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Abstract: The aim of this study is to determine a 3D incompressible Brinkman-Forchheimer-extended
Darcy fluid flow. Based on global well-posedness and regularity of solutions with a periodic boundary
condition, the determining modes for weak and regular solutions is achieved via the generalized
Grashof number for a 3D non-autonomous Brinkman—-Forchheimer-Darcy fluid flow in porous
medium. Furthermore, the asymptotic determination of the complete trajectories inside an attractor
via Fourier functionals is shown for a 3D autonomous Brinkman-Forchheimer-extended Darcy model.
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1. Introduction

The celebrated Darcy equation is believed to originate from work in [1]. Darcy’s law
basically shows that the flow rate of fluid in porous materials is proportional to the pressure
gradient. In current terminology, if the flow is in the x-direction and the velocity in that
direction is u, then it can be expressed in the following form

dp
= —k—— 1
pu Ix (1)
where y, k are viscosity and permeability, and p is the pressure of fluid flow. The constitute
law (1) provides a theoretical description of porous media flow. If the velocity field can be
defined by v = (v1,v3,v3), p is the density of fluid and f is the external force, then (1) can
be rewritten as

)
=—s-— Tvitpfi 2)

which describes the flow of a fluid in a saturated porous medium and provides a sufficiently
low flow rate.

If the flow exceeds a certain value, it is considered that the linear relationship of (1) or
(2) is insufficient to accurately describe the velocity field. Forchheimer proposed modifying
the linear velocity / pressure gradient law and replacing it with the nonlinear one. According
to [2,3], the left-hand side of Equation (1) can be replaced by one of three formulae

a=au+bu?, a =mu", a=au+bu*+cu’, 3)

where « denotes the left-hand side of Equation (1).
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The porous medium is anisotropic ,and the permeability varies along all the directions.
This leads to it appearing as a positive semidefinite matrix in the momentum equation,
which can deduce the Brinkman-Forchheimer flow from (1)—(3) as
ot —vAu +au+blujlu+ Vp = f,

4)
V-u=0.

The Brinkman-Forchheimer system comes from the conservation law of the fluid in porous
medium as continuous and momentum equations (see [4,5]), which is studied in [6-8] and
the literature therein for the global existence of solutions and dynamic systems. Further-
more, the Brinkman—Forchheimer-Darcy model is always exported by classical Brinkman—
Forchheimer flow and fully developed using the Browder—Minty theorem, which is also
denoted as the Darcy-Forchheimer-Brinkman systems and extensively used in frontier areas
such as petroleum engineering, hydrogeology, reactor engineering, biology, medicine and
so on, see [9-21] and related literature [22,23]. The 3D Brinkman—Forchheimer-extended
Darcy model can be described as

pou u . pF H o2
ff+—u+—uu+ V u@u)——-Vu=-Vp+pg,

gar Tt AN (weu) =g p+eg -
dp | 9¢ _

Yo T TV =S

which constitutes both porous media and clear fluid flow such as oil and gas reservoir
with the unknown velocity field and pressure u and p. Here, F = —-22_ denotes the

1/ 15043

Forchheimer number, %Vzu is the Brinkman term, p and « represent the fluid viscosity

and second order flows permeability, p and g are the mass density and gravity vector,
respectively, and ¢ is the porosity. Although there are fruitful results on the mathematical
analysis and numerical simulation for (5) and its extended models in [9,12,13,15-17,20-22]
and literature therein, to the best of our best knowledge, there are fewer results dealing
with the determination of the 3D Brinkman-Forchheimer-extended Darcy flow model,
which is a special case of (5) with dimensionless representation.

The objective of this paper is to determine a 3D dimensionless Brinkman-Forchheimer-
L;

X 2)forsomeL >0,

extended Darcy model defined in the periodic domain () = H
i=1
which can be read as
Ot — vAu + (u- V)u + alu**u 4 blu|*Pu+Vp = f,
v U= 0/ (6)
u(t =0) = uy,

equipped with periodic boundary conditions
u(x+ Le;, t) = u(x,t), i=1,2,3,

where u(x,t) : Q x (0,00) — R3 denotes the velocity field, p(x,t) : Q x (0,00) — R
represents the pressure as scalar function, f is the external force, the parameters &« > > 0
are constants, and 4, b are real numbers.

When a = b = 0, (6) reduces to the classical Navier-Stokes equations

O —vAu+ (u-V)u+Vp =f,

V.ou=0, @)
u(t =0) = uy.
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The study of finite dimensional attractors for (7) can be seen in Ladyzhenskaya [24,25] from
the 1960s. Then, the research on the fractal dimension of attractors and inertial manifolds
for systems (7) appeared in [26-29] and the literature therein. Moreover, information on
turbulence, the determining modes, nodes and finite volume elements for 2D Navier—
Stokes equations defined in the smooth domain were investigated in [27,30-35] and for
non-smooth domain in [36].

When the convection term can be neglected and « = 0, § = g(@ > 0), a > 0, and
b € R, then Equation (6) reduces to generalized Brinkman-Forchheimer equations

O — vAU + au + blu’u + Vp = f,
V-u=0, ®)
u(t =0) = uy.

The research of well-posedness and regularity of (8) can be seen in [6]. In particular,
when 0 € (0,00), the localization technique is used in [6] for a regularity argument. The
investigation on attractors and stability of a dynamical system generated by (8) can be
seen in [37-40] and the literature therein. When 6 = 2, Equation (8) becomes the classical
Brinkman-Forchheimer equation, and its well-posedness and reduction were studied
in [41].

Inspired from [27,34,42], the determining modes of global solutions for an non-
autonomous system and asymptotic determination of a global attractor for an autonomous
case of (6) are obtained, which have the following features.

() The literature [43] presented a weak solution whena > > 0anda > 0,b € Rand

its uniqueness when « > 1. Similarly, the strong solution and its uniqueness were
shown when a > 1.
Based on the well-posedness and regularity of Equation (6), for a non-autonomous
system, the determining modes for weak and regular solutions have been illustrated.
The key step for achieving determining modes is to find the generalized Grashof
number for porous medium fluid flow. The difficulty lies in the estimation of a trilin-
ear operator and a nonlinear term F(u) = a|u|**u + b|u|?u in the three-dimensional
model, which is overcome by combining the utilized regularity estimates of bilin-
ear operators with a monotone operator technique to deal with a nonlinear term
F(u) = alu|**u + b|u|*Pu from the new definition of generalized Grashof numbers.
Furthermore, the determination can be proved for a weak solution when 0 < g < 1
0 < a < 2 and for a regular solution when 1 < & < %

(I) The global attractor of an autonomous system (6) can be obtained for the semigroup
generated by the global solution. Consider the complete trajectories inside an attractor;
the asymptotic determination can be constructed via Fourier functionals. The difficulty
lies in the estimation of a non-linear term F(u) = a|u|**u + b|u|*fu, which can be
overcome by using the generalized Gronwall inequality with an assumption on
averaging integrations for all & > 1.

(II) The regularity and determination for the system (6) with a non-slip boundary condi-
tion are still unknown because of —PrA # —A. Especially for the regularity estimates,
the pressure term does not disappear when one uses a localized technique to deal with
convective and nonlinear terms, which need new skills to overcome this difficulty.

(IV) The well-celebrated models (5) and (6) have been chosen as a representative problem
to highlight the utility and numerical simulation. Based on the well-posedness of the
three dimensional Brinkman-Forchheimer-extended Darcy system and related models
in [12,13,16,19-23], the numerical simulations, such as the continuous dependence
on the Forchheimer and Brinkman coefficients and the finite element approximation
for (5) and its extension, have been investigated in [9,14,15,17,18], which present the
effect of increasing Grashof numbers, the parameters (Brinkamn, Forchheimer and
Darcy numbers) and transportation in porous media.
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Comparing with the computation of (6), the determining modes and asymptotic
determination in this paper can give some theoretical analysis for the preparation of
a numerical simulation of fluid flow models and also the description of asymptotic
behaviors, which are important from the viewpoint of mathematical theory and
computation. Moreover, the theoretical analysis presented shows good agreement
with the asymptotic behavior of a numerical approximated solution.

This paper is organized as follows. In Section 2, some preliminaries and some useful
lemmas are given. In Section 3, we give the existence of global weak and regular solutions
under periodic boundary conditions. Section 4 is devoted to the determining modes for a
three-dimensional Brinkman—-Forchheimer-extended Darcy model for a non-autonomous
system. In Section 5, the asymptotically determining for the autonomous system will be
shown. The paper concluses with some further results for more general cases.

2. Preliminaries
2.1. Functional Spaces, Symbols and Notations

The functional space Lper(Q) consists of all vector fields u with L;—periodic (for
i =1,2,3), and the norm is defined by

2 _ 2
[ () P = ]2

The space Hrl,er(Q) is also well defined as

20y B/htﬁm+/2||%

In the space-periodic case, the spaces Vper and H per are defined as

) - k _ -

Hpr={u= Y @™50 =0, 7 =0, Y |if*<eo},
keZ3\{0} keZ3\ {0}

) N ko - k _ koo~

Vper:{“: Z ukeszx}u—k: k’f «=0, Z |Z|2‘uk|2<oo}
keZ3\{0} kez3\ {0}

with the inner products and norms by

(u,v) :/ u(x) -o(x)dx, |ul= %: / lu(x)|?dx)?
Q
and
ou av

/Zaxl X; /Z‘7| 2

respectively. Furthermore, the Poincaré inequality in homogeneous spaces holds with
positive constant A satisfying Ay ~ %

2.2. Linear Operators
The Helmholtz-Leray projector is given by

Pt (L5 (Q))° = (Hper(Q))°

and the Stokes operator A is defined as

Au = =P Au forall u € D(A) = Vper N (Hp, (Q)))°.
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Since the Stokes operator A is positive, self-adjoint, it generates a set of eigenvectors

{wm b
Au)m - )\me. m = 1,2,' cty

and {wy, }$7_; are the orthonormal basis in Hp,, and corresponding eigenvalues satisfy
O< A <A <A<+, Ay = 400, as m — co.

In addition, due to the properties of operator A, the fractional powers A® (s € R) can be
defined as

Au=) A(u,wj)wj, ueD(A),

with the domain of A® in Hp,r as D(A®) = V. The inner product of domain D(A®) is
defined as

(1,9)pasy = (A’u, A’v) = Z%/\st(u,wj)(v,wj)
]:

and norm

1
[«

2
1l pgasy = |A%] = (2 A%S|<u,w,»>|2)

j=1
respectively.

The embeddings D(A®) C Hper C D(A~?) hold (see [27]), where D(A %) is the dual
space of D(A?). In particular, D(A%) = Vper and D(A_%) = V., satisfy the continuous
embeddings

foi‘i’ C Hper C V;ger/

where Vr;e, is the dual space of Vpe,, and the first embedding is dense.

The bilinear and trilinear operators on () are defined by
3 9v; )
B(u,v) = Z /Q uia—x]‘dx, U, 0 € Vper
ij=1 i
and
3 9v; :
b(u,v,w) = Z /Q uia—;w]-dx, U, 0, W € Vper.
ij=1 i
The trilinear operator b(-, -, -) possesses the following properties

b(u,v,0) =0, 1,0,W € Vper,
b(u,v,w) = —b(u,w,v), u,v,we Vpgr, )
b(u,v,Av) =0, u € Vyer,v € D(A).

3. Well-Posedness and Regularity

In this section, the existence and uniqueness of the weak solution and regularity for
the system (6) will be given.
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Theorem 1. (Well-posedness) Suppose that f € L®(R"; Hper), g € Hper and a > >0, a >
0,b € R. Then, problem (6) possesses a weak solution satisfying

u € CORY; Hypear) N L (RT; Hyer) N LY (RT; Viey) N L2T2(RT; L2F2(Q1)),

loc

and

lim sup |u| < po,
t—0c0

where

1 2(1+ 1)) ;2 4.6 yoen :
0= |5 (1B + { F— o2 + 100y (5157 +205) i) |

where Hyyeqr is a weak topology equipped with Hyey, and 1 (b<0} 18 defined as the characteristic
function of the set {b < 0}. Moreover, if & > 1, then the weak solution is unique.

Proof. The existence of weak solutions can be obtained by the Galerkin method and
compact argument as in [43]. Here, we omit the details. O

Theorem 2. (Regularity) Suppose that f € L®(R™; Hper), g € Vper anda > 1,0 > p > 0,a >
0,b € R. Then, problem (6) has a unique global strong solution satisfying

u € CRRT; Vyer) N L, (RY; D(A)) N 2SR [242(Q2))

loc
and
limsup [Vu| < py,
t—o0
where

1
! 1 2 ;71 2
o1 =59 @+ (AL + DI+ DI e gy T A+ Do+ ]|

with

_ v (142a) L 4P[|b|(1+2B)]* 1,
Ar = {[2(1+2~1{b<0})] <oy | [a(1+2a)]P ) ﬁ}'

o= {[

which is dependent continuously on initial data. Furthermore, if ug € L2“+2(Q), then u €
Lio (RF; L242(Q)) and 9 € L2 (RY; L2(Q)).

2(14+2-1 )1 4|b| . B+1 atl
I ) oy ) 0, = o+ 21 F 02,

Proof. See, e.g., [43] for more details. [

4. Determining for a Non-Autonomous System

The section states the determining modes for a non-autonomous system, which needs
some lemmas such as the following for preparation.
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4.1. Some Lemmas

Lemma 1. (See [34]) Let «y(t) and 1(t) be two locally integrable real-valued functions that satisfy

1 t+T
liminf / n(t)dt > 0, (10)
t

t—00

1 ft+T
lim sup — 7 (T)dT < oo,
t—00 t

o1 AT i
11m1nff/t Yy (t)dt=0

t—o0

for some T > 0, where = = max{—n(t),0} and v = max{vy(t),0}. Assume (t) is an
absolutely continuous nonnegative function on [0, 00) that satisfies

o 008 < (1) an

almost everywhere on [0, 00). Then, {(t) — 0as t — oo.

Lemma 2. Assume that Py, is the orthogonal projection from Hpe to the space spanned by its finite
basis {wy,ws, ..., Wy }. Then,

Qi < $||Qmu||2, U Vyersm € N,
|| Prtt][? < Alul?, u € Vper,m € N, (12)
where Quuu = (I — Py, )u for identity operator I.
Proof. See, e.g., [27] for more detail. [
Lemma 3. The Ladyzhenskaya—Agmon inequalities in three-dimensional space is presented as
[llis(y < Calul3[[ull3, u € Vier,
[1ullis(ay < Callull?|Aul2, u € D(A). (13)
Proof. See, e.g., [27] for more detail. O
Lemma 4. There exist nonnegative constants xo = x () and Ko = Ko(«) such that
0 < wolu — o (Jul + [o)* < (Jul*u —[o]**v) - (u - v),
and
||| u — [o|**0] < Ro(Jul + [0])*|u — o|.
Proof. See, e.g., [43,44] for more detail. [

4.2. The Determining Modes for a Weak Solution

According to [27,32], the generalized Grashof number for medium porous fluid flow

is denoted by
F

G:W,

where F = ||f||L°°(t,t+T?prr)'
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Suppose u and v are the solutions of system (6) with different external force terms f
and g, which satisfy the following systems

Ot — vAu + (u- V)u + alu*u 4 blu|*Pu+Vp = f,

V-u=0, (14)
u(t =0) = uy,

and
0:0 — vAv + (v - V)o + alo[**v + blo|#v + Vg =g,
V-0=0, (15)
v(t=0) =1y

respectively.

According to [27], it gives the definition of the Galerkin projection P, associated with
the first m modes of the Stokes operator. Each solution of (6) can be expanded into the
following form

o0 o
x,t) =Y iwe(x) and v(x,t) Zz?wk

where wy is the k-th eigenfunction of the Stokes operator. Then, the Galerkin projection
corresponding to the first (say m) modes are

Ppu(x,t) Z irwi(x) and Pyo(x,t) Z Drwg(x

Suppose that the external force terms f and g have the same asymptotic behavior as ¢
and is large enough

||f(xr t) - g(x/ t) | |Loo(t,t+T;Hpgr) _> 0, as t _> (e 0N
Then, the first m modes are called determining associated with Py, (see [27]), provided that
||Pmu(x/ t) - va(x, t) | |Loo(t,t+T;Hpgr) — O, ast — oo (16)

leads to
[|u(x,t) — U(x’t)“Lw(t,t+T;Hpey) — 0, ast — oo. (17)

Now, the existence of determining modes for (6) can be shown as follows.

Theorem 3. Suppose that 2 > a >0, 3 > B > 0,and m € N fulfills the following inequality

m > C'(L+LGY)3, (18)
where
= (4]b)?R3 +2C)) (2 +2vT) Ay,
wnd ~  8[pR2 +4C; 41b?%2 +2C) _
L= T(mﬂvnoﬂ Tle Y max{[o(0)[%, |u(0) *}

for the generalized Grashof number G of 3D Brinkman—Forchheimer equations, C' > 0 is a
parameter which depends on the shape of Q) only. Then, the first m modes are called determining
associated with Py, for (6) equipped with a periodic boundary condition.
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Proof. Let 1 and v be the two solutions of (14) and (15), respectively. The forcing terms f
and g satisfy || f(t) — g(t)||L°°(t,t+T;H,,e,) — 0ast — oco. Denote w = u — v. Our goal is to

show that if
Hpmw(t)”Lw(t,tJrT;Hp”) —0, as t =+ o0,

then [|w(£)]| e (s s TiH,) — 0, as t — oo. To reach the goal, it is sufficient to show that

||Qmw(t)||Lw(t,t+T,HW17) — 0, as t — oo.
Next, we mainly take advantage of Lemma 1 to achieve our goal.

Step 1: The estimate of |Q;,w|
Subtract (15) from (14), it yields the following equation

{atw + vAw + B(u, w) + B(w,v) + a(|u*u — |o**v) + b(|u|*u — |0|**v) = f — g, 19)

w(t =0) = uy — vg.
Taking the inner product of (19) with Q,,w in Hper, we derive

1d

5 77| Quwl? + vl Quawl[? + b(u, w, Quew) + b(w, v, Quw) + a(|ul*u — [o**v, Quuw)

+b(|uPu — [v*Po, Quw) = (f — g, Quw). (20)

The last four terms on the left side of the above equation will be estimated as follows.
For simplicity, denote [;(i = 1,2,3,4) as

11 = b(ur w, Qmw)/

12 = b(wr 0, Qmw)/

Iy = a(\u|2”‘u — |U|2”‘v, Qmw),
Iy = b(|ul*Pu — |[v[*Pv, Quuw).

By Ladyzhenskaya—-Agmon'’s, Holder’s and Young’s inequalities, note that b(u, Qumw, Qnw) =
0. The estimates of I, I, are presented as

L = b(u,w, Quw) = b(u, Pyw, Qmw) + b(u1, Quw, Qnw)
< |b(u,me, Qmw)‘

< Cuful 4[] 3 || Quew] || Prw] || Prw] |
and
I = b(Pyw,v, Qumw) + b(Qnw, v, Qnw)
with

b(Pyw, v, Quw) < C1|[Pmto |3l |0]] 14 (ca) [ Queol |

1 3 1 3
< Cilol4{[o][#]|Quuw]|| Pmw]* || Puw]] 4

~

b(Qumw, v, Quw) < C1|[0]|Qumw|?||Qmuw||2

C1 14
< ol lQuawl + 71| Quwl
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The estimates of I3 can be given by
Iy = a(|u*u — [o]**v, Quuw)
= a(|u*u — |v|*v,w) — a(|u|**u — |v|**v, Pyw)

—a(|u*u — |v|**v, Pyw)

Y

and
2 2 = 2 2
a(lu|*u — |o| v,me)SaKo/ [w| ([u]™ + [0]™) [ Pnw]|dx
< ako| [w!] || Pureo] | (|u]|F5er2 ) + 1101 1F5s2 ()
< aCol|Ppw]| (Hulli”z‘ﬁz +Hv||%”z‘£22 oD
+ﬂCo|IQmWIIHPmWII(IIMIIZ"z‘L% +|Iv||2”z‘;22 +1),
L L22+2(0)

where 0 < a < 2 comes from 1 < %
By a similar technique as above, I4 can be estimated by

L = b([uPu = oo, Queo) < [bfRo [ [wol ([l + o) |Querld
< {6l lol (1l [}5-2(00 + 11211520 | Qo
< (0170l [ Q0! |12y + 101175512y | Qo
61|t | 4]1552 gy + 1121152 )| Qe

where 0 < 8 < % comes from % < % The combination of Vper

Holder’s and Young's inequalities results in

— L2P+2(Q) with

I 2|b|2A2 48 4,5 2, L 2

s < ==L sup([[ul [, [[o]|)) | Quw]? + 71| Quwl|
2p+2 2B+2

+ [61Ch (1l o 2 +||v\|L€M(Q)+1>||meH |Qurto].

Substitute the estimates of I; into Equation (20). This leads to

b|2%2 2C
TR0 ([, 1011#) — 252 ol )| Quanl® < 71, (2)

2 1Quol + (WA
where
() = Cylul||u]|3||Quito] || Paseo| || Pyew] |
+ C1[ol ][0/ ¥ ]| Quew! || Puw] || Po] |
o+ aCol | Ptel (][] 2853 ) + 101253 ) +1)
+ aCol|Quaw!| || Pl (][] iz;:% + [0l 2553 ) + 1)

2p+2 2p+2
+|b|C0Hme||(||u||L§ﬁ+2 +fo ||L€ﬁ+2 + D[Quw| +[f — &l1Qmw].

4|p|2%2 2C!
Let &(t) = |Quw[? and 7(t) = vAu1 — 2450 sup([[u][48, [|o][%) — Z1|[0|[2. Then,

(21) satisfies the form (11) in Lemma 1.

Step 2: The estimate of ftt+T |ul|?dt
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According to Theorem 1, the energy estimate of a weak solution yields

T T
2v ||ul[ds +a ||l 17555 oy ds < 2(11£117 1y F110)T + [ug|?e ™!
; ; [2e+2()45 = (b, b+ T;Hper) T 10 0

2 2
2 ooy + 0

which results in

1

24 20T 21 + 21T
2
||u||L2(t,t+T;Vper) < v

2
2 W By + g,

e u(0) [ +

In particular, if the forcing term f belongs to L*(t,t 4 T; H,,e,), the boundedness of u in the
space L2 (t,t+T; Vper) can be deduced, which will be used in the next step.

Step 3: Determining modes
The results in Steps 1 and 2 lead to

1 T 1 [T 41b|*x3 2C;
7L nEds = [ vhne = =5 sup(llul 4, [lo]|*) — L |Jol Pds
t t v 1%

(4|b|*k3 +2C) (2 + 2vT) P
3

> VA1 —
4b*x% +2¢C
-2 ¢
v
8|b|*k3 + 4C;
B

max{|0(0)|?, |u(0)*}
(i +2viT) > 0,

where C] is a constant independent of ¢ and x.
From [26], the approximation of eigenvalues fora Stokes operator with a periodic
boundary satisfying averaging zero and a non-slip case can be given by

A ~ CAymi, d =2o0r3,

Thus, we derive
~ 3
m > C'(L+LG?)z,

where
L = (4b*%% +2C)) (2 4+ 2vT)\4
and
~  8|b|*®2 4+ 4C! 4|p|2%2 + 2C!
= SR 4G )+ 2R 2 (0O Ju(0) ).

1/4/\1 1/3)\1

Therefore, combining the results in the above steps, we conclude that m-modes satisfy
inequality (18). This implies that Py, u is the determining mode for the weak solution of (6).
The proof is finished. O

4.3. Determining Modes for a Regular Solution

The definition of determining modes for the regular solution of (6) is similar to the
case for the weak solution, which only needs to prove

||u(x, t) - v(x, t)||L°°(t,t+T;Vpg,) — 0 ast — co. (22)

Now, the determining modes for the regular solution of (6) are given as follows.
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Theorem 4. Suppose that 1 < o < % and m € N satisfy
m > C’ [sz)\le + {ZC(v) +2%|b| (2B + 1) + 2xa(2a + 1)
RS
+2C(v)[a® (20 +1)8 + |b|8(2/5+1)8}}1/21/:70} , (23)
1

where

K

{C(v) +&|b|(28 + 1) + ka(2a + 1) +2C(v) [a®(2a + 1)% + [b[® (28 + 1)?] }(2 + A1)

for the generalized Grashof number G of 3D Brinkman—Forchheimer equations, C' > 0 is a

parameter which depends on the shape of Q) only. Then, the first m modes are called determining
modes associated with Py, for a reqular solution of (6).

Proof. Similar to the technique in the proof of Theorem 3, we only need to show that
HQmw(t)HL”(t,t—i—T;Vpg,) — 0, as t — oo,

for ||me(t)||L°°(t,t+T;Hm) — Oand [|f(t) — g(t)HL‘”(t,t—i-T;Hpgy) — Oast — oo

Step 1: The estimate of ||Qw]| .
Taking the inner product of (19) with AQy,w in Hy.r, we obtain

1d
EEHQmw‘ 1> +v|AQuw|? + b(u, w, AQuw) + b(w, v, AQ,w)

+a(|ulu —[0]**o, AQuw) + b(|u|*u — [0[*Po, AQuw) = (f — g, AQuw).
(24)
For simplicity, denote J;(i = 1,2,3,4) as

]1 = b(u/ wr AQmw)/
]2 = b<w/ 'U, AQmw)/

Js = a(|ul**u — o**v, AQuuw),

Ja = b(|ul?Pu — [o|*Po, AQuw).

The trilinear operator J; is estimated by
J1 =b(u,w, AQuw) = b(u, Pyw, AQumw) + b(u, Quw, AQumw)
< |b(u, Ppw, AQuw)|
1 1
< Cil[ul[2|Au|2 || Puw]|| |AQmw|.
Since b(u, Quw, AQuw) = 0 in the periodic case in [27], the equality

b(v,u, Au) +b(u,v, Au) + b(u,u, Av) =0, u,v € D(A)

leads to

2= b(w, v,AQmw) = b(me/ 0, AQmw) - b(w/ Qmw, AQmw) - b(Qmwz Qnw, AU)
= b(Pyw,v, AQunw) — b(Qnw, Quw, Av)
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with estimates

b(Puw,v, AQuw) < Ci||Puw|| () [[0]] |AQmw|
1 1
< Cif[Puwo] |2 | APyw| 2 [[o]] [AQmw]

and
3 1
b(Quw, Quw, Av) < Ci||Quw|[2|AQmw|? | Av]
4 v
< C(v)|Avf3[|Quw|* + Z|AQuwl*
Since A = —A in the periodic case, the Holder and Young inequalities result in

Js = a(|u|*u — o]**v, AQuw)
:a(21x+1)/0(|u|2”‘Vu— 10|4Vv) - VQuwdx
=aa+1) /Q(|u|2”‘Vu — [u|?*Vo 4 [u**Vo — [v|**V0) - VQuwdx
:a(2a+1)/0(|u|2“—\v|2“)Vv~VQmwdx+u(2¢x+l)/Q|u|2“Vw~VQmwdx
Sa(2tx+1)/()f’(go)szwVQmwdera(Zaanl)/Q\u|2"‘Vw~VQmwdx

1 3
< a(2u + 1)x| Ao| [[w]] [V Q| + (20 + 1) |[u] |52 ) [Aw| ||Quew||4]] AQuuw| 3

~

20—1

wherel < a < %,K = ZWHGI’HLw(Q)

, ¢ lies in u and v. Hence, the further estimate of J3

Js < xa (20 +1)| Av| | [Pl || Quev]| + xa(2a +1)| Av] || Quev]
+ a(2a + 1) [u] e ) | APwe0] || Quite] | ]| AQueo] 3
+ a(20 4 1)|[1] P2 || Quto] | AQuiao]
< xa(2 +1)| 40| || Pywo]| || Quev]| + xa(2a +1)| Ao || Queo]
+ a2+ 1) ] P ) | APwe0] || Quite] || AQuew]3
+ C(v)a® 20+ 1)° fu] " | Queo] |2 + 2| AQuw]?

holds from V s [2%+2(()).
Similarly, the estimate of J; can be obtained

Ja < R[b|(2 + 1) Av| || Pwew|| | Quew|| + || (26 + 1)| Av] || Quw]| |
1 3
4 10128+ 1)1l Pz g | AP | Q]| AQuo]
v
+ C(W)[p* (2B + 1)°[ul ]| Quo]* + | AQuw?,
~ 261
where ¥ = 2,3H§0||L€o(0)-
Substitute the estimate of J; into (24). This yields
d
g l1Queol P v — Cw)l Ao — C(v)a 2+ 1)%ul !
— C(v)[bI*(2B +1)°(|ul|"%F —xa(2u +1)| Av|
= ®[b| (2B +1)| 40| H|Quel[* < ¥(8), (25)
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where
Y(t) = Cal|ul|2| Au|2| | Pyw|| |AQuw|
+ C1l| o] |2| APy 2 |[o]| | AQuu]
+ xa(20 — 1)| Ao || Pao] | || Queo]|
+ a2+ 1) ] e ) | APwe0] || Quite] | ]| AQuew] 3
+ [61(28 + 1)1l P52 | APco] [|Quieo] ]| AQueo]
+&[](2B — 1)| Av| || Po]| [|Quw]| + |f — gl AQuav].

Setting &(t) = ||Qmw]||? and

7(E) =vAmy1 — C(v)]| Av|3 — C(v)a®(2a + 1)8[u] |'6*
— C(v)|p[* (2B + 1)8||u||" — ka(2a + 1)| Ao|
—R|b|(2B+ 1) Av],

we conclude that (25) satisfies the form (11) in Lemma 1.

Step 2: The estimate of ftHT |Au|*dt
According to Theorem 2, we obtain the energy estimate of a regular solution

2
1l ramy < o [+ AVl + A] T

and

| —

[+ AVl g 1,8,) +2A1700] T

N

2
HAu||L2(t,t+T;Hper) = v

In particular, the hypothesis f € L®(t,t + T; Hpe,) leads to the boundedness of u in
the spaces Lz(t,t +T;D(A)), L®(t,t+T; Vper), which will be used in the next step.

Step 3: Determining modes
It remains to check the similar condition (10) in Lemma 1.

From the results in the above steps, we can see that
1 rt+T 1 T 4
i nds=g | {mm+1—c<v>|Av|s—c<v>a8<za+1>8||u||16“
= C)b*(2B + 1)°||u||" — Ka(2a +1)| Av|
—f|b|(2[3+1)|Av}ds
Kb|(2B+1) +xa(2a +1) +C(v
RGBT bra@at 1) $CE) g

ZVAerl 1/2
Cv)[a®(2a+1)8+ |b[3(2B+1)8
s (v)[a® (2 )V |b°(28 )][(2+«41)F2+«41770]
2
= VA1 — Kf—z - {2C(1/) +2%|b|(26+ 1) + 2ka(2a 4 1)

+2C(v) [a® (20 + 1) + b[* (2B + 1)°] } AJ?”

> 0.

The estimate

wIN

Am ~ CAym
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leads to
m>C' {Kl/z)\l(f + {ZC(V) +2%|b| (2B + 1) + 2ka(2a + 1)
%
+2C(v) [a®(2a +1)® + |b[3 (28 +1)®] } f;jﬂ ,
where

K= {C(v) +®|b[(2B +1) + ka(2a + 1) +2C(v) [a® (20 + 1)% + b2 (28 + 1)?] }(2 + Ay).

Hence, we conclude that m satisfies inequality (23). The first m modes associated with
Py,u are the determining modes for a regular solution of (6).
The proof of Theorem 4 is completed. [

4.4. Some Remarks
In addition, some related topics will be stated in this section.
(I) Consider the following data assimilation algorithm with periodic boundary condi-
tion
Ot — vAu + (1 - V)u + alu**u 4 bu|*Pu+ Vp = f + u(Ty(u) — T (v)),
V-u=0, (26)
u(t =0) = uy,

where i is a nudging parameter, 7, (1) is an interpolation operator, and / denotes spatial
resolution of the collected measurements. In [43], the following types of interpolation
operators are mainly considered. The first operator I}} : H! — L2(Q) is linear satisfying

||¢ - I}% (47)“%2(0) < C0h2||v4)||%2(0)/ (27)

for every ¢ € H'(Q)), where ¢y > 0 is a dimensionless constant.
The second operator Z2 : H2(Q)) —» L?*(()) is also linear satisfying

¢ — I}%(‘P)H%z(g) < Cth‘ \ch||i2(0) + Clh4‘ ’A¢||%2(Q)/ (28)

for every ¢ € H*(Q), where ¢; > 0 is a dimensionless constant.

In [43], Titi studied the well-posedness and regularity of weak solutions for different
interpolations Z;,. Based on well-posedness and regularity of weak solutions, it is possible
to study the determining modes for systems (26). The main difficulty lies in dealing with
the term of u(Z;, (1) — Zy(v)).

(II) The three-dimensional MHD model of electrically conducting fluid in a porous
medium with periodic boundary conditions is described as

Ot —vAU+ (u-V)u—b-Vb+alul*u-+Vp =0,
ob+xV x (Vxb)+u-Vb—b-Vu=0, (29)
V~M=0,u(i’:0)Zuo,b<t=0>=b0,

where u is the fluid velocity, b is the magnetic field, and p is the pressure. The viscosity
v, resistivity x and 4, « are nonnegative constants. The first equation of (29) is about the
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porous medium on domain (), and the second one is the magnetic field evolution equation.
In particular, if V - b = 0, it can be concluded that

Ot —vAu+ (u-V)u—b- Vb +alul*u+Vp =0,
otb—xAu+u-Vb—b-Vu =0, (30)
V-u:O,u(tzo) :uo,b(t:O) = by.

For system (30), Titi investigated global well-posedness and regularity in [45]. It is possible
to study the determining modes for systems (30). However, the system (30) is coupled with
two equations, which leads to more difficulty than the Brinkman—-Forchheimer extended
Darcy model.

5. The Asymptotically Determining for an Autonomous System

Consider the Brinkman—Forchheimer-extended-Darcy equation in the periodic case

Ostt — vAU + (- Vu + aju™u + blu*Pu+ Vp = f(x),
V-u=0, 31)
u(t =0) = u.

By using the Leray projector Pr, to (31), the autonomous system (31) is transformed into

32
V-u=0, (32)

{atu +vAu+ B(u) + F(u) = f(x),
where f:= P f(x), A= —A, B(u) := P(u-V)uand F(u) = Pr(alu|*u + b|u|*Pu).
Based on the well-posedness of system (32), the existence of a global attractor can be
stated as follows.

Theorem 5. Assume the hypotheses in Theorems 1 and 2 hold for an autonomous system (32).
Then, the problem (32) with a periodic boundary condition possesses a global attractor A € Hper for
semigroup S(t) : Hper — Hper generated by a global weak solution.

Proof. The proof is similar to the procedure in [6], which will be skipped here. O
Consider the system F = {F, - -, F,}, where F; are the Fourier modes F; = (u, w;)
[ee]
for u =) _(u, w;)w;. Then, the asymptotic determination is defined via the functional F as

i=1
follows.

Definition 1. Assume that uy(t) and u(t) are the two trajectories of the global attractor of problem
(32). Then, the dynamic system (Hper, S(t)) is called asymptotically determining if there exists a
system JF such that

Fy(ui(t)) — Fu(up(t)) =0 as t — o0

implies that
tli_{gloH“l(f) - ”Z(t)HHW =0 forall n=1,---,m.

Next, the asymptotically determining of trajectories inside a global attractor can be
proved via the system F when m is large enough.

Theorem 6. Suppose that m € N satisfies

B
Vo +2|b|Ry[1] 5P
1/2/\1

m > C'( )3,
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aKgy
2/blRo+3

dynamic system generated by (32) with the periodic boundary.

where ¢ = and C' is a positive constant. Then, F is asymptotically determining for the

Proof. Let u and v be two trajectories inside a global attractor. Suppose that Py, (u(t) —
v(t)) =0fort € RT. Then, w(t) = u(t) — v(t) satisfies

{atw +vAu + B(u, w) 4 B(w,v) + a(|u|*u — [0/*v) 4+ b(|u*Pu — |o*Pv) =0, 33)

w(t = O) = Ug — 0p.
Take the inner product of (33) with w(t). This leads to

1d

§E|w|2 + v||w||? + b(w, v, w) + a(|u|*u — [v|**v,w) + b(|u*Pu — |v|*v,w) = 0. (34)

For any & > 1, by the Holder and Young inequalities, we deduce
p(w,2,)] < | [ol[w][Vulax

< [ follwl*w'~# | Valdx
Q

1 1-1
< Mol ol oy o511, 2 1]
O 2 T o V0
< o-llolal + ol + 5 |lw| (35)
and
b [ (uPPu — foPPoywds < bRy [ (Jul+ o] |/ w1 dx
Q Q
~ B ap
< [bfRol(Ju] + o)) ]2 o2
~ 1,8
< alblfol (Ju] + |ol)* ] P + plRo [ ] o (36)
because of

a/ (Ju?Pu — [oPo)wdx > aKo/ (w2 (Ju] + [o])2dx
Q Q
= axo(|ul + [0])* |w| > (37)

from Lemma 4.
Substituting (35)—(37) into (34), we obtain

1
o 1

d . O N B

Sl + vl P + (2ax — 201b[Ro — D) (lu) + fol)* ]2 < (T + 2blRo [ 7P wP. (38)
Choose appropriate ¢ = 7 bf£°+1 such that 2axg — 20|b|Ky — & = axp > 0. This results in

oty
d = 1.8
2 gl - B 2

from (38).

The Gronwall inequality gives the boundedness

[w]? < fwol?e™", (40)

1
o«

o1-

B
where L = vA;, 41 — ( +2|b[®g[1]*F) > 0, which lead to [w|?> — 0 as t — co.
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Since Ay ~ C)\lm%, F is asymptotically determining for the dynamic system gener-
ated by (32) when m satisfies

B
vo T + 20blRo[3] 77
1/2/\1

m > C/( )2

7

aKgy

where ¢ = =
2[b|Ro+1

. The poof is completed. [

6. Conclusions and Further Research

This paper has presented the determining modes and asymptotic determination of the
3D incompressible Brinkman—-Forchheimer extended Darcy system for non-autonomous
and autonomous cases, respectively, under assumptions on generalized Grashof numbers
related to modes, which are the basis of theoretical analysis for finite element computation
and long-time behavior for the porous medium occupied by fluid flow, especially the
tracking property of complete trajectories for the dynamic systems. Furthermore, the
determining modes and finite element volumes for the presented model in this paper are
more interesting, which need further consideration in research.
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