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Abstract: In this study, based on Coitz and Nadler’s fixed point theorem and the non-linear alternative
for Kakutani maps, existence results for a tripled system of sequential fractional differential inclusions
(SFDIs) with integral and multi-point boundary conditions (BCs) in investigated. A practical examples
are given to illustrate the obtained the theoretical results.
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1. Introduction

FCs ware first employed in 1695 when L'Hopital summarized his discoveries in
a letter to Leibniz. Fractional calculus (FCs) was studied by several twentieth century
authors, including Liouville, Grunwald, Letnikov, and Riemann. This field of mathematics,
known as fractional differential equations, was invented by mathematicians as a pure
branch of mathematics with just a few applications in mathematics. Fractional calculus
is a well-established subject with applications in many applied sciences, such as visco-
elasticity, medical, and environment, which leads the fractional differential equations
to become extremely prevalent. We recommend the monographs [1-8] and the recently
mentioned papers [9-17]. It is worth noting that most of the works in the field of fractional
differentiation focus mostly on R-L and Caputo types. See [18-22].

In 1772, Russian scientists presented a general idea of stability, such as Lyapunov
(1758-1817), where the general theme of his doctoral dissertation was movement stability,
and his work soon spread all over Russia and later in the West. With the process of research,
scientists entered the time delay, and the first to describe these systems with a time delay
was the scientist (Boltzman), who studied its effect but did not refer to the time delay in
realistic models.

In the early 1900s, a disagreement arose over the necessity of introducing time delays
into systems to predict their future development, but this point of view contradicted
the Newtonian traditions, which claimed that knowledge of the current values of all
relevant variables should suffice for the prediction. Ulam and Hyers, on the other hand,
recognized unknown types of stability known as ulam-stability. Hyer’s type of stability
study contributes expressively to our understanding of population dynamics and fluid
movement, see [23].

In mathematics, differential inclusions relate to one or more functions and their deriva-
tives. In applications, functions generally represent physical quantities, derivatives repre-
sent their rates of change, and differential inclusion defines the relationship between the
two. Because these relationships are so common, differential equations play a prominent
role in many disciplines, including engineering, physics, economics, and biology. The study
of differential inclusions mainly consists of studying their solutions (the set of functions
that satisfy the equation), and the properties of their solutions. The simplest differential
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inclusions can be solved by explicit formulas. However, many properties of solutions to
particular differential inclusions may be determined without being exactly calculated. If
a closed expression is not available for the solutions, the solutions may be numerically
approximated using computers. Dynamical systems theory focuses on the qualitative
analysis of systems described by differential equations and differential inclusions, while
many numerical methods have been developed to determine solutions with a certain degree
of precision.

Many of the basic laws of physics and chemistry can be formulated as differential
equations. In biology and economics, differential equations are used to model the behavior
of complex systems. The mathematical theory of differential equations developed first with
the sciences in which the equations originated and where the results were put into practice.
However, various problems which sometimes arise in quite distinct scientific fields may
result in identical differential equations. Whenever this happens, the mathematical theory
behind the equations can be seen as a unifying principle behind the various phenomena.
For example, consider the propagation of light and sound in the atmosphere, and the
waves on the surface of a pond. They can all be described by the same second-order partial
differential equation, which is the wave equation, that allows us to think of light and sound
as forms of waves, much like the familiar waves in water. Heat conduction, developed
by Joseph Fourier, is governed by a second-order partial differential equation, the heat
equation. It turns out that many diffusion processes, though apparently different, are
described by the same equation; the Black-Scholes equation in finance, for example, is
related to the heat equation [24,25]. In [26], the authors were the first who developed the
idea of the tripled fixed points. Karakaya et al. [27] introduce tripled fixed points for a class
of condensing operators in Banach spaces. In [25], the authors studied the existence results
for the following BVP.

‘DU Z(t) = (T, 2(1), 1< <2,
27(0) = ay, Z({))(T), k=1,2,3j=0,1.

where CDg’ * denotes the Caputo fractional derivatives (CFDs) of order y, T € ] = [0, 7],
fr : ] x RS — R, are continuous functions, Z = (21, 2, 2Z3) € R2,e = (1,2,3) is a cyclic
permutation, and gj € k=1,2,3,j = 0,1. In this work, motivated by [28], we consider the
following system of sequential fractional differential inclusions:

(‘DY + 9DV Z(@) € 71 (@, 2(@), 2(@), V(@)), 2<y <3,
(‘D7 + 92 1) 2(0) € P2(@, Z(@), 2(@), V(@)), 2<§ <3,
(‘DY + 9D )Y (@) € F3(@, 2(@), 2(@), V(@)), 3<w<4,

»
I\\) N
<

Z(0)=0, 2'(0)=0,  Z(T)

I
<
g/
s

2(gj) + 11 Z°2(9), (1)

»\H"
I‘\J —_

2(0) =0, 2'(0) =0, 2(T) =Ya2 ) v;i({;) +TLIY(8),

-
Il
_

y©)=0,  Y'(0)=0  V'(0)=0, YgzU] () + T Z(9),

where DX is a CFDs of order x € {¢,¢,w}, 71, %2, F3 1 [0,T] X Re X Re X Re —
P(R.) are given continuous functions, P(R.) is the family of all non-empty subset of R,,
{jERe,j=1,...,k—2and ¢ € [0, T].

The Caputo SFDEs with multi-point and integral boundary conditions discussed
in this work are the most widely used Caputo fractional derivatives. The novelty and
originality of this work is summarized by using Covitz and Nadler’s fixed point theorem
and the non-linear alternative for Kakutani maps in showing the existence results for a
tripled system of sequential fractional differential inclusions.
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Preliminaries are introduced in the second section, main results are shown in the third
section. Finally, in Section 4, we give some numerical examples to show the effectiveness of
the obtained theoretical results.

2. Preliminaries

This portion introduces basic fractional calculus concepts, definitions, and tentative

results [1-3].

Let 7 = C([0, T], Re) be a Banach space endowed with the norm || Z|| = sup{| Z(@)|,

@€ [0,T]}. Then (J x I x J,|[(Z,2,)) | 7) is also a Banach space equipped with the

norm (2,2, V)| 7 = |2+ 2] + Y], 2,2,V € J.

Let (Mg, || - ||) be a normed space and that U, (M;) = {A € U(M;) : Aisclosed},

Ueep(M1) = {A € U(M;) : Ais convex and compact}.

A multi-valued map Q : My — U(M;) is

(@) Convex valued if Q(s) is convex Vs € My;

(b) Upper semi-continuous (U.S.C.) on M if, for each sy € Mj; the set Q(sp) is a non-
empty closed subset of M1 and if, for each open set V of M; containing Q(sg), there
exists an open neighborhood V) of sy, such that Q(Vy) C V;

(c) Lower semi-continuous (L.S.C.) if the set {s € M1 : Q(s) NE # @} is open for any
open set £ in H;

(d) Completely continuous (C.C) if Q(&) is relatively compact (r.c) for every £ € U, (M7) =
{A € U(M,) : Aisbounded}.

A map Q : [c,d] - U (R.) of multi-valued is said to be measurable if, for every

s € Re, the function t — d(s, Q(t)) = inf{|s —I| : | € Q(t)} is measurable.

A multi-valued map Q : [¢,d] X R, — U(R,) is said to be Caratheodory if

(i) t+— Q(tq,s) is measurable for each q,s € R,;
(i) (g,s) — Q(t,q,s)is US.C for almost all t € [c,d].
Further, a Caratheodory function Q is called £!-Caratheodory if

() Foreache > 0,3 ¢Ll([c,d],R}) > [|Q(Lq,s)| =sup{lg| : g € Q(t,q,5) < ¢e(t)}
Vg,s € Rewith [|q|], ||s]| < eand fora.e. t € [c,d].

Lemma 1. Let M a closed convex subset of a Banach space My and W be an open subset of K
with 0 € W. In addition, H : W — Zc,(K) is an u.s.c compact map. Then either

e H has fixed point in W or

e JwedWand A € (0,1), such that w € AH(w).

Lemma 2 ([29]). Let Y : My — M be a completely continuous operator in Banach Space M-
and the set ¥ = {s € M|s = 6Ys,0 < & < 1} is bounded. Then Y has a fixed point in M.

Definition 1. The fractional integral of order  with the lower limit zero for a function k is
defined as

_ L k)
Yk(7) = F(lp)/o s> 09> 0, @)

provided the right-hand side is point-wise defined on [0, 00), where I'(.) is the gamma function,
which is defined by T () = [;° 19~ e "dt.

Definition 2. The R-L fractional derivative of order p > 0,n —1 < ¢ < n,n € Nis defined as

1 a\" st
DLk = oy (1) ) (7= 07 ¥ koo e >, ®

where the function k has absolutely continuous derivative up to order (n — 1).
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Definition 3. The Caputo derivative of order € [n — 1, n) for a function k : [0,00) — (R) can
be written as

CD(‘)¢’+k(r)— ( 2% >,r>0,n—1<r<n. 4)

Note that the CFDs of order ¢ € [n—1,n) almost everywhere on [0,00) if
k e AC"([0,00), (R)).

Next, we state and prove the auxiliary lemma, which will help us in constructing the
existence results for our proposed system.

Lemma 3. Let G1,G»,Gs € C[0,T| and A # 0. Then the solution of the linear fractional
differential system,

(DY + DY NZ(@0) =G, 2<yp <3,
(‘D + D9 1) 2(0) =Gy, 2< <3,
(‘DY + DU V(@) =Gs, 3<w<4,

Z(0) =0, Z'(0) =0, =Y Z 5i2(Z) + L Z°2(98), 5)
k

2(0) =0, 2'(0) =0, 2T)=Y2 ivjy(gj) +TL,Z9Y(9),
j=1

y@©)=o0, Y'(0)=0,  Y'(0)=0, =Y; Z GiZ(3)) +II°Z(9),

is given by
_(p@ —1+4¢77) G-p) ([P lo=T)2
V(@) = {12@/ e 0o ([ dp

I /og %(/op e—9(0—7) (/0 %gﬂm)dm)d’r)dp
_ /0 T o—o(T=p) ( /O P %gl(r)d’c) dp

e (818255{Y2 y 1/]/ () (/Op %g3(1’)d‘r) dp
+H2/O % (/OP e~ ?p—1) (/OT %gs(m)dm) dr) dp
7/0‘76_(,47_,3) (/0” %%(r)dr)dp}

k=2 g . _ \¢-2
+525466{Y1 Lo [ e ([ gy G )ar ©

+IT; /Og( )) (/Ope ?(p—7) (/0T 4(;(_7¢n1_)(i;292(m)dm)d‘r)dp
- e qup( Gi(t )dT)dp}

+515254{ 22 / (/ %gl(r)dr)dp
(

— m)4]72

s | [ gy G e
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)

+ /ow e~ 9(@—p) (/op (é’q(_lPTZIS2 gl(r)dr> dp,

e ([ )
; /(;T e (70 (/op (?(:pT_)T)z gz(T)dT) dP}

+5456{Y1 Y g / e 9= (./Op (?(_(];—_)451—)2 gz('r)d'r)dp

=1

ot = (e ([ gy atmim e
_ /OTefop) ( /0 (fli (IPT) R )dr>dp}

+5154{y3jijgj /O ¥ o olg-p) ( /0 (f; (—lpfjl”: %(T)dr)dp

o [ (e ([ gy omim )
e i o)

N /0 ) ( /O . (? (—QDT_)"’J)Z gz(f)m) dp,

V(@)
-2

_ (@ —2¢0 +2 ¢ 9%) Yo [ eego( [0 =D
et (s By [ () G0 e

o [ (e ([ Gy Gatmin i)
- ([ T o))

+€183{Y3];_Z§0j I Y ol ( /O (o (wT) 5 Ql(r)df)dp

s [T ([l ([ Gy diman e
e () (?(wf) 1y Gl )i}
([ o)

i [0 ))ﬂ 1(/0% oo ([ (;(_wm_)j;zgg,(m)dm)dq—)dp
e ¢”1>2 ic)in})

(h%

+/ e ?(@=p) dT)dp
0

@)

®)



Fractal Fract. 2023, 7,182

6 of 32

where

(¢T —1+e797) o= (¢T —1+e797) & — (T2 — 29T +2—2e797)

& = &3 , &5

¢? 9 9’
1 [ k=2 9 (8 —p)s!
- (0T — —97, P _ —ps
&= p _leg]((pg, 1+e f)+H1/0 (o) (ps —1+e")dp|,
1 [, k=2 ¢ S (B—p) "t o, —ps
=5 Y2 Y- (9?07 = 290 +2— ¢ 9% +11 / Flg (75 ~2es+2-20")do), (9)
L =1
1 [ k=2 )5—1
56 :? Y3ZU‘](¢g]71+e Q’C] +H / 5) (4’5714’67?5)’19 s
L j=1

A =(E165E5 — E:64E6).

3. Multi-Valued System

Definition 4. A function (2,2,Y) € C}([0,T],Re) x C([0,T],Re) x C1([0, T], R.) satis-
fying the boundary conditions and for which there f,g,b = L1([0, T], Re), such that

f(@) € #1(@, 2(@), 2(®), V(@)),8(@) € F2(@, Z2(@), 2(®), V(®)),h(@) € F3(@,
Z(w), 2(®w),Y(@))ae onw € [0,T] and

~

With the help of Lemma 3, we define an operator .# : J X IxT—=TxITxJT by
71(2(@), 2(@), Y(@))

:W[ . Zg]/ e 9(&—p) </Op (p_T)¢_2g(T,Z(T),Q(T)/J)(T))dr)dP

rie-1)

+11; /(;6 (¢ ;(pﬂ)) (/Ope*fP(Pfr) (/Or %g(m,Z(m),e@(m),y(m))dm)dr)dp

-2
_/07-674)(7—7‘” (/OP (?(1,0'1)(#1) f(T,Z(T),Q(T),y(r))dT)dp

k=2 f _ \w-2
+% (815285{Y2 ]; vj /0c e~ ?(Gi—p) (/Op (?(WTE 1) h(T,Z(T),Q(T),y(T))dT> dp

+IT, /OQ (0 ;(plg))ﬁ*l (/OP e 9(0-17) </OT%h(m,z(m),Q(m),y(m))dm)dr>dp
_ /OT —0(T—p) ( /OP (;} (jpi)(pl_)Zg(T, z(r),fz(r),y(f))df) dp}

+gze456{n j_zfgj / Y -ozi-p) ( [ (-2 e, z<r>,2<f>,y<r>>dr) dp

r¢-1)

I /Os (c - (pﬁ))m < /OP 901 ( /0 % g(m,z(m),g(m,y(m))dm)dT>dp
_ /OT —o(T=p) < [ =" Z(T),Q(T),y(’r))dr) dp}

ry-1

+515254{Y3 k,iz‘Tj /C./- e ?(Gi—p) (/Op (,IDH(:/JT_)IIJ{; (e, 2(7), 2(), y(—r))dT> i

+H3/ (6 F(pﬁ)) (/OP o~ 9o-7) (/Or%f(mz(m),g(m),y(m))dm)dr)dp
_./0 o 9(T—p) (/OP (?(;rzwl—;h(T,z(T),Q(r),y(r))dr)dp})}

@ _ )92
+/0 e Pl@—p) (/OP (?(lp _)lpl) f(r,Z(r),,@(r),y(r))dr)dp,
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_(po—1+e7%7)

T (2(@), 2(@), Y (@))
k-2 . o e
(8185{\{2 Yoy /Og’ e &0 (/Op (?(wfz1)Zb(r,Z(r),g(f),y(f))df)dp
=1
" —p)?-1 T (T — m)wW—2
+H2/Oe (o T(pﬂ)) (/Oﬂe—w(p—r) (/0 %b(m,Z(m),Q(m),y(m))dm)dT)dp
T _ -2
— [T oo ( /OP (;} (¢T_)1) a(t, 2(1), 2(1), y(T))dT>dp}

=2 G P (p—T1)92
7 o e(Gi—p) P T, Z(1 T), Y(7))dt
+s456{Y1];<;/0 oloo) ([ ot 2(0), 2(0), V(o) ) o

+ITy /OG (¢ ;(pﬁ))ﬂﬂ (/OP e~ Plp—7) (/OT (;(—(Pniy;zg(m,Z(m),Q(m),y(m))dm)dT>dp
- /OT —?(T—p) ( /Op (? (—lpr_)wl—)z i, Z(1), Q(T),y(r))dr) dp}

+&E1&4 {Y3 Z;ngf ‘/051' e 9Ei—p) (/OP (o —T)¥2 f(T,Z(T),Q(T),y(T))dT) dp

@*A

rp-1
+I1; /05 (6 ;(pﬁ))é‘—l (/OP e ?lo—T) (/OT (;cﬂ(;)@ﬁ;zf(m,z(m),a@(m),y(m))dm) dT) dp
_/Te #(T—p) (/Op (?(— Tz1)2h(T,Z(T),«Q(T),y(r))dr>dp})}

—I—/ e~ 9(@—p) (/ *’L;)‘Pl)zg('l’,Z(T),Q(T),y(’[))dr)dp’

and

2.2 e
#(2(@), 2(0), V@) = T2 LT

[(&&{le@ [[evero( [M oD et 2 (0, 200, Yeie ) ap
+n1/0 (‘5;(919)) </0”e—<pp : (/0 (TF((P )1) g(m,Z(m),Q(m),y(m))dm)dT)dp
~ /0 T —o(T=p) ( /0” (? ;PT_)liazf(T,Z(T),Q(T),y(’c))d”t) dp}

2 egen [P 0= T2
+€153{Ys]§ov e ( / T f(r,z<r>,9<r>,y<r>>dr)dp

+I1; (/05 ) ;fg;—l (/OP e~ Plp—7) (/Or (;(—lpm_)lng(m, z(m),ﬁ(m),y(m))dm) dT) dp
_ '/OT e ?(T—p) </0P (?(;Tz“’l*; h(t, Z(1), Q(T),y(r))dr) dp}

+E:E {Y2 vaj /éf e~ ?(G—p) ( /(;P (;} (—wrzwl—)z b(r, 2(1), 2(7), y(r))dr) dp

+HII /0 (e— (plg) ( /(;Pefév(Pfr) ( /oT (TF(—m_)c;Th(m,z(m),,@(m),y( ))dm)dr)dp
/ v / _T¢ 29 T2 ),Q(T)ry(T))dT)dp}ﬂ
%

+/ e 9(@=p) ( Z(1), Q(T),)J(T))d'c)dp.
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For easy calculations, we set
7)_(cp—l—&-e"l”) TV11—e?T) £ TV 1(1—e97)
g T () A oT ()
P1_ 090
515254 ¢i(1—e9e)
Y -
{ Ll ( o)
51/)-&-19 1 B (1*6_4])
(5 901
(e 0t )} I w)
_ _ D1 — o= 95 _
_(p—1+e?) )]y e M gt 95 _
R H L T ertgy ) Mg 0t Y
YoR—e _
525456 g (1—em %) ch+o-1 -
{Y Dg} ( o) | T hgErgrm e te T Y
515255 T 11 —e9T)
A oI (¢)
(9-1+e ) |EEE [T 1)) | E168 g (1= e %)
O =g [ A { 9T (@) }* {Y2Z'”’ ( 9T (@)
Qw+1971 B
(e "’Q”H'
_ _ _ _ V(1 _ o 90
(p—1+e?) TY1(1—e97) k2 (G- ™)
(T [&&{W FaE Y Ll TRy
Syp+9-1 s
+H3¢21_7((5(P +e -1, (10)

_(p—1+e79) gi(1—e %) ghto-t -
Q= ey [8486{Y1 Z|§] ( ! qvf(qb) >+H1¢2F(<p)1"(19) (cp+e <Pg_1)}

T¢1(1—e9T) (1—e?)
oI (¢) oI (¢) *

_((p71+e_(4’) T“’_l(lfe_‘fﬂ—) k=2 é‘f’(l_g*ngj)
@) -y [5154{(PF(W)} +81€5{Y2 . |vj (J )

+5155{

j=1
Qw+19—1 o
+H2W(Q¢+e —1)}]/
(@ —204+2—20-9) | . [T¥-1(1—eoT) k2 (P19l
A _5356{¢r<¢>} *“3153{Y3 e (W
sp+o-1 B
M g e ”H’

2 5ot 209 | k—2 01— e 9%)
QS:W q)g:;A ?) 5356{le§j|<]
1

Py =

9+o-1 )
g T ”} * 5256{@(4»

T 11— e 97) k2 (01— %)
5153{¢F(W)} +5256{Y2 Z ‘1/ <¢F(w)

j=1

(9? =29 +2—2¢79)
A

O3 =
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w+09—-1

_ (1—e"?)
(PzF((U)F(ﬁ) (Qq)+€ e — 1)}

+I1, 7q)l“(w) .

+

My =(P1HPrP3 )| Py [(Uy (N )N AW (N ) H Q1+Q24+Q3) | Pa| | (U (N )HV2 (N AW, (N))
HO1HOHO3) || P3| (Us (N )HV3 (N HWV3(N))

Next, we define the operators K1, /Cp, K3 : J x J x J — P(J x J x J) as follows:
Then, we define an operator K : J x J x J — P(J x J x J) by

Ki(Z2,2,Y) (@)
K(Z, 2, y)((D) = (ICZ(Z/ 2, y) (‘D)) ’
’C3(Z,Q,y)((0>

K1 :{hl S j X j X j . there exist | € Sgl,(z,gly),g S 892,(2,,@,)))'[) S Sg?”(g,a@,y),
such that 1(Z,2,Y)(@) = Q1(Z,2,Y)(@),YT € [0,T]}, (11)

’Cz :{hz € j X j X j . there exist f S Sgl,(zrgly),g € ngl(zlgly),b S 893,(3/3@,3;),
such that 1,(Z,2,Y)(@) = Q2(Z,2,Y)(@),VT € [0, T]}, (12)

and

K3 :{h3 S j X j X j : there exist | € Sgl,(z,a@,y),g S 892,(2,3,3))’[) S Sg&(g,a@,y),
such that 13(Z,2,))(@) = Q3(2,2,Y)(@),VT € [0,T]}, (13)

3.1. The Caratheodory Case
Our first result dealing with convex values f, g, and b is proved via the Leray-Schauder
non-linear alternative for multi-valued maps.

Theorem 1. Suppose that the following conditions are satisfied:

(B1)f,9,b:[0,T] x R® = P(R) are L' Caratheodory and have convex values;

(By) There exist continuous non-decreasing functions Uy, U, Us, V1, V2, V3, Wi, Wa, W
[0,00) — (0, 00) functions Py(®@), P,(@), P3(@) € (C[0, T] X R+ ), such that

|71(@, 2,2, V)||p =sup{lf| : € F1(@, Z,2,)} < P1[th (| Z]]) + Vi (l[2]]) + Wa([|lV[]],
|72(@, 2, 2,Y)||p :=sup{lg| : g € F2(@, Z,2,Y)} < Paftha(||Z]]) + Va(I[21]) + Wa([IV[D],

and
| 73(@,2,2,Y)||lp :=sup{|b| : h € F3(@0, Z,2,V)} < B3[Us(||Z]]) + Va(I|2]]) + Wa([|[VI])],
foreach (0, 2,2,Y) € [0,T] x Rg’; (B3) there exists a number N' > 0, such that

£>1
My ’

where P;, Q;, and O; are given by (10). The tripled system has at least one solution on [0, T'].

Proof. Consider the operator K1 x Ky x K3 : J x J x J — P(J x J x J) defined
by (11)~(13). From (B1), it follows that sets Sz, (z,9,y), S#,,(z,2,y) and Sz, (z o y) are
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non-empty for each (2,2,Y) € J x J x J. Then, for § € S$7,(2,2Y) 9 € Sz, (2,2)
h €Sz, 20y for (£,2Y)¢€ J x J x J,we have

-1 (p(D 0 _ -2
ﬁl(Z/‘gry)((D) = (gotoqoz;—le[ 1 ZC]/ e ng P) (~/O (?((IJT_) 1) g(T)dT)d‘D

o [t ([ ([ 52 o))
_/OTe—q)(T—p) (/op (?;PT_)II:)Zf(T)dT) dp

% (515255{Y2]ivj /(;é,-ew(cfp) ( /OP % h(T)dr)dP
o [ (e o (] Gy o))
e ([ gy e o)

+525456{Y1 Zg}/ e 9(Gi—p )( & (?(—4)_
(t

J R
o [T ([ () Sy smam) )i
[T ([ D e ap
= fm)am ) i ) ap

)
+113 /05 (0-p° (/Op e ?lp—7) /OT T—m)¥=2

r() ry-1)

- e (S o))
s [T o ([P i e

_ g(t d’c)dp

P (p—
I

and

52(2,2,Y) (@) = W Ks&{njﬁjw /(f’ =950 </Op %h(ﬂdt) dp
+11, /OQ (e ;("0);71 (/Op o~ 9(0=7) (/OT (?(_wm_)agzh(m)dm) dT> dp
_/()Te,q,(ﬁp) (/OP (p &b?igzg(f>df>dp}
e )
o [ (e (] Syt o)
_ /O T —o(T—p) ( /0 ’ (F} (TPT_)II;SZf(T)dT> dp}

k=2, 0 (o — )2
+£184{Y3 ) oj /gl e 9G—p) (/Op (?(IP _)lpl) f(T)dT) dp

2

+H3/ a0 F(p&)) (/(;Pefrp(p*r) (/O'T (;(_lpm_)l; f(m)dm)d‘r)dp
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e (v

n /ow e 9(@=p) (/op %g(f)d’[) dp,

and

5’33(21 *Qr y)(@)

NG 24’(;2 2ot Kssss{n :ch’j [ ese < I %MT)“) dp
ot [P (f oo ([ iy st )

+£1£3{Y3];2ja,~ /0 7 ool ( /f %f (TWT) dp
+Ha/‘s%(/ff‘”‘“> (1 gy o)

[ ([ o

— ‘ i (Ti—p) (3 (p—T)w72
+5256{Y2]Z;U]/0 e ?i—p (/0 Tw-1) b(T)dT)dp

+IT, /OQ % (/Op e~ ?l0=7) (/OT %h(?ﬂ)dm) dT) dp
[ () e}
+/ e~ P(@=0) (/ o z“’l)zh( )dr)dp,

where 91 € K1(Z2,2,Y)(1),92 € K2(Z2,2,Y)(71), 93 € K3(2,2,Y) (1), and (91, H2, H3)
ek(2,2)) (o).

For the applicability of Leray-Schauder non-linear alternative we split our proof into
several steps.

Claim 1. The operator K(Z,.2,)) is convex. Let (9, 9;,9;) € (K1, K2, K3),i = 1,2.
Then there exist f; € Sz, (z,2y),9 € S#,(z,2Y)0i € Sz,(z,92,),1 = 1,2, such that,
for each T € [0, 7], we have

= P2 v i [ ([ e
+ITy /0g % (/Op e (e (/0 %g(m)dm) dT) dp
_ /O T o(T—p) ( /0 b 7(? (_lpi)l;zf(r)dr) dp
+% (518285{\{2?’{21,], /05/‘ e~ ?(&j—p) (/op %h(ﬂﬁ> do
+I1, /OQ % </Op A (/OT %b(fﬂ)dﬂi) d’[’) dp
_ /OT e ?(T—p) (/OP 7(?(;?329(7)117) dp}
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+€28486{Y1};i‘:§j /051' e ?(Gi—p) </OP (?(—qbr_)if)zg(r)h)dp
+I1; /Og (¢ ;(pﬂ))ﬁil (/Op e~ ?lp—1) (/OT (5“(_¢n1—)(i;2g(m)dm> d’[’) dp
,/OTe—fﬂ(T—P) (/O'p (?@leﬁng(r)dr)dp}

k=2 g . _ \p-2
+518254{Y3 Zl 0']/0 e 9&i—p) (/OP (,;(lp’f_) y f(T)dT) dp
j=

11T, /05 (6 ;{719);9_1 (/OP e*@(P*T)( OT (;(_lpm_)ling(m)dm) dT) dp

T
7 o(T-p) ( (pF dr)dp}

m{nza/ o e

e[ S e
e () Gy ) e
e ([

ot TS (e () gy oman e )ao
e () e )

Lo ([

s (9P =290 +2—e9?) k=2 Y o) [* (p—1)2
9i(@) = Ty [(5356{\{1];5]/0 e” PP (/0 o —1) G(T)dT)dP

o v
_/O'Tew(T—p) </op (Ti_ - (T)dr>d }

k=2 G ( _ )zp 2
, (G=p) p
s o o[ )
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ot [T (e (] gy somam o)
([ o)

+8286{Yz fzf, [eve ([ (’}(jfl“;z b()ie )dp
S o (] S e
- e () e e} )

n /O © o= 9(@—p) ( /O 4 <fr’ (—wfz“’: b(r)dr) dp,

Let 0 < w < 1. Then, for each T € [0, 7], we have [wFi(a) + (1 — w)Fz(a)]

[wH1 + (1 — w)$H)(T

)
_ W%;W) [n Yo Y -pli-p) ( [ (0= D" )+ (1 - w>g2<r>}dr) dp

o I'(p—1)

o [ o [ S i)

T _ A\yp-2
- [T ([T o)+ (- @) ) de
k=2 G o w2
+3 (515255{Yz]§w /O e ?Gr) ( /OP (‘}(aﬁl) [Wh1(f)+(1—w)bz(f)]df)dp
_ 9-1 T _ w—2
4, [ (o F(Pﬂ)) ( /Ope,(,,@,ﬂ( / 7<§(wmjl) [wh1(m)+(1—w)hz(m)]dm)df)dp

_ ./OT e ?(T—p) (/OP (?(;T_)(;Z [wgr(T) + (1 — w)gz(r)]d'r) dp}

k-2 i _ 0 (pr)‘P_z
+525456{Y1]§§j | eee (/O =T [wgl(T)+(1—w)gz(T)]dT)dP

— /()T e #(T—p) </0P (?(_lpljll};; [wfi(T) + (1 - w)fz(r)]d"f) dp}

=2 P (p—1)¥2
o e (€i—e) P wi (T —w T)|at
+515254{Y3]Z; ;/0 #le=e (/0 (g —1) [wf1(T) + (1 = w)fa(7))d >dP

o o[ 2t i)

_ /(;Teffp(Tfm (/OP (?(_wrza;_; [why () + (1~ w)hz(T)]dT)dP})}

o . -2
+/0 e~ 9(@—p) (/OP (?(wT_)lpl) [wfi(T) + (1— w)fz(r)}dr) dp,

and

[wH1 + (1 - w)](7)

_ —p@ k=2 i . - T)“"
(po=1tew) Kgl&{yz L [ e ([ O fon () + (- wimlolar )
j=1
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I, /Oe (o ;(%))ﬂ—l (/OP e—9=1) (/Or (;(—wm_)‘;;z [why (m) + (1 — w)hz(m)]dm> dr) dp

_ /0 T oo(T=p) ( /O 4 (? (:PT—)T)Z wgr (1) + (1 — w)gz('{)]dT> dp}

k2 , g
seitof v o oo ([ 2y lem + (- )i

ri-1)
+IT /0g (e ;(pﬁ))ﬂil (/Op e 9= (/OT (?(;ni)‘i;z [wgq (m) + (1 — w)gz(m)}dm> dr) dp
[T ( [T o)+ (1 - @)tolee )dp )

k- : e
seitafvs B [7enoo ([0 o o)+ (- wpco)ap

+H3/0 (06— (pﬁ)) (/Opew(p—r) (/Or (?(_npm_)lgz [wfl(m)+(1—(U)f2(m)]dm)d’t)dp
-p)

[ / (1) + (1 @ha()de )dp )]
s [T o ([T g () + (- w0l ),

[wHi + (1 - w)$H)(7) =

(9?0 — 2@ +2 — e~ 9?)
9>A

k=2 Y . o (‘0_1-)4)*2
X [(5356{Y1 ]; Cj/o e ?G=rp) (/o W[wgl(r)—s—(1—w)gz(r)]d7)dp

+IT /0@ (g;&))ﬂ—l (/OPE_W_T) </0 %[wgl( )+(1—w)gz(m)}dm)df>dp

~Termo ([ e + (- @il o)

k= e .
+5153{Y3 Jéaj /(f] e~ (&=p) (/op (o —0)*2 [wfy(T) + (1 - w)fz(r)]d”c) dp

ry—-1)
+I15 /0'5 (6 ;(pﬂ))ﬁ—l (/OP e Plp—T) (/O'T %[wh(ﬂl) +(1- W)fz(m)}dm) dr) dp
_ /OT e ?(T—p) (/OP (?(;;Tzwl_)z [wh1(T) + (1 — w)hz(f)]dT) dp}

w—2

k=2 G 0 (p—T)
+5256{Y2]§vj | eeee ( I CER [whl(T)Jr(l*w)hz(T)}dT)dP

w—2

I, /0'@ % (/OP 90— (/0 %[wbl(m) (1 *(U)f)z(m)]dm)dr) do
- /Te T (/0.(J (?(_CpT_)(PlT [wer(T) + (1 - w)gz(T)]dT) dp})}

+/ o (@) (/ (w )w)2[wh1( )+ (17a;)b2(r)]d'f>dp,

We deduce that Sz, (z,9,y), S, (z,2,y) and Sz, (z 9 y) are convex valued, since f, g, h
are convex valued. obviously, [w$1 + (1 — w)$H](1) € Kyi,[wH1 + (1 —w)H](T) € Ky,
and [wH + (1 — w)H,](7) € K3 hence [w($H1,$92,93) + (1 = w) (b1, b2, H3)](7) € K

Claim 2. We show that the operator K maps bounded sets into bounded sets in
TIxTxJ. Lett > 0,define B, = {(£,2,V) € ITxT xJ :||(Z2,2)| <t} be
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a bounded set in J x J x J. Then, there exist f € S7,22y)8 € Sz,,(z,2y) and
b € Sz,,z,92,) such that

[91(2,2,9)(7)|

_(po—14e799) [ K2 G e ([P (-T2
M{ylgg]/o e & p)(‘/o WHPZH[LIZU)+V2(r)+W2(r)]dT>dp

+11, [° (’5;(‘”19);_1 (/(;pemH) (/O (;((Pm)"l’)zﬂpzmuz( )+ Valr) + Wa(r )}dm)dr>dp

g2
= [T ([T e + Vi) + Wil ) dp

k— e . —T)w—
+% (515255{Y2 Zj"f /OQ G0 (/Op (?(w z 1)2 |[P3]|[Us (r) + Va(r) + Ws(r)}dT> dp
=

_ )01 T _ w—2
iy [ (" emeten ([T i [ta(r) + Valr) + Walrlm ) e ) o
_ -2
= [T ([ D () + va) + Watrlar o

k=2 G B 0 ( T)(p
+525456{Y1 ];‘31/0 e 9i~r) (/O (g || Pa|| [t (7 )+V2(T)+W2(V)]df)dp

1)
+1T /Of; (Q;(pﬁ);*l ( /Ope—wp—a ( /0 (F(¢ m)?~ . szmuz( )—I—Vz(r)-l-WZ(r)}dm)dT)dp
[T ([ O D R ) Vi) + Wil e

+slsze4{Yaz [ oo ([ D R0+ Vi) + Wi 0 )

+Hg/0‘S © F(";ﬂ : (/Ope*‘f’(P*T) (/0 %\\Pﬂl[ul(r)wl( )—i—Wl(r)]dm)dT)dp

1Byl s(r) + V(o) +W3<’>W>dp}>]
(g

< P[P |[th () + W1 ( )+W1( )+ Qul|Po|[Ua(r) + Va(r) + Wa(r) + O1||Ps||Us (7) + V3 (r) + Ws(7),

Hmuul( >+v1<r>+w1<r>1dr)dp,

‘ﬁz(zrg/y)('fﬂ
S Po|[Pu| Uy (r) + Vi(r) + Wi(r) + Qa|[Po|[Ua(r) + Va(r) +Wa(r) + Oo| |Ps]|Us (r) + V3 (1) + Ws(7).

and

19:(2,2,Y)(7)]
< Pa||Py||Uy (r) + Vi(r) + Wi(r) + Qa||Pa|[Ua (r) + Va(r) + Wa(r) + Os||Ps||Us(r) + V3(r) + Ws(r).

Hence we obtain

(51,92, 93)[| = [[91(Z, 2, V)| +[192(Z2, 2, V) [| + [|93(2, 2, V)|

S(P1+ P+ Po)l[PLUh(N) + Vi(N) + Wi(NV)) + (Q1 + Q2 + Q3)|[P2[(Ua(N) + V2 (N) + Wa(N))
+ (01 + 024 O3)| B3| (Us(N) + V3(N) + W3(N)).
Claim 3. We show the equi-continuity of the operator K. Let @1, @, € [0, 7| with
@1 < @. Then there exist f € Sz, (z,9,y).8 € Sz, (z,2,y), and b € Sz, (z o), such that
(91(2,2,Y)(@2) = 91(2, 2,Y)(@1)]

1P () + Va(r) + Wa(r) (2 : ]
< | PRI R (1 (2 —2)1 — (03 =) s
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+ [Tl -9 - (@ _swqu)

2(@y — @)Y + \a)g’ fw‘f\
I'(p+1)

<||Py[|Uy (r) + V1 (r) +W1(V)<

and,

_ ¢ ¢ ¢
|552(Z,Q,J})(<Dz)—552(3,3/37)(@1)|<|P2||U2(V)+V2(7)+W2(V)<2((Dz Ll wl')

I'(p+1)

Similar,

195(2, 2,9) (@) — 93(Z, 2, V)(@1)] SHP3HU3(7)+V3(V)+W3(f)(2(w2_wl)w+ l©F ‘“’5‘").

INw+1)

Therefore, the operator IC(Z, 2, V) is equi-continuous, based on Arzela-Ascoli (2, 2, Y)
is completely continuous. We know that a completely continuous operator is upper semi-
continuous if it has a closed graph. Thus, we need to prove that X has a closed graph.

Claim 4. We show that the operator X has closed graph. As it is known that a com-
pletely continuous operator is upper semi-continuous if it has a closed graph. For this

we take (Zn/ Qnryn) — (Z*/ Q*,y*), (ﬁmﬁg:fj\n) c K(Zn; Qnryn) and (f)nrﬁnlfj\n) —
(5’3*,35*,53*) then we need to show (., 9« 9.) € K(Z. 24 Ys). Observe that
(ﬁn,f)n,ﬁn) € K(24, 2, Vy) implies that exist f, € Sgl’(zn,gnlyn) ,On € ngz,(gn,gn,yn),
and b, € Sz, (z,,2,,) such that

; _(po —1+4e7%9) Plp—1)"2
m(zn,gn,yn)(w)q)zgl[ ) Zgj/ e ?&—p) (/0 m(g)n(f)azr)dp

e ([ %(fmmr) o

+% (515255{\{2?:% /ng e=0(&=p) (/Op %(b)n(ﬂoﬁ) do
+525456{y1 jifgj / Y o) ( I %(gwm) dp
[T ([ e e o)

=2 G e P (p—T)¥2
, (@=p) =17 -
+&E1E28E, {Y3 ]; of /0 e 9G—p (/O F(lp — 1) (f)n(T)dT) dp

L /O"’ % (/O” o~ 9(0-0) (/OT %(f)n(m)dm) dT) dp
_/OTe—somp) (/Op%(h)n(r)dr>dp})]

+/ o—?(@—p) (/ (?apljwl)z(f)n(r)d'r)dp,
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and

Bn(anQn/yn)(w)
- ((P‘D—;Z%W) {(5155{Y2]():2vj /gj e—9(G—p) (/O” (?(_wrzwl_)z(h)n(‘l')d‘l')dp
oty [ QBT vt >(_/0 = o) (m)am )t )
_ /Te_‘P(T—P)( P T"’ 2 ) }

0 0
+5456{Y1 ZCJ/ e~ ?(E=p) (/0 (’;((P )4)1) (g),,(r)dr)dp
+1—[1/0 (¢ Fp (/ (/ dm)dr)dp
—/OTe‘P(TP)(/(())()() }
+5154{Y3]Z;‘Tj/0 67¢§f7p>(/() (o (_zp) ) (f)n(T)dT>dP
+I15 /06 (6 ;{2;71 (/Ope*") (/0 %(f)n( )dm)dr>dp
- /OTE—W—p) (/0’3 (?(;T)w{)z (b)n(T)dT) dP})}

+/ e 9(@p) (/0 (o ¢T)¢1)2( n (T)dr)dp,

(9?0 — 2@ +2 — e~ 9?)
9°A

[(5356{\(1’(2:25]/ e 9br )(/Op%(g)n(ﬂﬁ>dp
+H1/0 (¢ F(pﬂ)) (/Ope,q,(p,T) </0T (TF(_¢'11_)4;;2(9)71( )dm)df>dp
,/OTe—rp(T—p) (/op (?_(_IPT_)V;T (H)n(T)dT dp}

k=2 . -
+gl£3{y3 Z (Tj/gl e 9G=p) (/Op (?(IP )wl) (f)n(T)dT) dp

+H3/ ¢ F(P&)) (/(;p e 9= (/O.T (;(_lpm_)li)z (f)n(m)dm) dT) dp

_/OTe 9(T—p) (/OP (f}(zﬁ‘“l_)z (b)n(r)dr)dp}

reats {yz Lo [ oo ([0 onwe)e

+1I1, /O.Q % (/O.p e 9lp—1) (/(;T (;(_wm_)‘;;z

_/Te 9(T—p) (/0 (p((PT)(P 2( )n(T)dT>dP} ]
— b)

1)
+/ e~ 9(@=p) (/ 11)2( n(T)dT)dp,

H(Zn, 20, Vi) (@) =

(h)n(m)dm) dT) dp
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Let us consider the continuous linear operator ®1, ®,, @5 : £1([0, 7], IxTIxT)—

C([0,T],J x J x J) givenby

and

2

D1(2,2,)) (@) =

b o [ o ([ 5 o)
[t (e (e
,/OT e 9(T—p) (/OP (?(TPT_)II;BZf(T)dT> dp

1 k—2 i B - 0
N (515255{Y2];1/j/()/e 9(=p) (/0
1 e _ T (T* m)w—Z

¢(p—7)

(fee (]

I'w-1)

g(m)dm) dT> dp

(p—7)?

T{w—1) h(‘c)d’c) dp

e—p

+1I1p ./OQ( ;(19);9_
,/O'Teffp(Tfp) (/op %g(r)dr)dp}
P (p—T1)¢?

k—2 0
T —eCi—p)
+525456{Y1 ]; C]/O e Tt (/0 (¢—1)
Sle=p) " ([P gl [T Tmm)??
11y ./0 (9) (/0 e PP /0 1"((}571

-1
_/OTefrP(Tfp) (/OP

h(m)dm) dT) dp

g(T)dT) dp
(

g m)dm) dT) dp

gLy ) o)
+€15254{Y3I;ijgj/jf e ?(G=p) (/OP%]C(TW)@
+1; [ g (pﬂ))”’l ( [eooe ( [ (Tr @,"1_)452

- e (e )i} )
+/ ¢~ ?l@=p) (/O o )1)2f( )dr)dp,

f(m)dm) d’[’) dp

®(2,2,))(@)

_ (4”‘9*;2%@@) !(glgS{Yzl;gzvj '/Og" o 0(i—) (/Op (ﬁ(* Tzwlazh(r)dr) dp
i, [* (e (Pﬁ))'H ( [ oo ( [ ﬁ(ﬁjz b(m)dm) dT) o

_/ o—9(T—p) ((0 (o <PT)¢1)2 (v )dr)dp}

+5486{Y1 ]; c’j/o e~ ?(Ci—p) </OP (?"(jp?i_)zg(T)dT) dp

+1T; /0g (¢ ;(919))‘971 (/Op e~ ?lp—7) (/OT %Q(W)dm) dr) dp

(F} (—IPT_)"SZ f(r)d’r> dp}

_/OTe—qi(T—p) </OP
T)¥2

k-2 g (
. —9(Zj—p) p—
+glg4{Y3];‘7]/o e e (/0 rp—1) ﬂT)dT)‘ip
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b [ ;(pﬁ);’*l ( [ o < [e (—w@iﬁjﬁm)dm)df) do
_/Te ) </0p%h(r)dr)dp}>}
+/ e 9(@=p) (/ (‘(PT_)";)Z ( )dT>dp,

and

®3(Z,2,Y)(@)

LS LIRS K%&{ylg@ s ([ i) ap
o [ (e (] Syt o)

_ /O T —o(T—p) ( /0 ° %f(r)df) dp}

[ e
e v

16t {yz /‘21 [ oo ([ o )ap

ot [T (e () Ly vomn i)
e[ o]

w [T ([0 21) (2)ie)

From, we know that (®1, &, ®3) o (S#,,S#,, Sz,) is closed graph operator. Fur-
ther, we have (ﬁn,j’:Jn,f)n) S (q)l,(bz, @3) e} <Sg1,(zn,e.@nyn)’892,(371,3nyn)’Sﬁs,(zn,a@n,yn))
for all n. Since (Z,, 2,YVn) — (24,2, Y4), (9,90, 50) — (95,94, Hy) it follows that

f« € Sz,(z,2,y) and g« € Sz, (z,2y), and b € Sz, (z 9 y), such that
m(z*,,@*,y*)(w):W[ 125,/ eolé0 >(/:%(g)*<r)dr)dp
o [* Und i (Pﬂ)) ( [ st ( [ A(TF(—(Pm_L;z (g)*(m)dm) d'r) do

_/ o 9(T—p) (/ ap?li)z(f)*(r)dr>dp
+% (818285{\{2 Jg Vj/() " o= 9(@—p) </Op %(h)*mh)@
+I1, /OQ % (/op e~ 9(p=1) </0T %(h)*(m)dm) dT)dP
= [T ([ ). ) |
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+525456{Y1k2251/' 90 >(/OP (p—1)02 (g)*(f)dr>dp
+H1/0 %</{)pe—<p(p—r)( OT (TF(—¢”i)‘Z;2 (g)*(m)dm)d”f>dp
_ /0 T o o(T=p) ( /O” (P (—IPT)‘T; (f)*(r)dr)dp}

+5152€4{Y3 ZU]/ e 9= (/Op (?(_IPT_)#;_; (f)*(T)dT)dp
+H3/o (¢ F(pé?) (/Opeffp(p 7)

_/Te o(T—p) (/0 (?(w’r) 1)2((])*(7)017)@})}

+/ e~ 9(@—p) (/0 (p 1pT)1pl)2 (f)*(‘[)d’[)dp,

and

H:(24, 2., V0)(@)

_ (‘P‘”‘;z%"w) [(5155{\(2’;2:% [Feetn (e (:Uflwlaz(h)*(r)dr>dp
et [ OO (s ([T ) Ve

_ /OT o 9(T—p) < /OP (? (—(;_)4’17)2 (g)*(r)dr)dp}

k-2 , )92
+g456{n Lo et ([ oD ). war )

+n/%(/0”e—w >(/O (0 @)t e )
e (] gy o))
—1—8154{\{3];0]-/0 o9 m)(/o (?(w )“’1) (f)*(r)dr)dp

_/T —g(T—p) </0 (F}(wf) 1)2(h)*(1)d7)dp}>}

+/ e #(@=p) (/O (e ¢T)¢1)2( )« (T)dr>dp,

(¢?@* —29@ +2 — e~ 99)
9>A

k-2 G . 0 (p77)¢—2
X [(5356{\{1];5]'/0 e 7P (/0 m(g)*(ﬂﬁ)@

s /09 (g; (pﬁ))ﬂ—l ( /OP e ?p=1) ( /0 % (9)*(H1)dm)d~c) dp
[ eer (e (‘IPT_)#:)Z (. (e)d ) dp |

fj*(Z*, Q*, y*)((i)) =
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ry-1
ety [ CLE ([P evtoon ([T ) G Yt
- () Sy oo}
+8286{Y2 jzlz [ ereo ([0 D ). o )ap
([ )
N /0‘” R < [ (? (‘wfj‘;z (f))*(r)dr) dp,

=2 G e [P (o —T)¥2
, @—p) w=1)" -
+<‘31<€3{Y3]Zi 0]/0 e~ ?lG—p (/o (f)*(T)dT>d‘0

that is, (91, Hn, Hn) € K(Zs, 24, Vi)
Exists with: let (2, 2,Y) € vK(Z,2,Y). this implies that the functionf € Sz, (z o),
9€ Sz, (z,0y),andbh €Sz z oy) exists with:

HZ1] <Pul[P[a (11Z2]]) +Va((]2]) + Wa([VID]
+ QB[ (1 Z]]) +Va([|2]D) + Wa(l[V]])]
+ O1|[P3]|[Us (11 21]) + Vs (121D + W (1 Y1])],

1 2[l <Pa| [P ta (1 21]) + V12l = WaYID]
+ QB[ (| Z1]) +Va([|2]D) + Wa(l|V]])]
+ Oa[Bs[[[eas(1[2]]) + Va(l[21]) + Wi ([ VID]

and

VI <Psl[Pr] |t ([|Z1]) + ([ 21) + al[VI]D)]
+ Q32| [t (11 Z]]) + V2 (l121]) + Wa (|1 DI])]
+ Os|Bs|[[Us(112]1) + Vs(l|2]]) + Ws([VI)],

following the same arguments

12, 2,9 =lIZ][ + |2l + Y]
<(Pr+ P2+ P3)l[P1][La (|1 Z]]) + Vi(l[2]D) + WalIYI])]
+(Q1+ Qo+ Q)| P2 L ([[21]) + V2 (] 20]) + Wa(lIV]])]
+ (014 02+ 03) B3| [ (1| 2]]) + V3 ([ 2]D) + W (| V]])]-

which implies that

112,29
(Pr+P2 +P3)l[P A Z]]) V(21D +WAIVIDT + (@1 + Q2 + Q)P [ Z1]) +V2 (1| 21]) +Wa (VD] +(Or + 02 +03) P[] Z1]) +Va ([ 21]) PV [])]

<1

In the light of B3 we can find N with ||(Z, 2,Y)|| # N. Consider
A={(2,2)cTxTxT: (2,2 <N}

Here, K : A — Pcp,w(j ) X Pcp,w(j ) x Pcp,cv(j ) is completely continuous and upper

semi-continuous. Thereisno (Z,2,Y) € vK(Z,2,Y) for some v € (0,1) depending on
choosing of A.
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So, by the non-linear alternative of Leray—Schauder type, we conclude that K has
it least one fixed point(Z,2,)) € A, this solution of problem (1). By this, we finalize
the proof. O

3.2. The Case of Libschitz

Here, we consider the situation where there are non-convex values in the multi valued
maps of system (1).

Consider the metric space (£,d) which is induced from the normed space (&;|].||),
and consider 77 : P(E) x P(E) — R.oo be given by 7#4(U, V) = max{supy, d(V,V),
sup,cy d(U,v)}, where d(U,v) = infyey d(Y,v) and d(v, V) = inf,cp d(V,v).

So (Py,c1(E), #7) is a metric space and (P (E), #;) is a generalized one.

In the upcoming result, we take advantage of Covitz and Nadler’s fixed point theorem
for multi-valued maps.

Theorem 2. (By).Z1, %>, F3: [0, T] x R3 — Pep(Re) aresuch that 71(., 2,2,Y) : [0, T] —
Pep(Re), F2(, 2,2,Y) : [0, T] = Pep(Re), and F3(., 2,2,Y) : [0, T] = Pep(Re) are mea-
surable for each Z,2,Y € R,;

(Bs)

Hy(F1(@,2,2,Y), 71 (@0, 2,X,))) <m(@)(|12 - 2|+ ]2 - X +|YV-V|),

%(ﬁz(c@,Z,Q,y),ﬁz(w,z,i’,j))) <my(@)(|Z — Z| +|2 - A_,’| +1|Y - 37|),
and
Hy(F3(@0,2,2,)),F(@,2,X,Y)) <mz(@)(|12 - Z|+|2 - X+ [V -V|),

for the majority of @ € [0, T | and Z,2,Y,2,X,Y € R, with my, my, m3 € C([0, T|,R}) and
d(0, 91 (®,0,0)) < my(w),d(0, % (®,0,0)) < my(®),d(0, #3(0,0,0)) < mz(w@) for almost
@ € [0, T hold, this implies the existence of solution for system (1) on [0, T| given that

(P1+Pr+P3)||m|| + (@1 4+ Q2 + Q3)||ma|| + (O1 + Or + O3)||m3]| < 1. (14)

Proof. The sets S; (z 9,y),Sq,(z,2,y) and Sy (z, 9,y are non-empty for each (Z,2,)) €
& x & x &€ by assumption By, so f, g and  have measurable selections. We now demonstrate
that the operator & meets the criteria of Covitz and Nadler’s fixed point theorem.

We start by 8(Z,2,)) € Py(E) x Py(E) x Py(€) foreach (Z,2,Y) € Ex E x E.
Let (91,90, 9) € R(Z,, 2, V), such that (9., 51, 9,) — (5,9,9)in € x £ x £. Then
(53,5:3,593) € & x £ x £ and there exists f, € Sglr(zn,ymgn), on € 892,(2,“3;”,3"), and b, €
S 7,24, Vn,2,), SUch that

_(po—1+e ) | KF L 18 o 7 (01?2
9n(Zn,2n, Yn)(@) =y [Yl ]; C]/O e ?Gmr (/o W(G)n(T)dT)dP

o, /Og %(/: (o) </0r %(g)n(m)dm>d’() dp

[T ([ D E e

+% (515255{\(2’221/]- /Og" e ?(G=p) (/Op %(b)n(T)dT) dp
£ .
+I1, /OQ % (./op e Plo—T) (/OT %(b)n(m)dm) dr) dp
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and

91 (Zn, 2, Yn)(

H1(Zn, 20, Vi) (@) =

+525456{Y1:i‘12§]. /OQ e #(i—p )(/op (F}(— 7)4:)2( )n(T)dT) dp

+IL /Og (¢ ;{719))071 (/op e~ Plo—T ( | (5_@ _)41)) (E)n(m)dm>dr) dp
,/OTe—WT—p) (/O'p (?(_IPT_)wl)z (F)n(T)dT dp}

+515254{Y31;;2‘7j /0{?/ e 7 (/: (?_ T)lpl_)z (f)n(T)dT) dp

T /O" (¢ ;(Pﬂ);_l (/0” o= ?(p=7) /OT (TF—IP”?I’: (f)n(m)dm) d'f)dp

_/T —¢(T—p) (/o (?(wr) 1)2(b)n(T)dT>dP})]

+H2

(P(D 1+e p@ |:<5155{Y22V]/ e~ 9 )(‘/(;P (?(;]Tzwl—)z(h)n(r)d’t>dp
(

/ ( )2( )n(m)dm)dr)dp
,/(; e ‘PTP(/O ‘10,( 07 0 ()(T)dr)dp}

; e~ 9(8i=p) (p T)¢2 T)dT
+€4€6{Y1]§§;/0 ele (/0 -1 (8)n(7)d )dp

ey [T ([ v ([T O Yt
_/07—3*4’(7—#3) (/OP (?(_IPT_)T)Z (Fa(T )dT)dP}
o)

k=2 .
+€184{Y3 Z g /Z:] e ?(Gi—p) ( (‘;(lp 5 (f) (T)dT) dp

0
+n3/0( o (/0 eolo >(/0 = ()i e ) o
([ e v )ae} )

+/ eﬁvwﬂ< P(p¢r<i;)2 dT)dp

(9?0 — 2@ +2 — e~ 9?)
9°A

k=2 _ —2
[(5356{\1126]/ oo (/f%(gh(r)h)@

+H1/0 (¢ F(p;) (/OPE—WP—T) </0T (TF(_;?(;Z(QM( )dM)dT>dP
,/O'Te—rp(T—p) (/op (?(_IPT_)V}{)Z (H)n(T)dT dp}

28 e ( [F =D
+5183{Y3]§ o [}l e e ([ D ey Yo
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ety [0 (o ([ ) iV
~[Tenmo ([0 ) e oo

w—2

+5256{Y2k22,/]. /Q‘ R At) (/OP (;I{(—wrz - (b)n(r)dr)dp

o1, /O @0 oo (T2 )y e )
o(T- p)( *Tfp O T)dT)dp})]

+/ o P(@—p) ( » T)dT)dp,

because of the compact values %1, .%;, and %3, we take the sub-sequences to show that
fu, gn and b, tends to §, g, and b in £1(]0, 7], Re), respectively. Thus, f € S F1(2,),2)r
gc S'gz,(zly,g), and b S 89*3,(2,3;,3@) for each @ € [0, 7—] and that

(Y, 2n)(@) = H(Z,2,Y)(@)

_ e 9@) —_ )92
_W[ 12@/ o9& p)(/op (?(tP—)l) (9)(T)dr)dp

+H1/ (¢ F(P&)) (/Op e~ ?lp=7) (/0 (§Z¢17i)‘i;2 (g)(m)dm)d’t)dp

- /0 T o o(T=p) ( /O P (f; (:PT_)#;_)Z () (T)d*r) dp

+% (515255{Y21;=2jvj /ng e~ ?(&i—p) (/Op (?(;}Tzwl_)z (f))(T)dT) dp
+11, /OQ (0 ;(919))04 (/Op () (/OT %(b)(ﬂi)dm) dr) dp
- /0 T o p(T=p) ( /O P (f} (74;7—)4)1_)2 (g)(T)dT) dp}

+525456{Y1 ’]‘;jgj /ng e~ ?(&i—p) (/Op (?(74:;)4)1_)2 (g)(r)d’r) dp

+I /0g (€ 1:(‘;,);_1 (/Op e Pt (/O (;(74,7)1) (9)(m)dn1>d7)dp
_ /0 7 o o(T-p) ( /O b (‘}(‘IPT_)ZZ (f)(T)dT) dp}

+51€2€4{Y3 Z / e G- (/ — ¥ 2 dT>dp

o S (e[ G )
e () ey o >df)dp})}

# [P ([ OOy war )ap,

and

90V, 2n)(@) = H(Z,2,V)(@)
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+HT/ (o~ p < TF m)d )dp
_/0 ﬂPTp(o ) }

Y et ([P LD
+g456{n];g,/0 o P(/O D @i ) dp

o S e ([ 5 s
2

_ /0 7 —o(T—p) ( /OP <? (_IPT_)‘; (f)(r)dr)dp}

=2 0 (o —1)¥2
, (&j—p) P
+8154{Y3 ]; o /0 e 9= (/0 -1 (1) (T)dT) dp

o[
s ([0 ) wgic o} )]
+/ o—(@—p) (/0 (p ¢r)¢1)2( )(T)dT)dP/

91 (Vn, 2n) (@) = H(Z,2,V)(@)
_(¢?@* — 290 +2 — ¢79?)
_ o

[T ——
o Sl (o (e o)
(] S o))

+sls3{yg’;=zfaj J e () S e

o [ (o] )
e el

16rts {Yz Loy [[evon ([0 ) war)ap
L e
e (G W)
e L o

:W[(%{ ; / (G- >(/()P<§@)Tj“1;2<h><r>df>dp
(o)(t
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So (5’3,5,3’5,1) € K, which guarantees that C is closed. After that, we prove the
existence of § < 1, such that

HG(R(Z2,2,0),8(Z,X,) <0(|1Z-Z||+||2—-X||+||Yy-D||) foreach Z,2,2,X%,),) € J.

Let (Z,2),(2 /'?) (V,Y) € I xJxJand (H1,9:,91) € R(Z,2,)). then there
existf S Sgll( ) S S F,(2,,2)s andf) S 8.973(2379) such that Vo e [0 7—],
this gives

) C(po—14e 9@y | K2 - P (p—1)P2
ﬁl(Zn,Qn,yn)(w)—T [Yljggj-/ e p)(/o TG -T) (g)l('r)d’f>dp

+IT, /05 (¢ ;(pﬁ))l’—l (V/OP o 9lo—T (/0 (;(74)7)1) (a )1(m)dm)dT)dp

_ /0 T o—o(T=p) ( /O g (fli J)"’J}z o (T)dr> dp

+% (515255{\(2’;21,], /Oéf e 9Gi—p) (/OP %(b)l(r)ﬁ) dp
+11, ¢(e—p)"! pe—q’(P—T) TM b)(m)dm \dt )d
U (g oty e

_ /O T o—o(T—p) ( /OP (f} (-4)?"’;)2 (g)l(r)d’r>dp}

ST Pt LN (o L
+525456{Y1 Z‘:j/o e 9(Gp) (/0 [¢-1) (9)1(T)dT)dP

=1

(6= (7 gtpm ([ (T=m)

+H17/Og T -p((éie;;pz)(/o -1 (g)l(m)d’")dT>dp
e ([ o) ap )

k—2 & 0
+€15254{Y3 Yo [leeee) ( / Ty (i

j=1
ern [ ([ ([ S0
_ /OT ) (/O” (?(;Tzw; (b)l(r)dr) dp})}
+ ./Ow o 9(@—p) (/O’J (F}(*IPT_)IT)Z ()1 (T)d’c) dp,

(p—7)¥2
Iy -

1 T)dT) dp

1(m)dm) d‘r) dp

I'w-—
e e
[ "’”(./0 el )<><>df)dp}

Y —ego ([f =T
m&{ylga [Feero ([ oD g e Jao

. /0g (s - (90);’1 < /O ? —plo—T) (/OT (TF{J?ZZ (o) (m)dm) dr> dp
_ /0 T o o(T—p) ( /0 4 (Ti (jpi)ll;_)z (s (T)dT) dp}

+H2
JO

] ((pw—l—i—e 9@) - ([ le=1)”
ﬁl(anQn/yn)( ) |:<8155{ /; - (/0 ) (b)l(r)d-{)
(o —
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k=2 G ot P (p—1)¥2
o; e (g] ) P T)at
+5154{Y3]§ ]./0 PP (/0 -1 (1 (7)d )dP

ot [T CTEE (f e () gy atman e
- [ e T “’)1“)”)‘1"})}

s [Meven ([P0 (g>1<r>dr)dp

(9?0 — 2@ +2 — e~ 9?)
9>

X [(8356{Y1 Iiéj /05/ e ?&=p) (/Op (?(_4)7_)?)2 (9)1(T)dT>dP
=

L e AL )
,/je—w—p) (/OP 2 (Dy(0)d ) }
+€1€3{YsZU]/ e ?r (/ o Ty — i 1 () (t )dr)dp
it [ OB ([P emviomn ([T g ) )
_/OTgw(Tfp) (/op (?(:‘)Tzwli)z(b)l(r)dr dp}
+5256{Y2'f22v]. [Fevemo (Moo i) ap
+H2/0 (0 (Pﬂ)) (/Opewp@—r) (/(;%(b)l(m)dm)dr)dp

e () df)dp})]
+/ e~ ?(@=p) (/ )dp

By (Bs5), we have

H51(2n, 2n, Vn) (@) =

Hy(F(@,2,2,Y),71(@,2,X,)) <m(@)(|Z(@) - Z(@)| +|2(@) - X ()| + | V(@) - Y(@)])

Hy(F2(@0,2,2,Y), F2(@,2,X,))) < m(@)(|12(@) - 2(0)| +]2(0) - X(@)| + V(@) - V(@)])
and
Hy(F3(@0,2,2,Y), F3(@,2,X,))) < m3(@)(|12(@) - 2(@)| +]2(@) — X(@)| + V(@) — V(@)])

So, there f € 71 ((0,2,2,Y)), 8 € #H((0,2,2,Y)) and h € F((w,Z,2,)))
such that

(@) = ml <m(@)(|2(0) - Z2(0)| +|2(0) - X(@)] + V(@) — Y(@)])

|01(@) — 12| < m2(@)(|2(@) = Z(@)| + |2(@) — X (@)| + V(@) - V(@)])

and
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h1(@) — 13| < m3(@)(|2(@) — Z2(@)] + |2(@) — X (@) + [V(@) — V(@)])
Defined V1,V,, V3 : [0, T] — P(R.) by

Vi(@) ={j € £1([0,T], Re) : 11 (@) — 71|
<m(@)(|12(@) = Z(@)] +|2(@) - X(@)| + V(@) = V(@)])},

Va(@) ={g € £'([0, T}, Re) : |01 (@) — 72l
< my(@)(|2(@) = Z(@)] +|2(@) - X(@)| + V(@) = V(@)])},

and

V(@) ={h € £([0, T}, Re) : [01(@) = 73]
< m3(@)(12(2) - 2(@)] +|2(@) - X(@)| +](@) - @)}

Since the multi-valued operators V(@) N %1 (@, Z2(@), 2(@), Y (@)), Va(@) N F2(@,
Z(w),2(®),Y(®)) and V3(@) N F3(®, Z(w), 2(®), Y(@)) are measurable, there exist
functions 2 (@), g2(®@), h2 (@) which are a measurable selection for Vy, V5, V5 and f>(®@) €
(@, Z2(@), 2(@), Y(@)), p2(@) € H(@,Z(0),2(@),V(@)), h(@) € F3(@, Z(@),
2(@),Y(w@)) such that, for a.e. @ € [0, 7|, we have

f1(@) — ha(@)] < m(@)(|Z2(@) = Z(@)| +[2(@) - X(@)| + |¥(@) = V(@)]),

91(@) — g2(@)| < ma(@)(|2(@) = Z(@)] + |2(@) - X(@)| + [V(@) = V(@)]),

and
01(@) = b2(@)| < m3(@)(|12(@) = Z(@)] + | 2(@) — X(@)| + |Y(@) — V(@)]).
Let
(g —14e9) [ K2 G e (p - )2
ﬁZ(Z”’Q”’y”)((D)M[Yljgéf/o o9 p)(/o T (9)2(T)d’r>dp

o [ (e (019))1“ ( [ st ( " (;(j;i)i;z (g>z(m)dm) dT) dp
_ /0 7 o) ( /O P (f} (—1;_)1”1*)2 (f)z(T)dT) dp
oL (gl 2 {Yz T [ e ([ 0D e )a

£
ot [ (oo (S5 ntan
_ /OT e ?(T—p) (/Op (F}(;T_)‘T)Z (g)z(r)dT> dp}

k=2 O 0 ( T)"’*Z
£E.E 7 eme(Gi—p) o T)dT
+é284 6{Y1j§1\,§]/0 Pere (/0 F(@—1) (9)2(7)d )dP

o T ([ ([ ntmin)i)
- /0~T e—9(T—p) (/O'p (?(_IPT_)V;_; (f)2(T)dT> dp}

k=2l P (o—T1)¥2
, (G w—1u"r -
+515254{Y3];U]/0 e 9&i=p) (/0 Tp—1) (f)z(T)dT)dP




Fractal Fract. 2023, 7,182

29 of 32

11, /05 b < /pe o= ( [ (atoman e
7 o0 ( dr)dp})}
_|_/ e 9(@=p) < dr)dp

_(po—1+e7%7) 1+e P9 =2 e G-p) (p—T)v2
s K%{Yz;w e ([ 4

+Hz/0 (e F(F;) (/Op e 9l (/OT (;(—ijZ;Z (h)z(m)dm)dr) do
,/O'T ~o(T~p) (/op e (jpr)(igz (9)2(T)dr>dp}
+5456{Y1 Y. G / e 9lir )(/Op (?(_(PT_)T)Z (9)2(T)dT)dP

+H1/0 (e F(Pﬂ)) (/Op e~ ?=7) (/OT (;(74:1??52 (g)z(m)dm)dr)dp
_ /0 "t ( /0 (P (lpf)l’;)z (f)z(r)dr) dp}

_,_5154{\(3’(220]./ e 9&i=p) (/O (P(TPT)V’lf)z( )z(r)dr)dp
L e e
' ( S0 f”)dp})}

(p—1) 2
Fg—1) " dT>dp

. o7

+/e“’

(9?02 — 2@ +2 — e~ 99)
9>

X (5356{Y1 Iilz‘fj /0{] e 9(&p) (/Op %(g)z(ﬂﬂh) dp
iz
+11, /Og (s ;(5713;_1 (/Op e—9(o—7) (/OT %(g)z(m)dm) dr) dp
- /oT e—9(T—0) (/op (?(:PT,)T)Z (f)z(r)dr) dp}
—&-8183{\{3?;20]-/0@ e~ 9(&j=p) </0p (?(_IPT_)‘;Z (f)z(T)dT) dp
v [ (Pﬁ};’ - (fferen(f @ (‘lp”ﬁlgz (P2l ) ) dp
_ /OTe—<ﬂ<T—p) (/op (?(:Uflwlaz(h)2(r)dr dp}
+5256{Y21;Z§v]- /OZ; e ¢(&i=p) (/Op (?,(:‘)Tzwlaz (h)z(ﬂdr) dp
+1I /OQ (0 ;8;4 (/Op e ?lp=7) (/OT (TF(_wm_)u;;Z (b)z(m)dm) dr> dp

- /0 T o(T—p) ( /O g (f} (;Tj"’{)z (g)Z(T)dT> dp})]

92(Zn, 2n, V) (@) =
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+/0we_rp(w—p) </Op %((ﬂﬂﬂcﬁ)d@

Hence

191(2,2,Y) = m(Z, 2,Y)[| <(P1[m]| + Qullma|| + +O1][ms]])
x ([12(@) = Z(@)|| + || 2(@) = X(@)|| + [V (@) = Y(@)|])

191(2,2,Y) = 9:(2, 2, V)| <(Pallm|| + Qallma|| + +O2|[ms]])
< ([12(@) = Z(@)|| +|2(@) = X(@)|| + [V (@) = Y(@)|])

Similar, we set

191(2,2,Y) = 92(2, 2, V)|l <(P3][m1]]| + Qs||m2|| + +03|ms3][)
x ([12(@) = Z(@)|| + | 2(@) = X(@)|| + [V (@) = Y(@)|])

Thus

(91,51, 91), (92,52, 92)[| <(P1+ Pa+P3)|[ma]| + (Q1 + Q2+ Q3)|Im2| + (O1 + Oz + O3) [|m3]|
x ([|12(@) = Z(@)|| + [|2(@) = X(@)|| + [|¥(@) = Y(@)]])

likewise, by reversing the roles of (£,2,)) and (Z,Y, X), it is possible to obtain

HYT(Z2,2,9),T(Z2,X,V)] <(P1+ P+ P3)||lm|| + (Q1 + Q2 + 3)||m2]| + (O1 + Oz + O3)||m3]|
x ([|12(@) = Z(@)|| + || 2(@) = X(@)[] + [| Y (@) = V(@)|])-

In light of the assumption, £ is a contraction. Therefore, according to Covitz and
Nadler’s fixed point theorem, it has a fixed point (Z, 2,)) that is a solution to problem (1).
This concludes the proof. O

4. Example

Example 1. In consistence with systems (1) the along with the main mentioned theorems, we
present an example in this section.

(‘D + 9D 1) Z(@)

S 3\1 )
(C@lﬁ + (PCQQD*l)Q(@) S 9\2( /Z((D)r Q(@),
(‘DY + 9D V(@) € F3(@

(@), 2<9<3,
(@), 2<¢<3
(@), 3<w<A4,

‘m
5
S
-2
Mo @<

Z(0)=0, 2Z'(0)=0, Z(T)=Y;

g

Q(Q) +11,Z°.2(9),

= (15)
k—

20)=0, 2(0)=0 2T)=Y, zv,y(g,-) +I1L,Z0Y(9),
j=1

Y=o, Y(@©=0  Y'0)=0, =Y; 2 GIZ(g) + LT Z(9),

Here p = 5, = 3,0 = ;6 = 9/20;0 = 11/20;6 = 13/20;6¢ = 93/50;; = 36/25;
Y, = 17/400;Y, = 15/300;Y3 = 13/200;II; = 17/200;IT, = 8/125113 = 6/68;
T = 1,0 = 1/20;0, = 2/20;v; = 1/100;1, = 1/50;01 = 1/1000;0n = 1/500;k = 4;
A = 0.067506818609056 with the given data, it is found that

P1 = 1.79143780787545, P, = 0.83611149394660, P53 = 0.522203861964576,
Q1 = 0.400530445936702, Q, = 1.56029202354379, Q3 = 0.109316638513044,
01 = 0.190264056004677, O, = 0.748929077567517, O3 = 0.745842301275926.
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To illustrate the use of Theorem 1, we will consider

1 |Z] | sin(2)|

Fi(@,2(@), 2@) V(@) = [0, 537 (1+ 2] " T [sin(2)] “anfl(y(‘”)))'ﬁ}

24/1600 + @ \ 270 1412]  1+4|cos(Y)|) 154+ @
1 : | tan(2)| 1Y ) 1 }

0, Z , .
I 2\/400+w2(2705m( )+1+|tan(3)\+1+\y| 15+ @

Clearly, utilizing the above data, we obtain

Fo(@, 2(@), 2(0), V(@) = |0, —me (isinzww 2l _lcos() ) L }

73(@, Z2(@), 2(@), V(@) =

(P1+Pa+ P3)||[my]| + (Q1 + Qa2 + Q3)[[ma| + (O1 + Oz + O3)||m3]| = 0.3304803666 < 1. (16)
All the conditions of Theorem 1, we will consider.

5. Conclusions

In this study, we investigated the existence of solutions for tripled fractional differential
inclusions with fractional derivatives of different orders and non-local boundary conditions
featuring fractional derivatives and integrals. The existence of both convex and non-convex
multi-valued maps was established using the non-linear alternative of Kakutani maps and
Covitz and Nadler’s fixed point theorem, see [30].
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