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Abstract: Given the recent advances regarding the studies of discrete fractional calculus, and the fact
that the dynamics of discrete-time neural networks in fractional variable-order cases have not been
sufficiently documented, herein, we consider a novel class of discrete-time fractional-order neural
networks using discrete nabla operator of variable-order. An adequate criterion for the existence
of the solution in addition to its uniqueness for such systems is provided with the use of Banach
fixed point technique. Moreover, the uniform stability is investigated. We provide at the end two
numerical simulations illustrating the relevance of the aforementioned results.

Keywords: discrete fractional variable-order neural networks; discrete nabla variable-orde fractional
operators; Banach fixed point theorem; uniform stability

1. Introduction

Fractional calculus has drawn the attention of an increasing number of researchers over
the years, and it has seen applications in a variety of engineering and applied sciences [1-3].
Many fractional models have recently been presented, demonstrating the importance
of fractional calculus. In aiming to provide better-behaved kernels of extra fractional
operators, several fractional calculus researchers recently presented and studied novel
non-local fractional operators with nonsingular kernels which were proved to be applicable
in real world issues [4,5].

Despite that many research works in the literature about continuous fractional calculus
provide various solid mathematical theories, there has not been much interest when it
comes to discrete fractional calculus development (see [6—10]). However, in the last five to
seven years, the focus in improving discrete fractional calculus has been remarkably raising.
This progression has shown that discrete fractional calculus is now the most modern and
extensively used model of fractional calculus which contains a lot of unforeseen challenges
and performance difficulties [11-14]. AB-fractional operators are known to be fundamental
operators regarding fractional calculus; for that purpose, it has historically been found
that they have been used to build current operators besides their related characterizations.
These operators have been conceptually presented further by proposing and studying
discrete versions of such fractional operators [15,16]. The reader who is intrigued in the
purpose and relevance of considering variable order operators should refer to [17,18].

In the simulation of physics and engineering systems, fractional neural networks have
shown to be highly efficient and precise. Several engineering problems, such as digital
signal processing or industrial system control and diagnostics, rely on such models, and
numerous studies have been conducted to investigate various aspects of these systems. For
example, in [19], the stability and bifurcation of fractional-order gene regulatory networks
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was reported. Furthermore, bifurcation in fractional-order genetic regulatory networks
with both types of delays was investigated in [20]. In [21] a summary of various fractional
neural network dynamics is presented. On the other hand, discrete time fractional-order
neural networks are networks that work with data on isolated temporal scales. They are
characterized by more distinct and relatively complicated features comparing to continuous
neural networks with fractional order. Discrete time fractional-order neural networks have
new capabilities and superior performance, allowing them to handle issues that their
continuous counterparts can not. As a result, studying the dynamical features of discrete-
time neural networks involving fractional-order is crucial (see [22-26]).

Stability theory is a broad field in engineering and various sciences that focuses on
studying the behavior of dynamical patterns of systems that are either linear or non-linear.
On the one hand, significant advances have been accomplished in the past few years upon
the stability theory of fractional order neural networks [27-29]. Nevertheless, the equivalent
theory of discrete-time fractional-order neural-network has been interestingly evolving.
Indeed, among the various forms of stability addressed for this type of system one can
find the finite-time stability which was studied in [30] for a discrete fractional-order neural
networks with complex-valued and time delays. In addition, Mittag—Leffler stability for
fractional discrete-time neural networks utilizing fixed point approach was explored in [31].
A class of fractional-order discrete-time complex-valued neural networks with temporal
delays was presented and a several stability criteria were discussed in [32]. Furthermore,
in [33], the asymptotic stability of discrete fractional order neural networks and presents a
unique model of variable order neural networks was discussed.

It is important to note that there has not been enough results related to studies of
discrete neural-networks with fractional variable-order. A form of variable order recurrent
neural network under the Caputo h-discrete fractional operator applying fixed point
methods and Mittag-Leffler stability requirements was explored in [34]. Additionally,
in [35], a novel variable order discrete neural network using the nabla variable-order
operator, as well as an asymptotic stability study of the proposed model was offered.
Moreover, another type of stability known as Ulam Hyers stability for a class of discrete
variable order neural networks was addressed in [36]. However, there are not enough
studies in literature describing the stability of discrete-time fractional variable-order neural-
network with nabla discrete Mittag—Leffler kernels. As a result, establishing suitable
criteria for such neural networks is both required and difficult. Motivated by the preceding
considerations, and since the dynamics of discrete-time fractional variable-order neural
networks have been lucking explanation and investigation, this work is one of the papers
to do so, the purpose of this research is to offer adequate criteria for studying the uniform
stability related to the considered discrete-time neural-networks.

This work includes the following sections: Section 2 involves useful preliminaries,
definitions and related lemmas.In Section 3, a few results on both existence and uniqueness
of the solutions of the considered discrete-time neural networks are presented via Banach
fixed point technique. Section 4 presents our major conclusions, which is a constraint on
the uniform stability of the addressed neural networks. Last but not least, in Section 5, we
demonstrate the significance of the key findings using two numerical examples.

2. Preliminaries

In this section, the definitions for discrete fractional calculus are presented, together
with the following notations:

NSO = {S(),SO + 1,59 —|—2,...}, Nz;] = {S(),SO +1,50+2,..., T}. (1)
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Definition 1 ([37]). For 0 < A(s) <1, t € Ng,. Let be a function ® : Ny, — R, We define the
nabla fractional sum with order A(s)

—A(s 1 > AGI—T
o Vs M@ (s) = FAG) k:§+l(s—p(k))A<> lok), ok)=k—1, s€Ny1, ()

where the rising function is as follows

7 T(s+r)
.
= R.
S ) re 3)
Definition 2 ([37]). For 0 < A(s) < %, t € Ny, and a function ® : Ny, — R, the left nabla

ABC-fractional diffrence is defined by

(w)0) ) = U8 L B (1 aghys 000 V06 5t

where
©)
and E_(n, z) represents the nabla discrete Mittag—Leffler function
ku-‘rb 1
217 ak+b) 7| <1; a,b,z € C and Re(a) > 0.

k>0

Definition 3 ([37]). For A(s) € (0,1) the left fractional sum of discrete nabla ABC-fractional
variable-order operator is described by

(49200) (5) = Foars 26+ grn s Ve (), ©

Lemma 1. Let be s € Ny, 1 the following hold

S AT (s —s)A)
(s = pli))NI T = =i —. 7)
k:§+1 Als)
Proof. To begin, we have
S s—1
Y. (s—pk)het = (s (k)N 41207,
k=sp+1 k=sp+1
‘= T(s—k+A(s))
= +T(A(s
k—smtl I'(s—k+1) (Als))
Since
F'(k+1) 1 k+2  xk+1
T(k—i+1) 1+1\lxk—14+1 x—uf’

wesetk =s—k+ A(s) —1, 1 = A(s) — 1, and we obtain

I'(s—k+A(s)) 1 {F(s—k—l—A(s)—i—l) F(s—k—i—A(s))}‘

Ts—k+1)  A(5) Ts—k+1)  T(s—k)
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Forallk € {sp+1,...,s — 1} we obtain

S T(s—k+A(s)) 1 I(s—so+A(s)) T(s—so+A(s)—1)
il )

el I'(s—k+1) K(s I'(s—sp) I(s—sgp—1)
I'(s—sp+A(s)—1) T(s—so+A(s)—2)
e e
4 (F(s—so—f—/\(s) —2) T(s—s0+A(s) —3))
T'(s—s9—2) I'(s—sp—23)
I(A(s)+2) T(A(s)+1)
(M)

Therefore, we obtain

o A1 _ L (Ts—so+A(s) s s
L o) o (o B Crage) +1)) + 1A,
1 T(s—sp+Als))
TAE Te-s)
(s — s0)A®)

Which concludes the proof. 0O

3. Existence and Uniqueness

The following variable-order fractional discrete-time neural network is proposed
4POVEg(s) = —DE(s) + Bg(s, £(s)) + 1, ®)

were g‘éBCV?(S) is the ABC discrete nabla difference operator of order A(s), 0 < A(s) < 1,
&(s) = (&1(s), &(s), ., En(s))T € R™ is the state vector, D = diag(dy,dy, ..., d,) € R™" is
the self-feedback connection weight with d; > 0, B = (bij)n*n € R™" is the connection

weight matrix, ¢(s,&(s)) = (g1(5,&(5)), 82(5,&(5)), -, 8u(5,8(5)))" € C(Ngy11,R") is the
acctivation function, I = (I, ..., In)T the vector of external inputs.

Assumption 1 (Ay). Forall's € Ny 11, 8i(s,u) is a lipschitz continuous function with respect to
u,ie.,
3l; e RY ¢ |gi(s,u) — gi(s,v)| < Liju—v|; Yu,v eR, )

where | = maxj—1, ,{li}.
Assumption 2 (Ay). Forall t € NZOH ={so+1,s0+2,.., T}, thereis Q € R} and Q <1

such that B
T'(v)(11+172) (T —s0)”
Q= T S (1) 00 (10)
-7 R
where
M = IDlleo, 12 = [[Blleo, v < Als) <B.
Theorem 1. If (A1) and (Ajy) hold; then, the uniqueness of the solution of (8) is provided.

Proof. According to the fractional discrete variable-order calculus properties, a solution
of (8) is equal to:



Fractal Fract. 2023, 7,118 50f 11

£(6) = 60+ o) [-DE() + B89 + 1] + g b VoM -DE(s) + Bl ) 1. (D)
With the use of the following norm
Il = sup [[6(s)ll and [i6(s)]| = max  [&i(s)],
SENSO_H {i=1,..,
Problem (11) can be converted into a fixed problem. Consider the following mapping:
O(s) =G0 + gy [-DEE) + Bg(t,E(s) +1 1)
Afs) S e () AG-T
+ BREIIAGT , L, & PO D80 + Bk 80) + 1), 19
where ¢ = (P&, P28, ..., Prly) and P;¢; is described by:
DiEi(s) =G0 + oo - HE(S) + ¥ o160 +
Als) S e (e AG-T
TRABIAE), L, 0P +]Zl bk &) + Bl
For any two distinct functions ¢, 4 € R" we have
1— A(s) L
[@iGi(s) = Pipus()| = I grayy [F4i(Gils) —pils)) + Z% bij(8j(s,€j(s)) — &j(s, mj(s)))]
j=
b _i (s = PO =i (0) — )

< m[m(s) i) ﬂé byl (9) ~ 55
A(S) 5 Al =1 n
T BAGHI(AG) k:§+1(5 — (k)M [di[ & (k) — pi(K))| +]; 1bij 1[G (k) — pi (R)],
ST EE) — 9]+ Z byl1125(5)) — 1591
+B(A($)(§2A(>)k_§+l<sp<k>ws TG0 = )]+ X e 6 = 6
which leads us to
L [9(5) @) < Gl in max 16(s) — puls)
+ 72l {igffn}ICi(S)) —pi(s)l]
b M (0 Ty max (&0 — (K))]
BAGIAG) &, o max [6i0k) —

+ 72l {ig}ffn}léi(k)) — ui(k)[]-
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Using Lemma 1, we conclude that

jot-au = sup { max (@) - @),

s»ENSTOJrl i=

(1= BL(7) su = AGT
<{T(v)(l—ﬁ)+7+T(ﬁ)(T(erl)(l—ﬁ)Jrv)seNfHk§+1(S o) }
[v1+172]l1G = mll,
<=1+ 5 wp (= Tl ey,
g{u—w)ﬁﬂ‘(;;) } e~ = Qe

According to (Az), we know that Q < 1, as a result, the mapping ® is a contraction
on C(NST 4+1-R"). This means that problem (12) has a unique fixed point according to
the Banach fixed point theorem, implying the uniqueness of the solution of (8), which
completes our demonstration. [

4. Stability Analysis

Definition 4 ([38]). The initial time of the discrete variable-order neural networks system (8) with
nabla discrete Mittag—Leffler kernals is set to sg. (8) is called uniformly stable if for any € > 0, there
are two constants ¢ and T, 0 < 6c < €, T > 0, so that for s € NSTO+1 ={sp+1,50+2,..T},
and for any two solutions &(s, sy, ¢) and (s, so, ) with the initial conditions §o = ¢ and pg = P
such that ||¢p — ¢|| < e implies ||& — p|| < e.

Theorem 2. Suppose that (A1) and (Az) are valid, if

1

-0 ° (14)

%\m

then, (8) is uniformly stable.

Proof. Let there be two different solutions {(s), u(s) € R" of system (8) with distinct initial
conditions as ¢g and pg
Where ¢ = &), ® = uo which lead us to

ABCTR) (& (s) — u(s)) = ¢ — ¢ — D(E(s) — u(s)) + B(g(s,(s)) — g(s,u(s))),  (15)
which is equivalent to

— A()
£(6) = Hs) = 0= ¥+ Sy

ul)\)(rs)m»k 3 (=P (™I DI=DEE) (k)
so+

(
+ B(g(k, ¢ (k) — g(k u(K)))],

Then, using (Aj)m we obtain the following

[=D((s) — u(s)) + B(g(s,&(s) — g(s, p(s)))]

+
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£(5) — (5] = I = 9+ gy |- (B8) — ) + 1yl 5, 85) — 855 1)

]_
S

—) s — A(s)—
BRGIIAGT , & PO D00 — k)

+ ibij(gj<k, &(k) — gj(k, 1 (K)))]],
=

—A(s)

| = di(Gi(s) — mi(s)) + iq(g]( Gj(s) = &j(s mj(s)))]
=

B(AG)
+Bmg§2A@» Y st (kA )] — () (k)

k=sp+1
+i%@m@®—&wWWML
£

A(s) .
< |¢i — il 418l (A(s)) [dilGi(s) — pi(s)| + ;lj|bij||§i(5) — i(s)]]

+BU@$§A@»kil@—M>“S)MK@(%—()
S0+

+Zl|bz]||Cz — ui(k)]]-

Therefore, using (A;) we have

M—#H§H¢—WF:;g;{;X¥3}hrH%m§—M
+¥;§1{((SY%(Dkgafs—MHA@U}hn+PmM€—uw
<llo =¥+ (g I + I
BT T )hlunkngssw“”me
=n¢—¢w+§f%ﬁjxﬁi{u—v»+“;@?ﬁ}@—yn
< 1

P
() (n+ir) _ (T —s0)P
! rwxr—m+v{“ L V() }

we C()IlClude tllat
Q

We reach the conclusion that for any € > 0, there exists d¢ = (1 — Q)e whereif ||¢p — ¢|| <6
then ||¢ — || < € and according to definition 4, (8) is uniformly stable, the proof is
achieved. O

5. Numerical Simulations

Example 1. Let be the two dimensional neural networks of discrete fractional variable-order
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{ ABCY Cl( ) = —d181(s) + bi1sin(1(s)) + biasin(Ga(s)) + I, (16)

i?,BCVs 13(s) = ~da8a(s) + bay sin(E1(5)) + baasin(Ga(s)) + L.
with the following parameters byy = 0.2, byp = —0.3, byy = 04, by = —0.1, di =

|In(35)] i y
02, dp =02, I =01, =01, A(s) = BE+1) ,s € [0,50] and the initial condition
&1(0) = —10,5(0) = —7.
The numerical solution of (16) is given by
1— A() : .
¢1(i) = 61(0) + W[ d181(i) + b sin(81 (1)) + bz sin(82(i)) + h]

s Ty e ) g 00+ b i@ 6) + b sin(a(00) + 1),

L2 (i) + b sin(@ (i) + baasin(E2(0) + 1

F(l ¢ :ﬁl())) (=daCa(k) 4 by sin(E1(k)) + bapsin(Ga(k)) + 1),

We can check that the parameters satisfy assumptions (A1)—(Az) and the condition in Theorems 1
and 2. The behavior of the solutions & (t) and &y(t) is illustrated in Figure 1, where we can notes
that each tends to zero for s — +oco and the solution is uniformly stable.

******

*
*****
*
*

Figure 1. Numerical solution of neural networks (16).

Example 2. Let us consider the following discrete fractional variable-order neural neutwork:
ABC Vg (s) = —d1g1(s) + byy tanh(&1(s)) + bip tanh(Ea(s)) + biz tanh(&3(s)) + I,
4 V2 (s) = ~afa(s) + by tanh(§1(5)) + bz tanh(§a(s)) + bas tanh(G(s)) + I (17)
47C V23 (s) = ~dsa(s) + b tanh(§1(5)) + baz tanh(§a(s)) + bsa tanh(G(s)) + I,

01 0 O -04 -01 -02 0
0 01 0|, B= 01 —-04 01 |, I=|0].
0 0 01 04 01 02 0
Since assumptions (A1) and (Ay) are clearly satisfied, we can use formulas (18) to have the

numerical solution shown in Figure 2 along with the initial condition &(0) = (0.1,0.1,0.1)T, which
shows the uniform stability of the considered neural network.

D =
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£(i) = 6(0) + W[—Dai) 1 Btanh(2(i))
A(i) Zl- Ti—k+A(®))

B(A(i))) =1 rAi —k+1)
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* x0
02~ )
xlh
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o R 1 L it L e S e S e s S i i sttt it ti s it
*
*

Figure 2. Numerical solution of discrete time variable-order neural networks (17).

6. Conclusions

We address, in this work, the problem of uniform stability for a class of discrete
fractional variable-order neural-networks with nabla discrete Mittag—Leffler kernels. In
addition, for this type of neural network, we founded essential criterion for the existence
and uniqueness of the solution. Moreover, two and three dimensional examples including
numerical solutions and simulations are available to highlight the efficacy of our findings.
In addition, the system treated in this study is significantly more complex than the ones
investigated in previous works, and this form of discrete neural network under the variable-
order fractional nabla operator with nonsingular and nonlocal kernel has never been
examined before. As a result, when compared to previous results, the discussions in this
study are original and improved. Furthermore, this research may result in the development
of innovative discrete-time systems with variable order. Furthermore, we will consider
additional applications in this research area, such as modeling and analysis in various fields
and special features such as systems chaos, stabilization, and systems synchronization in
fractional variable-order discrete-time systems, particularly discrete-time neural networks
which we will concider in our future works.
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