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Abstract: Two-dimensional hyper-complex (Quaternion) quadratic-phase Fourier transforms (Q-
QPFT) have gained much popularity in recent years because of their applications in many areas,
including color image and signal processing. At the same time, the applications of Wigner—Ville
distribution (WVD) in signal analysis and image processing cannot be ruled out. In this paper,
we study the two-dimensional hyper-complex (Quaternion) Wigner—Ville distribution associated
with the quadratic-phase Fourier transform (WVD-QQPFT) by employing the advantages of quater-
nion quadratic-phase Fourier transforms (Q-QPFT) and Wigner—Ville distribution (WVD). First, we
propose the definition of the WVD-QQPFT and its relationship with the classical Wigner—Ville distri-
bution in the quaternion setting. Next, we investigate the general properties of the newly defined
WVD-QQPFT, including complex conjugate, symmetry-conjugation, nonlinearity, boundedness, re-
construction formula, Moyal’s formula, and Plancherel formula. Finally, we propose the convolution
and correlation theorems associated with WVD-QQPFT.

Keywords: quaternion quadratic-phase Fourier transform; Winger—Ville distribution; boundedness;
Moyals formula; convolution; correlation

1. Introduction

The quadratic-phase Fourier transform (QPFT), which was introduced by
Castro et al. [1,2], is the generalized version of the classical Fourier transform. This novel
transform has overtaken all the existing signal processing tools as it develops a unique
analysis of both transient and non-transient signals in a fashion that is easy and insightful.
To be specific, QPFT is a generalization of already known integral transforms with kernels
in the exponential form, like Fourier, fractional Fourier, and linear canonical transforms.
The importance of QPFT lies in the treatment of problems requiring several controllable
parameters that arise in various branches of science and engineering, such as harmonic
analysis, sampling theory, image processing, and many others ([2-7]). The authors in [8-11]
successfully studied the generalized Wigner—Ville distribution (WVD) and ambiguity func-
tion (AF) associated with the linear canonical transform, offset linear canonical transform,
and QPFT, which are very useful signal processing tools for the non-stationary signals.
They also studied the properties of the generalized Wigner—Ville distribution and ambiguity
function by employing a new integral transform. The ambiguity function (AF) also plays a
major role in the non-stationary signal analysis and has been used in various fields such as
radar signal and image processing, sonar technology, optical information processing, and
many others ([12-15]).

One of the interests of the researchers of present era is the quaternion (2D-Hyper-
complex) Fourier transform (QFT), which is actually the generalization of the real and
complex Fourier transform (FT). The research community has successfully studied the
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useful properties of the QFT such as modulation, shift, differentiation, energy conservation,
convolution, correlation, the uncertainty principle, and so on. The QFT plays a vital part in
the representation of (multidimensional) signals [16-18]. It transforms a signal from the real
(or quaternionic) 2D spectrum to a quaternion-valued frequency spectrum. The QFT can
be better used for the color image analysis [19,20]. In [21], the authors were successful in
applying the QFT to image preprocessing and speech recognition. In the quaternion setting,
many transformations have a close relationship with QFT, for example, the quaternion
wavelet transform, the quaternion windowed Fourier transform, the quaternion fractional
Fourier transform, the quaternion linear canonical transform, and the quaternion offset
linear canonical transform. The QFT has a wide range of applications see [22]. The quater-
nion linear canonical transform, the quaternion offset linear canonical transform, and the
quaternion fractional Fourier transform are the generalized versions of the QFT, which
are effective signal processing tools. These integral transforms play a vital role in the effi-
cient representation of quaternion-valued signals and have found noteworthy applications
in diverse areas of signal and image processing, such as color image processing, speech
recognition, edge detection, and data compression [23-25]. Recently, in [26], the authors in-
troduced the quaternion quadratic-phase Fourier transform (Q-QPFT) as a generalization of
QFT. The authors studied its main properties and associated theorems. Q-QPFT transforms
a quaternionic 2D signal into a quaternion-valued frequency-domain signal. Nevertheless,
due to its global kernel, the Q-QPFT, as in the case of the classic FT, is not able to indicate
the time localization of the spectral components of the Q-QPFT; therefore, the Q-QPFT is
not suitable for processing the non-stationary quaternion signal, whose Q-QPFT spectral
characteristics change with time. In this regard, different authors generalize the Q-QPFT to
new integral transforms such as the short-time quadratic-phase Fourier transform in the
quaternion setting [27,28]. The generalization of Q-QPFT to other time-frequency tools is
still in its infancy.

The Wigner-Ville distribution (WVD), which is also called the Wigner—Ville transform
(WVT) is an important tool in the time-frequency signal analysis. In recent years, WVD has
evolved as a useful tool in diverse fields such as biomedical engineering; optics; and signal,
image, and video processing. Various researchers have generalized WVD to quaternion
algebra by means of different quaternionic integral transformations such as quaternion
linear canonical transform and quaternion offset linear canonical transform (see [29-33]).

Motivated by the generalizations of QFTs, the Q-QPFT, and the Wigner—Ville distri-
bution, we, in this paper, were successful in proposing a novel integral transform coined
the Wigner-Ville distribution, which is associated with quaternion quadratic-phase Fourier
transform (WVD-QQPFT). The WVD-QQPFT addresses the limitation of Q-QPFT by
combining both the results and flexibility of the two transforms WVD and Q-QPFT. It is
hoped that the proposed transform can provide better representations of non-stationary
quaternion-valued signals. Besides studying all of the fundamental properties of the newly
defined WVD-QQPFT, we derive some properties, including complex conjugate, symmetry-
conjugation, nonlinearity, boundedness, reconstruction formula, Moyal’s formula, and
Plancherel formula. Moreover, we propose the convolution and correlation theorems
associated with WVD-QQPFT.

The rest of the paper is organised as follows. In Section 2, we discuss some preliminary
results required in subsequent sections. In Section 3, we formally introduce the definition
of the Wigner—Ville distribution associated with the quaternionic quadratic-phase Fourier
transform (WVD-QQPFT). Then, we investigate several basic properties of the WVD-
QQPFT, which are important for signal representation in signal processing. In Section 4,
we first define the convolution and correlation for the QQPFT. We then establish the new
convolution and correlation for the WVD-QQPFT. Finally a conclusion is drawn in Section 5.
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2. Preliminary
2.1. Quaternion Algebra

The quaternion algebra can be viewed as an extension of the complex numbers to the
4D algebra. W. R. Hamilton invented it in 1843, and it was denoted by the symbol H in his
honour. Each element of H has a Cartesian representation as follows:

H = {q|q := q0 +iq1 + jg2 + kq3,q9; € R,i = 0,1,2,3}
where i, j, k are imaginary units and they obey Hamilton’s multiplication rules (see [34])

i2:]’2:k2:_
ij=—ji=k jk=—kj=1i ki=—ik =j.

Let [q]o and q = i[g]1 + j[g]2 + k[q]5 represent the real scalar part and the vector part
of quaternion number g = [q]o + i[q]1 + j[q]2 + k[q]3, respectively. Then, from [35,36] the
real scalar part has a cyclic multiplication symmetry

[pallo = [qlplo = [Ipqlo, Vq,p,1 € H. 1

The conjugation is defined by § = [g]o — i[g]1 — j[q]2 — k[g]3, and the norm of g € H by

191 = /ag = /143 + 13 + 43 + 413

One can verify that

P9 =1qp lap| = lqllp|, Vq,p € H.

The quaternion modules L?(IR?, H) are defined as
L*(R* H) := {f|f : R* = H, | fll2mem) = /RZ |f(x1,%2) [Pdx1dxy < oo}

The inner product of quaternion functions f, ¢ defined on L?(R?, H) is defined by

<fg L2(R2,H) / f dX dx—dxldx2,

with the symmetric real scalar part

(fg) = 318+ N} = [ 050 Iodx.

The associated scalar norm of f(x) € L?(R?,H) is given by

£z = () = [, 1) Pax < e

Lemma 1. If f, g € L?>(R?,H), then the Cauchy—Schwarz inequality holds [36]

Tt R .

If and only if f = —Ag for some quaternionic parameter A € H, the equality holds.
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2.2. Quaternion Quadratic-Phase Fourier Transform

Definition 1 ((Q-QPFT)[26-28]). Let ms = (As, Bs, Cs, D, Es) for s = 1,2; then, the two-sided
Q-QPFT of any signal f € L*(R?,H) is defined by
1 ; j
QB W) = 5 [ Ak (11,00 F() Ay (12, w2)at @

where w = (w1, wp) € R? t = (t1,tp) € R? and Ainl (t1,w) and A’;nz(tz, wy ) are kernel signals
given by _
A:'nl (tl,wl) = exp{i(Alt% + Bitijwq + Clw% + Dit] + Elwl)}, (3)

A{nz(tz, ZU2) = exp{j(Azt% + B2t2w% 4+ Cowy + Doty + EzZUz)} (4)
where As, Bs,Cs, Ds, Es € R,Bs # Qands =1, 2.

Lemma 2 ((Reconstruction formula for Q-QPFT) [26-28]). Every signal f € L?(R?,H), can
be reconstructed back by the following formula:

F(t) = Quay iy { Qi 13 (1)

_ |B1By

ot Jwe Al (b, 01) QR ] (W)mdw. (2.6)

From Lemma 2, we have the following result:

Proposition 1 (Plancherel formula for Q-QPFT). Let f,g € L?(R?,H) be two quaternion
signals; then, we have

<@WM@%M”:&@W@‘ 5)

For f = g, we have
LF1? = |B1B2 | Qu, m, LA ©6)

3. Wigner-Ville Distribution Associated with the Quaternion Quadratic-Phase Fourier
Transform (WVD-QQPFT)

Definition 2. Let mg = (As, Bs,Cs, Ds, Es), s = 1,2 be a given set of real parameters with
Bs # 0,; then, the cross Wigner—Ville distribution associated with the two-sided quaternion
quadratic-phase Fourier transform (WVD-QQPFT) of any signals f, ¢ € L?(R?,H), is defined by

1 ; T TN 4j
mp,my _ i - - ]
Wi tw) = o [ AL (menf(t+3)g(t= 7 ) Ah(mwdt )

where w = (w1, wy) t = (t1,t2) ,7 = (11, T2) and Afnl (tauq, wy) and A];nz(rz, wy) are kernel
signals given by (3) and (4), respectively.

Remark 1. If we take f = g in (7), then we call it auto-WVD-QQPFT, and it is denoted as
W2 (t, w) and defined by

1 i T TN i
W}'“LmZ(t, w) = 27 e A, (T1,01) f (t + §>f<t — E)ALIZ(TZ, wy)dT. 8)

Let us define the quaternion correlation product

Rpg(t7) = f(t+ %)g(t— %)
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Then, (7) can be reshaped as

1
Wi ™ (bw) = o | A, (T w1 Ryt T) Ay, (1, wp)dT

= Quym, [Rrg ()] (W),
©)

Applying the inverse quaternion QPFT on both sides of (9), we obtain

Rf,g(t/ T) le,mz{ ml,mz(t/ W)}

which implies

i+ 5)66-3)

BB 5
_ B 2|/ ALy (T, wq W}Ig’mz(t,w)AL,‘z(Tz,wz)dw

B B i 2
_ | 1 2| e*l(A]Tl +BlT1101+C1w1+D1T]+E1W1)W}nlrmZ (t, W)
2 Jre €

X e*j(A2T22+BzT2W2+C2w%+D2T2+E2'LU2) dW

(10)

Remark 2. By varying the parameter ms,s = 1,2 the proposed transform (7) boils down to
various well known integral transforms associated with WVD, viz: for my = (0,—1,0,0,0) and
my = (0,—1,0,0,0), we obtain classical quaternion WVD and for mq = (cot 6, — csc 6y, cot61,0,0),
and my = (cot By, — csc by, cotb,,0,0), we obtain quaternion fractional WVD.

Prior to investigating the properties of WVD-QQPFT, we will establish its relation
with the quaternion Wigner—Ville distribution.

3.1. Relationship with the Quaternion Wigner—Ville Distribution.

From the Definition 2, we obtain
mip,my
W (t,w)
1

= 57 Je Afnl (t,w1)f (t + %)g(t - %)A%Z(Tzr wy)dt

_ 1 i(A172+Bl'rlw1+C1w2+D1T1+E1w1) T T
a3 fe 1 ft+3)s(t=3)

Xej(Aszz+BzT2ZU2+C2w%+D2T2+E2w2)dT

1 iwy (Cwy+Eq) / i(A; T2 4+Birywy +Dy11) ( T T
- i+Binw+Dim t ,> (t— ,)
2’ w2 fltt3)e(t=3

ol (A2 TG +Banwr+D2T) g 5 o2 (Cotoa+Extwy)
, N7
i1 (Biwy+Dy) (t f) (t — ,)e]Tz(BzwerDz)dT
Azt 3

xel®2(Cwatbawa) -~ if Ac— 0,5 =1,2

— Leiwl(cllefEl) /
27 R2

Eeiwl(clwﬁEl)Wf,g(t, “Bw — D)ejwz(Czw2+Ezzuz)l if A;=0,s=1,2

where W . (t, w) represents the quaternion Wigner-Ville distribution [37].
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3.2. General Properties of WVD-QQPFT

In this subsection, we present some general properties of the novel WVD-QQPFT and
their detailed proofs.
Theorem 1 (Complex conjugate). For f, g € L?(R?,H), then, we have

] — W™ )

&f
where m}, = (—As, —Bs, —Cs, —Ds, —Es), s = 1,2.

(11)

Proof. From Definition 2, we have

W™ (1, w)

= %/}Rz/\im](ﬁfwl)f(“rz)g(t—z !

5 2)Am2 (Tz, wZ)dT
1 (A2 2 ™ /. T\
- El(A1T1 +Bl'r1w1+C1wl+D1T1+E1w1) (t 7) (t _ 7)
21 /RZ Aerz)slt=3
X ej(A2T22+BzT2wz+C2’w%+D2T2+E2wZ)dT
1 —i(AyT2+B 2 T —Ty
— 1 1T1w]+C1w1+D1T1+E1w1) (t _ 7) (t 7)
2r /]RZ ¢ § 2 FAEF 2
Xefj(AzT22+Bszwz+C2w%+D2'rz+Ezwz)dT
1 71'(A 2. B 2 T T
- e 177+ ]T]W]+C]wl+D]T]+E]W]) <t _ ) (t )
2 ./]RZ s(t=g )/t 3
Xe*]'(AzT22+BzT2wz+C2w%+D2T2+E21/U2)dT
1 i((=A1)T2+(—By)Tyw;+(—Cy )wl+(~D —E ™l L T\
_ e 7T 1) 1w +(—Cq)wi+(—D1) 1 +(—Ey)w; ) (t _ ,) (t ,)
21 /RZ s{t=3 )/ (3
Xej((7A2)122+(7B2)12w2+(fcz)w§+(—D2)12+(—E )wz)dT
m!,m!
= Wg’]} 2(t,w),

m; = (_ASI _BS/ _CS/ _Ds/_Es), S = 1,2
This completes the proof. [

Theorem 2 (Symmetry-conjugation). Let f € L?(IR?,H) be a quaternion signal. Then,

WV (b w) = W™ (—t, —w) (12)
where m}, = (As, Bs,Cs, —Ds, —Es), s = 1,2.

Proof. From (1), we obtain

Wi (W)

_ 1 i T T\ AJ

= o o M ) f (5 ) F(t = 5 ) A wa)de
1

— 7/ ei(Alle+Bllel+Clw%+DlTl+Elwl)f(_t _ E)f(_t_'_ E)
27w JR2 2 2
XEj(A2T22+BZT2w2+C2w%+D2T2+E2w2)dT.
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On setting —7 = 7’ in above equation, we have

W;El “;Z(t w)

/
_ i/ ei(Al(—Tl/)2+Bl(—Tl/)w1+C1w%+D1(—T{)-&-Elwl)f —t+ 1
27T Jr2 2

1
x f <—t _ T) ej(Az(*T£)2+Bz(*Tzl)werCzw%JrDz(*Tﬁ)ﬁLEzwz)dT/
2

_ i / ej(AlT{Z—l—BlTl/(—wl)+C1(—w1)2+(—D1)T1,+(—El)(—wl))f(t+ Tl)

27 Jre 2
< f <_t _ T’) o (A5 4 Byt (—w3)+Co(—w 2+ (~ D) g+ (—Ea) (—w2) g/
2

1 /

N N/ I\ .
I Al , !/ _ 1 o 1 A] , _ /
2t Jee ml(rl, wl)f< t+ 5 )f( t 5 mz(TZ’ wy)dt

= W™ (g, —w)

where m, = (As, Bs,Cs, —Ds, —E5),s = 1,2.
This completes the proof. 0

Next, we establish the nonlinearity of WVD-QQPFT, which states that WVD-QQPFT
does not satisfy the superposition principle, which is not suitable to the analysis of multi-
component signals.

Theorem 3 (Nonlinearity). Let f, ¢ € L?>(R?, H), then,
W}nﬁ(’gmz (t,tw) = W}?fl’m(t w) + W}“l M2 (t,w) + ij} 2t w) + W™ (t,w).  (13)
Proof. By applying Definition 2, we have

WEL W)

= o [ Ak [ (14 5) + (e 7))

[f<‘* 2) +8(t=3) | Ab, (m wa)dr -
= Jo (04 (=) (0 Dli-5)

g(H- E)f<t_ —) +g<t+ )g(t— ;)]Ainz(rz,wz)dr

_|_

2
= %/ (1, w1) f(t+ 2>f( —*)A{nz(l’z,wﬂd’f
/Am1 T1,W1)f( 2)g(t ;)A{nz(rz,wz)d
/ Al (1, w1) (t—i—%)f(t )A{nz(rz,wz)d
/Am1(71,w1)< I)

(t )A’m2 (7, wp)dT

8
+ W 72 (t, W) + Wed ™ (t,w).

2
= VVm1 M2 (t, w) + W2 (t, w) of

ff /8
This completes the proof. [

Theorem 4 (Boundedness). For f,¢ € L?(R?, H), we have

2
W?gl "(tw)| < ;”fHLZ(RZ,H)||8||L2(R2,H)~ (14)
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Proof. By the virtue of Cauchy-Schwarz inequality in quaternion domain, we have

e
% A,inl(rl,wl)f(t + %)g(t — %)A’;nz(rz, wy)dt i
< (3 Lo 3o 5 o)

~ 52 (ke f<t+§>@ i)’
< gL DFe) (s D))
= (4 Joolf <X>|2d><) (4 L. |f<z>|2dz)

= 7T2||f||L2 R2,H) ||g||L2 R2,H)"

Here, we have applied the change of variables x = t + 7 and z = t — 7 in the last
second step.
On further simplifying above equation, we have

2
W}]?gl'mz (tw)| < ;HfHLZ(Rz,H)||g||L2(]R2,H)' (15)
This completes the proof. [

The following theorem guarantees the reconstruction of the input quaternion signal
from the corresponding WVD-QQPFT within a constant factor.

Theorem 5 (Reconstruction formula). Let f and g be two quaternion signals in L?(R?,H), with
<(0) # 0,then, we have the following inversion formula of the WVD-QQPFT:

1 [ByBy|
g(0) 2 Je2

t

ft) = A;”(ﬁ,wl)W;; M2 (2,w> A];n2('r2, wy)dw. (16)

Proof. From (10), we have

™ /. T\
76+ 3)8(t-3)
|BlBZ| / A, (1, wr) (T, w)W ml'mz(t/W)A];nz(TZ'WZ)dw

/8
— |B1B2| e*l(AlTl +BlT1wl+C1w%+D1T]+E1w1)WmlrmZ (t, W)
2 Jr2 fg
Xe*j(AzTZZ+BzT2W2+C2w%+D2T2+E2‘LU2)dw'
On setting t = 7 and applying change of variable s = 2t, we obtain
Bl Bz S i
F@5© = BB R G wwpm (5 w) A sa, e

This completes the proof. [
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Theorem 6 (Moyal’s Formula). Let W}“lgmz and WE;;"Z be the WVD-QQPFT of the quaternion

signals f1,g1 and fy, g, respectively. Then,

ml mp mp,my \ 4
< fufz nggz >—m[<f1,fz><g1,gz>]o. (17)

Proof. By the definition of Wigner-Ville distribution associated with QQPFT and inner
product relation, we have

(W™ W)

_ mi,my mip,my
__Wp%&(ymm%&(mwhmm

1 ; T TN 4
_ my,my T IAYN
= o [Wf1,g1 (t,w) = /RZ A, (t1,w1) f2 (H— 2)g2 (t 2)Am2(72, wz)d'r} 0dwdt

' 1 T T :
_ my,my j _r YA
= Js |:Wf1/g1 (t, w)znAmz(Tz, wy)g2 (t Z)fz (t—l— 2>Am1(’f1,w1)] 0d*rdwdt

= i mym i VNS
= _— /Rﬁ [Am;(lewl)Wflllgl 2(t W) Amy (T2, 02) 82 (t - E)fz (t+ Z)hdmwdt

27
_ 1 |B1B2| 1, M2 *].
~ |B1Ba]. R4[ 27 RZA (Tl,m)Wf o (W) Ay (2, w2 )dw

< gt )f2<t+)} drdt

= i e (5 ) (= )t 5) (1 )|

On setting t + 5 = xand t — 5 =y, the above equation becomes

mp,m mp,m 4 _ —
(Wi W) = TB.By] Jes A8 )82(y) ()| dxdy

— | o ORI [ 2|

4
= w[(flffzﬂgl/é’z)]&
This completes the proof. [

Remark 3 (Plancherel’s theorem). For fi = f, = fand g1 = g2 = g, then Moyal’s formula
yields that the signal energy is preserved by the WVD-QQPFT.

B e el
R2 JR2

In the next section, we establish our main results, i.e., convolution and correlation
theorems for the WVD associated with quaternion quadratic-phase Fourier transform.

m1 mz

2
(g w) | dwdt = [|F 12 2 ) 12122 2

4. Convolution and Correlation Theorems for the WVD-QQPFT

Definition 3. For a pair of real-valued functions f,g € L*(R?,H), we define the convolution
operator of the QQPFT as

(F8)() = [, Bz, t)f(2)g(t —2)E(zz t2)dz (18)

where B1(z1, t1) and Ey (2o, ty) are known as weight functions.
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We assume
Ei(z1, 1) = e HAim(ti—z) gy Ep(zo, 1) = g~ YA (l—2), (19)

As a consequence of the above definition, we obtain the following important theorem,
which invokes the WVD-QQPFT to separate the unwanted components appearing in the
input signal and see its effect on the convolution given in (18).

Theorem 7. (Convolution for WWD-QOLCT). Let f,g € L?(R?,H) be two real-valued signals.
If we assume that W}“]’mz is a real-valued function, then the following result holds:

W (1, w)
— 27.[e—i101(C1101+E1){/RZ e—SiAlul(tl—lll)W}T:l},mz (u, W)W;§,m2(t —u, W)

% 6*8]'142u2(fz*u2)du} « o Jw2(Cowa+Ep)
Proof. Applying the definition of the WVD-QQPFT, we have

m1,m; ' T EEAYIY
WL (6 w) = / A, (7, 00) [ (f%2) (t+ 5 )| [(f*g)(t 2)}Am2<w,wz>dr. (20)
Now, using Definition 18 in (20), we have

W™ (1, w)

1 i - T
= 5 [t { [ 2 (ot B @t 5 - 2)a(sata + 2 )
- T T _
X /]R2 1 (yl,t1 - gl)f(y)g(t —5 y)az (yz, ty — )dy} mz(Tz, wy)dT
1 ‘ L 0 - -
= 5 oy Ay (o) (D720 () (14 T — z)etin(lr F)m)
xe—didn((h—3)- yl)f(y)g(t _ g _ y)ef4jA2y2(( - 3)- 1) AL, (12, w2 dzdydr

i / ei(Al112+B]T]w1+C1w%+D1T1+E1w])6741'/1121((t1+%1)721)f(z)g(t + T z)

T 27 Jme 2
we—4iArz((+3) =) p—4iAin (h—F)- yl)f(y)g<t _ % — y>e*4fA2yz((12**> ¥2)

x ej(AZTZZ+BZT2w2+C2w%+D2T2+E2w2)dZdydT.

(21)
On settingz = u+ & and y = u — ¥ in above equation, we obtain
mip,mp
Wf*g (t,w)
— i/ ei(A1712+31T1w1+C1w%+D1T1+E1w1)e—4iA1(“1+p71)((f1+r71)—(M1+p71))f(u 4 E)
27 JRrs 2

Xg(t+ g _ <u+ g))e—4jAz(M2+p72)((fz+772)—(uz+p72))

S R ()

% ef4jA2 (uzf 2 ) ((tzf 4)— (uzf P2 ) ) e](A2T22+BzT2wz+C2w%+D21'2+E2w2)

dpdqdu.
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Taking T = p + q and noting that f, g are real-valued, we obtain
mi,my
Wf*g (t,w)
— i/ ei(Al(pl+q1)2+Bl(p1+q1)wl+C1wf+D1(p1+q1)+E1w1)
27 JRe
—4iA1 (1 + ) (h+ 25 1) —(m+ 1)) P
Xe 2 2 2 f(u + 2)

><8<t+ B —; 1= (u+ %))e_4jA2(”2+p72)<(t2+@>_(”2+%))

e (B P E))

o (=) (= )~ (1 12))
x el (A2(P2+02)* + Ba(p2-t2) w2+ Cowy+ Da(pat2) + Ex2) gy g iy

_ 1 / 8—81‘A1u1(f1*ul)*ZiAlpllhei(AlP%+31P1101+C11“%+D1P1*Elwl)f (u + E)m
27 Jre 2 2

« ot (A17 +Biq1w1 +Crwi+Digi+Erwi +2A1 pig1 —Crwi — Ereor )
><ef(AzP%+32P2w2+C2w§+D2P2+E2w2)g<t —u+ %)g(t —u+ %)

% ej(A2q§+324hw2+Czw§+Dz!12+E2w2+2A2P2t72*czw%*52w2)6*8]'142112(tz*llz)*2]'A2P2tIz dpdqdu

_ ' —8iAquq (t—u1) i / i(A1p3+Bip1wi+Crwi+Dip1+Ejw) P _P
27'(/R2e {[271 Rze 1 1 f(quZ)f(u 2)

% ej(Azp%+sz2wZ+C2w§+szz+E2wz) dp] oW (Crw1+Eq)

2 2
x el (A203+B2g2w2+Cow3+Daga+Eptwa) dq}e*SjAzuz(tzfuz)due*]'Wz(CszJrEz)

x 1 / ei(Alq%JrBMlm+Clw%+D1ﬂl+Elwl)g(t —u-+ g>g(t —u+ ﬂ)
27 JR2

- /]Rz e—SiAlul(tl—ul)W}lj},mz (u, w)e—iwl(Clwl +E1)W§1’1§,m2 (t —u, W)

X678]'A2uz(tz7ltz)dueijUz(C2wz+E2)
_ —iwy (Crw1+Eq) —8iAju1(t—u1)p)m1,mo my,my g
27te {/RZ e Wf,f (u, W)Wge™ (t —u, w)

% 678]'A2uz(t27uz)du} % e*jW2(C2wz+Ez).

This completes the proof. [

Next, we will derive the correlation theorem in the WVD-QQPFT. Let us define the
correlation for the QQPFT.

Definition 4. For any two real-valued functions f,g € L*(R? H), we define the correlation
operator of the QQPFT as

(Fog)(t) = [

X e4iA121(f1+21)f(z)g(t + Z)e4jA222(f2+Zz)dz‘ (22)
R

Theorem 8. (Correlation for WWD-QOLCT). Let f,g € L?(R?,H) be two real-valued signals.

If we assume that W}‘;’m is a real-valued function, then the following result holds:

W™ (1, w)

— o it (Cro +E 4iAy (2 (1 + my,m my,m
= 2e~ 1 (G 1){/Rzel 12 (h ”1))Wf} 2(u, —wW)We g2 (t+u,w)

’,

> e4jA2(2u2(t2+uz))du} « e~ jw2(Crwr+Ez) (23)
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Proof. Applying the definition of the WVD-QOLCT, we have

1 i T T -
Wi tw) = o [ A () [(Fog) (t+3)] [(f °g)(t— 5)} Ay (2, w2)dT. (24)
Now using Definition 4 in (24), we have

W™ (1, w)

1 ' 4iA1z (h+1)+21) 7700 TN 4jArzy((ta+2)+
:%/6/\%1(1-1,@(]1)81 1z1((t1i+) Zl)f(z)g(z+t+§)e] 222 ((t2+4)+22)

xeditnn+t-3)Fyye (y—l—t 2) 41A2V2(y2+(t2‘*))A{nz(Tz,wz)dzdydr
1

. . T R T
— EZ(A1T12+31T1Z/U1+C1ZU%+D]T1+E1Z/U1)€4IA121((t1+71)+21) z (Z t 7)
o L. f@)g(z+t+

w ehiAaz (b +3)+22) i1y (11 +(h — 3 )f( )g (y_|_ t— %)e4jA2y2(y2+(tsz72))

X Ej(A2T22+B2T2w2+C2w2+D2T2+E2wz)dZdydT.

On settingz = u+ ¥ and y = u — ¥ in above equation, we obtain

W™ (b w)
= i / €i(A1T12+Blle1+C1w%+D1T1+E1w1)e4iA1(u1+p71)((”1+p71)+(t1+%1))m
27 R6 .
: P\ 442 (ua+22) ((ta+ 3 )+ (u2+72))
xg(t+2+(u+2))g ; 7 :
e T 2y

4]A2 (uz— 2 ) ((tz— 7)_,_ (uz— £2 ) ) (A2T2 +Bynywy +C2w2+Dsz+Ezwz)dpdqdu.

Taking T = q — p and noting that f, g are real-valued, we obtain
W;lfgmz (t,w)

— i/ ot (A1(q1=p1)?+B1(q1—p1)w1+Crwi+D1 (q1—p1)+Eqawy)
27 JRrS

xe4iA1(u1+%1)((u1+p71)+(f1+(qlzm)))m

2

xg(t + 3P4 (u+ 123)) (A2 12+ ) (12 2522 ) (4 12

el B (B (DB (u- B))
i (1=12) (=2 + (1= )

« ol (A2(q2—p2)?+B2 (92— p2) w2 +Cows +Da(q2—p2) +Eawy) dpdqdu.

Following the procedure of the Theorem 7, we have

W™ (1, w)

’,

_ —1 C +E 4iA1(2uq (H1+ mp,m mp,m
— e w1 (Crwy 1){/]1{261 1(2u1(H ul))Wf} Z(u,_W)Wg,gl 2(t+u,w)

% e4jA2(2u2(tz+M2))du} « e~ w2(Crwr+Ez)

This completes the proof. [



Fractal Fract. 2023, 7, 159 13 of 14

5. Conclusions

In this paper, we intertwined the advantages of the classical Wigner-Ville distribution
and quaternion quadratic-phase Fourier transforms and introduced the notion of the novel
WVD-QQPEFT. Based on the properties of Q-QPFT and classical quaternion Winger—Ville
distribution (QWYVD), the relationship between these two transforms is presented. Vital
properties such as complex conjugate, symmetry-conjugation, nonlinearity, boundedness,
reconstruction formula, the Moyals formula, and the Plancherel formula are derived. Fi-
nally, the convolution and correlation theorems associated with WVD-QQPFT are proposed.
In our future works, we shall study the wavelet transform in the quaternion quadratic-phase
domain and its relationship with the proposed WVD-QQPFT.
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