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Abstract: The goal of this work is to study a multi-term boundary value problem (BVP) for fractional
differential equations in the variable exponent Lebesgue space (LP(")). Both the existence, uniqueness,
and the stability in the sense of Ulam-Hyers are established. Our results are obtained using two
fixed-point theorems, then illustrating the results with a comprehensive example.
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1. Introduction

The variable exponent Lebesgue spaces L”(") have been systemically studied with the
foundational publication by KovLa.cik and Rakosn L.k [1] in 1991. Following this work,
numerous researchers developed an interest in these spaces and their properties (see [2,3]).

Although this concept seems to be simple, it has remarkable outcomes that accurately
describe some physical, energy, electric and velocity phenomena. In recent years, we see
many works dealing with this topic (see, for example, [4-9]).

In recent years, many authors have studied the existence and uniqueness of solutions
to problems for fractional differential equations in the C(J, R) space of continuous functions;
on the other hand, the number of works discussing the existence of solutions in the L7 (], R)
space of integrable functions is quite limited. Burton et al. [10] studied the existence of
solutions in the L! (], R) space to Caputo derivative problems.

Arshad established LP-solutions of fractional integral equations involving the Riemann-—
Liouville integral operator in Banach spaces.

Due to the difficulty of studying the existence of solutions to fractional differential
equations in L7 ('>, there are very few studies in the literature dealing with this topic. In
2018, Dong et al. [11] established that there exists a unique solution to a Cauchy type issue
for fractional differential equations in LP(").

Recently, Refice et al. [12] investigated the following boundary value problem of
fractional differential equations in LP("):

{ DE.y(t) = d(ty(t), t€[0,g], 0<a<1

1y(0) + uy(T) = ¢, @

where (,c, v, 4, with u # 0 are real constants, and Dg‘+ is the left Riemann-Liouville
fractional derivative of order « for function y/(t).
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In [13], Refice et al. established the following terminal value problem of fractional
differential equations in L ),

{ Dhy() = Sty i) 0545 "
y(T)=¢, ceR

where D, , I§, are the left Riemann-Liouville fractional derivative and integral of order a
for the function y, respectively.

Several authors have studied the Ulam stability properties and their existence for
fractional differential equations (see [14-20] and the references therein).

Benchohra et al. [21] investigated the existing solutions to the following BVP in

C([0,Z], R):

{ ‘Day(t) = ®(t,y(t), 0<t <
1y(0) + uy(¢) = @,

where 0 < a < 1, and D is the Caputo fractional derivative of order « for function y(t).
Abdulahad et al. [22] proved the existing solutions to the BVP in L?([{1, (2], R) as fol-
lows:

{CDW(> O(ty(t), 1 <t<, 0<a<],
1y(G1) + puy(52) = @,

where °Df is the Caputo fractional derivative of order « for function y(t).
Inspired by [12,13,21,22], we consider the existing solutions to the following BVP in
LPO(],R):
{ Dha() =20,y 50 =07 o
vy(0) +py(0) = ¢,

where 0 < & < 1, @(,y(-), 1% y() € LPO(IxRxR,R), and y € LPU(],R), {,c, 7, 1
are real constants with p # 0and Df,, Ij, are the the left Riemann-Liouville fractional
derivative and integral of order « for function y(t), respectively.

This paper can be considered as a generalization and extension of several articles.
For example, if we choose the function ® as a two-variable function ¢, y(t) only and
independently of the integration Ifj, y(t), our problem reduces to the problem studied
in [12], and, if we choose the constants 7y = 0 and # = 1, our problem reduces to the
terminal value problem studied in [13].

2. Preliminaries

In this section, we list some definitions and lemmas that are used in the following
sections.

Definition 1 ([11]). Letting 0 < & < 1, the left Riemann—Liouville fractional derivative of order a
for function y(t) in LPC) is defined by:

(D89)0) = g g (= 5) w0, @

and the left Riemann-Liouville fractional integral for function y(t) of order a in LP") is defined by:

Bovlt) = gy (090 yte)as, 6)

0
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Definition 2 ([23,24]). Letting 1 < p < oo, we denote by L?([C1, (2], R) the Lebesgue space
LP([Z1,C2], R)={ ® : [1, (2] — R a measurable functions such that ||®||, < oo}, with the norm

0 '
loly = ([0’ if 1<p<e
a
and
@l = esssupg,<i<g, |P(t)| if p=co.
Next, we will present some important properties of D I &
Lemma 1 ([23,24]). Let 1 < p < 0o, &1, P, € LP([{1, 2], R)and 0 < a, p < 1

Then,
. Igﬂ O1(t) = [Py (1)
1

(2) I“ (D1 () + Da(t)] = 12‘]+q>1(f) +I?1+c1>2(t)
3) D“ I o1(t) = o1(0)

4 ||1;+q>1||p < Eag ey
1

Lemma 2 ([25]). Let 1 < p < o0, 0 < & < 1, then I* ® € LF([y, %2, R) for any @ €
LF([21,C2] R).

Lemma 3 ([23]). Let 0 < « < 1, then the differential equation
4 —
th =0

has a unique solution
h(t) = wi(t—§1)*!
w1 € R.

Lemma4 ([23]). Let0 < a < 1,1 >0,h € L'(],R), Dng € LY(J,R), then
1

Igfl D”‘+h( ) =h(t) +wy(t—g1)* !
w1 € R

Lemma 5 ([26] (Holder’s inequality)). Let p and q satisfy % + % = 1such that,1 < p < oo,
1< g <ocoIf®; € LP(],R) and &, € L1(],R), then &1, belongs to L1 (], R) and satisfies

1 1
/|<1>1<I>2|dx < U|q>1|r’dx] ' U|cp2|qu] "
] ] ]
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Definition 3 ([27]). For QO C R" to be an open set in R", we denote by LP('>(Q,]R) the set
LPO(Q,R) = {® : Q — R, which is a measurable function such that Ly (®) = /g |®(1) PO dt <
oo, where p(t) : Q — [1,00) is a measurable function }.

Note that the set LP() (Q), R) is a Banach space with a norm defined as

1@,y = infl >0+ Lo, (@/5) < 1.
We use the following notation:

p- = inficap(t), p+ = supicap(t),
and ¢(-) is denoted by the conjugate exponent of p(-) with

L —+ L =1
p() a)
Consider the sets of functions
PQ) ={p:Q —[1,0),pis a bounded measurable function},

and

A 1
PIS(O) = (p € PQ): () — pO) < gt =S <3, s €0,

such thatA, > 0 is independent of t and s}

Lemma 6 ([28] (Holder’s inequality in LP()(Q,R))). Let Q C R" be an open set and ®; €

LPO(],R), @, € LI0) (], R) with ﬁ + ﬁ = 1. Then, we have

@1 (0@2(6)1dt < |y @21l

wherer = suptegﬁ + suptegq(l—t).

Theorem 1 ([11]). I%, is bounded in L) ([0,2],R) for any p(-) € P[0,] and 0 < p% <a <l

Definition 4 ([29]). Let ] C R, n € Nand the finite set P of generalized intervals E;,i = 1,2, ..., n.
We say that the P is a partition of | if E; are pairwise disjointed and | is the union of E; exactly.
Additionally, the function p : ] — R is piecewise constant with respect to P if p adopts a value on
E;, for any E; of P.

Theorem 2 ((Riesz compactaness Criteria) [30]). M C LP([to, t1],R) is relatively compact if
and only if the following hold:

(1) M is bounded in LP,

(2) [yl [x(t+h) = x(t)|Pdt — 0 as h — 0.

The following fixed point theorem will be used in the proof of our main results.
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Theorem 3 ([23]). Let Y be a convex subset of a Banach space ® and A : Y — Y is a continuous,
compact map. Thus, A\ has a fixed point in'Y.

Theorem 4 ([23]). Let (Y, d) be a complete metric space, A : Y — Y a contraction. Then, A has
a unique fixed point in Y.

Finally, we will provide a definition of the stability of the BVP (3) as follows:

Definition 5 ([14]). The BVP (3) is Ulam—Hyers stable (UH) if there exists cg > 0, so that, for
every € > 0, for any solution z € LP(],R) of the following inequality

|Dyiz(t) — @(t,z(t)| <€ te] (6)
there exists a solution y € LP(J,R) of BVP (3) with
|z(t) —y(t)| < coe, tE€].

3. Existence of Solutions

Throughout this paper, we assume that:

(H1) Letn € N, P = {Jc := ({x—1, Cx],k =1,2,...,n} be a partition of the interval J, such
that, {p = 0,{, = { and let u(t) : ] — [1,00) be a piecewise constant function with
respect to P, ie., p(t) = Yi_q pxlic(t), where

— 1/ fort € ]K —
Le(t) = { 0, for elsewhere, r=12.mn

and 1 < py < oo are constants.

Forx =1,2,..,n, Ex = LP*(J, x R x R, R) represents the Banach space of measurable
functions from [, into R with the norm:

1
Iylle, = (J, lylPeax) ™ < .
(H2) Let ® € C(Jx x R x R, R) and there exist constants, My, M, > 0, such that
[t y1,21) — P, y2,22)| < Maly1 — y2| + Ma|z1 — 22,
for every y;, z; € LP*(Jy x Rx R,R) i=1,2 and t € J,.

(H3) Let @ : Jx x R x R — R such that ® is strongly measurable in t and continuous in y
and z, and there exist constants, b, d > 0, such that

1@(£,y0), 20l < a(t) + bllylle, + 4]zl

foranyy, z € LP<(J,R) and t € Ji, and a € LP<(], R).
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Thus, for t € [, 1 < k < n, the left Riemann-Liouville fractional derivative of order a
for function y(t) defined by (4), is provided by

(Dgy) (1) = mgy e Jo (=) ~*y(s)ds

= i (B 4 E e+ & [ (= y©ds). o)

Thus, we can write the BVP (3) in the form:

i (S 8 =)oy ()ds + & [ (E =)y (s)ds) = (L, y(8), 1§,y (D). ®)

For t € [0, {x—1], we use y = 0, then (8) is written as
(DE y)(t) = Dl y(t), 1 (b)), te ]

For any 1 < x < n, we deal with the following BVP:

Dgxily(t) = ®(ty(t), It _y(t), t €] 9
1Y (Gx—1) + py(Gx) = c.
Lemma?7. Let1<x<n0<a<1 ®€Ll(], x RxR,R).
Then, the solution y of (9) is written as the following integral equation:
1) = L t f— lX—l@ IIX d _ (§K7§x71>17’x(t7§1c71)a71
y(t) T fCKq( 5) (s,y(s), gHy(S)) s @)
Ox B c — O e a1
[ =t yls) 1ty + =BGl g
k=1
Proof. Let y be a solution of the BVP (9), we find (see Lemma 4)
t - _
YO = p [ (=915, y(s), 12 y(s))ds — wn(t - L)L
By the value boundary of (9), we obtain:
wn = Gl " (5 (7= )T D5, y(s), 2 y(s))ds — Ltk
Hence, we obtain Equation (10).
Inversely, it is clear that y satisfies the BVP (9). [
Our first existence result is based on Theorem 2.
Theorem 5. Assume that (H2), (H3), and inequality
L(a, prx, Cx—1,0x) < 1, (11)

holds, where:

L(ﬂé, pK/ éK*l/ gK)

((a=Dax+1l)px 4 (a=D)gx+D)pr
= 2Px= 1|:22p" 2 (Cx—1=Cx) x 4 (Cx—Cx-1) x
FF’K( ) (((a l)g;+1 px)( a— 1):77;+1)p;< +1 (((n 1):77;+1 ;7;()( a— 1>g,;:+1)pk +l)
(a=D)qic+1) px

- (gt (ool ) () o )

Then, the BVP (9) has at least one solution on E.
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Proof. For any function y € Ex we define the operator

SY(t) =y S, (=) R ) I y(e))ds
(Cx—Cr- nm)t 8x-1) féxl k= 8) (s, y(s), I y(s))ds
+ (g;( CK 1)1 a(t gK 1)

By the properties of fractional integrals, the operator S : Ex — Ej is well defined.

Let
Re > 4
where:
((a=1)gx+1)pxc WH)
A ope 1[22W o (=1 e 1);x+1)px+1)1 . K aPx (Zx)
- P
T K(IX) ((afl)qKJrl) qK
—((a=Dax+Dpx (Ua—Dgei1)px )

Lo [T rdﬂi%iﬂﬁ+ngplq“ @ (G 1)
7P Prc
@) (&= Vst 1) o
((a=1)gx+1)pxc 1q;<+1

+ (23px 3(5;1("?5(’(&)1) — )((CK gxﬂll ffx“ )
)

(1) (- s

N (22;,,6—2&;;&%%;@,(_1) ) ( (gki(ik—_ll))pii)lpﬁ—l )} PL

and T
~1gx+
o g};{( Pk +1

B = [1_2;% 1{2227« 2( (L1
7% (a) (U 1)3’;:+1)px)(((vcf1)g’;(c+l)px +1)

((a=Dgx+Dpe

n (Ce—Ceq) )
(((a—l)qx+1)px)(((“*Dg}:*”ﬁk +1)

qx

(a=1)qx+1)pxc

(PG e ) I (Gxmfen)
TPx () (a=1)gre+1)px

qx

Br, = {y € Ex, [lylle, < R}

Obviously, B, is nonempty, bounded, convex, and closed.
Now, it must be shown that S fulfills the premise of Theorem 2.

We consider the set

STEP 1: S(Bg,) C (Bg,)

For y € Bg,, using Holder’s inequality and by (H3), we obtain
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|sven)|”

IN

IN

_|_

|5 %2 ,1<tfs>“-1<1><s,y<s>,1“ y(s))ds

1 a
(éx gx 1)1" gK 1 fi"l —s lx 1@(5 y( ) ly(s))ds

C(Zx—Cx-1) " (=) || P¥
H Ex
k—1 Px
FZZL(“ f )1 D(s, y(s), IE y(s))ds .
2px—2 R 1—u) Px _ © _
? “r,,f(“)“ (t=Cee)* 1[5 (G —9) 7 D(s, (), I8 y(s))
2Pk 2Pk (L — )1 0)Px _11Px
2 c (EFPKC 1) ||(t—§x71)“ lHZ
1 P

zt (3 (s meas) ¥ sy vl

Ex

227K 2 (G gy 1) 170P
TP (a)

-2 D -~ (1—a)px K
e P N 1

(x=1)gx+1)px (WJA)

ez [((F1)T r(Wg’ig*”"ul) a aPx (g

TPx(a)

(a=1)ge+1)

—((a=1)gx+1)px (aDgxt1)p g

S s (Ee S N e

(1)t 1) %

((x=1)gx+1) px (x=1)gx+1) px
2277"2< (Cx-1—Cx) x ! >+ (Ck—=Cx-1) 1 o )

IPx(a) ( (("‘*U;];H)PK ) ( ((“*U;:HWK 1 ( ((“*U;:“)PK ) < ((“*U;:“)PK +1)

Px
(blylle, +allie_ vz, )

((a=1)gx+1)px
(23PK 3(Ge—gp1) ) Gelea) >

7% () (G

(=)~ Dper (= 1)) 1D Poare (1))

Px
ds H
Ex

1
(t = en)™ ! ( fé:_l (Cx — S)('X*U%ds> "@(s,y, Iz y)

llE.

Px

Ex
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IN

IN

23 (3 —gy—q) 17
TPx ()

((@=D)qx+Dprc
)((éx 1) )
(a=1)qx+1)pxc
qx

B (@=1)px+1 Pr
(%) (elylle, +dlzz_ylle,)

22PK20PK (L —Le1)PK (R i
( uPx o P ) (a—1)pc+1

((e=1)gx+1) px (2= 1)qx+1)px +1)

22px—2 (—1) qx r(wii}:-'—lpk—‘rl) é abx (CK)
P P
TP (o) (€—1)ge+1) T
((a=1)gx+1)p ((a=1)gr+1)px
e [ (DT F(Wﬂﬂﬂ( L Mg
IPr (o)

(a=1)ge) %

((@=D)qx+Dpx
)((Cx 1) )
((a=1)gx+1)px
qx

~Dpl e () )

(gkfgx—l) e Dpx+1
(a—1)px+1
((e=1)qe+1)px
gK 1— gk) x o +
(a— 1)'7K+1)VK)(((“*1)'7K+1)}7K +1
qrx

203 (G —gy) 170
IPx ()

(=)~ DPr((a
22PK— ZCpK (Cx—Cx—1)P* )

upr P

2p;<2<

(
[
<23PK B (o) (Gl

IPx ()

((a=D)gx+1)px |
(gkfgx—l) T )

( ((“*Ug:Jrl)PK ) < ((a— 1);::+1)PK +1)

((@=D)gx+Dpx
(Cx=Cx1) (Gx—=gx ) VPet
((a=1)gx+Dpx (a—1)pc+1
qx

(b+ 2ot ) |yl

((ae=)gx+1)px (Ue=gtlpe g
e | (<1 i (el gy aP¥ (Zy)
P P
IPr (o) ((a—1)gx+1)

—((&=Dax+1)px (a=D)ax+D)px
S i V(R | ()
I'Pr(a)

(= 1)get1) %

((a=1)ge+1D)px
(éK éK 1) I
(a=1)qx+1)pxc
K

~Dp I e () )
(fx=Cyey) Ve )

203 (7 1)1
7% ()

(=)~ DPT((a
22 2CpK gK Cr— l) )

‘uF’K wPx

2p;<2<

(
[
(W (P ()

(a—1)px+1
(('X*l)l;],lcfrl)l’x 11

gx 1— gk)

((a=D)qr+Dpr
(gxféx—l) e +1 )

— + = -
(a— 1)2K+1)PK)(((“ 1):71}L<+1)PK+1 (((ﬂ 1)gs+1)ﬂx)<((“ 1)gz+1)PK+1)

((@=D)gx+Dpx
) ((CK Ger) X )
((a=Dgx+T)px
qx
(a—Dprt1 A(Gx—Cx-1)" Px
p o aDpetl )(b+ T(a+1) )]R"
which means that S(Bg, ) C Bg,.
STEP 2: S is continuous.

Assume the sequence (y,) is convergent to y in E.. Then, for t € ], by (H2) and Holder’s
inequality we have

IPx ()
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IN

IN

+ o+ o+

IN

(3 (8)) = S(y )£
I i (=951 (@05, (), T ya(s)) — D(s,y(s), 12 y(s)))ds
(ZK—CKA)}*(“(;—CKA)“*]

JE = (@, (3), 12 yn(9)) = @(s,y(s), T2 y(s)) )ds |2
e ng,1<t—s>“—1(d><s,yn<s> 1B ya(s) = @(s,y(s), I8 y(s)) )ds
(Cx =) ™" (-=Ge1)!

T(a)
Px
fg"l (G —s)‘“( (s, yn() 18 ya(s) = ®(s,y(s), I y(s))ds)|
K— Px
o e | S =95 (s, ym(o) 1, (o)) = @(s,y(s), I, y(s)) )ds| " dt
e 1(& G 1)P 0
(T(a))Px

(5,1 5) 1 yn(5)) = Dls,(s), 18 y(s))) ds| "
Af i (e 1<t—s>“-1\yn<s> —y(s)\ds)p“df
1 F”‘Mz )P ng 1 (f§K 1 ya-1 I8 yu(s) — 1y(s)’ds)pkdt
A 1MW<¥€§>)E£ U p ( (t = o) gi’i1<€x—5>“*!~‘/"<s> —y(e)|as) "t

<2*’K*1M§">(z;x e Dl
()

e« t—cx DS @ I () — 18, y(s)|ds) " de

x K Loy
g 1Mf) e Kch (E=s)na-Dgs) ™ qf (S |yt )—y(S)\p ds) ’”"]p dt
ZV;(:)A/’I:(K féx ng}( 1 5) (e 1)1ds) ax
(Ji |12yl - a,ly<s>\"“ds)”7}’”‘dt

_ e i (1—a %
@ MGl [l (g e[ (g — syl as)

1

T
Px pi,( Px
(S Jyals) = yis)["as) ™| " ae
M) GG )0 1 . i . "
O N e e e | USSR LD

Px < Px
(fCK1 glyn(s)—lgxfly(s)‘ ds)p} dt
sz lMPK 4 _C 1)% t
f’” " (fz;,cfl
=
M

sz 'ME") (t=Cx=1) T t
)pK ng 1 p*; (‘fgk—l

(q,((zx 1)+1> !

(2P IMP) (Ge—G—1)Pe 1)
(T(a))Pr
P M) (G i1 ypr(1-a)

T(a))Px
) p(gx(a—1)+1)

fi;il (=t )px(a v (j:(o:) 1)+1:’%K ngk—]yn prKdt

ORSTOl

ds)dt

Px
ng,ly"() Iz 1]/(5)‘ ds)dt

g e
fk’il(t — gK_l)Px(a—l) K ( K(—l 1)+1)%K ||y,1 7y||ZZdt
Grele— K
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1- 1’7 (’/IK(“ 1)+1) Px
< 2 pK Ml _ _
B |:qxﬂé 1+1)w<r } ng (= 6e) (féxl yn(s) = y(s) ds)dt
P W M px(q;c(zxfl)ﬂ)
+ 7 (t—Cx—1)
|: G tX 1 +1)qK1—~ 0():| fgx 1 K—
t
( I  Yn(s) — gHy( )‘ ds)dt
1 L )+q’c(a7{1)+l Px
b [t g Dy, -yl
(rla—1)+D) > T (IX)( 1+1 '
2 e My (G e) 1P g 1 p
+ 5 < (= g_q )Pl 2 - *dt.
[ (ge(a—1)+1) 7 T(a) } LA Ve =T Yl
We put:

i P t
féK] t_gK 1 " (fék—l

where

pr (g (a—1)+1)

yals) = y(o)| "ds)dt = [ (= Gr)re(t = &

— Px
0 = EOUED () = [ lyu(s) —y(s)| ds.
Integrating by parts, we have:
P « K+1 =, 9K+1
=& §+11 ng 1 ( %Kil ri(t)dt
9K+1 9K+1
(@%nyn — il - e (.

Since the integral is

then,

IN

&x (t gx—l)ek ! !
~— 2y (t)dt >0,

1*% Px )ox+1 .
IS () = Sy < [ 22— |7 Epe =y — y
(q,{(txfl)Jrl) T'(«)
1
2! P M PR (Ge=tx x
|: zqix i| (é gK+11 || gx 1 o ngfly| Ey
(qK(afl)Jrl) T'(a)

- )y dx(a=1)+1
[21 My (Gt ) ! [ L I
(!/7;<(txfl)+1)qi () pe(1—a)+1 Yn = YllE,
1

g (w
|: 1 7M. ((:K gxfl) 1 )+
(9 (=1)+1) 7€ T ()

1>+1

Pr(ge—g,q )P0+
| el ey — 1 il

1 pr(qx(a=1)+1)
2P My ) R

qLK px(qx(:;’;l)ﬂ) +1
(qK(a—1)+1> I'(a)

1—1 1—a g (a—1)+1
A 1L Y e o L 0 0 LU B AT
1 pr(1—a)+1 Yn —YlE
(%(04 1)+1) % T'(a)
RE prlge(a—1)+1)
([ p" MZ i|pK Cx—Cx-1) x

1< P qK >+1
(qK(pc 1)+1>

—1)+1
—uc)+qK(aqK )+ ]PK (gK Co 1 pxl a)+1

Px
Px(l 0‘ +1 )H gK 1 - IgK—IyHEK

{Z‘WMz(g—éKil)

(ge(a—1)+1) %

*T(a)
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Thus,
1S(yu(t)) = S(y(1) ||, .
. pr(g(a=1)+1)
< ({ zlf;TKM11 }PK (Le—Le1) T +1
) (q (a—1)+1> " r(w) e
(o —
+ _zlip%Ml(QK*fol)llqu ) }p" (Le—Ge_q)Pr1-0)+1
(g (a—1)+1) 98 T (a) pr(1—a)+1
I -5 P pr(ge(a=1)+1) 4
+ 2 M :| (gx Cx— 1) qx
wei)
- ,L a gr(a—1)+1 :
S 0 P Y S T’“ B0 (G ))px
) (qx(ﬂéfl)Jrl)‘%Kr(a) pe(1—a)+1 TPr (at1)
lvn —yllE,

|(Syn) — (Sy)|lg, = 0 as n — oo.

Consequently, S is continuous.

STEP 3: S is compact.
We demonstrate that S is completely continuous. By Step 1, we have S(Bg, ) = {S(y) : v €
Bgr,} C Bgr,, which means that ||S(y)||g, < R« for any y € Bg,; thus, S(Bg, ) is uniformly
bounded. We need to prove that S(Bg,) is relatively compact. We will use the Riesz
compactness criteria Theorem.

Forty,t; € J, t1 < ty,and y € Br_, we have

2 (y(+m) -yt >)”"dt =/ (L JE =) (s,y(s), 18 y(s))ds
1—a
_ (CK Cr-1) rgjh T—1)" fCKK] )a- 1@(5 y() 1y(s))ds
+ C(gK_fol)lia(t""h_gK 1)
I
- 5l (t =) 15,y (s), It y(s))ds

b el 1>r(“<)t Sy N —s)”‘ (s, y(s), IE_ y(s))ds

_ C(gngxfl)lia(tfgx 1)0( L\ Px
- )t

Now, using the fact that translations of LPx functions are continuous in norm, we see
that

fff (y(t + 1) —y(t))pkdt —0as th > H

uniformly in y € Bg_, and (2) of Theorem 2 is proved.
Therefore, using Theorem 2, we have that S(Bg, ) is relatively compact. According to
Theorem 3, the BVP (8) has at least solution i/, in Bg,_. [

The following result is depended on the Banach contraction principle.
Theorem 6. Assume that (H1), (H2), and inequality

W(ﬂé, Ml/MZ/ P, éK*l/ éK) < 1/ (12)
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holds, where:

K- e (g, ) R
W(a, M1, My, pr, Cx-1,Gx) = [ qi ] e DESVI
ge(a—1)+1)  T(a) %
x(a—1)+1
i 'zlff}TMl(@wngfl)“;“”q e }”K (Gx—=Gxp)Pe-o 1
(ge(a—1)+1) 7 T (a) pr(1=a)+1
-1 Pr pr(ge(a=D+1) 4
+ 2" Px M, :| (Ck—=Cx-1) x
L = px(qx(a71)+l)+1
(sete-1+1) " r@ g
_ ,L —a ;
S 0 P Y el r'f (@x—Ce1)Pr0- ““((éx Ze 1>W‘)
(qK(afl)H)%xr(a) pr(1—a)+1 IPe(a+1) )°

Then, the BVP (9) possesses a unique solution on E,xk = 1,2, ..., n.

Proof. Letyi,y, € LPx(Ji); using Holder’s inequality and (H2) we have

IN

+ o+ o+ A

IN

IS (1) — Sy (D) 12

It S (=" (@05, 91 (), I 11 (5) — D(s,y2(5), I8 ya(s)))ds
(QK—fol)llj(“()f—fol)“fl

fg“(ac (@G5 () 2 11(5)) = D5, 92(5), 12 a(s) ) s
I = (@ p1(3), 2 1n()) = s, ya(s), 12, ya(s)) ) ds
(Ck—Cx— 1)17“0*@—1)“71

: F(w)
fKKl
2PK 1
( fCK 1

(@ <s y1<> () -
2Pk — (g(K PK —a) fé:l

(®(s,(s > ¢ on(s) - @

(sz 1M}”K

Cra fe (S =9 1\%

) 1( (s, y1(s),

Ji (t=s)e1

I () = @526 I ya()ds )|

(s, y2(s), 12y (s)) )ds| "t
L Cé;:il(g" —5)x-1

(5,y2(s), I wa(s)) )ds| "t
yz(s)‘dsy dt

ZPK 1M”" Pr
B féK . (fg ) t_s)“ NI (s) - ng,lyz(S)‘dS) dt
sz 1M " K K— pK K o— Px
R LN (C e LJE (@95 y(s) — ya(o)|ds)
(prflMPK)(gk gK 1)}71(1 «)
(T'(a))Pr N
(e - )
2Pk — 1MPK L Ix LK P
VK fgk 1 |:< qK K— 1 ds) ql (fg » yl ) ]/2(5) dS)P i| dt
ZPK 1MPK i c(a—1 I3
RO fﬂ[(fg Lty las)
P | Pr
(féx—l Iéx—lyl (S) - CK—lyz(S) dS)p :| dt
opk—1pPK e — Oy pr(1—a) i : 1
| 1<)((€>>§K P S = G [ (6 e )
Px LK Px
L ya(s) —yals )’ ds)p } dt
K K 1
L 1Mp<)(<gx>>§5 U = G e )

<f§x1

gK ly1 ) ngf

1]/2(5)‘ ds) 0 }p dt
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a—1)+1
2px 1MPK f (t—C 1) %)) (ft
Ck—1 3 Ok
(qK(tx 1)+1>

21 p My)Pe ¢ )w ,

K 2 K X K—1 K

+ S Jo 7 (f
(q,{(lel)Jrl)

(27K M) (G —Grn) PR

IN

pde) dt

y1(s) — ya(s)

Px
IZ y1(s) - Ig,(,lyz(S)‘ dS)dt

M

+ - pK(tX 1) (Gx—Cx-1) - _ det
Ty Jgr (e = s 1)+1)5* lyr — 2l
(217 P% Ma)P¥ (=G 1))
+ )P

pr(gr(e-1)+1)

x - K~ Gx— qx ;
fiil (t B CK_l)pK(a ! - (‘jx(;)—l)‘i'l)% ||Ig"*1y1 N ng lyZHZKdt
1
2 M p(qw‘% e
: [W} ng 1 (t=Cx1) ! (fg'H y1(s) —y2(s) ds)dt
17%{ Px
+ [
(gx(a=1)+1) I T'(a )(q (

pr(ge(a=1)+1) Px
Jo =) (] ) — 1 ()| ds)a

2P My (G2 1)“*“””“(“{«”“ P g (1) P
+ el )+ T N } Jei (= )Pl = ot

Fre (o= "

Zl_pi"M K6k~ v

n [ 1(8—¢ 1)]

(9x (a=1)+1) 7 T'(a)

} JE (= eI =1 ol P

In a similar way to Step 2, we find:

1*% Px
1S (1) = S0, <[22 " Efeat ™y, — o
(qx(tx—l)+1> T'(a)

[ ’Lx Px
+ 2 7 Mi } (Gx—Cx-1)

P
0, +1 H 1 — g,HJ/ZH -

1 ax(a=1)+1
[2 WM1(€K7€K71)<17W)+7:|}0K (Ze—Ceq)PRO- .
’ S
(qx(a—1)+1)% ()( o pe(1— vc+1 Y1 = Y2llE,
-1 ax(a
+ 21 Px MZ(CK_é;( )( i a)+
Ty pre(gx(a—1)+1)
1 c(a—
(T ]”“ G "
;%K pr(qr(a=1)+1) fiK a—1)+1) +1
(%(“—1)-&-1)

+ [zlfpi“m(@wzm) “”W}p“ b s — wall
1= Y2
(x(a—1)+1) % T(a) pr(l—a)+1 .

pr(ge(a=1)+1)
([ 27y }p" (=
+ 1

s pelge(e—1)+1) 4 g
(q,c(zxfl)+1) I (a) x

e Ix(a—1)+1
)+ Px (Tx—Tr 1)17K(1 a)+1 ||I ||p"
pe(l—a)+1 Cre— 1‘1/1 éK—lyz x/

Pr (g —=gie_q)Pr(-2)
R T | A [

IN

{zl’p%Mz(cK—éx D¢
_l’_

(3¢ (a—1)+1) %%

*T(a)
Then,

pelgx(@—1)+1) 4

2 e m P s
M@ND*%W@W&S([ | b
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1 qx(a—1)+1
n -2]7P7KM1(€K_§K—1)O;K)+ K T :|p;( (gK_gKil)pK(lle)iﬂ
(9x(a~1)+1) 7 T (a) pr(l=a)t]
- -1 pe(gr(a=1)+1)
+ 2 PxMp Pr (Cx—Cx-1) T
L s pr(x(e=D+1) 4 g
(q,((a—l)—&-l) I(«) f
17a)+q;((0¥*1)+]

- 1,LK _ (
+ 2 r Mz(gK gk—l) T
(qx(a=1)+1) 7 T(a)

TP (GG )P (G )P )
} 0T TR (e )> 1y1 = vallE,

Hence, by (12) and according the Banach’s contraction principle, S has a unique fixed
point i € LPx(J,R), which is a unique solution of the BVP (9). [

Now, we will prove the existence result for BVP (3).

Theorem 7. Assume that (H1), (H2), and (11) hold for any 1 < x < n. Thus, the BVP (3) has a
unique solution on LPC) (], R).

Proof. We have proved in Theorem 6 that the BVP for the Riemann-Liouville fractional
differential Equation (9) possesses unique solution i € E forany 1 < x < n.
For 1 < ¥ < n, we define the function:

_ 0, ift € [0 gK—l]
Y =\ ¥ ift €k

Thus, the function y, € LP([0, {,—1],R) is a solution to the integral Equation (8) for
t € Ji, with

Y (0) + 1y (Cx) = Yy (0) + pyx (Zx) = c.
Then, the function:

yi(t) € L1 (], R),
ya(t) € LP2(Jo, R),

y(t) =

yn(t) € LP*(Ju, R)
forms a unique solution of the BVP (3) in LP()(]). O

4. Stability of Solutions

Theorem 8. Let (H2), (H3), and (11) be satisfied for every 1 < x < n. Thus, BVP (3) is (UH)
stable.

Proof. Lete > 0 and the function z € LP() (], R) be a solution of the inequality (6).
We define the functions z1(t) = z(t),t € [0,{1] and forx = 2,3,...,n

2 (t) = { S'(t)f ; [2' f:_‘” (13)

Fort € Ji, k € {1,2,..,n} and according to (7), we obtain

(D§:z) (1) = sy o Ji (£=s5)"z(s)ds.
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Using I# o of both parts of (6), we obtain

— T—a(p_ a—1
ze(t) — ﬁfi . (t— )" 1d(s, ZK(S)/IgK_lzx(S))ds—i- (Cx éH)r(‘x()t Te1)
1-a a—1
fgx 1 g _S IX 1q)(s ZK(S) IgK,lzK(S))dS— C(gk—éK_l) ‘u(t_gK—l)
G
< eir(aﬂl)))
éK_gx— *
< ETH%

By Theorem 7, BVP (3) possesses unique solution y € LP(")(]) defined by y(t) = yy(t)
fort € J,, xk =1,2,...,n, where

_ 0/ te [O/ gK—l]
= { T t€ x (19

and v, € E, is a unique solution of BVP (9) defined by

~ ~ _ T—w(y_ a—1
s (=) (s, (), 18 Tie(s))dls — LorEan )

/gk (gk - S)(x—lq)(sl yK(S), ng 1?K(S))ds + C(gK - gKfl)l_“(t — g;(f])a_l . (15)

K—1 B y

Fort € Ji, k =1,2,..,n,by (13), (14) we obtain,

|2() =y ()] = |2(t) = yx(H)] = [2c(t) = Gx(B)]-

Hence, by (15) we have

_I_

IN

IN

Iz -yl = ||Zt— yellEs = llze = Gl B
J20() — ps (= 5105, Gus), 15 7(s))ds
_ T—a(g_ a—1 ~ ~

(Cx—Cx—1) F(a()t Cx-1) féx_l (Zx — )" 1d(s, yx(S),IgK_lyK(S)>dS
C(gkfgxfl)lia(tfgx—l)ail H?‘

]4 K
2P|z, (¢) — 104 fgt » t—s)“’lCD(s zc(s), If_ zx(s))ds
(Cx—Cx— 1)l “t Cr— fé;xl )a— 1@(5 z(s), ngilzx(s))ds
C(gK_éK 1) ( —Cx— ) | e

H
P s [ (=) (D5, 2e(5), T2, 2(s)) — s, Fiels), I, Fie(5)))ds |2
2;7;(71 || (gK_éx—l)liu(t_éx—l)ail

T'(a)

JE Qo= 9) U (D5, 2e(s), I 2x(5)) — D5, Fu(s), IE_ F(s)))dls |

—1 K(éx Ti1)Petl opx—1
2 el (al—l-l) TP+ ()

UL f*S)“ (s, z(s), ng zx(s)) — D(s,Yx(s), Iz Yx(s))|ds)P=dt
x—1 1 ®)px
27 (gK Ox— 1 P féK X t_gK 1 lX 1)PK

IPr(a
B ()1 0(o 2e(s) 2 20(8)) — D6, Te(s) il )las)
K K Aok 5K apxtl pr—1 Ok K 3
opx—1gpx (€ F?’é"(ﬂtl—l)—l 1ng fK 1 ng}( 1 5)dx (0= 1)ds)”

1

( i ‘ (5,2(5), I z(5)) — ©(5,Fx(5), 1 Tx(5)) r«ds)p?r«dt
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27 (g — CK Y=0pr gy (a—1) (a1 ﬂx
P g e g )
~ Px e | Px
(J& @l 2x(0), 18 2e(5)) - @w<>glw@w as) ™| at
(9x (x=1)+1)
x—1 K(gk Ok )apx+1 2px—1 t [ ) x
S 2p ep TPk (,Xl+1 I‘P;c fgk 1 ! Px

(qx(a—1)+1) " N
(JE | @ts,ze(0), 12 zuls) — @ “%‘”%A%“W is)

2Px— ! K K 1 w)px K I
+ (grpf( )1 fi 1(t_§K 1)p a=1)
pr(qx(a—1)+1)

Ctet) T |@o(s, 2¢(s), I 2(s)) — @(s, Tu(5), I Fels)) [t
(ge(a—1)+1) 7 - )
— prlgx(a=1)+1)
2Px—lepx (Cx—Cx—1)"F¥ + 2px—1 (Cx—Cx—1) %

TP (1) 3 pe@e DT |
FPK(a)(qK(a—1)+1) i
(sz_leK”ZK _?K”]Z"Z +2PK_1MPK||I‘X 14— I“ yKH )

) - Px (qx(a 1)+1) (1-
b 2o )T (G Gen) (Ex—Ge 1))
W ey pell- "‘)“N ,
2P My |z — Yl + 2P MY (|12 2z — 12 yllE)
(Gr—Ge_p)"PF

IN

TPK (a+1) ) (x—Cx—1) i

pr(ax(e-1)+1) |

e ) e T e (2 sz
K K
< 2 € TPx (a+1) [ % 2
FPK(DC)(qK(Etfl)+1) =
opr—1 (zr’xflMi’KJrszflng %)@K . 1) 1w
" TP (a)
pelgx(@=1)+1) o
i g s
(g (a— 1)+1)Z: pr(1—a)+1 3 xllE,
pr+1
< 2%—1@%% Bz —
where

(Tx—Gy1)"Px

pr—1paqPx pr—1pqPK pr—1
(2 My +27 My e )2 CeGer) ™

G = maxc—12,.,n [ pilax (@ 1171)
B

P
I'Px (&) (q,{(afl)Jrl) "
a—1)+1)
K

_ ! Pr(qx(
(zpk_leK 2P ME" @Krvi;((;i):;pk )2}%_1(CK—éx—l)(lia)pK+ = oot
+

7% (1) (e (—1)+1) T py(1—a)+1

Then,
apx+1
Iz~ yll, < 2ot T
(1-9)Px T (a+1)
Therefore,
apx+1

1 (yw=n 20le) g
H ]/HP = T(a+1) ( k=1 (1719)% )6. CopE.

As a consequence, the BVP (3) is (UH) stable. [

5. Example
Let the following BVP:

0.5 — 1 —
{ D™ = aenamyergmy f 1= 02
¥(0) +y(2) = 0.

(16)
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For (t,y,z) € ([0,2] x [1,400) x [1,+0)), we define the function g as follows

®(ty,2) = mamam

Thus, we obtain
_ 1 1 1
|q>(t1 ]/1/ Zl) - q)(t/yZ/ ZZ)| - (2+£’t) 1+y1+21 - 1+y2+22
< Sl —wil+ 3|z — 2l

Hence, the condition (H2) holds with My = M, = %

Let ; o
| m=27 iftel01],
p(t)_{ p2 =28, if t €]1,2] 17)

We consider two auxiliary BVP:

(18)

{ D%y(t) = m’ teji:=[01],
y(0) +y(1) =0,

and o )
{Dywzﬁwmmm”mh:nn -

y(1) +y(2) = 0.

Forx =1, p; = 2.7, we have
WaMp1,20.0, = 0,015523456 < 1.

Ergo, the condition (12) is fulfilled.
Using Theorem (6), the BVP (18) possesses a unique solution y; € L?7 (], R).
For x = 2, p, = 2.8, we have

Wa M pai1.cr = 0,499862644 < 1.

This means that the condition (12) is fulfilled.
According to Theorem 6, the BVP (19) possesses a unique solution > € L>8(J, R).
As a result, using Theorem (7), the BVP (19) has a unique solution.

B e LTLR),
vy ={ M E sl

where
0/ t 6 I 1/

t) = ~
n®={ YT
As a result, according to Theorem 8, BVP (16) is (UH) stable.

6. Conclusions

The existence of a unique solution to the multiterm BVP (3) for fractional differential
equations in Lebesgue spaces with variable exponent (L?(-)) has been discussed in this
paper. Based on the main difference between the classical Lebesgue spaces and the variable
exponent Lebesgue spaces, we analyzed the BVP (3) and showed its existence and unique-
ness. Further, the stability in the sense of Ulam-Hyers was examined. Lastly, an illustrative
example was presented to demonstrate the correctness and applicability of the findings.

The obtained results in this paper generalize and extend the existing results on frac-
tional differential equations in Lebesgue spaces with variable exponents (L”(-)). In addition,
they are important and have numerous applications in the qualitative study of such systems.
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