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Abstract: Chemical graph theory (CGT) is a field of mathematical science that applies classical graph
theory to chemical structures and processes. Chemical graphs are the principal data format used in
cheminformatics to illustrate chemical interactions. Several researchers have addressed boundary-
value problems using star graphs. Star graphs were used since their method requires a central point
linked to other vertices but not to itself. Our objective is to expand the mechanism by introducing
the idea of an isobutane graph that has the chemical formula C4H1g and CAS number 75-28-5. By
using the appropriate fixed point theory findings, this paper investigates the existence of solutions to
fractional boundary value problems of Caputo type on such graphs. Additionally, two examples are
provided to strengthen our important conclusions.

Keywords: fractional derivative; isobutane graph; fixed points
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1. Introduction and Preliminaries

The link between graph theory and chemistry has evolved significantly over time.
Numerous investigations relating to both subjects have shown robust linkages between
them, resulting in the formation of the research field known as chemical graph theory
(shortly CGT) (for detail, see [1]). Chemical graphs were initially mentioned in the late
eighteenth century, when Isaac Newton’s concepts influenced the way chemistry was seen
(see [1]). Although research on the relationships of atoms accelerated over that century,
the chemical bonds remained unknown. Thus, chemical graphs were first used to describe
hypothetical forces between molecules and atoms.

CGT uses graph theory to describe molecules in order to explore their many phys-
ical characteristics. A graph & = (U, €) is composed of a set U of vertices (or nodes)
and a set € of unordered pairs of different components of 2J that constitute the edges.
The vertices denote the atoms in a molecule in chemistry, whereas the edges represent the
chemical bonds.

John Dalton devised the initial atomic model in 1805 by associating various atom kinds
with distinct rings that can only represent the chemical positions and quantities of atoms in
a compound (for detail, see [2,3]). August Kékule, on the other hand, demonstrated both
the physical and orientational locations of atoms inside a molecule. He categorized many
organic compounds and showed the bonding arrangements between particles in his model
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related to the “Tetrahedral Carbon Atom (see Figure 1)”, which featured the benzene ring
(see [4]).

Figure 1. A sketch of a tetrahedral carbon atom model.

Alexander Butlerov coined the phrase “molecular structure” in 1861, implying that any
compound should have a rigid molecular composition. This phrase referred to a number of
the compounds’ chemical features (for detail, see [5]). The line depiction of atomic bonds
was originally used in [6] as a different interpretation paradigm. However, since these lines
represented merely interatomic forces and not individual bonds, Couper’s work is credited
with being the first graphical depiction of a chemical bond (see [7]). The molecular formula
for acetic acid was established and represented chemically as a framework with geometric
shapes linking the atoms in a molecule to symbolize chemical bonds (Figure 2). To learn
more, the reader can refer to [8—10] and the references therein.

&
& N9 O

Figure 2. A chemical and structural representation of acetic acid.

On the other hand, there has been considerable conceptual and practical progress lately
in the subject of differential equations (see [11-14]). Many fields, including engineering,
physics, and ecology, make use of differential equations on graphs. A graph G is a pair
(A(G),B(G)) consisting of nodes A(G) := {v,:£=0,1,2,...} and the edges B(G) :=
{e; :1=1,2,3,... } that link them (see Figure 3), which may be either finite or countably
infinite in dimension. Local coordinates are defined on each edge (of a certain length),
with the origin located at a specific node.
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Figure 3. A sketch of a graph with three edges and four vertices.

The majority of studies on fractional calculus in the context of specific functions focus
on the solution of differential equations (for detail, see [15-19]). A number of new papers
have recently been published focusing on nonlinear fractional differential equations and
their solutions, utilizing techniques including Leray-Schauder theorem, stability analysis,
and fixed-point analysis (see [20-23]).

Lumer [24] pioneered the use of differential equation theory in graphs. He explored
extended evolution equations by modifying specified operators on ramification spaces.
In 1989, Zavgorodnij investigated the solution to the boundary value problem using a
geometric structure defined at its inner nodes (see [25]). When finding computational
solutions for the given differential equations, Gordeziani et al. used the double-sweep
approach to obtain results (see [26]). In the literature, only a tiny amount of research has
been carried out on star graphs (see Figure 4) linked with boundary value problems using
specific fixed point methodologies (see [27,28]). We refer to [29-36] and the references
therein for the current study in this area.

U1 Uk

() V-1

Yo

U3

Figure 4. A sketch of a star graph with a junction node vy and k edges.

The techniques described in [27,28] for detecting the origin at vertices other than the
junction node are unsuitable, as graphs typically have many junction points (for examples,
see Figures 5 and 6).
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Figure 5. Example of a non-star graph with many junction nodes.

\
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Figure 6. Chemical bond of an isobutane compound C,Hjy.

In [27,28], the authors framed the length of each edge as a parameter, but the size of
all sides may be assumed constant from the initial stages of the computation. To solve this
problem, we used a specific strategy in which we gave numerical values (0 or 1) to the
vertices of the suggested graph & with edge length |f| = 1 (see Figure 7).

Figure 7. Isobutane compound graph with edge length || = 1 and vertices 0 or 1.
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Thus, the label for each vertex is determined by the direction of each associated edge.
Consequently, some vertices can also be labeled by 0 or 1, while the length of every edge is
not fixed. It changes based on the rotational path along the boundary. Standardizing the
length of each edge with the given alteration is not required, as we can use comparable
methods to choose one of the two vertices of the linked edge as the origin.

Contrarily, various sophisticated fractional modeling strategies are covered in the
research, including (but not confined to) the well-known Riemann-Liouville and Caputo
operators (for detail, see [37—44]). The Caputo-Hadamard, Hadamard, and Hilfer operators
have undergone a number of notable changes this decade, and many modeling projects
have used these new operators (for more detail, see [45-49]). Six years ago, Caputo and
Fabrizio, in [50], proposed an updated version of a fractional paradigm without a singularity.
Nieto and Losada focused on important mathematical facets in the immediate aftermath
of this work. Numerous studies on fractional modeling were published after nonsingular
operators were included (see [51-54] and references therein).

Using the study described above, we explored the existence of solutions to the system,
foreacht=1,2,...,13, stated below:

{@mUT(S) = R+(s,0:(s), D"v(s),0%(s)) (s €0,1]),

u

0:(0) = D" oL (1), 11D "0r(1) + Do (1) = 173/0 " 1y, (0)d6, @
where v; : [0,1] — R is an unknown function, ®" and ©" are the Caputo fractional
derivatives of m € (1,2],m — 1 € (0,1] and n € (0,1) orders, respectively, and D" is the
sequential fractional derivative. Furthermore, 7, € R (k = 1,2,3) with . # 0, u € (0,1),
and R: : [0,1] x R x R x R — R is a given function that is continuously differentiable,
where T = 13 represents the total number of edges of the isobutane compound with length
el = 1.

This paper analyzes the link between the framework of fractional boundary value
problems (1) and the isobutane graph (see Figure 6), as mentioned above. The rising popu-
larity of CGT is the critical impetus for this study. This branch of mathematics examines
how bond lines and inter-atomic interactions affect the results of chemical processes. These
new applications can be seen in chemical kinetics and biomacromolecules.

The next sections will need the notable results stated below.

Definition 1 ([55]). The Caputo fractional derivative of order o > 0 for a function H €
CX([a, b],R) is given by

DYH(s) = r(xl—p) /O'S(s — )9y () (x—1<p<x x=lp]+1)

where [p] represents the integer part of .
For p > 0, the general solution of D¥v(s) = 0 is defined by
v(s) =dg +dis+dps® + - +d,_15",
whered, € R,k=0,1,...,n — 1.

Definition 2 ([14]). The sequential fractional derivative for a sufficiently smooth function H(s) is
defined as
DUH(s) = DAD ... DUH(s), )

where ¢ = (01, ..., 0¢) is a multi-index.
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Generally, D? as specified in (2) may typically be either a Caputo operator, a Riemann-
Liouville operator, or another kind of integro—differential operator. For instance,

C d
© = (n—p) [ =
D H(s) D ( .

> H(s), n—1<p<mn,

whereas D~ ("~9) represents a fractional integral operator of order 1 — .

Lemma 1. Suppose that Y € C([0,1],R). Then, v* : [0,1] — R is a solution of the subsequent
problem:

{@’"v(s) =Y(t) (se€0,1]),

0(0) = 2" u(1), D"o(1) + 1 D¥o(1) = s [ D" Lofo)de, ©

if v* is a solution of the integral equation given below:

o(s) = /OS(S_(OWY(G)d9+/1Y0d6

zio(( ){’73/ / €)dedd =2 j)l%Y(e)de
—n /Ol Or_(a)mnlY(e)de], @

m—n)

_[_un U} 3"
where Ag = |:1"(2in) + r(z—zzn) - 1”?4—m)]

Proof. Assume that v* : [0,1] — Ris a solution of (3). Thus, there exist constants dy,d; € R
such that

0*(s) = /OS (Sl_,(gn);)n_lY(G)dGeroerls. ®)

From the above, we obtain

527m

:Dm—lv(S) = As Y(G)dG + Wdl,

/9’“ 1 dG_// dgd9+(f:":n)dl.

Using the first boundary condition, we have

and

1 1
do :/O Y(O)O + gz ©)

From the second boundary condition, we obtain

ho= o {;73/ / dgd@—nz/ol %Y(Q)de

;71/ r(m)fnn)l (a)de].
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Now, by substituting the value of d; into (6), we obtain

%::AW@%+LMGHMMWKA%@@w

_ p\ym—2n—1 _p\ym—n-1
—méw%f)Y@w—mAu%f)Wﬁw.

m—2n) m—n)

Hence, substituting the values of dy, d; into (5), we attain the solution (4). Conversely,
it is obvious that v* satisfies (3) whenever it is a solution of (4). O

Our goal is to show that (1) has a solution using the following fixed point theory
concepts.

Theorem 1 ([56]). Let M be a Banach space. If T : M — M is a completely continuous operator,
then either {v € M : v = bT v for some 0 < b < 1} is unbounded or T has at least one fixed point
in M.

Theorem 2 ([56]). Let V be a closed, bounded, convex, and nonempty subset of Banach space M
and Ty, Tp : V — M be two operators such that Tik + Tok' € V whenever k, k' € V, where Ty is
compact and continuous and T, is a contraction mapping; that is, there is a v* € [0,1) such that

I T2k — Tak|| < " ||k — kI,
forallk,k € V. Then, T + T has a fixed point.

2. Main Results

Define M = {v: [0,1] — R : v,9"0,v' € C([0,1],R)} as a Banach space with the
norm

0]l 5 = sup |o(s)| + sup [D"v(s)| + sup |0/ (s)].
s€[0,1] s€[0,1] s€[0,1]
It is obvious that M = M3 is a Banach space equipped with the norm
13
lo= (01,02, 013) ] pg = Y 10l -

=1

From Lemma 1, we can introduce an operator 7 : M — M for each (v1,vy,...,013) €
M defined by

T(Ul,vz,u-fvn) = (7—1(01/02,--.,013),7—2(01,02,'-~,U13),--.,7—13(01,02,-.~,U13)), (7)

foreacht =1,2,...,13, where T; : M — M is defined for each (vy,v,,...,0v13) € M by

s (g — m—1
Tetonon o o)®) = [ CT I Re(6,0:(0) 970:(0), 0, (0)d
+ [ Re(0,00(0), 001 (0),o4(0)) a0
1:0 (r( —I—S) |:773/ / RT Z UT (Z),U/T(g))dng
1 (1_9>m 2n—1 " ,
—172/0 WRT(GIUT(Q)IQ UT(G)IUT(G))dQ
L gyt or(0), !
_m /0 oy R (8,0c(6), D70 (6), v (6)d0 |, ®)

foralls € [0,1].
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We shall use the following notation to make computations easier:

A= r(2171 " r(zn—zzn) ®

s = e ;7227|1+1) e |171n|+1) (10

Ay = [A* — M] #0 (11)

A = {A* n 1”(417—3111)] £0 (12)

V) = 1+|§;|<F(31—m)+1> (13)

Vs e o

Vy = I;A*. (15)

Mg = 1"(ml—|—1) Vg (16)

M = W 4V (17)

Mj = F(lm) + V) as)

IN

IN

Theorem 3. Consider the problem (1). Assume that R1,Rp,...,R13:[0,1] x RxR xR - R
are continuous functions and there are B¢ > 0 (Vt =1,2,...,13) such that |R+(s,v,7,0)| < E,
foralls € [0,1] and v, 3,0 € R. Then, problem (1) has a solution.

Proof. The integral Equation (8) implies that the fixed points of 7 described by (7) exist
if and only if (1) has a solution. To establish this, we must first demonstrate that 7T is
completely continuous.

Since R1, R, ..., R13 are continuous, 7 : M — M is continuous too. Let O € M be
a bounded set and v = (v1,vy,...,v13) € M. For each s € [0,1], we have

|(Tz0)(s)]

/OS (S;(HnKl|RT(GIUT(0) " UT(G |d6+/ RT 9 ZJT(G) " Z)T(Q |d9
1 1
|A0|( r(3— ) {’73|/ / |RT 0,0¢(0), @"0¢(0),v |d€d9
1_ m 2n—1
+|772|/ T2y ]RT(Q,UT(G) D"v.(0),v |d9
_ pym—n—1
+Im|/ Lmr (6, 0:(8), D" (8), 0 ]d@]
E: Mg,

where M is given in (16). In addition,
(D" Tr0)(s)|

& (S _ g)m—n—l . )
/0 T =y | Re(0,0:(6),D"0e (0), 0 (6)) [0

+(|AO|;1(2_)) [|;73|/ [ 1Re(@,00(0) ©0r(0),04(0)) g0
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17 m —2n—1
+lnz\/ Eor gy | Re(0,9:(0),270:(0), 1 (0))| 0

_ p\ym—n-1
ol [ 1r(m>_n)|RT<9,vr(e>,©”vf<9>,v;<9>)\d@
B M

IN

and

—
|
Q
=
—
wv
N—
INA

[ 0" 2 (6,0.(6),0"0x(6), ), (6)) a6

I(m—1)
1
+(A |> |:|773|/ / ’RT e vT ) £y Ur(g UT ]d@dG
1_ m 2n—1
|772|/ “Tn—2n) [R<(6,0:(0), D"0-(0),v(0))|d6
1_ )m n—1
+|m|/ imr (6,0-(8),D"0+(8), 0, (6)) |6
= ETMZI

where MJ, M3 are given in (17) and (18), respectively, and for all s € [0,1]. Therefore,
[(Tz0) ()| p, < Ex(Mg + M7+ M3).

Hence,

I(To)()pm = ZII (Tz0) ()] a1

=1
13

< Y B (MG + Mi+M;)
=1

< 09,

which demonstrates the uniform boundedness of the operator 7.
Now, we shall show that 7 is equicontinuous. For this, let v = (v1,v,...,v13) € O
and s1, s € [0,1] with s < sp. Then, we have

|(Tr0) (s2) = (Tzv) (s1)]

(52— 0)" ! — (51— 0)"! n /
< / T'(m) L [R<(6,v:(8),D"v(0),v7(6))|d6
m—1
+/ m)) ’RT 6 UT( ) QnUT(0>/v{r(9))‘d9

*( A )X['%'//W%évr D"02((), 0 (())[dzdo

1_0 m—2n—1

il | U [Re(0,0:(0), 970:(6), %, (0)) o
1_9)m n—1

+Iml/ i Re(6,0:(6),0"0c(6),v4(6)) |40 .

It is clear that, if sy — sy then the R.H.S of the above expression converges to zero
independently. Thus,

lim [(9"T7v)(s2) — (D"77v)(s1)| =0, lim |(T{w)(s2) — (T{w)(s1)| = 0.

51—S2 51—S2
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[oz(s)]

IN

IN

This reveals that ||(7v)(s2) — (Tv)(s1)||»q — 0as sy — so. This proves that 7 is
equicontinuous on M = M; x My x --- x Mj3. The Arzela—Ascoli theorem now entails
the operator’s complete continuity.

Further, we have

O :={(v1,v2,...,013) € M : (v1,02,...,013) = bT (v1,02,...,013), b€ (0,1)}

of M. We shall prove that © is bounded in this section. For this, let (v, v,...,v13) € O.
Then, we can write

(U], 02,... 1013) = bT(vl/ 02, .. 1013)/

and so

v¢(s) = b(T(v1,02,...,013)),
foralls € [0,1] and T = 1,2,...,13. Thus,

s (g — m—1
b{/o (I,(eni)|7€r(9,vr( ), D"v(0),v ]d@—i—/ |R<(6,0:(0), D"0<(8),v7(6))|d6
ac (s +5) [l [ / [Re(Z,02(2),0"02(£), 0 (0))] g
1_ m 2n—1
+|172|/ T =2 |R<(6,0:(0), "0 (0),07(6))|d6

1_9)m -l n !
+|771|/0 W‘RT(G/UT(Q)/@ 07(9),UT(9))|d9
bE My,
and by similar computations, we have
[D"v:(s)| < bEM],
[0:(s)] < bEMS,

where M) — M3 are given in (16)-(18). Hence,

13
ol = X lloell g
=1

13

< b)Y B ( MG+ M+ M;3)
=1

< 0o,

which shows that © is bounded. We can now verify that 7 has a fixed point in M and that
(1) has a solution by using Lemma 1 and Theorem 1. O

We shall now look at the solution to problem (1) by putting different conditions.

Theorem 4. Consider the problem (1). Supposing that R1,Ra,...,R13:[0,1] x Rx R xR —
R are continuous functions and that there are bounded continuous functions 21, 2y, ..., 213 :
0,1] — R, Q1,9,...,913 : [0,1] — [0,00) and nondecreasing continuous functions
Uy, Uy, ..., U3z : [0,1] — [0,00) such that |R<(s,v,7,0)| < Q(s)Uc(|v| + |0| + |0]) and
Vs € [0,1], v1,v2,v3, U1,02,03 € Rwitht=1,2,...,13, we have

|R+(s,v1,v2,v3) — Re(s,01,02,73)| < Z¢(s)(|vr — 1| + |v2 — 02| + |v3 — T3).

13
FA:= (Vi +Vi+V5) L || 2| <1, then (1) has a solution, where || Z<|| = SUPsc[o1]
=1 !
| Z+(s)| and the constants Vi=V; are given in (13)—(15), respectively.
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Proof. Welet || Q|| = supyc(o q] Q+(s)]. As for k¢, we have

13
ke 2 ) Ue([loell g, ) 1 Qell IMG + M + M3}, (19)

=1

where M) — M3 are given in (16)-(18). We define a set
O, = {v = (v1,02,...,013) € M : ||t 5y < Kc},

where x is defined in (19). It is clear that Oy, is a nonempty, closed, bounded, and convex
subset of M = M X My x - - - x M13. Now, we define 77 and 7, on Oy, by

Ti(n, 00, oi)(s) = (T (@100, 00)(6) o T (01,00, 010)(5) )
T2(v1,v2,...,013)(s) = (7'2(1)(01/02,-~.,013)(5),~--/7'2(13)(01,02,--~,U13)(S)>,
where -
(T70)0) = [ R (0,01(0), 2"0:(0), o, (0)) 20)
and

(B0)(5) = [ Rel6,00(0),9"01(0),0,(6))0

o (r(al—m> v ) [’73 [ [ Relgor(@), 0700 ), 1@ gao

_ p\ym—2n—1
. /0 ' “r(g)nr(e, 0-(6), D0 (6), v'-(8))d6

m —2n)
_ p\ym—n-—1
o [ Ere o Ra(0,00(0), 270 (0), 0% (0)) o @

foralls € [0,1] and v = (v1,v,...,013) € Ok,.

Let U, = SUP,_c M, Z/[T(HUT”MT)' For every 9 = (01,0, ...,713), v = (v1,02,...,013)
€ Oy,, we have

’ (Tl(% T 7'2(%) (s)‘
s __pym—1
< /O(Sr(em))|RT(9,ﬁr(e),Dnﬁr(G),ﬁ’T(Q)ﬂdG—I—/1’RT(G,UT(O),QWUT(Q)/U/T(G))!d@
+|1:0((1) ) [|773|/ / |Rr 0,v:(0), D" (7), UT |d§d9
1_ m —2n—1
+!172|/ BCETN |R<(6,v:(8), D"0.(8),v%(8))|d6
By i —
_ pym—1
< [ <Sr(‘jn>)Qf<e>uf<|ﬁf<e>|+@"mewﬁ;(e)bd@
+f L Q) ([02(0)] + [970:(8)] + |01 (6)] )0

1 1 u 0 . /
+|1%<()+S) X ["73|/0 /0 Qe () (|or(§)| + "0 (Z)] + [07(8)])dide

m 2n—1
il ) U Qo) (ox(0)| + [970:(6)] + [o4(0) o
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sl [ O o 0 (e (0)] + 19700 6)] + [eh(6) o
0 F(m — 1’1) T
< Qe M.
By similar computations, we have

2" T Vo(s) + " Vo(s)| < Qe

and

IN

1 Qx| M3

This yields that
[0 5 7(R) y

175+ Toollpg = Lo || 70+ B0 < 1Qellte (MG + M5 + M3) < e,
=1

and so 719 + T,v € O, . Furthermore, the continuity of R, follows from the continuity of
Ti.

Now, we shall show that 77 is uniformly bounded. As for this purpose, we have

s (s — m—1
’(Tl(%)“)’ < /O(F(%IRT(H,vT(G),S)”vr(e),v;(e))|d9
1 ) /
< WHQTIIUT(IUT(G)IH@ 02(0)] + 0%(6)]).

forall v € Oy,. In addition,

(o7 0) )] < /os%'Rf”fUT<9>r9"vr<9>,v’T<9>>|d9

1

S Fm a1l (oe (@) + [2"0-(8)] + [0 (6)

),

and

< r(lnﬁngfumumwn+\©“vf<e>|+\v;<e>

(77) 0 )

forall w € Oy,. Thus,

Tl = L[],

m+1 1 13
{F(m—l—l) +1"(m—n—|—1)}g|QT||MT(HUT|M)’

which shows that 77 is uniformly bounded on O, .
Now, we shall demonstrate that 77 is compact on O. . For this, let s1,s; € [0,1] with
s1 < sp. Then, we have

\(7'1(%)(52)—(ﬂ“”v)(sl)] - /052 (s2—0)"1 R (6,v:(0), D"v(6),0,(6))do

I'(m)

_/Sl 1O g (6,00(8), 201 (6), 0, (0)) 0
0 I.,(m) T YT 7 T ’7YT
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IN

51 (S — Q)m—l _ (S _ g)m—l ) ,
[l Re(6,0:(6),D UT(Q),UT(G))dQ‘

$2 (g5 — @)1
/Sl <2r(9m>)RT(e,vr<9>,@”vr(f)),vé(@))d@‘

s1 (g0 — @Y1 _ (g, — g)m—1
[ 0) F(m()l 1R (6,00(0), 070 (6), 0 (6)) |0

52 (g5 — @)1
+/51 m|RT(9/UT(G)'QWUT(Q)’UIT(G))|d6

{sz _Sﬁ(; $21>—S1) + (r§m+i) }|QT||uT(||vT|MT)

(Tl(T)v) (s2) — (Tlmv) (51)’ — 0 as s1 — sp. In addition, we have

(172) (52) = (170) (s1)

Hence, ||(719)(s2) — (T17)(s1)]| o4 tends to zero as s; — s. Thus, 7y is equicontinuous
and therefore 77 is a relatively compact operator on Oy,. Hence, T is compact on Oy,
according to the Arzela—Ascoli theorem.

Lastly, it remains to prove that 7; is a contraction. To show this, let §,v € O, ; then,

(T 79)(5) = (T70) (9)]

< /1 Z:(0) (|5:(6) — 0:(6)] + |D"5c(8) — D0 (0)] + | 2L(6) — 0. (6)])d0
1 (7 +s)[ns//zf (19:(0) ~ 0e(2)
+I©”ﬁr(§)—® 0 (Q)| + [T (8) — v (Z)])dgdo

_ pg\ym—2n 1
L /01 lr(n(j)_zsz(e)(wT(G) —0:(0)| + |D"5:(6) — D"0-(6)]

+

<

Hence,

(@”’Tl(T>v> (s2) — (’D”Tl(ﬂv> (51)‘ =0, lim =0.

S1—Sp

lim
S1—82

_p\ym—n-—1
+00) = @0+ g [ O 2 @) (o:(6) — oc(0)

+]D"5:(8) — D" (0)| + |5,(6) — 02(9)\)019}
< |12V llor — vl 4

foreacht =1,2,...,13,, where |y is given in (13). In addition, by similar computations,

we have
sl[lp]\ (27779 (s) = (9", 70) (5)| < 1 ZellVi 1o — e e
s€[0,1
and (D)) RY e
up (178) () = (T70) (s)] < IZeclIV 15 = oell o
s€|0,1

where V;" and Vj are given in (14) and (15), respectively. Thus, we have
13 (7) ) 13
1759 = Tooll g = Yo |75 =T 7%|| | < 0% + Vi +V3) L lIZel 190 = oell
=1 =1

and so
1720 = T2v| pg < A7 — 0| 4
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Since A < 1, 7; is a contraction on Oy, we deduce that 7 has a fixed point that is a
solution to problem (1) as a consequence of Theorem 2. [

3. Some Illustrative Examples

The conclusions of the proposed model (1) regarding the existence of solutions can be
interpreted in several ways in relation to organic chemistry, which is the study’s underlying
assumption. Any solution, say v, at any edge (f;) may thus represent the bond polarity,
strength, energy, etc. Additionally, several chemical concepts can be interpreted in this
way by the integer and fractional-order derivatives of the unknown functions, while
D"’s nonlocal character allows it to analyze the velocity of chemical interactions during a
particular time interval [0, 1]. Moreover, R+ is defined as functions of such quantities with
respect to the time t € [0,1] on each edge -, T € {1,2,3,...,13}.

Here, we provide two examples to demonstrate the relevance of our findings.

Example 1. Consider the boundary value problem

18¢°[v1(s))? . 3¢S sinh 1 v/, (s)
1.8 _ 1 s 0.05 1
D0) = 00001 + [or (s 00008 sin(0%01(5)) + 10000 °
18 _ slarctanvy(s)] : 0.05 8s[05(s)]?
D Cvy(s) = 10000 +0.0001s [sm(@ vg(s)ﬂ + 10000(1 + [ (5) )
D180, (s) — e*[v3(s)]? 4e° sinh ™! (D00505(s)) N 12¢° arctan v (s)
3 25000(1 + [v3(s)]2) 100000 300000
. 180s[D%%Bv,(s)]? 36s(arctan v} (s)) (22)
D18 = 0.0009 47
04(s) 5(s1n04(5)) + 555000 1 20000000950 ()2 40000
60s [200525(5)]? 3s(arctan
@1.825(5) = 0.0001s (Sinh_l ZS(S)) + S[ 25(5)} . S(arC anZ5(S))I
600000 + 600000[D0-05z5(s)] 30000
4s[z} (s)]
D182 (s) — SACtANZ6(5)) |6 00004s (sin(2°%z4(s) ) ) + 1) N
25000 100000(1+ [24(5)]?)

with boundary conditions

-0.95

01(0) = 9989, (0)d6
Jo
7 0.05 9 01 _ 2B % s
5220 (1) +  DMoi(1) = = | D0%0r(9)do
0.95
0.95
70000, (1) 4 2 DVgy(1) = 2 D%0,(0)d6
2 4 6 Jo
0.95
03(0) = ; D%805(0)do
Z 0.05 2 0.1 _é 0% 08
50" P03(1) + 7 DMes(1) = = | D0a(0)d0
0.95
04(0) = ; 0%80,(0)d6
7 9 23 [0.95
0.95

0
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Z 0.05 2 0.1 _ @ 095 0.8
2@ U5(1)+4D 715(1)— 6 Jo D U5(9)d9
0.95
v6(0) = 0987, (0)do (23)
0

7 9 23 [0.95
5530.0506(1) + ZDO'l?Jé(l) = F/o %804 (0)do

where m = 1.8,n = 0.05,17; = %,172 = %,173 = % and ©™, ©" are the Caputo derivatives of
order m and n, respectively.

Here, we establish coordinate systems with vy, v1, V2,3, Vs, and vs on the graphs with more
than one junction nodes (see Figures 8 and 9 below), where {1 is the solution of the system (22) with
(23) on vov3, t € [0, 1]. Similarly, py, P3, Pa, and ps are the solutions of the system (22) with (23)
on Vo, VoVh, Vov4, and V413, respectively, where t € [0,1].

/

N

/

Figure 8. A sketch of a graph.

Figure 9. A sketch of a directed graph.
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Now, we shall prove that system (22) with (23) has a unique solution on each edge. For this,
let R1,R2, R3,Ra, R5,Re : [0,1] x R x R x R — R be continuous functions defined by

. 18¢°[v)? , 3¢S sinh ™! &
Ri(s,9,0,8) = ——— 4 0.0003¢° 005) + —
1(5:0,9.9) = Zo000 + oy T+ 0-000%€ sin(D"%9) + =500
e s(arctanv) ) 0.04 ~ 8s[0]2
= 282207 4 0.0001 : . —
Ra(s,v,7,0) 10000 + ssm(CD U) + 1000001 + )’
Ra(s,0,5,5) e’ [v]? N 4¢° sinh ! (D0045) N 12¢° arctan &
3555 25000(1 + [0]2) 100000 300000 '
. . 180s[D%045)? 36s(arctan )
Rals0,9,0) = 0.00095(sinv) + 255660 + 200000[00%% 40000
. 60 [00%55)” 5
Rs5(s,v,7,7) = 0.0001s (sinh*1 U) + S[ U] 5 3s(arctanv),
600000 + 600000[D0-055] 30000
Re(s,0,0,3) = SE0) 46 000045 (sin(29%3) ) + (o)
6 7 7 7 = . = .
25000 100000 (1 + [5}2)

Let v1,v,, 71, 02,31, 0 € R. Then, we have

|R1(s,v1,01,01) — Ra(s, 02,72, 02)| <

10000 |v1 - ?)2| + |U1 - vZ| + |vl - 02|

|Ra(s,v1,71,01) — Ra(s,v2,72,02)| < |v1 — 2| + |01 — Ta| + |01 — D

ol )
( )
(|vl — | + |01 — Ta| + |51 — vz|>
( )
( )
= )

1000

(e}

~ = <
|R3(s,v1,71,01) — Ra(s,v2, T2, 02)| 2500

o

‘R4(S/ 01, ’51/ 51) R4(S U2, 272/ 02 | >~

[v1 — 02| + |01 — Bo| + |01 — Do

1000

(=

|R5(s,v1,01,01) — Rs(s,02,72,07)| <

OO
1000 |vl—02|+|vl—02|—|—|01—02|

o

‘Ré(sl 01, 51, 51) Rﬁ(s 02, 272, UZ

S S
Here, Z4(s) = 18500/32(5) = 10000+ 23(8) = 25000+ Z4(s) T 10000'35( s) j To000 And
Z6(s) = 000, where [|24]] = 10000/”22” = 0000’HZ3|| 3000+ |1 24l = 10000/ 1251l =
10000, and || Z6|| = 5sigg- Let Uy, Ua, ..., U : [0,00) — R be identity functions. Thus, we obtain

3¢’

Ra(s,0,8,8) < zoos(lol +[0] +[3]),
[Ra(s,2,8,8) < oo (lol +[0] +13]),
Ra(5,0,8,9) < s (lol +[0] + 17,
Rals,0,0,8)] < 1o (fo] + fol +131),
Rolsot 0| = ggglel +19 14,
Ro(s,0,8,8) < moos(lol +[0] +[3]),

25000
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foralls € [0,1] and v,5,% € R. In addition, the continuous function Q1, Q,..., Qe : [0,1] —
R are defined by Q1(s) = 13555, 22(s) = o500, 3(5) = 22900, Qa(s) = To000- Q5(s) =

o000, and Qe (s) = 5009+ 1 addition,
Vi ~ 22346, Vi ~0.6031 and Vi ~ 5.9096,

and so
Vo + Vi +V, ~ 8.7473.

Furthermore,
A= Vo + Vi V)20 + 1220l + 1 Z5]] + 1124l + 1| Zs]] + [ Z6]]) ~ 0.0136 < 1.
Hence, by Theorem 4, the problem (22)—(23) has a solution.

Example 2. Consider the problem stated below:

125 s 63[D%%v1(s)]s /
= t .0042 t
D (s) 5000 Aretan i (s) + 15000 1 15000 (D020, (5) 2 + 0.0042s(arctan v (s)),
106[sin v, (s)]?€® 371e /.
Dl.25 _ DO.Z
22(8) = 1500001 + [sin 2 (5)2) | 56000 (sin(P"?0(5)))

24
53[arctan v (s)]%e @)
8000 + 8000[arctan v} (s)]?”
415[D%2v5(s)]? 2055 . . _
DLy, (s) = 0.00512 h™! v
v3(s) = 0.005125s(arctan v3(s)) + 8000(1 + [D9%05()2) + 20000 S vs(s),
with boundary conditions
0.5
01(0) = / 0925y, (8)d6
0
11 13 21 (05
§©0'201(1)—|—7D04vl(1):z ; 09259, (0)d6
0.5
,(0) = /0 0025y, (9)do
11 o2 13 04 21 99 o5 2
?@ : 02(1) + 7'D ’ 02(1) = T 0 o Uz(@)d@
0.5
v3(0) = ; 092%93(6)d6
11 13 21 (05
390-2v3(1)+71>0~403(1):z ; 092593(0)d6

wherem = 1.25,n = 0.2,11 = %,172 = §,173 = 24—1, and D™, D" are the Caputo derivatives of
order m and n, respectively. Let R1, Ra, R3 : [0,1] x R x R — R be continuous functions defined

by
R1(s,v,9,0) = 5%5;0 arctanv + 15 00;?%%2?[2;0.35] 5 +0.0042s (arctan 3),
Ra(s,0,8,9) = 1601)(())6([1511 Egizrfsv]z) + 5673(6); Sin(DMﬁ) + 800(;5 ﬂzrgég?afliZ; 2
Ra(s,0,3,5) = 0.005125s(arctan v) + 8003‘(115 ?;ﬁiﬁ]z) N 420%5080 sinh—1 .
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Let vy,v,, 71, 02,31, 02 € R. Then, we have

= o~ 21s ~ ~ 3 =
|R1(s,v1,81,01) — Ri(s,v2,2,0)| Sm <|Ul —a| + |01 — Da| + |01 — Uz|>,
~ ~ ~ ~ es ~ ~ = =
|Ra(s,v1,71,01) — Ra(s, v2, D2, 02)| SSOOO <|271 —0p| + |01 — Da| + |01 — Uzl),
~ ~ ~ = 415 ~ ~ ~ =~
|R3(s,v1,81,01) — Ra(s, v2, D2, 02)| Sm |01 — 02| + |01 — 2| + |01 — D2
Here, Z,(s) = 5%1050,22( ) = 5388,23( s) = 8%1050,5111[1 Z5(s) = --- = Z13(s) = 0, where
1211 = 5555. 1 221l = 5905. | Z3ll = gogg, and || 25| = - - - = || Z13]| = 0. Let Uy, Uy, ..., Uhs :
[0,00) — R be identity functions. Then, we obtain
Ra(s,0,8,9)] < o (fo] + [9] + 13,
B =~ 5000
~ 53¢° -
s A < . =
Ra(s0,5,8) < oo (Jo| + [o] + [3]),
- 41s
0,0 <
Ra(s 0,0, < oo (Jol + [o] + [3]),
foralls € [0,1] and v, 3,0 € R. In addition, the continuousfunction 94, Qz, ,913:[0,1] - R
is defined by Q1(s) = &op, Q2(s) = gg(;orQs( ) = shoo, and Qs(s) = --- = Qua(s) = 0.
In addition,
Vi~ 2.840, Vi ~ 0946 and Vj ~0.881,
and so
Vi + Vi + V5 ~ 4.667.
Furthermore,

A= VoV V)21 + (1220l + (1 Zs]] + ([ 24]]) ~ 0.074 < 1.
Hence, by Theorem 4, the problem (24)—(25) has a solution.

4. Conclusions

CGT refers to a specific part of graph theory that has applications in chemistry. Mathe-
matical tools from pure mathematics, graph theory, functional analysis, and trigonometry
are used to tackle chemistry-based problems such as structure elucidation and isomer
enumeration, with repercussions for both fields. The rapid expansion of this field over the
last several decades has led to the introduction of a plethora of novel ideas and methods
for pursuing this kind of study. This article defines the boundary-value problems for each
edge within the context of an isobutane graph. Using the Krasnoselskii and Schaefer fixed
point theorems, we investigated the existence of solutions to the suggested problem. Our
proposed model may be used for various graph configurations, including digraphs, which
are often used in medical technology in connection to protein networks. Future studies
can investigate more challenges involving the graph characterization of various chemical
structures using quantitative and computational approaches.
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