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Abstract: In the present work, two-dimensional mixed problems with the Caputo fractional order
differential operator are studied using the Fourier method of separation of variables. The equation
contains a linear transformation of involution in the second derivative. The considered problem
generalizes some previous problems formulated for some fourth-order parabolic-type equations. The
basic properties of the eigenfunctions of the corresponding spectral problems, when they are defined
as the products of two systems of eigenfunctions, are studied. The existence and uniqueness of the
solution to the formulated problem is proved.

Keywords: fractional differential operator; differential equation with involution; eigenvalues;
eigenfunctions; biorthonormal system; Riesz basis

1. Introduction and Problem Statement

The transformation S of the function f(x), x € [—1,1], which satisfies the condition
S2f(x) = f(x), is called an involution. We consider equations containing an involution of
the form Sf(x) = f(—x).

Differential equations with involution are of theoretical and practical interest, as
they occupy a special place among differential equations with deviating arguments and
functional differential equations. More information on the theoretical developments and
applications of such equations can be found in [1-5].

The solvability of direct, inverse problems for the second-order differential equations
with involution is considered in [4-13] (see also references therein). Most of these studies
are based on the method of separation of variables, which leads to spectral problems with
involution. Regarding spectral problems for differential equations with involution, good
references are [14-23].

The boundary value problems for the fourth-order partial differential equations are
studied in (see [24], and references therein). However, in the scientific literature, there are
no works devoted to the study of the initial-boundary value problems for the fourth-order
partial differential equations with involution.

This paper is devoted to the study of the existence and uniqueness of a solution to
mixed problems for a two-dimensional fourth-order equation with involution

4 4 4

B d d d B
cDyu+ @u(x,y, t) + tx@u(—x,y,t) + @u(x,y,t) = f(x,y,t), 1)

where —1 < a < 1. Here CDgtu = Iét_’g(ut), B € (0,1] is the Caputo derivative of order
B [25] where for any integrable function g the left-hand fractional Riemann-Liouville
integral of order B > 0 is defined as
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1 g(7)
F(ﬁ / t—T)l ﬂ'

0

where I'(p) is the Euler gamma function.

Let Q = {(x,y,t): —1 < x,y < 1} and Q be its closure. The space C,]Ely(Q_) consists of
all functions u(x,y, t) having continuous derivatives of the order k with respect to x and
continuous derivatives of the order I with respect to y in the domain Q, t > 0.

The purpose of the work is to find, for given functions f(x,y,t) and ¢(x,y), a function
that satisfies the following conditions:

(1) u(x,y,t) € C5(Q) NCxy(Q), t 2 0;

(2) u(x,y, t) satisfies Equation (1) in the domain Q, t > 0;

(3) u(x,y,t) satisfies the boundary conditions

u(x,y,0) =¢(x,y), -1<xy<1, ()
02 92
_ — —0 2 -7 —0 —1<y< >
u(—1,y,t) =0, u(l,y,t)=0, axzu . axzu . 0, -1<y<1,t>0 (3

d d
li(u) = aj@u(x, —1,t) + bj@u(x,l,t) +aju(x, —1,t) + bju(x,1,t) =0,

3 4)
- _ 0 R . 09? -2
lj(u) = aj—ay3 u(x,—1,t) + bj—ayS u(x,1,t) + ajn —ayz u(x,—1,t) + bjy 78y2 u(x,1,t) =0,

where for j = 1, 2, coefficients aj,aj, bj, bj; are some given numbers, (x,t) € [-1,1] x [0,00).
As can be seen from conditions (4), we consider boundary conditions of the most
general type.
The paper consists of three sections and a list of references. Section 2 is devoted to the
study of basic properties of the fourth-order differential operators. In Section 3, we give a
solution to the stated problem.

2. Properties of Eigenfunctions of Spectral Problems
Consider a homogeneous equation

b o 2 !
CD ax4u(x/y/ t) + “@“(—xr% t) + aiya‘”(x/yz t) =0 (5)

with boundary conditions (2)—(4). For simplicity and without loss of generality, we seek for a
nonzero solution of Equation (5) in the separated form u(x,y,t) = w(x,y)c(t). Substituting
this into Equation (5), we obtain the spectral problem

ot ot ot
ww(x,y) + zx@w(—x,y) + a—y4w(x,y) =ow(x,y), -1<xy<l, (6)
w(-1,y) =w(l,y) =0 ﬁw —a—zw =0, -1<y<1 (7)
/]/ - /]/ - Y axz —1 - axz 1 - Y _]/_ 7
L(w) =0, j=1,2,
] (®)

[i(w)=0,j=1,2.

The solution to problem (6)—(8) is sought in the form w(x,y) = X(x)Y(y). Then, the
spectral problem (6)-(8) generates the following two one-dimensional spectral problems.
Spectral problem 1.

X”N(X) +“X//”(fx) = )LX(x), “1<x<l, (9)
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X(-1)=X(1)=X"(-1)=X"(1) =0. (10)

Spectral problem 2.
Y (y)=pY(y), -1<y<l, (11)

lp(Y) = aY" (=1) + bY" (1) + apY"(-1) + b Y (1) =0, j = 1,2,
where y =0 — A.
Spectral problem 1. To study problems (9), (10), we use the following notation:
1 i
ng = {/ 1oz 01 = {/ 152, p = VA, (here, (re'?)? = riet, —Z <<,
The solution to Equation (9) can be written as

X(x) = (etxopx + efagpx) +c (eitxopx + efiaopx> + 3 (eoqpx _ efqux) + 4 (eirx]px _ e*iﬂ(]ﬂ){)‘

Using boundary conditions (10), we find the eigenvalues of the first series

4
A = (1+a><k_;> n, k=12,

whose corresponding eigenfunctions are

X1 = cos (k — ;) TTX.

The second series of eigenvalues
Ao =(1—a)(kn)?, k=1,2,3,...,

whose corresponding eigenfunctions are Xy, = sinkrmx.
The system of eigenfunctions of spectral problems (9) and (10) can be written as

{Xk(x)} = {XZk(x) = cos <k - ;) x, Xor_1(x) = sinkmc}. (13)

Lemma 1. System (13) forms a complete orthonormal system in Ly(—1,1).

The lemma is proved by the direct calculation of the Fourier coefficients of an arbitrary
function f(x) € Lp(—1,1).

Spectral problem 2. To study the fourth-order spectral problem (11), (12), we intro-
duce the operator LY (y) = —Y”(6y), where 6 = +1, with the domain D(L) = {Y(y) €
WZ[—1,1] : [;(Y) = 0}, where WZ[—1,1] is the Sobolev space [26]. Hereafter, the operator L
acts on functions depending on the variable y. The operator L commutes with the operator
S,i.e., LS = SL, and the equality L?Y (y) = Y""(y) is valid if LY (y) € D(L). The domain
of the operator L? is

D(LZ) = {Y(y) € WI[-1,1]: [;(Y) =0, T;p(Y) =0 }

In this case, the coefficients of the expression l}(Y) in (12) depend on the number 6.
Consider the spectral problem for the second-order equation

=Y"(0y) =vY(y), -1<y<1, 60=+=1, (14)

L(Y)=0, j=1,2, (15)
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where (15) is the first equality in (12). Equation (14) is self-conjugate, whereas boundary
conditions (15) may be non-self-conjugate. The conjugate boundary conditions are denoted
by ! ]* (Y). For 6 =1, we have a classical spectral problem for an ordinary second-order
differential operator. For § = —1, problem (14), (15) was studied in [27,28]. In the case
0 = 1, the result is well known [29].

Theorem 1 ([29]). Let 6 = 1. Then, the system of eigenfunctions of the spectral problem (14), (15)
forms a Riesz basis in Ly(—1, 1) if one of the following three conditions A:

(1) a1by — azby # 0;

(2) ay = a3 = by = by =0, ay by —axbyy #0;

(3) arby — aghy =0, |ay| + |b1| > 0, (a3 — b3) (a3, — b3,) #0;
is satisfied.

In the case § = —1, properties of eigenfunctions in problems (14), (15) were studied
in [27,28]. Based on the results of [28], the following theorem is formulated.

Theorem 2 ([28]). Let @ = —1. Then, the system of eigenfunctions of spectral problems (14) and (15)
forms a Riesz basis in Ly(—1,1) if one of the three conditions A is satisfied. If ayby — a1by =0,
|a1| + |b1| > 0, and one of the following four conditions:

(1)ay = by, ax + by #0; (2)ay = —by, ay — by #0;

(16)
(3) a1 = by, a1 + by #0; (4)axy = —by1, a1 — by #0,

is satisfied, then the system of eigenfunctions of the spectral problem (14), (15) also forms a Riesz
basis in Ly(—1,1).

It follows from the results of [28] that the system of eigenfunctions of problem (14)
does not form a basis in Ly(—1,1) for boundary conditions of the type Y(—1) = £Y(-1),
Y'(-1) = FY'(-1).

It was shown in [27] that if LY (y) € D(L), then the system of eigenfunctions of the
second-order spectral problems (14) and (15) coincides with the system of eigenfunctions
of the fourth-order spectral problems (11) and (12). Therefore, Theorems 1 and 2 are also
valid for the fourth-order spectral problems (11) and (12).

Remark 1. If 0 = 1, then the expressions l}g(Y) in (12) can be represented in the form

l]g(Y) = an”’(—l) + b]'Ym(l) + ajlY”(—l) + bjly//(l) =0,j=12
According to this, the second boundary condition in (4) takes the form
3 3 2 2

o 0 0
li(u) = ajﬁu(x, —1,t) + bj@u(x, 1t) +ap @u(x, =1,t) + by

ﬁu(x, 1, t) - O (17)

Remark 2. If 0 = —1, then the expressions l}g (Y) in (12) can be represented in the form

lip(Y) = bY" (=1) +a;Y"" (1) = b Y"(=1) —aj Y (1) =0, j = 1,2.
According to this, the second boundary condition in (4) takes the form
. 03 03 02 02
li(u) = bjﬁu(x, —1,t) + ajﬁu(x, 1,t) — bjla—yzu(x, —1,t) — ajlﬁu(x, 1,t) =0. (18)

Let us formulate theorems on the basis property of the eigenfunctions of the spectral
problems (11) and (12) for a fourth-order equation.
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Theorem 3. Let 0 = 1 and LY(y) € D(L). Then, the system of eigenfunctions of the spectral
problems (11) and (12) forms the Riesz basis in Ly(—1,1) if the coefficients of the boundary
conditions (12) satisfy one of the three conditions A.

Theorem 4. Let 6 = —1and LY (y) € D(L). Then, the system of eigenfunctions of the spectral
problems (11) and (12) forms the Riesz basis in the following cases:

(1) if the coefficients of the boundary conditions (12) satisfy one of the three conditions A;

or

(2)ifayby — axby = 0, |ay|+ |by| > 0, and for the coefficients of the boundary conditions (12),
one of the four conditions in (16) is satisfied.

Note that when one of the three conditions A is satisfied, all eigenvalues of the spectral
problem for the second-order Equations (14) and (15) are single. If one of the conditions (16)
is satisfied, the boundary conditions (12) for the fourth-order Equation (11) are regular
in the sense of Birkhoff [30] (but are not strongly regular), the eigenvalues of the fourth
order spectral problem (11), (12) may be multiple. For example [27], the boundary value
problem (14) with boundary conditions

Y(-1)=Y"(1) =0, Y/(-1) =Y'(1), Y"(~1) = Y"(1)

(a1 = —by, a1 = 1, all other coefficients are equal to zero) is not self-conjugate, has an
infinite number of double eigenvalues, has no associated functions, and the system of
eigenfunctions forms a Riesz basis in Ly(—1,1). Hence, it appears that the system of
eigenfunctions of the conjugate problem

Y*(=1)=0,Y""(1) =0, Y*(-1) = Y*(1), Y*"'(-1) = Y*" (1),

also forms the Riesz basis in Lp(—1,1).

Thus, in the case § = —1, we cover a larger range of boundary conditions for the
boundary value problem (11), (12).

All the systems we consider are Riesz bases, and they remain Riesz bases for any
enumeration of system elements (unconditional bases). By virtue of [31], the systems
we consider are uniformly bounded. Therefore, the coefficients of bi-orthonormalization,
in the case of the non-orthogonality of the studied systems, are also uniformly bounded.
This means that the bi-orthnormalization coefficients do not affect either the convergence
of expansions in terms of eigenfunctions or the convergence of series formed by the
expansion coefficients.

Note that boundary conditions (10) are self-conjugate, whereas boundary condi-
tions (12) may be non-self-conjugate. Therefore, problem (6)—(8) in the general case is
a non-self-conjugate problem. For specific boundary conditions of the form (8), the conju-
gate boundary conditions are written in the standard way.

Let us write a problem conjugate to problem (6)—(8):

ot ot ot
@ZU* (x,y) + a@w*(—x,y) + a—y4w* (x,y) =0w"(x,y), —-1<x,y<1, (19)
0*w* 0*w*
w'(-Ly)=w"(ly) =0, ox2 1 ox2 o 0, -1<y<1, (20)

ﬂj @w (x, 71) + b] @w (x, 1) + ajlw (xr *1) + bﬂw (xll) =0, ]= 1,2,
* 83 * T* 83 * * 82 * T * aZ * :
a; @w (x, 1) +b; a—y3w (x,1) +ﬁjla—y2w (x,—1)+ ﬂ@w (x,1)=0,j=1,2.

(21)
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Taking the above into account, we assume that all eigenvalues of problems (9)—(12)
4
are numbered as follows: Ay, = (1+ «) (n — %) Aoy =1 —a)nm)t, n=1,2,...,

luk] < |pgya|, for any number k, o,x = Ay + pp. If an eigenvalue piis double, then
Uk+1 = Mg The eigenfunctions wiare numbered respectively.
We denote the system of eigenfunctions of problem (6)—(8) as

Win (%,y) = Xie(x)Yu(y), (22)

where X (x) are eigenfunctions of problem (9), (10), and Y;, (y) are eigenfunctions of prob-
lem (11), (12). We denote the system of eigenfunctions of the corresponding conjugate
problem (19)—(21) as
Wk (x,y) = Xk (%)Y (¥), (23)
where Y; () are eigenfunctions of the problem conjugate to problems (11) and (12).
Systems (22) and (23) are bi-orthogonal as systems of eigenfunctions of mutually
conjugate spectral problems (6)-(8) and (19)—(21). Since the system {Xy(x)} is an ortho-

normal basis and the system {Y},(y)} is a Riesz basis, then each of the systems (22) and (23)
is a Riesz basis [32] in Lp((—1,1) x (—1,1)).

3. Existence and Uniqueness of the Problem Solution

In this section, we assume that all the conditions of Theorem 4 are satisfied, and the
second boundary condition in (4) is of the form (17) or (18).

Then, each of the systems (22) and (23) forms a Riesz basisin L, ((—1,1) x (—1,1)). To
solve the inhomogeneous problem (1)—(4), we first consider the homogeneous Equation (5).
The solution to problems (5), (2)—(4) is sought in the form of a Fourier series

x .]// 2 Ckn wkn X, ]/) (24)
k,n=0

using the Riesz basis {wy, (x,y)}, where the unknown functions Cy,(t) are defined by
the relations

1

1
Crn ( // XY, )W e (X, y dxdy://u X, y,£) X (x) Yy (y)dxdy. (25)
-1 -

Quy 1
From Equations (5) and (25) and condition (2), we obtain the problems
D5,Cn () + 0k Crn () = 0, Cp (0) = @,
whose solutions are written as [25]
Crn(t) = PruEp (*Uknfﬁ)/ (26)

where ¢, = (¢(x,y), w*, (x,y)) in the sense of the scalar productin Lp((—1,1) x (—1,1)).
Here, Eg(z) is the Mittag-Leffler function [25] satisfying the estimate

M

Using relation (26), expression (24) can be written as

uryt) = 1 oy (=oint?) Xi(0)Ya(w) @7)
n=1
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It is necessary to show that the formal solution (27) is a classical solution to prob-
lems (5), (2)-(4).

Lemma 2. Let ¢(x,y) € Ly(Q). Then, series (27) converges absolutely and uniformly in the
domainQ, t > 0.

Proof. For any ¢t > ¢y > 0, the Mittag—Leffler function satisfies the estimate

Eﬁ(_gkntﬁ) = 1+kantﬁ

4
Since 0y = Ay + pi, A = (1 +a) (k - %) ™, M = (1 — &) (k)*, e = O(K*), then

M _ M _ M _ MgE My
1"i_‘7'k11f‘5 N Ukntﬁ N (Tkntg N /\k"'l’lk n 2\//Tk\/;Tk
Then
lu(x,y,t)| = Z onnEﬁ(Ukntﬁ)Xk(x)Yn(y)‘
) 1 1
< X f1 flqv X, ) Xi (%) Y;i (y)dxdy || Eg (—0intP ) || Xic (%) [ Y ()|
°° Mome P | L L "
= 2}} S o) Xe(x)Yi (y)dxdy)

Applying the Cauchy-Schwarz inequality and the Bessel inequality, we obtain

[e9)

Yo 9kl < Mill9lly )
k,n=0

The lemma is proved. [

Note that the method of separation of variables imposes stricter requirements on the
initial function. However, in this work, the problem of reducing the smoothness of the
initial function was not posed.

The main result of the work is the following theorem.

Theorem 5. Let the function ¢(x,y) be such that ¢(x,y) € C;o’(jg(Q) N Cgi(Q_) N Cﬁjg(Q) N
C%(Q) N C;z('j(Q_), Lo(x,y) € D(L), L?¢(x,y) € D(L), t > 0 and satisfy self-conjugate
conditions (3) with respect to the variable x. Then, problem (5), (2)—(4) has a unigue solution, which
can be represented in the form (27).

Proof. Let us first prove the uniqueness. If the problem has two solutions u1, u5, then the
function u = uj — uy satisfies u(x,y,0) = 0, Equation (5), and boundary conditions (3), (4).
Then, from (26), we obtain Cy,(t) = 0, and from (25) it follows that u(x,y,t) = 0in Q
due to the completeness of the system {w*y,(x,y)} in Ly((—1,1) x (=1,1)). By virtue
of Lemma 2, from the continuity of the solution in the entire closed domain, we obtain
u(x,y,t) = 01in Q. The uniqueness of the solution is proved.

Let us prove the existence of a solution. Formula (27) represents a formal solution to

problems (5), (2)—(4). In order to justify that the obtained formal solution is indeed a true
solution, we need to show that the series CDgtu, g%’, 3’77?, p=1273and g—lj, M converge

uniformly in Q and Q, t > 0, respectively.
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It is obvious that for the elements of system (13), the estimates

4P X 1\ \?
< _ -
dP Xor_1
< P p=
R < (k7‘[) ,p=123,4

are valid. Now, we must prove the uniform convergence of the series o a( 7 ) in Q,t>0.
Formally differentiating series (27) four times with respect to x and integrating by parts
four times with respect to the variable x, taking into account (13), we get

o4 ad
@u(x,y,t) = Z (p,mElg(—Uknt5>X,E4)(x)Yn(y)
kn=1

w 11
- v [ I/ q)(x,y)xk(xw:(y)dxdy] B (— 0t ) XV (0)Ya ()
1-1

kn=1 ", "~

o 11
-y [ / / @(x,y) Xk (x (y)dxdy] Eﬁ(—akntﬁ)Aka(X)Yn(y)
1-1

kn=1

11
<a y B (x, Xe) v () ey | E5(— 2P ) A X ()Y (),
‘Zk,nz—ll/l/f” (,9) A%, )y | Ep (—ouat?) 1o)X ()
-1

where a; = max{ay~!,a; 7! }. Further, applying the Lemma 2 we get

o*u(x, Y1)
x4 -

L(Q)

where gogf ) means the fourth derivative with respect to x. Thus, the uniform convergence

of the series ”(x y Y in Q is proved.
Hu(xyt)

oot
order derivative Y(*)(y) with the help of Equation (11). In this case, the function inside
the integral Y;; (v) is represented as its fourth derivative using Equation (11). Here are the
corresponding calculations:

Ay ) = 2 gk (—0nt) XY )

The convergence of the series is proved similarly by replacing the fourth-

a9y
0 1 1

=k§1 fl fl (P(x,y)Xk(x)Yé‘(y)dxdy] Eg(—01nt?) X () pn Yo (v)
() [ 1 1 Y*(4)(y)

Ikle S o(xy) Xy (x) 2 dxdy | Eg (—0jont? ) X () pin Y (y)
=1 2151
© [11 Y ()

=T flflq)y (%, ) X (x) =2 - dxdy | Ep (—03tP) Xie(x) n Yo (1)
=1 |-1-

Hence, as in the previous case, we obtain the estimate

o*u(x,y,t
oyt

< mol el

Thus, the uniform convergence of the series o a(y4 in Q,t > 0is proved. The

uniform convergence of the series Pulept) iy Q, t > 01is proved in a similar way.
ay?
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Using estimates [33]

S
Y}gs) (y)‘ < const(l + M) max|Yy(y)|, s =1,2,3,

for the eigenfunctions of the fourth-order differential operator, as above, we prove the
uniform convergence of the series 3’77;’, p=13,inQ.

Each term of series (27) is a solution of problems (5), (2)—(4). Therefore, boundary
conditions (3) and (4) are satisfied. The function (27) satisfies the relations of the type (2).
To do this, it sufficient to show that the series (27) converges uniformly in Q, t > 0.
For t > 0, the inequality

lu(x,y,t)| <M
3

[ Xk ()Y (y)]

ﬁMSﬂ

1 1
/ / o(x,y) Xk (x)Yy (v)dxdy
—1 -1

1

is satisfied. The function inside the integral Y;; (y) is represented as its second derivative
using Equation (14). Integrating by parts two times over the variable x and two times
over the variable y, applying the Cauchy-Schwarz inequality and the Bessel inequality, we
conclude that the series (27) converges absolutely and uniformly in Q, ¢ > 0. The theorem
is proved. 0O

Remark 3. The solution to problem (2)—(4) for the inhomogeneous Equation (1) is sought in the
form of a series (24). We represent the function f(x,y,t) as an expansion in the basis (22)

fxyt) Z fin(Dwin (%, y), fin(8) = (f(x,9,8), 0 (%, ).

k,n=0
The functions Cy,, (t) have the form

Cin(t) = @rnEp (*Uknfﬁ) + / (t— T)ﬁ_lE/s,/s(*Ukn(f - T)ﬁ)fkn(T)dT/ (28)
0

where ¢, = (¢(x,y), W k, (x,y)) in the sense of the scalar product in Lp((—1,1) x (—1,1)),

Eg,,(z) is the Mittag—Leffler function [25] defined by formula Eg ., (z) = ¥ W:ﬂ and satisfying
k=0

the estimate

M

<
|E/37 ’ 1+]z]

,0<B<2,7€eR, 6< |argz| <, b€ ('82 mm{rc[%n})
Substituting (28) into (24), we obtain the solution of problem (1)—(4).

Example 1. Let the boundary conditions (4) have the form (case 6 = —1)

Ihi(u) = iu(x, -1,t) + aayu(x,l,t) =0,

dy
I(u) =u(x,1,t) =0,

- 3 3 29
J 88_1/3 (x,1,t) =0, @)

92
L(u) = Wu(x, —1,t) =0.

Then, the spectral problem (11), (12) takes the form

Y"(y) =uY(y), -1<y<1,
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Y'(=1)+Y'(1) =0, Y(1) =0, Y"(=1)+Y"(1) =0, Y'(~1) =0.

4
where the eigenvalues yy = (k - %) 7t* correspond to two series of eigenfunctions

(k=3)my 4 o= (k=3)my
e(k_%)n + e_(k_%)”

k=1,2,... The conjugate boundary conditions are

Ykl = sin (k — ;) Ty + <—1)k+1e /YkZ = COs <k - ;) Y, (30)

Y*¥(1) =0, Y*(-1) +Y*(1) =0, Y*""(-1) =0, Y*""(-1) + Y*"(1) = 0.

The eigenfunctions of the conjugate problem are

(1) _ (1)
T (31)

. ) 1 N 1 k+1¢€
Yy —sm<k—2>7T%Yk2 —Cos<k_2)ﬂy+(_1) " )

e(kf%)ﬂ + ef(kf
Each of systems (30) and (31) forms a Riesz basis in Ly(—1,1) [27].

Theorem 5 is formulated in the following form.

Theorem 6. Let the function ¢(x,y) be such that ¢(x,y) € C;O’ng,(Q) N c,?;f,(Q) N Cﬁ;g(Q) N
C%(Q) N C%i(Q_), satisfy self-conjugate conditions (3) with respect to the variable x and condi-
tions (29) with respect to the variable y. Then problem (5), (2), (3), (29) has a unique solution,
which can be represented in the form (27).

Example 2. Considering the problem (5), (2), (3), (29). Let in (2) ¢(x,y) = sin7x cos Ty.
Then in (27) coefficient @11 = 1, all other coefficients @y,, k,n # 1, equal to zero. Since

A= (1- (x)rc4, iy = 11—6714, o1 = (% — oc) 4, from Equation (26), we get C11 = Ep

(— (%—7 - ac) 7I4tf9). The solution in the form (27) of problem (5), (2), (3), (29) takes the form

u(x,y,t) = Eg <— <1Z — oc> 7T4tﬁ) sin 7Tx cos gy.

4. Conclusions

The existence and uniqueness of regular solutions of a certain class of problems for
two-dimensional parabolic equations of fractional order is established. With respect to
one variable, the equation contains an involution transformation. The completeness of the
eigenfunctions of the boundary value problem for the fourth-order differential equation
with involution is proved. The Riesz basis property of the eigenfunctions of boundary
value problems for the fourth-order ordinary differential equation is shown for a special
class of boundary conditions. In this case, the properties of eigenfunctions of boundary
value problems for the second-order differential equation with involution are used.
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