104, 0.12, 0.08)
(C10, C10s C20, G300, Cag) (0.01, 0.01, 0.01, 0.01)
(e1r, e1r, ear, €3r, ear) (0.1,0.1, 0.201, 0.125)
(e10, €10, €20/ €30, €sQ) (0.01, 0.01, 0.01, 0.01)

A numerical calculation gives
T T
Ry = lim 1 Pr81(5) ds + lim 11 _BaSals) ds — (u+a+c)

T—ooT Jo 14 q1Sq (S)

T—oo 1 Jo 1+q{82(s)

— 053 — /x (63LM —In(1+ eg,Lu)) )3%7 (du)
= —0.0047 < 0.

In accordancewith Theorem 2, the sign of the threshold indicates that we have passed from
the case of permanence to the phenomenon of extinction. From Figure 6, we notice that the
stochastic trajectory of group 3 is extinguished after a given time while the deterministic
solution still continues. It’s so logical because we didn’t change the deterministic param-
eters and we just made some modifications on the intensity of the noises. Therefore, we
deduce that stochastic fluctuations have a passive influence on the long-term behavior of
the infection and can modify the bifurcation of the proposed system.
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0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 0
Time (days)

Figure 6. Computer simulations based on the probabilistic model (8) with tempered «a-stable jumps.
The deterministic parameters are selected as follows: vt = 0.04, £ =1, 81 = 0.1, q; = 0.15, q = 0.12,
u = 0.01, @ = 0.01, B = 0.00045, q7 = 0.17, g5 = 0.11, a = 0.02, ¢ = 0.0001, ¢ = 0.004. The fixed
deterministic coefficients are chosen from Table 5.

4.2. Second Case: & = 1.7
4.2.1. Scenario 1: Stationarity and Permanence

To exhibit this behavior of the model, we leave the deterministic parameters unchanged
and will choose the stochastic parameters from Table 4. The main purpose is to ensure that
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Theorem 1 is valid in the case of & € [1,2) and also to investigate the impact of a high value
of & on the shape of fluctuations and tails. From Figure 7, we show that unlike the case
of « € (0,1), the stochastic trajectories do not fluctuate around a deterministic solution.
In fact, they move away from the steady state with long tails, which indicates that the
increase in the value of a leads to the worsening of the endemic situation. For clarity of
visualization, we present Figures 8 and 9 having various plots of joint density functions
associated with all groups. Therefore, we numerically verified the continuation of infection
in the population. Regarding the effect of the parameter « on the mean averages of the
processes G; (i = 1,2,3,4), we have

t—co

t
lim ¢! /0 Gy (t)dt = /R . et (dey, dey, des, dey) = 0.5236 1,
£

t
lim ¢ / Gy (7)dt = / . e (dey, dey, des, dey) = 0.3879 1,
0 R

t—o0 I

t
lim t_l/ Gs(7)dt = /4 c37t*(deq,deg, des, deg) = 0.1145 1,
0 R

t—o0

t—ro0

t
lim t_l/ Gy(t)dt = /R4 c47t*(deq,dep, des, dey) = 0.0048 1.
0 1

This shows that by increasing the value of & implies the rise in the average value of all
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Figure 7. Computer simulations obtained by simulating the probabilistic model (8) with tempered
a-stable jumps. The deterministic parameters are selected as follows: t = 0.04, K =1, f; = 0.1,
g1 = 0.15, g = 0.12, u = 0.01, @ = 0.01, B = 0.00045, g7 = 0.17, g5 = 0.11, a = 0.02, ¢ = 0.0001,
¢ = 0.004. The fixed deterministic coefficients are chosen from Table 4.
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Figure 8. The 3D representation of the joint densities at time ¢t = 5000 of system (8) with stochastic
parameters appearing in Scenario 1, different colors indicates various sizes of the density.

4.2.2. Scenario 2: Extinction

Again, we keep the deterministic parameters as that was in previous cases and we
choose the stochastic parameters from Table 5. Here, the main goal is to validate the
conclusion of Theorem 2 in the case of « € [1,2). Figure 10 illustrates the case of high
values of & and noises. One can notice that the jumps are long and the stochastic trajectories

of group 1, 2, 4 fluctuate outside the deterministic solution, while the trajectory of group 3
disappears.

Joint probability distribution Joint probability distribution

Joint probability distribution
25

Group 2
Group 3
Group 4

03 035 04 045 05 055 06 065 07 0.3 0.4

05 06 07
Group 1 Group 1 Group 1

Joint probability distribution 103 Joint probability distri Joint probability distribution
7
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02 025 03 035 04 045 05 055 0.2 0.25 03 0.35 0.4 0.45 0.5

0.05 0.1 0.15 02 025
Group 2 Group 2

Group 3
Figure 9. Numerical illustration of the 2D upper view of the joint densities at time ¢ = 5000 of the

groups G1, Go, G3 and G4. We remark that the stationary processes follow the footsteps of limit
distributions, and the ergodic property is satisfied.
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Figure 10. Computer simulation based on the probabilistic model (8) with tempered a-stable jumps.
The deterministic parameters are selected as follows: vt = 0.04, £ =1, 1 = 0.1, q; = 0.15, q; = 0.12,
u = 001, ® = 0.01, B = 0.00045, q7 = 0.17, g5 = 0.11, a = 0.02, ¢ = 0.0001, ¢ = 0.004. The
deterministic parameters are chosen from Table 5.

4.3. The Influence of Parameter a« on the Form of the Probability Density Function

In the previous two parts of this section, we numerically investigated the long-run
bifurcation (LR-bifurcation). In this part, we show the long-rung modal bifurcation (LRM-
bifurcation), which mainly depicts the geometric variations in the form of the steady
probability density function associated with the dynamical system. Specifically, we numeri-
cally analyze the influence of parameter a on the form of the probability density function.
Figure 11 suggest that the parameter « have a significant role in changing the shape of the
stationary distribution associated with model (8). For example, in the case of G1, we show
that the density function changes its support from & = 1.98 to & = 0.25. We can justify
that when « takes a high value, the stochastic trajectories characterizes by the huge fluctua-
tions and jumps. However, if a is small, the stochastic trajectories concentrate around the
endemic equilibrium.
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Figure 11. The associated frequency histograms at time t = 5000 and the approximated density
functions of groups G1, Gy, G3, G4. The fixed deterministic coefficients are selected as follows:
v =004, K =181 =0.1,q; = 0.15,q, = 0.12,u = 0.01, @ = 0.01, B, = 0.00045, ¢* = 0.17, g5 = 0.11,
a=0.02, c = ¢ = 0.0001, ¢ = 0.004. The fixed deterministic coefficients are selected from Table 4.

5. Conclusions

This research proposed a new approach to dealing with an epidemic model under
real and interesting hypotheses. We have proposed and investigated a new form of the
SVIR system that accounts for two major improvements: the general response functions
and the independent quadratic tempered a-stable Lévy noises. This integration gives a
global perspective of the interaction between various parts of the population in a highly
disrupted environment. The findings of this paper can be summarized as follows:

e  We determined the novel model’s global threshold using some dynamical properties
of a two-block boundary system (5) perturbed by quadratic tempered a-stable Lévy
noises.
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e InTheorem 1, we proved a few results related to the stationarity and ergodicity of the
system. It is worthy to mention that the analysis of these long-term properties is very
significant for the underlying perturbed systems, especially in case of epidemiological
models where the ergodicity offers a general idea of the infection permanence.

e In Theorem 2, we studied the extinction case and the weak convergence of susceptible
and vaccinated distributions to that of the two-block boundary system (5).

e In the numerical simulation part, we have ensured the accuracy of our threshold.
Further, we explored the impact of noise and & on the infection’s dynamics. In
particular, we showed that jumps have a negative influence on the long-term behavior
of the disease in the sense that they lead to complete extinction. Furthermore, it was
discovered that parameter « had a significant impact on the shape of the stationary
distribution.

In general, we pointed out that this study generalises many previous works to the case
of quadratic Lévy jumps. Furthermore, it offers new insights into understanding disease
spread with complex real-world assumptions. In other words, the technique outlined in
this article opens up several prospects for further investigation.
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Appendix A. Proof of Lemma 4
By employing Itd’s lemma for Itd-Lévy processes [49], we get

-

=1
dlnSl(t) = {(t— (u—i—c@S) — % _0-5(§1L -‘rngSl(t))z

+ /X (ln (T+601L(u) +010(u)S1(t)) — (612 (u) + 91Q(u)81(t)))3‘i‘(du)}dt
+ (C1r + C10S1 (1)) dBy () + /xln (14 611(u) + 010(u)S1(t7))C} (dt, du).

We integrate the above relation from 0 to ¢t and dividing both sides by ¢ gives

In Sl (t) —In Sl (0)
t

4 . ot
<ot sl(s)dsfosgﬁf/x (611.(w) ~ In (1+ 61,.(u)) ) 3 (dw) - §1L§1Q/O S, (s)ds

0 t
0.502, t 1 gt
22 [ st + [ CuwdBi(s)

+ % /Of /X {m (1 + %) - 91Q(u)sl(5)}3%(du)ds

+%/Of élgsl(s)dsl(sn%/of/xln (14 611 (1)) C¥(ds, du)

+%/Ot/)(1n (1+%)@‘(ds/du)-
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We let O (t / {11dBi(s) and Qy(t) = /Ot / In (14 61 (1))C¥(ds, du). It is easy to
Jx

show that their quadratic variations are given by
) 2
(@), () =Gt and (@), (1) =t [ (In(1+01.()) 3 (dw)

By employing the theorem of strong large numbers [50], we obtain t ! Q(t) and ¢t~ Q,(t)
converge almost surely to zero as t goes to co. Now, we apply the exponential inequality
introduced in [50], then

IPQ{OileH[/ 010S1(s)dBi (s) 05/ 2,83(s)d
//((%ieu )>+ln<1+m>>3’i‘(du)ds

+/ /m <1+Glf+gi1(( | )>~i"(ds,du)} ZZlnn} <%

On the other hand, Borel-Cantelli Lemma [50] states that for almost w € (), we have the
existence of an integer n,, > 0 such that foralln > n,, t € [-1+n,n) ass.,

21nn+05/ BoSi(s ols+//<<9f2+91L ))) In <1+m>)3q(du)ds

/Clel s)dBi(s +//1n(1+91Q(21L((S))>Cl(ds,du).

Consequently, foralln > n,, t € [n—1,n) C R, a.s., we established that

1nS1(t) —tln51(0) < {77** ]Ct S1( )d gnglQ/ ds—05€1L /)((9“(14) —In (1+61L(u)))3%(du)}
t/ / ((Gignt(télfl §)> — 010(u)S1(s )>3“(du)ds+ Qlt(t) L () | 20

t n—1

L8 < MICKQLQQ){U** - O-SC%L -/ (9“(”> ~In{1+ 9“(”)))3%((1”)}

Q1() Q(t) , 2Inn
Tt +n—1}

K lnsl(t)
- (t+KZ1.l10) {

By taking the limit on both sides of the last result, we have

lnsl(O)}.

t

1ot K x « _
tlgr?Q; ) Sl(S)dS < MMlQ){ﬂ — 0‘5€%L — /X (GlL(“) —In (1 +91L(u)))31 (du)} = (p? > 0.
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To establish the second estimation, we simply take the expectation on both sides of the
second block of (5), thus we have

E S
0= limm @ lim - /E{QP}Sl( s)ds — (u+¢) hm /E{QP}SZ() s

t—oco t—oo t
= (DE{Q'P}}E?O? (/0 S1(s)ds — (u+ g)E{Q,P}tlLr?o; /0 S, (s)ds
<@gt — (u+ )Eiqp) /R xrS2 (dx)
+

=@} — (u+¢) /R xrS2 (dx). (A1)

SR

Consequently, we get

Appendix B. Proof of Theorem 1

From (Lemma 3.2, [51]), we can easily verify that the solution of system (6) has the
Feller property. Via employing Itd’s formula, we get

L(—InGs(t)) = —p1H1(G1(t), G3(t)) — B2H2(Ga(t), Ga(t)) + (u+a+¢) +0.5(far +€3QG3(t))2
= {1 (1 B 0) + 200G (6)) — (Bas o)+ £20(4) G (1)) 35 (c)
= —,317'[1(51( ),0) — B2H2(S2(t),0) + (u+a+c) + 0503
+ [ (B (a) = In (14 050.)) ) 35

+ B1H1 (51(t),0 — B1H1(G1(t), G3(t)) — B1H1(G1(t),0) + B1H1(G1(t),0) + B2H2(S2(t),0)
— BoHo (Gz(t), Gg(t)) — BoHo (Gz(t),()) + BoHo (Gz(t), 0) + €3L€3QG3(t) + 0.5€§QG§(t)

+ [ oG - n (1+ 5LIE0 g

Then, we obtain

L(—InGs(t)) < —B1H1(S1(t),0) — BaH2(S2(t),0) + (u+a+c) + 0573, (A2)
+/x(93L( I (1+ B3 (1)) ) 34 (du)
+ B1A1(S1(t) — G1(t)) + B282(S2(t) (1) + (§3L§3Q+/93Q 33(du))G3()
+0.5@'§QG§<t>+ﬁ1H1(G1 ),0) — B1H1(G1(t), Gs(t)) (A3)
+ B2H2(G2(t),0) — BaH2 (Ga(t), Gs(t)). (A4)

From systems (2) and (5), we can write
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L(InSy(t) ~InGy(1)) < —=(S1(t) — G () + B1H1(G1(t), G3(1))

??

*05((€1L‘|‘€'1Qsl(t)) (G1L +G10G (1)) )

L+ 610 (u) +01g()S1(t) \ " _ «
+./X{1n<1+9u(u)+9m(> 1) et (5100 - 61(6) 3t an)

< B1A1Ga(t) — ( 1(t) = Gi(1))

91Q GlL +91Q( )Gl(t)) «
/X{ 1+ 611 (u) +010(u)Ga (1) }31(du)

< B1A1Gs(t) — (Sl(t) G1(t)),

and

L(InSy(t) —InGy(t)) < (wsszl(()) CDGCil((;))_i_ﬁZHz(Gz(téig)(t))Gg(t)

—05((€2L +220S2(4))” — (Zor + 020G2 (1)) )
[ (R e s
< BB Gs(t) — 021820 (S2(t) — Ga(t))
020 () (621 (1) + 020(4)G2 (1)) | 4
= (5209 - G2(t) /x { 2 146 (u) + 92;(11)(32(15) }32 (du)
< B2ArGa(t) — 021800 (S2(F) — Ga(t)).

2

Upon merging relations (A4)-(A6),we have

A 1K

E(—lnG3(t)+
< —B1H1(81(1),0) — B2Ha(Sa(t),
+/ O31.(u) — In (1 + 651 (u ))3'§

- axlir] n —In
(InS;(t) 1nG1(t))+g2L§2Q(l Sy(t) —1 Gz(t)))

0) + (u+a-+c)+0523;

2y 4 MAIK
+ (Zarlag + / 030(1)34 (du) ) G (£) + 0523, G (¢ -

+ B1H1 (G (t),0) — B1H1(Gi(t), Ga(t))

S8 G0+ pra(Ga(1),0) — e (Galt), G ()

= _51/ H1(x,0) 751 (dx) — B2 /R Ha (x,0) 52 (dx) + (u+a+c) + 053,
+/ 01 (1) —In (1 + 631 (u )))3’;(du)
+ ﬁl(/R H1(x,0) 51 (dx) — My (S1(1), 0)) 4 /32</R Hy (x,0) 752 (dx) — ’Hz(Sz(t),O)>
222 2
+ (AlliliC i gfzgz + 31030 + / 030 (u 33(du))G3(t) +0.523,G3(t)

+ B1H1(G1(t),0) — B1H1(G1(t), Ga(t)) + B2H2(Ga(t),0) — BaHa(Ga(t), Ga(t)).

Gs(t)

(A5)

(A6)



Fractal Fract. 2023, 7, 226 24 of 30

L (e, 5

We select a positive quantity ¢, that verifies ¢, > T Tain

+031030 +/X€3Q(u)3§‘(du)),
and we define

ArBr

Vi(t) = —InG3(¢) + Tal20

(InS1(t) —InGy (1)) +

ﬂ (InSy(t) —InGa(t)) + P« Ga(t).

Then, we have

LV (t) < =P /R Hi(x,0)751 (dx) — B2 /R Ha (x,0) 752 (dx) + (u+ a+c) + 0573,
+ /7( (93L(u) —1In (1 + 93L(u)))3g‘(du) + B1 ( /R+ H1 (x,O) Prad (dx) —Hq (Sl(f),0)>
b ( [ Ha(x0)7%(a0) - Hz(sz(t),o))

+ ¢« B1H1(G1 (1), G3(1)) G3(t) + PxPaH2(Ga(t), G3(t)) Ga(t) + 0.573,G5 (1)
+ B1H1(G1(1),0) — B1H1(G1(t), G3(t)) + B2H2(G2(t),0) — B2H2(Ga(t), G (t))

< W ,81(‘/R Hy (x,0) 75 (dx) — Hl(Sl(t),O))
e [, Halr0)7% (@) - Ha(82(0),0) )

+ ¢ B1H1(G1(t), Gs(t)) Gs(t) + ¢ B2H1(Ga(t), Gs(t)) Ga(t) + 0530 G3(t)
+ B1H1(G1(t),0) — B1H1(G1(t), Ga(t)) + P2H2(Ga(t),0) — BaH2(Ga(t), Ga(t)).

Now, we apply Ito’s rule to (1 + G1)?/p, (1+ G2)P/pand G5 /p, V0 < p < 1, then

G/ i
E(%) =G (tG1(t) (1 _ G}c(t)) — B1H1(G1(t), G3(t))Gs(t) — (u+@)G1(t))

+ (p— 105G (1) (21.G1 (1) + 10G3 (1))
+/ { (G1(t) + 01 ()G (t) + b1 (u)G3(1))P
X p

P
- S G 000610+ 8100 GH) 3t )

<G (1) — 05(1 - p)3oGL (),

(S

; ) = (1+Gy(t))P! (wcl(f) — B2H2(Ga(t), G3(t))Ga(t) — (u+ Q)Gz(t))

+05(p — 1)(1+ Ga(£)"2(C1.Ga(t) + $20G3(1))
+ / { ((1+ Ga(t)) + 0a1.() Ga(£) + 020 (1) GE(1))”
X

p
_ “*G}f(f))p — (14 Go (1)) (21, () Ga (t) + 620 (1) G3 (1)) }35(‘1”)

< @Gy (1) — 0.5(1 — p)g3 G2 (t),
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P
£( ) = 670 (811 (61(0), Ga(0) Galt) + BrHa (G (1), (D) Galt) — (w+ a-+)Ga(1))

+0.5(p — 1)GE (1) (330G (t) + La0G3 (1))
(Gs(t) + 011 (1) Ga(t) + 610(1)G3(t))”
X p
14
S5 _ P (1) (631, (u) + s (1)Ga (1)) bas(au)
< B101G(1)GE (1) + BadaGa(t)GE (1) — ((u+a+¢) +0.5(1 — p)g3,)Gh (1)
— (1- p)ZarsGh (1) — 0.5(1 — p)2oGh (1)

A A A A
< PG + PRRLGr o)+ P2 6 )+ 2R 6 ) - 0501 - B0

+

Now, we consider the following function

Vi(G1(t),Ga(t),Gs(t)) = OVu(t) + ;{Gf(t) +(1+Go(1)" + Gg(t)},

where O, > 0 is a sufficiently large quantity verifying —O, R + & +2 < 0, and

A
® = max { sup {tc;’f ~025(1 - p)22oGL % + @Gy —025(1 — p)g3Gh T2 + b1 in“
(G1,G2,G3)€RY* P+

A A A
+ f;ﬁ LGl 4 52+iG§“ + ’;ﬁi 26y - 0.25(1 - p)ggQGg’“},l}.

Since the function V, (G1, Gy, G3) can attains its lower critical bound at a quantity ( G1, Gy, G3)
in R3 , we can define the following non-negative Lyapunov function

V2(G1(1),Galt),Gal1)) = O.Vi(0) + 1 {GL(0) + (14 Ga(1)” + GL(1)} - Vi(Gy, G, G,

So, we get
LV, (G1(t),Ga(t), G3(t)) < —O0RG + 0*ﬁ1(/R Hi (x,0) 75 (dx) — ”Hl(sl(t),o))

+ 0.8, ( /]R Ha(x0)n%(dx) — Hy (Sz(t),0)>

+ 04111 (G1(t), G3 (1)) G3 (1) + OsduPaHa (Ga(t), Ga(t)) G (t) + 050,550 G3 (1)
+ O:p1H1(G1(1),0) — OxB1H1(G1(t), Gs(t))
+ O, B2H> (Gz(t),()) - O,;ﬁz’Hz(Gz(t), G3(f))

+1G (1) — 0.5(1 - p)23GY (1) + @Gy () — 05(1 — p) 2o Gh 2 (1) + %Gf“(t)

A A A
+ f;ﬁi N G () + 511@5’“@) + F;ﬁi v G (1) —05(1 - p)Z3oGh ()

= (61,62, G+ Oupa ([ 1 (x,0)7% (@)~ Ha (1(6),0))

+ (9*[32(/]R+ Ha (x,0) 52 (dx) — Hz(sz(t),0)>.
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By using the same techniques presented in the demonstration of [Theorem 3.2, [11]], and

by the virtue of uniform continuity of the functions H; and H, (hypothesis Cy,), we can
easily verify that

f(G1,G2,G3) < -1,  V(Gy,Gy,G3) € RY*\ Dy,

for a given sufficiently small constant € > 0, where
De = {(Gl’GZ’G3) ERY| e<G <el, e<Gy<el, e<Gs;< €_1}.

On the other hand, one can easily show that 3 g, > 0 such that f(G1, G2, G3) < 0, for all
(G1,G2,G3) € Rj_’*. So, we obtain

Efap) (V2(G1(0),62(0),G5(0))) < Bz (Vi (G (), Galt), Ga(1))) — Eyr o (P4(G1 (0), Ga(0), Ga(0))
= [ B (£V2(61(9), G2(5),Ga(9))) ds
< [ Biom (F(G1(0),G2(1),Ga(1))ds
+0*ﬁ1E{Q,P}( /O t /R H (x,0) 75 (dx)ds — /0 t?—ll(Sl(s),O)ds>
+ O.B2E o) (/Ot /R+ Ha (x,0) 752 (dx)ds — /Ot ’Hz(Sz(s),O)ds>.

By employing the ergodic characteristic of S1(t) and S,(#), we obtain

.1t
0 < liminf, | (E{Q,]P}f(Gl(t)/GZ(t)/G3(t))]1{(Gl(s),Gz(s),G3(s))eDg}

t—ro0

+E{qp} f(G1(5), G2(s5), G3 (S))]1{(G1(s),Gz(s),G3(s))€ID)€})ds
t—o0 0

< liminf% t ( — P ((Gi(s), Ga(s), Ga(s)) € DE) + 0P ((Gi(s), Ga(s), Ga(s)) € ]D)e)>ds

=—1+(1+ Q*)ligigf% '/Ot P ((G1(s), Ga(s), Gs(s)) € De)ds.

Then
lim inf /tn» ((G1(s), Ga(s), Ga(s)) € De)ds > —— >0
5o £ Jo Q 1(5),%285), %3 € = 1_’_@* .
That is to say that

1 t
lim inf /O Pa ((G1(0), G2(0), G3(0));5, e )ds >

t—oo I,

>0, Y(G1(0),Gy(0),G3(0)) € R>*.
s (G1(0),62(0),G3(0)) € B
In accordance with Lemma 5, the demonstration of Theorem 1 is finished.

Appendix C. Proof of Theorem 2

This proof is divided into two parts.
Part I. By using the It6’s formula, we get

dInGs(t) = (ﬁﬁh (G1(t),G3(t)) + B2H2(Ga(t),G3(t)) — (u+a+c) —0.5(Zsr + §3QG3(1‘))2

Jr/x <ln (1 + 93L(M) + 93Q(M)G3(t)) - (93L(u) + 93Q(M)G3(i’)))3%(du))dt

+ (€3L + €3QG3(t))dB3(l’) + /)( In (1 + 63 (u) + 93Q (M)Gg;(l’_))gg (dt, du).
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From Lemma 3, we obtain

dInG;(t) < <,317'l1 (S1(t),0) + BoH2(S2(t),0) — (u+a+c) —0.5(Z3 + €3QG3(1‘))2
(1014 82100 +30(0)Ga1) — (B (1) + Ea(w)Galt)) )35 ) )
+ (Z31 + {30 Gs(t))dBs(t) / In (14 031, (u) + 030 (1) Gs(t 7)) C5 (dt, du).

Upon integrating the preceding inequality and dividing both sides by ¢, yields

lncf‘(t)_tl“GS() ﬁl/ 1(81(5), )ds+ﬁ2/ Ha(S2(s),0)ds — (u+a+c) — 0583,

= [ (B0 1 1+ 8, 10) ) 35 ) — 22520

- 0.5§3Q

t
/ G2(s) ds+1/ Za1dBs(s)

t//{ < %ﬁ)—@m(w)%(s)}ag(dums

+*/ gBQGS(S)dBS(5)+*/ /ln (1+ 031 (u))C5 (ds, du)

Lm0 s

We let

2= [ ' 51dBy(s),
Z(t) = /Ot/Xln (1+ 031 (1)) C&(ds, du).

It is so simple to check that their quadratic variants are determined by

(21(8), 21(0)) = Tt
2
(220, 22(0) = t | (10 (14+5(00) ) 35(dw).

Consequently, we obtain as t — oo,

t=1 Z1(t) = 0 as.
t=1 Z5(t) = 0 as.

In line with the exponential inequality for martingales, we get
]PQ{ sup |:/ €3QG3 )ng 05/ €3QG2

0<t<n,
//((9’;‘19% >)+ln <1+w>>3§(du)ds
+/ /1“ (1+93Q G3() )>5§‘<ds,du>} zzlnn*} < niz

1 +93L(
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References

Borel-Cantelli Lemma stated that for almost w € (), we have the existence of an integer
N, > Osuchthatforalln > n, o, t € [ne —1,n,) CRy as.,

21nn*+0.5/t§§QG§(s)d5+/t/ ((%ﬁf(;)) “In (1+%3f€lf)s)))3g(du)ds

/C3QG3 s)dBs(s +// ( %)Eg‘(ds,du).

So, for every n, > n, ,, and t in [—1 + n,, n,) a.s., we have

lnG3( ) 71I1G3
t

{/31/ H1(S1(s )ds—l—ﬁf:/ot%z(sz(s),o)ds—(u+a+c)—0.5§§L

/(93L( u) —1In (1+ 63 (u )))35(@)} _@/Otcg,(s)ds

1 [ ((BR2) — tsqGate) ) 3t (duas

Z()  Z()  2Inn,
t + t +n*71'

_|_

We take the superior limit on both sides of the last result and obtained the following

sp G <ﬂ/ Hi (x Sl(dx)—i—ﬁz/IR Ha (x,0) 752 (dx) — (u+a+c)

0572, — /}C (031 () = In (1 + 031 () ) 34 ()
=NR; <0.

Since the exponential extinction implies the stochastic extinction [50], so tlim G;3(t) =0as.
—00

and the infection of (2) will go to extinction with probability one.
Part II. Based on the result of Part I, we can conclude that for a small v, > 0, we have the
existence of ty and ), C Q) such that Po(Q,) > 1 — v, and

H1(G1,G3)G3 < H1(G1,0)G3 < At Gy,
H2(G2,G3)G3 < Hz(G2,0)G3 < Ay, Gy.

Thus
<tG1(t) (1 - G;C(t)) — B1A1Gy — (u+ w)Gl(t))dt +dSq(t)
< dGq(t)
< (tG1(t) (1 - G}C(t)) —(u+ cD)G1(t))dt +dS;(¢),

and

<@G1(f) — B282t, Gy — (u+ Q)Gz(t)>dt +dSy(t) < dGy(t) < (@G (t) — uGy(t))dt +dSy(t),

indicating that the distributions of S1(t) and S (t) converge weakly to 751(-) and 7152(-),
respectively. The demonstration is finished.
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