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Abstract: A general approach to solving the Dirichlet problem, both for bounded 3D domains and
for their unbounded complements, in terms of the fractional (3D) Poisson equation, is presented.
Lauren Schwartz class solutions are sought for tempered distributions. The solutions found are
represented by a formula that contains the volume Riesz potential and the one-layer potential, the
latter depending on the boundary data. Infinite regularity of fractional harmonic functions, analogous
to the infinite smoothness of the classical harmonic functions, is also proved in the respective domain,
no matter what the boundary conditions are. Other properties of the solutions, that are presumably
of interest to mathematical physics, are also investigated. In particular, an intrinsic decay property,
valid far from the common boundary, is shown.

Keywords: fractional laplacian; Riesz potentials; integral equations; unbounded domains; explicit
solutions; regularity

1. Introduction

The topic of the fractional Laplacian has recently accumulated increasing interest
(e.g., [1], wherein a large number of relevant results were cited [2-5]). As discussed in [1],
the leading motivation was inspired by possible applications. Dealing with such Laplacian
operators (with the appropriate boundary value problem) stems from essential questions
concerning the Brownian motion phenomena. From the accepted view point, Brownian
particle behavior, close to a surface barrier 0Q2 (given a bounded, say 3D, domain () gener-
ally admits some kind of anomalous stage, called subordination (see the explanations and
references in [1]). The particle motion is guided by a Levy process. The well-known Dirich-
let and Neumann problems, for the fractional Laplace (Poisson) equation, are adequate
mathematical models. The progress in the fractional Laplacian topics is due to the results of
many authors (see [1]) over the last two decades. There are, in addition, interesting recent
results in related fields, e.g., [6,7].

However, the Dirichlet problem for the fractional Poisson equation has been rela-
tively weakly explored until now (see [1]). (The same applies for the Neumann problem).
Regarding the Dirichlet problem, several results from the last decade should be noted,
as these built the framework of the contemporary state [2-5,8]. In [2], nonzero Dirichlet
boundary data was imposed on 9d(), for the Poisson equation with non-homogeneous
fractional Laplacian. There was a difference with our main result. It was seen from the
observation that the fractional harmonic function u(x) (i.e., (A)*/?u = 0 in Q) regarding
the Laplacian, introduced below, was not generally fractionally harmonic, regarding the
non-homogeneous fractional Laplacian. Nonzero (local) boundary data was considered in
[5], but for the well-posedness Dirichlet problem a finite dimensional linear condition was
assumed for the equation and boundary data { f, ¢ }. Similar results were obtained in [3,4],
actually under zero boundary conditions, in the case of stopped «, stable motion, which
were not related to what was found in our study. It is worth mentioning the work of [3,5],
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which represents an important upgrade of the ideas of HOrmander and early Vishik and
Eskin, based on pseudo-differential operators of fractional degree. Note that, in [8], a
fractional Poisson—-Boltzmann equation was analyzed under zero boundary conditions (as
in [4]). Nevertheless, the analysis of the Dirichlet problem in the exterior of bounded, say
3D, domains has not been undertaken up to the present, for the fractional Laplace (and
Poisson) equation. Similar remarks can be made concerning the (infinite) interior regularity
of the fractional harmonic functions (satisfying the equation (—A)*/?u = 0, for a given do-
main D C R3. Our interest in the case of unbounded exterior R® \ (Q U 9Q) of a bounded
domain () was inspired by the possibility of anomalous electric potential distributions in
heterogeneous material systems possessing some kind of quasi-vacuum sub-phases. Via
the anomalous behavior of the Brownian motion, we observed, in addition, the generally
realistic process for particles coming from the exterior into the bounded zone. We dealt
here with 3D bounded domains Q C R? and their complements CQ := R3\ (QUT),
with I' = 9Q), the closed (2D) boundary surface of (), assumed to be of second order
(C?) regularity.

For the Laplacian degree a/2 (—A)*/2, assuming 1 < a < 2 and the action (—A)*/2u
is defined by its Fourier transform |&|*1(&), for u € S’ = S'(R3), the class of the Schwartz
tempered distributions (e.g., [9]) gives rise to the following: |¢| is the length of the
vector & € R® and (&) = F[u](&) is the Fourier image of u. Concerning the Fourier
transformation, we proceed with the convention ¢(¢) = [ps exp(—i(x,))¢(x)dx and
p(x) = (2%)3 Jraexp(i(x,&))d(x)dx, ¢ € S = S(R®), the Schwartz class of the fast de-
creasing (infinitely smooth) functions ([9]), (x, {) is the scalar product of the vectors x, {.
Thus, we have (—A)*2u(x) := F~|¢|*2(&)](x), u € S, x varying in R3, where F~! is the
inverse map of FF (The symbol (—A)*/2 for the fractional Laplacian is the one introduced
in [1]).

Our approach to the problem of Dirichlet is based on exploring a simple, but effective,
idea to deal with the global Laplacian, i.e., (—A)*/2u = F~1[|.|*F], on such distributions
u from S’ that the action product (—A)*/?u coincides on Q with a prescribed function
(distribution) f, and possesses traces (u|r) on I' (with prescribed values ¢(x) of u|r, x € T).
Additionally, we remark that the way we looked for globally-defined solutions (given
a boundary value problem) was first suggested by the 1D case of the Poisson equation

2
(—A)*2y = f, with A = %,
(some details regarding this case are provided in the Appendix A).

Slightly formalized, the above idea gives rise to the following. Given a function
f(x), x € Q), say bounded, i.e., f € L*(Q2), and boundary data ¢(x), x € I for instance
@ € Ly(T), the point is to solve the (extended on R3 ) equation (—A)*2u = F°, with
FY e S : FOlq = f, by a suitable distribution u € S, satisfying the condition u|r = ¢
(As seen below, the proper choice for F is FO|cq = 0). If we assume we have found
u € S', we could get a globally-existing (i.e., defined on R? ) solution of the problem under
consideration, reformulated now in the form:

() (=8)"2ula = f, (u € 5'); (b) ula = ¢. 1)

considered in unbounded intervals Iy < x < o, Iy € R1,

The above formulation actually gives the shortest illustration to the approach used
here concerning the problem of Dirichlet (for a given bounded domain (), i), for the
fractional Poisson equation. We are close now to the key question of existence of a solution
S’, for the Equation (1), for a sufficiently large class of boundary data. As a first accessory

step to that goal, consider the volume-type potential Upg ¢ := / |f (y)dyﬁ ,x € R3,0 < B,
Qlx—y

B = B(«), prompted from the analogy with the conventional case of (1), where &« = 2,

B = 1. Following [1]. We call such potentials Riesz (volume) potentials, and, enlarging

: d
the terminology, the functions of the type Vg o := / M (x € R?) are called surface
Jr

x—ylP’
(or single layer) Riesz potentials (here ¢ € Ly(I'), by assumption, and ds,, is the known
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surface differential element). The right value of 8, namely 8 = 3 — «a, is, however, directly
shown from the well-known (e.g., [10,11], and also [1]) Fourier transform relation ' :

T 3—ua
% — I with ¢z, = 2aﬂg/zzr()).Taking the precise expression, instead of Up (),
we obtain the potential u,  := ‘Ci Sy y] ; (x € R3), which satisfies the Equation (1).

30 f° 3
Certainly, u, ¢ := /R3 3’|xf_[§|gyldy = |-|g;“ % fO[f], where fO[f](y) = f(y) fory € Q,

and f°[f](y) = 0, wheny € CQ, U * V is the convolution (see [9] for details) of U,V € S'.

Then, (—A)"2u,; = <(—A)”‘/2|C|g’““) x fO[f] = 6% f0 = f9 here § = 6(x), (x € R3)

is supported by the point x = 0 Dirac delta function; i.e., ((fA)"‘/Zu“,f) (x) = f°lf](x),

x € R3 (therefore, (—A)*/?u,, fla = f). These calculations evidently also remain valid for
the generalized expression of u, ,

_ [ @afWdy ps p D= ca. @)
D |x —y[3*

From now on we assume the following requirements for the function f(x) are fulfilled
when defined for x € D:

(a) f € L(D), D = Q; (b) f € L°(D) N Ly(D), D = CQ. 3)

It is not difficult to establish that the given (2) potential 1, f(x) is a continuous function
in DUT, and, therefore, the trace ¢, ¢(x), x € T, ¢4,f := Uy f|r is continuous on T. Via
the problem of Dirichlet, we find that u, f is a solution of the equation (=N 2ulp = f,
with u|r = ¢, r. The next step is to seek solutions in S’ with arbitrarily prescribed data,
as assumed in Ly (T'). In this direction, suppose u € S’ is a solution of the above equation.
Then (—A)*/2[u — ug,f] = 0in QU CQ and, therefore L, ¢(x) := (—A)*2[u — ugf](x), is
a distribution supported on the surface I'. We deal here with the case, L, ((x) = dr[g](x),
x € R3; i.e., we are interested in solutions u € S’ of the equation (—A)*/?u = fO[f] on
QU CQ, satisfying the condition:

(—A)2[u — uy 5] = or[g] in S'. (4)

Above ¢r[g] is the supported T' delta function of Dirac, with a density function
g = g(x) € Ly(T) (As is known, e.g., [9], the action ( or(gl, cp) of or[g] on an arbitrary
¢ € S is defined by the next surface integral, (or[g = [+ 8()¢(y)ds,). The important
partial case f = 0 (u,,; = 0) concerns these dlstrlbutlons w € S solvmg the equation
below (for ¢ varying in L(T)):

(—A)2w = or[g] in S'. ()

Solutions such as w are called BF harmonic (basic fractional harmonic) functions in R3, and
the family S/ of of all solutions u € S’ to (4) (with g varying in L,(T')) can be called the GS
(global solutions) family.

Remark 1. (1) Clearly for each two distributions uq, up € Sz,x,f the difference uy — uj is a BF
harmonic function.

(2) A possibly larger class of solutions u € S’ to the equation (—A)*/?u = fO[f] could be expected
in the case Lyf = dr(go] + 0ndr|[g1], where go, g1 € La(T') and 9,6r[g](x) is the normal to T
derivative of or [g] at the point x € T.
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It is not difficult to obtain a structural description of the family S/, £ After using the
Fourier transform in the relation (4), one can directly resolve (4) regarding u — u, s and
find, in this manner, the next general formula:

c .
u = or[g] * | ;f‘x + il g in s (6)

The above convolution 51- [g] I ‘3 = evidently introduces the single layer Riesz po-

tential v, ¢(x) := fr €580 (x € R3) which possesses well-defined direct values

3 a’
Pag(x), x €T, l,b,,(,g = Ua,g|r|, with ¢, ¢ € La(T'). This holds because the integral operator
Bur(gl := Yur, § € L2(T), has a weak singularity (3 — a« < 2) and, according to the known
classical theory (e.g., [10,12,13]), the map B, r : Lo(T') — Ly(T') is a bounded linear opera-
tor. As seen from (6), each solution u € S;’ f has an L, trace on I (for f satisfying (3)). Let

us also check that the term dr[g] * is a BF harmonic function:

C3,n
‘ . |37u¢

Q—AV”&@%*jﬁa) = orlgl s (-
= (5r[g} *x 0 = 5r[g]

Concluding the above results, we have already found that (—A)*/2u, =1 O[f] and

oy 2orls)« 35 ) =arle

(both in §), i. e. (—A)*2u = ér[g] + fO[f] in S’ (for each g € Ly(T)), u given by (6), and
ulr = Pug + o r (f satisfying (3)).

Now the final question is whether a possibly unique ¢ € L,(I') can be determined,
corresponding to ¢, for arbitrary ¢ in a suitable sub-space of L,(I'). Then, by means of the
Formula (6) we could obtain a solution of the basic problem:

(a) (=A)*"*ulp = £, b) ulr = ¢. @)

This solution is expected to be unique in the family S/ - We provide a positive answer to

this question by introducing, in Section 3 (below), the sub-space H! C L,(T) (coincident
with the map image of B, r[L>(I')]), and then find a unique g € Ly(T'), such that B, r[g] =
¢ — @uf forp € Lo(T) : ¢ — @ v € H(T). The key instrument for obtaining the answer is
contained in the properties of the boundary operator B, r, analyzed primarily in the next
Section 2.

In the present paper we propose a new approach for solving the problem of Dirichlet
for the fractional Poisson equation with local nonzero boundary data, valid both for
bounded (3D) domains and their unbounded exteriors. It is illustrated by several key
results essentially different from the known ones:

(1) The problem whether zero is an eigenvalue of the boundary integral operator
Bur i La(T) = La(T)

is solved.
(2) By obtaining explicit formulae, consisting in two Riesz-type potentials, a single layer
and a volume one, well-posedness is established regarding solutions from the fami-
lies S/,
af

(38) The basic properties of the found solutions for regularity and asymptotic behavior (far
from the boundary), as well as the inherent a-posterior estimates, are proved, includ-
ing, in particular, the infinite interior regularity of the fractional harmonic functions.
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The article is organized as follows. In Section 2 we study the question of the zero kernel
of B, r and prove the crucial fact that zero is not an eigenvalue of B, 1. Section 3 includes
the main well-posedness result (based on explicitly expressed solutions) and the theorems
concerning the solution’s asymptotic behavior and their regularity in R® \ T—classical and
in Hj . sense, the proper estimates as well. In the Appendix A we consider certain inherent
cases of singular boundary data for the 1D fractional Poisson equation, at 0 < a < 1.

2. The Zero Kernel of the Boundary Integral Operator

It turns out that the kernel of the operator B, 1 (acting from L,(T') into Ly (T')) consists
only of the zero element g = 0, i.e., the unique solution of the equation B, r[g] = 0is g = 0.
The key to this very important property lies in a simple, but essential, relation in the form:
I, (00) = const.Jr o, where I (o0) = ran;oIa(r) and the terms I, (), Jr o present, respectively,

the integrals:
L(r) = ) 2|E|~*dE;
()= [, rlslPicl
Jra = /r 2(%) (Br * |-|7%) (x)dss.

Clearly, the above relation (when it holds) means, in particular, that the integral I, (c0) =
Jgs 10r(8]12|&|~*d& converges. (Here ér[g](¢) is the Fourier image of ér[g](x).) The men-
tioned equality shopuld be found as a specific consequence of the well known Parseval
equality (e.g., [9,14]). To this goal we begin by considering a complement to Parseval’s
equality idea.

Proposition 1. (The boundary Parseval formula.) The following relation is valid, for each function
P € C®°(R3), with € L1(R3):

A

(27)°(or[g], ¥) = (orlg), ¥)- ®)

Proof. Note, firstly, that i is the complex conjugated quantity to i and recall that the
notation (dr[g], ¥) expresses the action of dr[g], as a distribution in §’, on the function ¢ — as
an arbitrary element of S. Thus, (6r[g], ) = [; g(x)§(x)dsy, and, by analogy, the notation

S

(Orlgl ¥).ie,

Gl = [ Il

= [L9©) [ s exp(—itx,&))dsudz. ©

The proof uses the approximation approach to (8) the following two-step scheme: first,
obtain (8) with w € C$°(R?) instead of dr[g], and C$°(R?) is the space of the compactly
supported infinitely smooth functions. Then, apply an approximation procedure with
wy, (W, € C8°(]R3), n=1,2,...) tending to dr[g], at n — oo. The first step is done in the
given lemma. 0O

Lemma 1. The next Parseval equality is valid for each pair w € C(R3) and ¢ € C*(R®), with
1ﬁ €l (RS).’
(270)° (w, ) = (@, ). (10)

At the beginning of the proof of (10), note, as above, that the notation (w, ) is used
in the known distribution ( S’) sense, with (w, ) = [z w(x)i(x)dx, and, by analogy,
the notation (@, ¢). Now, let us introduce the function ¢y(x) € C3: ¢o(x) = ¢o(|x]),
1> ¢o(x) >0, Vx, ¢o(x) = 1 for |x| < 10/2, po(x) = 0 for |x| > ¥, with a fixed ¥ > 0,
such that [ps ¢o(x)dx = 1. With the real parameter s € (0, 1] we deal with ¢g(sx) and
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its Fourier map F[¢po(s.)](&) = (27%)3430(5*15). Then, the conventional Parseval formula

yields the identity Q s) = (2m)73Q(s), for s € (0, 1], where Q(s) := (w, P¢o(s.)) and
Q(s) == (o, 1/) % (27ts) 3o (./s)). For our goal, we had to compare the limit values of Q(s)
and Q(s) at s — 0. Function Q(s) was actually defined and continuous in [0, 1], i.e., its
limit value (s — 0) was Q(0), while, concerning the lg% Q(s), we needed some reworking

of the integral for Q(s). Starting from the initial expression of Q(s), and applying the linear
transform § = s~ (& — 7) in the repeated integral (below), we consecutively found the
following relations:

Ofs) = [, @@ (@ms) ols ™) (@)

R3
= /RJ(?) /Rﬁ(ﬂ)(?ns) 3¢o(s™H(E — 1)) dnde
= Do (6
= /RS $n) _/R3 D (7 + 56) gjz()?(r)lded;y

The above integral [ps @(17 + s6)¢o(6)d0 is uniformly convergent for, respectively, the pa-
rameters (77, s) € K x [0, 1], for each compact K® C R3 (This clearly holds, because @(¢) is
abounded function). Therefore, F0 (17, s) := [gs @ (17 + 58)¢o(6)d6 is a continuous, bounded
function in R? x [0, 1], and, repeating the same argument (now that fR3 P(7)EO (1, s)dn is
also a uniformly convergent integral), we obtain £9(s) = Jrs ¥( , §)dn is a contin-
uous function in [0, 1]. However, Q(s) is identical w1th (2m)~3 fw( ) for 0<s<1,and
lim Q(s) = f3(0)/(27)° = (@), ie, mQ(s) = (@,). (We used ks fio o(0)d0 =
¢0(0) = 1). Thus, letting s — 0 in the equality Q(s) = (271) 2Q(s), we obtam the necessary
Formula (10).

The approximation step is now performed. Suppose {w,(x)}, n = 1,2,...,is an
infinite family of functions w, € C{°(IR3), such that the family of the Fourier maps {w, }
is uniformly bounded and lim, e w, = dr[g] (in S’). An easy direct construction of
such a family is given by the convolution wy, := dr[g] * n3¢o(nx). In this case, it is well-
known (and can be easily verified) that nlgrolo wy = dr[g] in §’, and the assumption for an
uniformly bounded {@,} is directly seen from @, = dr[g]do(./n) (clearly (5r[ ] and ¢y
are bounded functions). Letting n — oo in the equality (277)3 (wn, P) = (wn, 1,L7) (see (10)),
we, respectively, obtain: lim (wn,l[J) = (or(g], ¥), and lim (wn, ) = (dr[g], v), for @, =

or[g]Po(./n). Here we take into account the equahty (wn, = [gs 0r[g] (¢ )cpo({j/n)lp(é)d@,

combined with the estimate [3r[g] (£)do(&/m)§()] < <mes ()21l [#(2)], € € B,
and then apply the well-known Lebesgue dominated convergence theorem (e.g., [15]),
to find:

lim [ drlgl@do(e/mp(@)ae = [ orlgl @@z = (Grlgl, ).

n—oo JR3

(Above mes(T') is the measure of I' and [|g||, r) is the L, norm of density g), This proves
the boundary Parseval Formula (8).
Below, we add a consequence of (8), useful for the basic result in this section.

Corollary 1. For each ¢ € C{(IR3) the next Parseval-type relation holds, with ¢ = F~1[§]:

[ oelsl@ 8 de = P [Lgo) (Belsl « 2 4B ) s 1)

Proof. Let us set yo(x) = ((5r[g] ‘Tg—/“a*qm)( x). Then, ig(x) = gr[g](g)ql’éli) and
(5r[g],$g) = Jsl0r[g]( )|2 HE d§ In addition (& r[g],ﬁg) evidently equals the right
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hand integral above. Clearly, it is not difficult to check the two assumptions regard-
ing 1, First, it is directly seen that ¢y € L1 (R®), and second, from 1y = g+ * ¢, where
Pgu = Or[g] * ‘jgg is a distribution in L!°¢(R3), the validation as to whether g € C®(R3)
is obvious. Thus, the proof of (11) follows directly from (8).

Now, the basic result in Section 2 can be presented. [

Theorem 1. (The kernel of B, r.) The zero is not an eigen value of the boundary integral operator
Bur ¢ Lo(I) = La(T),
i.e., the only solution of the equation B, r[g] = 0is ¢ = 0.

Proof. Using (11) with ¢(&) = ¢o(c¢), & € R?, where o € (0, 1] is a real parameter, we get
the formula:

[ 5els1 @25 = [ gt (Gelg)« 2 ool /) ) (s 12)

(Note here hat ¢y is a real valued function), For the auxiliary assumption for g as a continu-
ous function on I we first analyze the limit values of the integrals above, for ¢ — 0. Clearly,
the limit expression of (12) is expected in the form:

/RS |§F[IC]I€")| dg = (2r) /g ((5rg] |.C|gf‘a)(x)dsx. (13)

We start with the integral ]ra = Jrglx ( rlg] * ] ‘ 2% 3o /0')) (x)dsy (The left
integral I? (0) in (12), with I} (0) = [ps 16r[g] (&)]?. Iél“ d¢, is commented on later).
From the simplified expression ]r L0) = [rg(x)]? )¢ (x; 0)dsx, where

Rplro) = ((w Bl /o) ) 0

-3 4 -1
_ C3 00 4)0(f0' )
= /rg(y) /]RS - _t|3—9¢ dtdSy/

lx—y

it is directly seen that ]9,a(0) can be presented as follows (applying the substitution

to~! = 1)
35 (tr—1
Ralo) = [Ls(0) [3t) [, ST P s,
= c3,.8(y)dsy
)& Pl /g r|lx—ot—yP3- [Pp— e L (14)
y)d
ThuS ]r“ .[]R3 (P() frg Fg X — UT)dsxdT with Fg _ fr Cc3 ch Sy. Note

|371x
that F,(6) is a bounded and continuous function for 6 € R?, because the given single
layer Riesz potential (defining Fy) is uniformly convergent regarding 6, for 6 € K C R3,
K an arbitrarily fixed compact set, containing the closed surface I', under the assump-
tion of continuous surface density ¢ and the second order regularity of I'. This holds
by the same arguments that are well known from classical potential theory (e.g., [12])
of the single layer potential (the case of a = 2). Next the found properties of Fy(6)
yield the automatic conclusion that the function G(0) := [.g(x)F;(x — 6)dsy is also
bounded and continuous, § € R3. Then, again by the mentloned Lebesgue theorem,
we see that the integral [ps ¢o(7)G(0T)dT is uniformly convergent regarding ¢ € [0, 1], i.e.,
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JRa(0) = [ra¢o(T)G(oT)dT is a continuous function in [0, 1]. We get this way:
3(y)d
H;ILI'(I) ]F,a( o) = ]F,lx( ) As is clear from (14), ]M = g Po(T)dT Jre(x) [r C|3x gy|3 Y ds,,

i.e., (because of equality [ps Po(T)dT = (277)%) ]r,a( ) = (2m)° [ g(x)(or[g] * ‘jgf“)( x)dsy)
(see the right hand side of (13)). In addition (12) also yields: 3 lirrb I (c) = J2,(0). On the
(g 4 4
other hand, from the estimates Ilgra(ror_l) < I(r) < IIQ’ . ("°r71/2) we establish that there
exists the limit value I, (c0) := lim Io(r), i.e., the integral [gs [or[g]|?|¢| *dE converges and
r—00

its value I, (o) equals to ]19, +(0). Thus, (13) is proven.
Let us look at whether Formula (13) remains valid in the general case
g € Ly(T'). Actually it is enough to establish the next inequality:

L ( (2m) /g x)dsy, § € Lo(T). (15)

Here r > 0 is an arbitrary fixed, I,(r)[g] is the previously given integral I,(r), and
for x € T: Byr[gl(x) = (dr[g] * ; ‘3““ )(x). Note firstly that the integrals I,(r)[g] and

Jr 8(x)Byr[g](x)dsy are correctly defined ¥ g € Ly(T'). Choosing now an arbitrary approx-
imating sequence {g,} : gn — g n — coin Ly(T), gu — continuous (Vn =1, 2, ...), we
evidently have from (13) the estimate:

L(7)[gn] < (27) /gn Bu (g, (x)dsy. (16)

Then, let n — oo in (16), to provided preliminary verification that I,(r)[g.] and

Jr &n(x)Bar[g,](x)dsy, respectively, tend to I,(r)[g] and [; g(x)B,r[g](x)dsy. Certainly,
first of all, the below relations evidently hold,

16r[81(8) — drlgn)(©)] = | / x)] exp (—i(x, &))dsy|
(mes(T ))”2\\8 8nllLym)

IN

consequently, |3y [¢,] (&) | uniformly tends (at n — o) to |5r[g](&)], for |&| < r, and the same
is valid concerning |0r[¢x](¢)|? and |r[g](&)|?. Therefore, Jlim I (7)[gn] = Ix(r)[g]- On the

other hand, it is not difficult to find:

|/r(g(x)3a,r[§](x)—gn(x)Buc,r[?n](x))de| < 1§ = &nllLyr)-11Bar (8], m
+  |Ignllry () | 1Barll-lg — &nllLy(r),

(||Ba,r|| is the norm of the operator B,r); i.e., the integral [.gu(x)Byr[g,](x)dsy tends
to [ §(x)Byr[g](x)dsy (n — o0). Thus, the estimate (15) is proved, and, observing that
the function of r I, (r)[g]is monotone, increasing and bounded (because of (15)) we con-
clude that the integral [ps |dr[g][?[&|7%dE = In(c0)[g] := lim I,(r)[g] converges and the

following inequality is fulfilled:
L 6rlgl?e170dg < (27)° [ g(x)Bur[§] (x)dss, g € La(T). 17)

Finally, when B, r[g] = 0 evidently B, r[g] = 0 as well, and (17) shows that ér[g] = 0,
consequently dr[g] = 0 which automatic yields ¢ = 0. This proves the theorem. [

3. Main Results

The found property of the operator B, r was certainly of essential importance in our
approach for solving the problem of Dirichlet. It is in a direct relation with the well-known
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Hilbert-Schmidt theorem (e.g., [14,15]) and, as a first step below, we recall a selected
formulation of this theorem.

Theorem 2. (Hilbert—Schmidt)

Let B : H — H be a bounded, compact and symmetrical linear operator in the Hilbert space
H, with h = 0 as the unique solution of the equation Bh = 0, h varying in H. Then there exists a
complete orthogonal system {h;} C H, ||h;|| =1,j = 1,2,..., of eigenvalue elements to B, with a
corresponding set of (real) eigenvalues {A;}, such that the following expression holds, ¥ h € H:

(H-S), h=)_ ojhj, 07 = (h,h;). Here, (., .) is the scalar product in H (and ||h|| = (h, h)
j=1
is the norm of h).

Preparing to apply Theorem 2 concerning the operator B, r, we start with the next
two initial properties, the first one follows from the classical theory of the weakly singular
integral equations, and the second from Theorem 2.

(i*) The integral operator B, r : Ly(T') — Lp(T'), with

By rlg](x) = /rCa,,xg(y)lx —y|“73dsy,

x €T, g € Lp(T), is bounded, compact and symmetrical.
(ii*) Each function y € Ly(T) can be uniquely expressed by the decomposition for-
mula below:

=Y 1liw inLa(T), (18)
k=1

where {( .} is the complete orthogonal system of eigen functions for B, r and -y are the
Fourier coefficients of y, v := [ #(x){kq(x)dsy. In our basic result we use the already
mentioned sub-space H}(T') C Ly(T).

Definition 1. Let us set

Hy(T) = {p € Lo(T), ¢ = Y Tl : ) TArs < oo}, where Ay, are the eigenvalues
k=1 k=1
of Byr. The scalar product (@, )1, in Hy(T) is defined by the sum Y 18;(14 A7), for
k=1
o, e HyT): 9 =Y TUlia P =Y Ol
k=1 k=1

Note that the inverse operator B;ll_ of B, 1 is correctly defined on H} (T'), by the evident

rule B;ll-[qo] =) Tk/\kjigk,a, for o = Y Tlia ¢ € Hi(T).Thus, B;ll- :HI(T) — Ly(T) isa
k=1 k=1
bounded linear operator.

In the first theorem below, excepting results on existence, uniqueness and continuous
data dependent on solutions, additional ones are also included concerning the asymptotic
(at |x| — o0) and Ll*°(R3) approximation of solutions (by globally defined continuous
functions). As a specific moment, the approximation process is uniquely generated by the
corresponding boundary one in L, (I"). Consider now the central result of our study.
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Theorem 3. Let f(x) be a function, defined on D and satisfying the assumptions (3). Then, for
each data ¢(x) € La(T) : (¢ — @af)(x) € HL(T), the problem of Dirichlet (7) is solvable in
L'¢(R3) by the formula:

c3 B [0 — ds
u(x) = / 3, ,x,r[(l’ %;f] (y)dsy n C3,,xf(y)ily/ . (19)
r x =y« D |x -y

The above function u is the unique solution of (7) in the family S/, r contained in the class Llloc(]R3 )

and continuous in the two domain components of R3 \ T. The solution (19) is additionally charac-
terized by the following conventional, but essential, properties.

(P1) In case of f(x) with a compact support in D, when D = CQ, the asymptotic relation
below holds for u(x):

Co
lu(x)] < [xpe’ x| = oo, (20)

(ie., u(x) = O(1/|x|3~%) for |x| — o0), with constant co;

(P2) A property for continuous data dependence is valid in the L} (R3) sense, expressed by
the following assertion: given two systems of data, { f1, fo} — satisfying (3) and {p1, 92} C Lo(T),
where (Afgp); := @i — Paf; € H., i =1, 2, there exist constants CIO<, Cx so that the difference
uy — uq of the solutions, corresponding to the above data, satisfies an estimate in the form:

[z = ]|y k) < CRIAf9)2 = (Bl ey + ClIf2 = fillLy ) (21)

for an arbitrarily chosen compact K C R3,

(P3) Each approximating system {, } C HX(T), nh—I>I<>10 ¥n = grle)in Lp(T)
(where g¢[¢] := Bﬂzll-[(p — Qu,f), with continuous functions 1y, generates an infinite sequence of
continuous approximations u, to u : nh_r)rgo Uy = uin Llf’c(R?’). Moreover, uy, solve the problem (7)
at the boundary condition ur = @y, limy—co 9n = @ in Lp(T), with @n := By r[Pn] + @45, and
the estimate (22) (below) is valid for each fixed compact K C R3:

I = tal 1,k < €11 = il )

Proof. Recall that the verification as to whether function u(x) from (19) satisfies the equa-
tion (—A)*2ulp = f was done in Section I: by the notations
Ung(X), Uy, f(x), respectively, for the already introduced single layer and volume Riesz
potential, with ¢ = g¢¢[¢], Formula (19) is rewritten as u = vy,g + U7, Where v,¢ is a
BF harmonic function, while (—A)“/zua,f = fO[f] (in S"). And for (—A)*?u we get
(—A)*2u = or[g] + fO[f] (in §'), which evidently means that (—A)*/?u|p = f. Next, for
x € T'we have: ulr = vag|r + @o 5 = B,x,r[B;}[(p — @ufl] + Qo = @. Thus, the existence
assertion is proved (i.e., u is a solution of the problem (7) in S;, f)' For the uniqueness of
solution (19) in SIIX, fr assuming existence of two ones, 11, Uy € S('X, f which satisfy (7) (with
identical data ¢, f ), it is directly seen that the difference U = u — u; is a BF harmonic
function, i.e., (—A)*/2U = ér[g] in S', with a density ¢ € Ly(T). To resolve this equation

regarding U (recall the analogous comments about (4)) we have evidently to act by the
C3,0
‘_|3—u¢

operation %, finding, thus, the expression U(x) = (Jr[g] * |C3’“ )(x), x € R3. Re-

_|3—a
stricted to T' it yields: U|r = By r[g], i-e., Byr[g] = 0, and, therefore, ¢ = 0 (Theorem 1),

and (from U = (or[g] * |C|§fa) in §’) U(x) = 0, x € R3. Next, looking at Formula (19)

(i-e., u = vy + Uy f), it is directly seen that v g, 1, f € L¢(R3), and the same for u(x).
Moreover, as in the proof of (21) (below), it follows the estimate

ullz, (k) < CXl|p — @uy 2y + CxlIf Ly (o)- (23)
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(Here K C R3 is an arbitrarily fixed compact, and a choice of constants C%, Cj is given con-
cerning (21)). The property u(x) € CO(R3\ T) (C°, the space of the continuous functions),
in both the cases D = () and D = C(Q) is also an automatic consequence from the clear
relations v,,¢ € CY(K), Uy f € C%(K), valid for each compact K C R3\ T.

Consider now the properties (P1)—-(P3).The asymptotic relation (20) is actually evident
(as a slight consequence of the standard inequality |x — y| > |x| — |y| > 0, valid at |x| — oo
and y varying in a compact). For the proof of (21) let us first rewrite (19) with uy — uy,
®2 = Paf, — (@1 — Pu,f,), f2 — f1, respectively, instead of u, ¢ — ¢, ¢, f. For the sake of
convenience we use the notations Arg = ¢ — @, f, ((Af(p)l- = @i — Qo 5, 1 = 1,2). After
integration of |uy — 11| on a compact K C R? it easily follows:

g — w1l k) < Cs,a/rWK(]/ﬂB;}[(AfQ’)z—(AffP)l](y)\dSy
+ o [ W)l - AWy,

Wew) = [ lx—yl*Pdx,y B,

In order to rework the above inequality suitably we take into account the estimate
lle3aBorl(Br)2 = (A nllLyry < birll(Br)2 — (Al r).

where b} - is the norm of the operator c3 4 B;ll-. In this way, we come to the next relation for
the difference u, — uy:

g — w0y < ||WI<||L<>°(R3)(bﬁ,rVWSTH(qu))z—(AfCP)lHH;(r))
2= AllL))- 24)

+ Wkl (ms) (C3,oc

Afterwards, it remains to set: Cy = b7 -v/mesT'||Wg| Lo (m3), Ck = |c3,
(24) takes the form of (21). O

|WK| |L00(R3)- Thus

Remark 2. The partial case fi = fo could be practically more valuable (then the accent is paid on
the boundary data dependence). Now the estimates (24), (21) take, respectively, the forms:

|2 — ]|y k) < Wil oo (o) b p VimesT || @2 = 1|1 1) (25)
[tz — 1|1, (k) SCI%H(P2_(P1||H}L(F)' (26)

Consider, finally, the proof of (P3). Via the remark above, when the boundary prob-
lem (7) is used in a model, the contour L, data ¢ can be preferably changed by suitable
continuous approximations { ¢, } in order to simplify a numerical procedure. In our ap-
proach, the boundary operator pair {B, r, Bojll-} suggests seeking { ¢, } by the map B, r[x],
given an arbitrary sequence {¢,} C H,(T') of continuous L, approximations to g¢[¢]. In
the framework of the problem (7) (considered now at boundary data ¢,, regarding an
unknown solution u;) the basic Formula (19) serves as the answer both, for ¢, and u,,
namely @, = By r[n] + @4, r and uy as follows:

[ C3aPn (J/)dsy 3
up(x) = /ri\x —yp + g p(x), x €R. (27)

The property u, € C°(R?) follows (by the integral above) from the continuous assumption
for 1, and the same for ¢, (We have again taken into account that the single layer Riesz
potentials possess, at 3 — « < 2, the same continuous properties as in the classical case of
3 — a = 1). The announced estimate (22) is actually proved by the already shown (26). In
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conclusion, let us comment on how to construct approximating systems {¢,,} C H}(T)
of Contmuous functions by introducing an arbitrary system of (real) numbers {Tk} k=

Z TZAkD% < oo, we get an element g of the space HYT Z Telk (X

and for an 0bv1ously convenient approximating (to g) sequence we have to take Pu(x) ==
n

Z Telka(x), n =1,2,.... Recall that the eigen functions {j , of B, r are continuous (i.e.,
k=1

{Cka} C CI)), according to the known classical theorem for the continuous L solutions
of weakly singular integral equations (e.g., [11-13]).

Our next result concerns regularity properties of the solution (19), in the interior of
R3\ T, as a consequence of which f(x). We consider below two cases for the regularity of
f(x), assumed with a compact support: f € CJ'(D), m =1,2,...,and f € L*(D) N £'(D),
at fO[f] € H*(R3), s > 0. Here, as usual, Ci'(D) the space of the functions smooths up
to order m in D with compact supports, H*(R3) are the known Sobolev classes, related
to R3 (e.g., [9]), and £/(D) is the space of the Lauren Schwartz distributions, defined on
D ([9,14,15]), possessing compact supports therein. Clearly the elements of £'(D) are
automatically extended (on the whole R3) as zeros out of their supports, presenting, thus,
distributions from S’(IR3).

Concerning the conventional regularity of the (19) solution u(x) (in the case
f € Cj(D)) we again apply L; (K) estimates, now related to the partial derivatives b u(x).
Recall here that B is a 3D multi index, i.e.,, B = (B1, B2, B3), with B; (i =1,2,3) — (non-
negative) integers; 98u(x)is of order k (k=0, 1,2, ...) when Bl =k, |B] :== B1+ B2+ B3,
and a function F(x), defined in a domain Q C ]R belongs to the class C"(Q)) when
F possesses continuous in () derivatives of each order k, k < m. In the case of certain
Sobolev regularity for the solution u(x) (assuming f°[f] € H*(R?)), it is clearly expected
to hold that u € Hj, C(]R3 \T). As known, this inclusion is characterized by the property
0u € H*(R3), valid for each function 6(x) € C3(R3\ T') (at fu automatically extended as
zero out of the support of 6(x)). We seek a relevant H® estimation of 8u by the boundary
data ¢ — ¢, and f.

For analyzing the H® properties of u(x) we use the following accessory assertion (e.g.,
[16]). (The given proof of the lemma is due to university lectures [17].)

Lemma 2. The map Mg : v — ®v, v € H®, with ®(x) € S, an arbitrary fixed function, is a
continuous operator, acting from H? into itself, for each (fixed) real s. (Here S = S(R3) and the
same for H®).

Proof. As a necessary initial step, recall the very useful representation for the Fourier
image (®v)(¢), & € R3, of the (generalized) function (®v)(x):

(@)@ = @) (v &)(@) = 271) 7 [ S —m)etnan @8)
From (28), taking into account the known Peetre inequality (e.g., [16]), we get:

2ls/2]

[(L+18)P)(Bv)(2)] < P /Rs(l +16 =P @(E =) (1 + )220 (p) |y

Applying the Young inequality ([9-11]) in the integral term above, we find the sought estimate:
|| ®v||s < Cml|v|ls, v € H. (29)

Here ||.||s is the norm in the space H?, ||®v||s := ||(1 + \§)|2)S/2(<15v)(§)||L2(R3), and

2ls/2|
™

concerning the regularity of the solution in (19). O

11+ 1&)2) 2 () (2)] |1, (r3)- We can now formulate and prove our result
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Theorem 4. Suppose the free term f(x) in the Equation (7) belongs to some of the spaces Cjj' (D),
L®(D) N £'(D) with f°[f] € H°. Then, the (19) solution u(x) has the relevant regularity
properties in R3 \ T, satisfying the attached estimates, as follows:

(I) When f € CI'(D), it holds that u € C™(R3 \ T') and the estimate below is valid, for each
compact K C R3\ T, VB : |B| < m:

105211, (k) < CX 119 = Pasrll vy + CkIOEF |1, () (30)
ey = B VimesT| Wi oy, W) 1= [ 2l =y

(I) When f € L®(D)n £(D): fO[f] € H®, for1 < a < 3/2, the inclusion

u € Hj, C(R3 \T') is valid and there exist two constants cg 1, ¢g» (depending on ), such that

the next estimate is fulfilled, V6 € C(R3\ T'):
10ulls < conlle = @a,fllpyr) + coa(llfllL= +[If]ls)- (31)
(Above L® = L®(R3).)

Proof. In both cases (I) and (II) we can clearly and conveniently deal with the short version
of (19), ie, u = vyg + Uy f (With g = B;% [Afpl]). Acting by the operation 9% on the
components v,¢ and u,, frwe, respectively, find that:

- a— G3,
agva,g(x) = /1_03,aBa,11-[Af(p] (y)8§|x -y 3dsy, andagua,f(x) = (aﬁf* ||§fa> (x),

for x € K (K is a compact in R? \ T). The property u € C"(R3 \ I') now becomes clear. In
addition the above expression for dyv, ¢ suggests introducing the function

WK,ﬁ(y) ::/Kag|x—y|“*3dx.

Afterwards, to prove the estimate (30) we only have to follow the steps already used from
the proof of (21): the constant C%, g in (30) is evidently analogous to C% and C} is from the
estimate (21).

Going to the proof of (II), let us multiply the relation u = va,¢ + 1, f by an arbitrary
6(x) € C3°(R3\ T) and consider next the H® properties of the terms 6v,,g, 61, . According
to the Lemma, for the second product we could conclude that 6u, f € H® if u, f € H®.
However, the former certainly holds for 1 < a < 3/2 (under the assumption f°[f] € H%):

s| £ —2u £ 28
e 12 = 1+ PP F@PIE oy aoy < WRogeren) [, rapete + A1

On the other hand, 60,4 € C°(R3\T), therefore u € H;, (R3\T). Preparing the final
estimate (31), we first specify the above estimate for ||u, | |2, concerning the term with

I ‘ZCO(lé\gl)’ it actually holds that:

542

A " 28 2
2 210 2
1710 ey l/m e < 5 g rmes K

Here KJ(} = supp|f] (the supporter of f) and L* = L(R?). Consequently, |[u,,s||s satisfies
the inequality

s 7T
s < (1272 mesic ) 11l + 1171 @)
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Now, by the Lemma 2 we can easily estimate the product 6u, s:

< CmpCh (/| fll1 + [ £1]s)- (33)

(For Cppg, Cf we respectively have: Cypp := 201/2(277)73(|(1 + [€)[?)1*120(¢)]|,, with

f

It remains, then, to estimate the product 6v,,¢ (¢ = B;% (A iz ¢]). In order to conve-
niently express the impact of the boundary data we deal with the norm ||0v4,g[(5] 41 (using

00, < ||0v, , where [s] is the integer part of s). As known, ||0v, ¢||%; , can be
&1 [s) 1 [s]+1 ger p &11[s]+1

Ly = Ly(R%),and €} = (1 +2”5/2¢%m651<?->

expressed taking the sum of addends like | |8€ (Bvag)| |%2, where

aﬁ(eva,g = [ c34B, F[Af(p] (y)af(((?va,g)(x) |x — y|*~3)ds,. The Cauchy-Schwartz in-
equality now ylelds

98(00) < licsaBy (sl ey [ 108(6(x) x = y1*) sy &N

Summarizing the aboveonall B : |f| =k, fork =0,1,...[s] + 1, and taking an integration
Jzs |...|*dx on the relevant terms, we obtain:

Heva,g |[s]+1 < HCBzx arAf‘P ||L2(1“ /H ‘ _]/‘lx 3|| +1d5y (35)

By the notation W, [1[0](y) := |[6]. — y|* 3 |[s)+1 (35) can be evidently rearranged in the
next form:

|10vagllis)+1 < bar 1[0, 19 = @a g1 (ry- (36)

Finally, from the initial inequality |[0u|[s < [|0v,,¢

< |[s]+1 + Hﬂuaf| |s, and the sum of (33),

(36) we get the expected estimate (31), with ¢ = b} r|[W, [)11[0]l|1,r), €02 = CM,QC?[.
Thus, the theorem is proved. O
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Appendix A. The Dirichlet Problem for 1D Equations

We will comment here the problem of Dirichlet for the 1D equations
(—A)“/2u|(10,+w) = f(x), with assumed continuous in (I, +c0) and (for the sake of sim-
plicity) f(x) vanishing out of a compact subinterval of (I, +00), and (A)*/2u| (-1 = f(x),
with f(x) continuous in [—/, I]. Looking for globally existing solutions, we shall need the
respective Riesz potentials:

_ [TaafW)dy _ [T aaf(y)dy RG-S
500 = [ L )= [ (o= )
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Clearly, for the existence of these potentials it is required that 0 < & < 1. Suggested from
the possible singularities of the types | or 1 ill|1_“ , concerning respectively the first

1
X 710'1_“
or the second equation above, we shall interesting in solutions u € S’ = §'(R!) satisfying
the relevant condition:

(a) (x —Ip) " %u(x) € L®(lg — 1,1+ 1); (b) (x =) *u(x) € L®(=1—1,14+1). (A1)
Below we shall use the notation |x — I*|1=%u|,_;: for the limit (assumed existing)

linl1 |x — I*|'*"*u(x), I* € R!. Consider now the following boundary value problems
x—I*

of Dirichlet type:
(=A)2ul () 1oy = f(x); |x = o] |y, = co (co = const € RY). (A2)
(—A)“/2u|(,l/l) = f(x); |x 1" Uy = c% (%, % = const € RY). (A3)

Next, the question for resolving the problems is discussed separately but in a common
framework. The relevant two assertions give the essence of the needed answer.

Proposition Al. For f(x), continuous in [ly, +o0) and vanishing out of [x1, x3] C [lo, +00), and
an arbitrary constant co problem (A2) has a unique solution u € S’ satisfying condition (A1),
expressed by the formula:

_ [T oafy)dy 1
u(x) = P +/lo T (e RY), (A4)

Proposition A2. For f(x)- continuous function in [—1,1) and c® , ¢, — arbitrary constants prob-
lem (A3) has a unique solution u € S' satisfying conditions (A1), which is present by the formula:

< CO+ ey of (y)dy
u(x) = + + . X € RY). A5
( ) |x l‘lﬂx |x l|1*”‘ /l ‘JC y|1ﬂx’ ( ) ( )

Sketch of proofs: Suppose u € S’ is a solution of the equation from (A2), satis-
fying condition (A1), ie., (—A)*?u = fO[f] in &', and (—A)*/?[u — ut?c,f] = 0 on R\
{lp}, therefore (—A)*/2[u — ut?c,f] = Cpd(x — Ip), with a constant Cp, because of condi-
tion (Al). More accurately, according to the known properties of the compactly sup-
ported distributions u € S’ ([9]), instead of Cypd(x — Ip) it should be taken a sum of

N
the type Cod(x —Io) + ) Cmé™ (x —Iy). However condition (A1) yields C,, = 0 (m =
m=1
1,2,...,N). Next, as in the Introduction, by applying the Fourier transform to equation
(—A)*2[u — ugl f] = Cpd(x —1lp) we resolve it regarding u, finding the relation
CoCi,a

u = =

rias ”2, - Rewriting in details the potential ugl o We get the following general

[x—1o
solution formula (with Cj as a free constant):

Clu 0 c1,0f (y)dy 1
=Co—F—~— / e o RY). Ab
() = Cop e+ [ LAY e m) (A6
In the case related to the final interval (—I,1) we only have to use once more the above
arguments and to solve now the equation (—A)%/2[u — uz?c,f] =C_0(x+1)+Co(x—1).
The resulting expression for u gives the next general formula:

_ Cla Cla Heyaf(y)dy 1
u(x) = Corp iy + O +/_l B (e R, (A7)

Substituting afterwards from (A6) and (A7) respectively in the boundary conditions
|x — lo|1_‘)‘u|x:l0 =co, |xEI T ulieqy = cgt, we easily obtain the announced



Fractal Fract. 2023, 7, 180 16 of 16

Formulas (A4) and (A5). Thus we actually get the uniqueness part (of Propositions Al and A2)
and the existence one consists in the verification already known from the Introduction.
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