i fractal and fractional

[

Article

Investigation of a Coupled System of Hilfer-Hadamard
Fractional Differential Equations with Nonlocal Coupled
Hadamard Fractional Integral Boundary Conditions

Bashir Ahmad *

check for
updates

Citation: Ahmad, B.; Aljoudi, S.
Investigation of a Coupled System of
Hilfer-Hadamard Fractional
Differential Equations with Nonlocal
Coupled Hadamard Fractional
Integral Boundary Conditions. Fractal
Fract. 2023, 7,178. https://doi.org/
10.3390/ fractalfract7020178

Academic Editor: Agnieszka B.

Malinowska

Received: 7 January 2023
Revised: 3 February 2023
Accepted: 8 February 2023
Published: 10 February 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Shorog Aljoudi 2

1 Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of Mathematics,
Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia
Department of Mathematics and Statistics, College of Science, Taif University, P.O. Box 11099,

Taif 21944, Saudi Arabia

*  Correspondence: bahmad@kau.edu.sa or bashirahmad_qau@yahoo.com
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1. Introduction

During the past few decades, fractional calculus has evolved as an important and
popular area of research in mathematical analysis. It has been mainly due to the extensive
use of its tools in developing innovative mathematical models associated with several
phenomena occurring in science, engineering, mechanics, economics, etc. For examples
and details, see [1-4]. Among a variety of fractional derivatives introduced so far, there has
been shown a great interest in the study of the Riemann-Liouville and Caputo fractional
derivatives and their applications. In [5], Hilfer introduced a fractional derivative (known
as Hilfer fractional derivative), which reduces to the Riemann-Liouville and Caputo frac-
tional derivatives for the extreme values of the parameter involved in its definition. One can
find details about this derivative in [6,7]. For some interesting results on Hilfer-type initial
and boundary value problems, for example, see [8-13]. In a recent work [14], some exis-
tence and Ulam-Hyers stability results for a fully coupled system of nonlinear sequential
Hilfer fractional differential equations and integro-multistrip-multipoint boundary condi-
tions were obtained. A boundary value problem for hybrid generalized Hilfer fractional
differential equations was studied in [15].

A fractional derivative involving a logarithmic function with an arbitrary exponent
in its kernel, introduced by Hadamard [16] in 1892, is known as Hadamard fractional
derivative. Later, some variants of this derivative such as Caputo-Hadamard, and Hilfer—
Hadamard fractional derivatives were studied in [17-21]. It is imperative to mention
that Hadamard and Caputo-Hadamard fractional derivatives appear as special cases
of the Hilfer-Hadamard fractional derivative with parameter g for § = O and = 1,
respectively. In [22], the authors discussed the Hyers-Ulam stability for Hilfer-Hadamard-
type coupled fractional differential equations. A two-point boundary value problem for
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a system of nonlinear Hilfer-Hadamard sequential fractional differential equations was
studied in [23]. The authors in [24] derived some existence results for nonlocal mixed Hilfer—
Hadamard type fractional boundary value problems. Some existence results for a Hilfer—
Hadamard fractional differential equation equipped with nonlocal integro-multipoint
boundary conditions were derived in [25]. The authors studied a coupled Hilfer and
Hadamard fractional differential system in generalized Banach spaces [26].

Inspired by the recent works presented in [23,24], we introduce and investigate a non-
linear nonlocal coupled boundary value problem involving Hilfer-Hadamard derivatives
and Hadamard fractional integral operators of different orders given by

HHDUP (1) = 01 (1 u(t),0(1), 1 <@y <2, t€ £:=[1,T], W
HHDRP2y(1) = gyt u(t), v(t), 2 < ay <3, t € € := [1,T],
u(l) =0, u(T) =M H[fiv(m), )
(1) =0, o(p)=0  o(T)="2u(p), 1<y upip<T,

where AH Dﬁ'ﬁj denotes the Hilfer-Hadamarad fractional derivative operator of order «;

and type Bj; j = 1,2, H1 f , is the Hadamard fractional integral operator of order ¢ € {61,92},
01,02 : £ X R x R — R are continuous functions, 81,5, > 0 and Ay, A, € RT.

Here we emphasize that the problem investigated in the present study is novel in the
configuration of Hilfer-Hadamard fractional differential equations of different orders and
coupled Hadamard-type fractional integral boundary conditions. We apply the fixed point
approach to obtain the existence and uniqueness results for the problem (1) and (2). Our
strategy is to convert the given problem into an equivalent fixed point problem and then use
Leray-Schauder alternative and Banach’s fixed point theorem to prove the existence and
uniqueness results for the given problem, respectively. Our results are new and contribute
to the literature on boundary value problems involving coupled systems of fractional
differential equations.

The rest of the paper is organized as follows. Some preliminary concepts of fractional
calculus related to our work are outlined in Section 2. An auxiliary lemma dealing with
the linear variant of the problem (1) and (2) is proved in Section 3, while the main results
together with illustrative examples are presented in Section 4. Some concluding remarks
are given in Section 5.

2. Preliminaries

Definition 1 ([27]). The Hadamard fractional integral of order p > 0 for a continuous function
f :]a,00) — Riis given by

HIP, f(t) = r(lp) '/;(logz>p_1f(:)ds, t>a,

where log(.) = log,(.).

Definition 2 ([27]). The Hadamard fractional derivative of order p > 0 for a function f : [a,00) —
R is defined by

AP (1) = 8" (ML) (0, n=Ipl+1,
where 6" = t”% and [p] denotes the integer part of the real number p.

Lemma 1 ([27]). If p,g > 0and 0 < a < b < oo, then

M ("1 (log 1)) (x) = i (log )"
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.t 1
(ii) (HDf (log £)T~ )(x):r(r(q))(og )P g
In particular, for g = 1, we have
1 x\ P
Hpyp — d
( Du+)(1)_r(1_P)(loga) £0, 0<p<l

Definition 3 ([7]). Forn —1 < p < nand 0 < g < 1, the Hilfer-Hadamarad fractional derivative
of order p and type q for f € L'(a,b) is defined as

(HHDEf )(t) _ (nggn*p)5nH11§pr)(1*q)f)(t)
_ (Hﬂ(ﬂ-p)(anI(nfw)f) (t)
= (M DL F) (1), v = p4ng—pa,
where H Iﬁand HDC) are given in Definitions 1 and 2, respectively.
Theorem 1 ([28]). Ifg € L'(a,b), 0 < a < b < oo, and (H Iﬂ”ﬁg) (t) € ACl[a,b], then
T (HHDG) () = 17 (MDY g) (1)

n—1 (5(n7j71)(H1:+—7g))(a) (logtyjl

=8t - Jg T(y—J)

where p > 0,0 < g <landy = p+ng— pq,n=[p]+ 1. Observe that T (v — j) exists for all
j=12,...,n—T1and vy € [p,n].

3. An Auxiliary Lemma

Before presenting the main results, we prove an auxiliary lemma for the linear variant
of the problem (1) and (2).

Lemma 2. Let hy,hy € C(E,R) and

MAL (y)T (72 — 1) 72—
Iy +62)L (01 + 72— 1 Y2+ 5

+ (log T)M 727 3log( ) #0, 3)

AlAzr(%) (r2—1)
T(y1+ )01 +72—1

A= ] (log 1)1 7272 (log 173)2 71171 [108 2 — 7 logm

A= (logT)MH7273 j(log 1) 122 (logy3) Mt #£ 0. (4)

Then the solution of the following linear Hilfer—Hadamard coupled boundary value problem:

HHDU () = (), 1 < a1 <2,

HHDI’ézﬁ() hy(t), 2<a2<3 )
u(1) =0, u(T) = Ay ML o(),

o(1) = 0,0(12) =0, o(T) = A L u(s), 1< a3 < T,

is given by
logt)711~1 _ T
u(t) = MLt () + (gA){aogm log () [ MY e () = ML (T)]

B Alr(’)/z — 1)(10g771)72+51_2
(2461 —1)

o ,)/2 - 1 H 52-‘!‘0(1
[log "2 772 T 51 ) log 171] [/\2 11+ h1(173)
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MT (72 —1)(log 171)'72%5172 log T \712—2
_ Hiya M
I1+h2(T)} T(y2+61—1) (10g,72)
_’)/27 H jaz
[log T — 5 g losm] "1 h2<’72>} (6)

and

logt \ 7272 (logt)12—2 t
_ Hia g Hyao g
12 Iy (t) — ( )" H () + log(m)x

log 172 A
Y1+6—1
{ ) )]« PO
A
[ R ) = M (D) | e 2”2072)} )

Proof. Applying the Hadamard integral operators I;1 and H I}? to the first and second
equations in (5), respectively, and using Theorem 1, we get

M h (8) + co(log )11 + e1 (log )12, 91 = a1 + (2 — a1) B, ®)
Hlfihz(t) +do(log )27t +dy(log )22 + dy(log t) 7273, 72 = as + (3 — a2) B2, 9)

u(t)
v(t)

where ¢g, ¢1, dp, d1 and dy are unknown arbitrary constants. Combining (8) and (9)
with (1) = 0 and v(1) = 0, we getc; = 0, dy = O since 1 € [ay,2] and 7, € [ap,3].
Consequently, Equations (8) and (9) become

u(t) = MIth(t) + co(log ™, (10)
v(t) = Hlfihz(t) +do(log t)727 1 + dy (log t)72 2. (11)
Using the condition v(1;) = 0 in (11), we get
— 1 H a2 r2—1
d1 = _W{ L2 ha(172) + do(log172) ™ } (12)

Inserting the value of d; in (11), we have

t logt \ 72—
_ Hm Y2—2 . ) 2 H o
o(t) = M1 hy(t) + do(log 1) 2 log (772) (10g172> I2hy(p).  (13)
Now, using (10) and (13) in the conditions: u(T) = A4 Hlfiv(m) and v(T) =
A2 Hlfiu(iyg), we find that
coA1+doAr = b,

coB1 +doBy = ], (14)
where
_ (12— 1)(log )1 +7272 72 —
— 111 - _
(log T) , Ay = Mg 0o, 72— 1) {long e logryl}

_ 5 Ho+ap _ T(12—1) (logm)ortm—2 th H 74
Ji =M LY P ha(im) )\1F(5l 72 —1) (logya)n? [2ha(2) — " (T),
A2’ (71)

T
By = — 2V _(Jogy3)2t 11, B, = (log T)™ 2log (— ),
1 r(52+7)( 873) 2 = (logT) g(ﬂz)

logT
Jo = A M3 (3) + (1ogg;72) T () — FI2ho(T).
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Solving the system (14) for ¢y and dp, we get

1 _ T
Y {(log T Hlog <%) [M T Ry (n) — Hm’“m}
[(2-1) S22
A ——t2 7 (] 1772 1 —
1r(51+72—1)(0gm) {Ogm

(A2 %20 () — 132 hy(T) |

MI (72 —1) 514722
M) g 1472

72 —1
— 1
h+7—1 ogm}x

log T ) Y22 "
log 112

I 1 H 7oz
{logT pP— lognd Iﬁhz(qz)}, (15)

1 _
d :A{aog T)1 = A2 13 ™ (g3) — M3 (T)|

Aol _
+ 1 l0g s 1 [ ML ) — M1 (T)

A

H oo

— = "I2h 1
+ (10g7’]2)7272 1+ 2(’72)}/ ( 6)
where A, A are defined in (3) and (4), respectively. Substituting the value of ¢y from
(15) into (10), and the values of dy and dj, respectively, from (16) and (12) into (11), we
get the solution (6) and (7). The converse of this lemma can be established by direct
computation. [

4. Main Results

For a Banach space U = C(&,R) equipped with the norm ||u| = sup, ¢ [u(t)|,
the product space (U x U, ||.||uxu) endowed with the norm ||(u, v)||uxu = |[ul| + [|v]|
for (u,v) € U x U is also a Banach space.

In view of Lemma 2, we introduce an operator Y : U x U — U x U as follows:

Y(u,0)(t) := (Ya(u,0)(t), Yo (u,0)(t)), (17)
where
Y1 (,0)(£) = r(}m/j (logé)“l‘lel(sfu(z)rv(s))ds+ (logtA)%—1 y
{(IOg T)”2 2 log (;) [F(él)i“z) /1’7] (1og %)M“rlwds
- (T et
B LR P R
e (T ot
O eron i (i) [osT g o]



Fractal Fract. 2023, 7,178 6 of 14

y /1172 (1 gnz)az Loo(s,u(s), v(s))ds},

s
and
Yz(u,v)(t)
— i/ (o) R,
T'(a s
B P g s,
log 172 1 s s
0 g (1) Loy [ [ (1)
=1 05(s,u(s),v(s 11621
/ ( ) 2 ( (S) (s)) ds} +A2r(721")(('1y(1)i72; "
[ (1og ) e oted
51+062 S

/ ( )“1 1@1 s,u(s), U(S))ds}

S

TG R

In the sequel, we need the following assumptions.

(Hy) For real constants ;,%; > 0 (i = 1,2) and xy > 0, %o > 0, we have

lo1(t,u,0)| < o+ x1|ul + 2|0, |o2(t,u,v)| <Ko+ %1|u| +%a2|v|, Yu,v € R.

(Hy) For positive constants /1 and I, we have

li(Jvg —val + [u1 — p2l),
12(|V1 —1/21| + |]11 — ]42|),Vt eé, Vi, Ui € R,i=1,2.

lo1(t,v1, 1) — 01(t, v, p2)|

<
lo2(t, v1, u1) — 02(t, vo, p2)| <

Moreover, we set the notation:

O, — (logT)  (log T)M+m+72-3 . (1)
DT T+ T AT+ ey
(72 — 1)(log 1) 72 (log 173)2 ™1 (log T) 11~ . m-
o AT (72 + 01 + )T (0, + a1 + 1) [logn +5 1losm |
(18)
(log ;71)“2+‘5] (log T)'Yl +’YZ*3 T
O = A 1 il
? VTUATG fa k) <’72)
(72 — 1)(log 1) 722 (log T) 712~ . m-1
MM 6~ D (a2 1) ‘IOg'h v2+ 01 — IOg’“‘
T'(72 —1)(log )72 (log T)" " (log 175)"2 . m—1
o AT(72+ 61 = Dl (az + 1) o8 T =, 5, 18" a9)
a = lo (Z) [Az(logT)“*”‘3(10g'73)‘52+”‘1 Y F(%)(logﬂs)“”z‘l(IOgT)”*"‘l‘z}
! 12 |AIT(62 + a1 +1) ? |AIT (71 +61)T (g + 1) ’
(20)
— (log T)*2 (log T)72~2 T\ [(log T)M1+72Ha2=3
O, = 1 il
27 Tla+1) r<az+1><lognz>wr2+°g<n)[ AT (az + 1)
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L(y1)(og 1)+ (logy3) 11+ (log T) % | |A|(log T)”2 " (log175)™
MA , 21
o [AIT (71 4 62)T (01 + az + 1) " AT (a2 +1) } -
o = min{l = (1 +Qu)rr + (2 + D)7 ], 1= [(Q + )y + (o +ﬁz)fﬂ}- (22)

We apply the following known result to prove the existence of solutions for the
problem (1) and (2).

Lemma 3 (Leray-Schauder alternative [29]). Let ©(x) = {x € D : x = xx(x) for some
0 < x < 1}, where x : D — D is a completely continuous operator. Then either the set ©(x) is
unbounded or there exists at least one fixed point for the operator x.

Theorem 2. Let A, A, ® # 0, where A, A and ® are defined in (3), (4) and (22), respectively.
If the assumption (Hy) holds, and that

(1 + M) + (1 + M)E < 1, (23)
and
(1 + D)o + (O + )% < 1. (24)
Then there exists at least one solution for the problem (1) and (2) on £.

Proof. Let us first establish that the operator Y : U x U — U x U defined by (17) is
completely continuous. Obviously, continuity of the operator Y (in terms of Y; and Y5)
follows from that of ¢; and ¢2. Next we show that the operator Y is uniformly bounded.
For that, let M C U x U be a bounded set. Then we can find positive constants N1 and N,
satisfying |01 (¢, u(t), v(t)| < Ny and |oa(t, u(t),v(t))| < Na, V(u,v) € M. Consequently,
we obtain

Y1 (u,0)]

= sup [Y1(u,v)(t)|
tef

[ (1og )" el oD

< -
~ T(aq) s s

+(1°gt)%1{<logT>” 2tog (1) [ rayy /- (tog ) g,

|A| (61 +an s

ey (s et

)

Ml (}?SE?T?ZJF . ‘10g77 vy ,f; 1og771’
[y [ () eaehoto
+r(iz)/1T<1°gZ>a2 Uea(s, u(s) vl , as]

_ Y2612 2
Alrﬁ(yiz)rl()vgof le )_21)1 (11;)5;;)% log T - %bg e

" (1072)"" 02 (s, u(s), 0(s))| ds},

S S

(logT)*  (log T)M+m+12=3 T
< il
= Nl{r(al )T T AT D 8(;)
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1"(72 — 1)(10g 171)’72+51 (10g ;73)152+1x1 (log T)'hfl =1
AA . __m-1
+ A1 AT (2 + 6+ 1)T(62 + a7 + 1) ‘ og 1M Y2t o =1 ogrh’}
(log 1 )“24—51 (log T)M +72-3 T
—I—Nz{)tl INCET S log (%)

[(y2 —1)(log#1)72+%2 (log T) 11021 oy —
logip — ————1
[A[T(72+61 — )T (a2 +1) ‘ OB e 1 Og’h’
I(12 —1)(log )™ (log T)" " (log )"
|AIT(y2 461 — 1) (ap + 1)

+ M

log T — -1 log m

+ A
! Y2+ 61 —

)

which, in view of the notation (18) and (19) yields
[Y1(u,0)[| < 21Ny + N, (25)
Likewise, using the notation (20) and (21), we have
Y2 (1, 0) || < Q1N 4+ DaNa. (26)
Then it follows from (25) and (26) that
IY(,0)| < (Q1+Q1)Ni+ (D2 +D2)Ny, (27)

which shows that the operator Y is uniformly bounded.
In order to establish that Y is equicontinuous, we take t1, t; € £ with t; < f5. Then,
we find that

Y1 (u,0)(t2) = Ya(,0)(t1)]

< g L 1008 2)" = (102 )|
- Ny (1 -l (1 n-l
IR e L

(logT)™2 /T /T Ty\®~lds  AjAl (72 —1)(log )72 4—2
{ I(a) o (’72> (log s ) st ['(62 4+ 1) (72 +01 — 1) tog
M- 13 d3+a;—1 ds

T2+ 51 log 171‘ / log " ) s

+
|A| (61 + ap) 12 s

ML (72 — 1) (log 1) 727012 _om—1 /T T\w-lds
F( ) (’)/z—i-(sl—l ’10g772 ’)/2—|—51—110g171‘ 1 (10g5) S
MT (72 —1)(log 1) 72012 ( log T
I(a)l(y2+61—1) log 172

__r-1 /’72 f2\%2 1 ds
72+51—110g’71‘ ; (logs) 5 ,—0asty — 1y,

Nz’(log tz)"rrl — (log tl)“nfl‘ {Al(log T)vz—z o (1) /171 (log %>51+a2—1§

)7272‘ log T

independent of (1,v) € M. Likewise, it can be shown that | Y, (1, v)(t2) — Ya2(u,v)(t1)| — 0
as tp — t; independent of (1,v) € M. Thus, the equicontinuity of Y; and Y; implies that
the operator Y is equicontinuous. Hence, the operator Y is compact by Arzela-Ascoli’s
theorem.

Finally, we establish the boundedness of the set ©(Y) = {(u,v) e Ux U : (4,v) =
kY(u,v); 0 < x < 1}. Let (u,v) € O(Y). Then (u,v) = xY(u,v), which implies that
u(t) =xY1(u,0)(t), v(t) = «Yo(u,v)(t) forany t € &.
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By the assumption (Hp), we get
< 1 £ 1 a1
w1 < 5y L (1o85)" [0+ m1lul + ol

(log t)')’l—l B T )‘1 /A M1 Sitap—1r .
+7IA| (log T) log <%) {71,(51_’_“2) /1 (log?) [K0+K1\u|

+K2|v|} % + F(il) /1T (10g g)“l_l {Ko +K1‘M| +K2|Z)|} ?}

MI (72—1)(108771)72 02 72— 1
+ 1 -1
I(y2+6-1) ‘Ogﬂz Yo +01—1 Ogm’X

[1"(‘52)&“1) /1173 <log %)%ﬂl_l {KO + %1 [u| + Kzlvd %

+ r(iz)/lT (logg)az_l [fo 7y |ul +K2|U|}d:]

ds
S

MT (72 — 1) (log )12+ —2 ( log T )”_2‘ logT — — 12—~ _logy,
T(a)T(y2+01—1) log 1> Y2 +01 -1
n -1
x /1 (10g %) [fo + 71 |ul +f2|v|} is}
< Do + x1ful + x2|v|] + Qa[Ko + %1 [u| + K2 |0]],
which implies that
Jul = sup [u(t)] < Mrg + QKo + (Ky + ok ) [[u]| + (xz + Dok2)[[0]]. (28)
Similarly, one can find that
[o]| < Q1o + QoFo + (Qarr + Qo) ul| + (Qixa + Qo) [0 (29)
From (28) and (29), we obtain
el + el < (@14 Qu)ro + (2 + Q2)Fo + [(Qn + Qu)r + (Qz2 + Q)] [u|
+ (D + D)Ko+ (D + D)Ko, (30)

which, by [|(#,v)[| = [[u]| + [|v]|, yields
1 — =
1(u,0)] < G 1(Q1 + Q)ro + (2 + 2)Ro).
In consequence, O(Y) is bounded. Thus, the conclusion of Lemma 3 applies and hence

the operator Y has at least one fixed point, which is indeed a solution of the problem (1)
and (2). O

In the following result, the existence of a unique solution for the problem (1) and (2)
will be proved by means of a fixed point theorem due to Banach.

Theorem 3. If the assumption (Hy) is satisfied and that
<Q1 +51)11 + (Qz +52)lz <1, (31)

where Q; and Q;, (i = 1,2) are given in (18)—(21), then the problem (1) and (2) has a unique
solution on €.
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Proof. Letting K = sup,.¢ [01(£,0,0)| < coand Kp = sup,¢ [02(t,0,0)| < oo, it follows
by the assumption (Hj) that

o1 (t, u,0)| < h([[ull +[lol]) + Ky < h[(w,0) + Ky,

and
lo2(t,u,0)| < Il (u,0)| + Kz.

Firstly, we show that YB, C B,, where B, = {(u,v) € U x U : ||(1,v)| < p}, with

(O1 + 1)Ky + (O + D)Ko,

T =2 . 32
1= +01)h — (D2 + M)l ©2)

o>

For (u,v) € By, we have

Y1 (u,0)|| = S;lelp|Y1(u /) (8)]

t a1—1 ,u(s),v
< o [ (1ogl)" atentlo,

(log t)rhil 22 T
+ Al (log T)" “log (%) X

M /s Gitaa=110,(s,u(s),v(s))|
[r<51+«x2>/ (1) . ds
1 T T\®1=1]o1(s, u(s),v(s))]
tran /o (os5) 0]
i )Llr(’)/z — 1)(log ;71)'72""(51
I(y2+6—1)
I S K y3\ s +a=1 gy (s,u(s), v(s))|
[r(52+a1)/ (1087 ; ds
1" T\ %1 ga(s,u(s),0(s))|
g h (o8 5) 0 4
M (72 — 1) (log ) 7212 ( log T )72*2‘ 72—
loeT — —= —
I'(a2)T (72 + 01— 1) log 12 Yo+ (5

[ (1og )" ex(s, 1), o) ds},

which yields

S Sk
’logn po—— _1log171‘><

log 1| X

(logT)»  (log T)*1+1+72-3 T
Y1 (1,0)|| < (o + K —
()] < (yp+ K { S0+ LB tog (1)

(72 — 1)(log 111)72 ™1 (log 173)°2 ™1 (log T) 1~

M AT (72 + 61 + DT (62 + a1 + 1) ‘bgm
ZZFZT log 171 ’} + (lp+ Kz){/\l L 17|1A)|0;;::11 (JlrooiTJZWll)ﬂz_3 lo (;’71;)
_ +6 +ap—1 _
ey towe — . 2 s
e e )
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Using the notation (18)—(21), we get
Y1 (1, 0)|| < (hOq + 1LD)p + 0Ky + Ko, (33)
Likewise, we can find that
1Y2(u,0) | < (01 + LO2)p + 1Ky + DKo (34)
Then it follows from (32)—(34) that
1Y (w,0)[| = Y1 (w, 0) [| + ([ Y2 (u, 0)[| < p.

Therefore, YB, C By as (u,v) € B, is an arbitrary element.
In order to verify that the operator Y is a contraction, let v;, y; € By, i = 1,2. Then,
we get

Y1 (v1, 1) — Y1 (v, p2) ||

< 1"(1&1) /1t (10g é)“]71|91 (s,v1(s), pa(s)) — 1 (s, va(s), pa(s))

(log t)%_l 72-2 1
Al (log T) log (172) X

iy [ (08 ™)™ eato (61, (9) = ea(s1a(5) pa()

" ﬁ /1T (10g I>M_1|91 (s,v1(8),1(s)) — @1 (S/Vz(S),Vz(S)ﬂ%}

e
S

+

s
S

S

L MI(r2 = D (log )=
I(y2+61-1)
1

{m /T (log g)az_l\ez(s, v1(s), u1(s)) — QZ(SrVZ(S),]lz(S)H%

1
) /1173 <log %)03%171'@1(5, v1(s), 11(s)) — 01(s, V2(5)1V2<5))|%}

72—1

——1
’)’2+51—1 Ognl‘x

2
’10g M2 —

LM
1—'(52 +
M (72 — 1) (log i1 ) 12+ 72 ( log T )72—2’ o Y2 —

1
T——=——logi|x
[(a2) (72 +61—1) log 172 y2 b0, —1 8711‘

7 (108 2)" a1 (), m () - ez<s,m<s>,yz<s>>|i§},
which, by (H), yields
|(YVa () = Yalz )l < (@ +Qaby) vy = vall + I = ol |- 39)
In a similar manner, we can find that
Y2t ) = Y2l )l < (@l + Qala) [y = vall + i = pall |- (36)
Consequently, it follows from (35) and (36) that

IY(vi, 1) =Y (2, )| = Y2 (va, 1) = Ya(va, pa) | + ([ Y2 (w1, 1) = Ya(vo, o) |
< @+ 00k + @+ )b (v —vall + 11 — pall),
which, by the condition (31), implies that Y is a contraction. Therefore, the operator Y has a

unique fixed point as an application of Banach fixed point theorem. Hence, there exists a
unique solution for the problem (1) and (2) on €. [
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Examples

Consider the following coupled Hilfer-Hadamard fractional differential system:

11
Hle;l"l*u(t) = 01(t,u(t),v(t)), t € [1,10], a7
HHDIo(t) = oa(tu(t), (1)),
supplemented with nonlocal coupled Hadamard integral boundary conditions:
1
u(1) =0,  u(10) =317 v(6), § 58)
v(1)=0, ©(3)=0, o0(10) =2H"I%u(5).

Hereay =1/4, p1 =1/4,00 =5/2, B =1/2,T =10, 61 =1/3, 0 =3/4, 11 =6,
2 =4/3, 13 =5, Ay =3, and Ay = 2. With the given data, it is found that y; = 11/16,
v = 11/4, Ay = —19.38876, A, = —16.87, O = 1.95131, O, = 2.88353, (); = 1.34903,
0, = 7.54898.

(1) For illustrating Theorem 2, we take

bt (0) = VI T+ ol + S
oa(t,u(t), 0(t)) = e~ + % + % sinv(t). (39)

Clearly the condition (Hy) is satisfied with xg = /3, k1 = 1/25, xp = 1/15, %y = 1/¢?,
x1 = 1/30, ¥ = 1/45. Moreover, we have

1 1 -

— — ~ 0. 7
25(01 + ) + % (1 + ) ~ 0.635578 < 1,
1

1
E(Ql + ) + E(Ql + ) = 0617112 < 1.
Thus, the hypothesis of Theorem 2 holds true. Therefore, the conclusion of Theorem 2
applies and hence the problem (37) and (38) with ¢; and g, given by (39) has at least one
solution on [1,10].
(2) We illustrate Theorem 3 by considering

o1(tu(t),0(t)) = t214 + mﬁltj(sinu(t) + [o(H)]),

02(t,u(t),v(t)) =e 2 + <’car1_1 u(t) + cos U(l’)). (40)

5(t+4)

In a straightforward manner, we find that (Hy) is satisfied with /; = 1/30 and
I, =1/25,and

1 — 1 _

As the hypothesis of Theorem 3 holds true, therefore, it follows by its conclusion that the
problem (37) and (38) with 01 and ¢, given by (40) has a unique solution on [1,10].

5. Conclusions

We have presented the existing criteria for solutions of a coupled system of nonlinear
Hilfer-Hadamard fractional differential equations of different orders subject to nonlocal
coupled Hadamard integral boundary conditions. The methods of modern analysis are
successfully applied to establish the desired results. It is imperative to mention that the
work presented in the given configuration is new and enriches the literature on the topic.
Moreover, our results reduce to the ones for system (1) with boundary conditions of the
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form: u(1) = 0,u(T) = 0,0v(1) = 0,v(12) = 0,v(T) = 0,1 < 2 < T, when we choose
A1 = 0and Ay = 0, which are indeed new. In the future, we plan to extend the present
work to a coupled system of nonlinear Hilfer-Hadamard sequential fractional differential
equations of different orders subject to integro-multipoint boundary conditions. We will
also study the multivalued analog of the problem investigated in this paper.
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