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Abstract: In this paper, a rational difference equation with positive parameters and non-negative
conditions is used to determine the presence and direction of the Neimark—Sacker bifurcation. The
neimark-Sacker bifurcation of the system is first studied using the characteristic equation. In addition,
we study bifurcation invariant curves from the perspective of normal form theory. A computer
simulation is used to illustrate the analytical results.
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1. Introduction
1.1. Motivation and Literature Review

In many fields, including economics, biology, and physics, difference equations are
essential. Therefore, this field of research is attracting an increasing number of researchers.
Since rational difference equations are closed forms of nonlinear difference equations, there
is a lot of research on their qualitative behavior. Camouzis et al. [1] present an analysis of
the local stability of the rational difference equation at its positive equilibrium point.
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p + Cp—3 (1)

Cn+1
¢ and p have positive values and the initial conditions are non-negative. In addition,
the authors proved that the positive equilibrium point is locally stable if ¢ + ¢? — (2p? +
4p+2)gp® +p?> —p—1 < Oand unstableif ¢> +¢2 — (2p* +4p+2)g+ P> +p> —p—1>0,
additionally, if p — 1 < ¢ < p + 1, then every positive solution of Equation (1) converges to
the positive fixed point.

Zhang and Ding [2] studied the existence and direction of Neimark—Sacker bifurcation
of Equation (1). The authors proved that if ¢ > p — 1 and if ¢ satisfies ¢> + ¢ — (2p? +4p +
2)¢ + p® + p?> — p — 1 = 0 then Neimark-Sacker bifurcation occurs.

Camouzis [3] examined the global nature of the third order rational difference equation
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where the parameters ¢, d, p are non-negative ¢ +9 > 0,Q, R > 0 and the initial values
c_2,C_1,Co are non-negative real numbers. Using a suitable modification in the variables,

GCn +Cp—2

_ =2 3
p+ Qxy+cp1 ©)

Cn+1
where p > 0, ¢ > 0, Q > 0. The author focused on examining the boundness of solutions
of Equation (3). Along the same lines of research, authors in [4] examined whether the third
order difference equation has a Neimark—Sacker bifurcation.

GCn + acu_2
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With parameters «, ¢ €(0,00) and initial conditions c_5, c_1, cp that are non-negative.

It has been shown in Camouzis and Ladas [5] that the unique positive equilibrium c* =

&+ ¢ —1, a4+ ¢ > 1is locally asymptotically stable when ¢ > ¢* and unstable when ¢ < ¢*

where ¢* = (a? — a)/(a + 1). The authors in [4] proved the existence of Neimark-Sacker
bifurcation for Equation (4) as ¢ passes through the critical value ¢*.

In [6] Shareef and Alogeili studied Neimark-Sacker bifurcation of the following ratio-

nal difference equation

GCn +Cn-3
c =i = 5
n+1 P+Cn71 ( )

where the parameters and the initial conditions are non-negative.
In [7], the authors studied the global dynamics and bifurcations of the following two
quadratic fractional second-order difference equations:

GCn +Cp—1+ YCn—1
PC% + ancnfl

(6)

Cn+1 =

In [8], rusticet et al. investigated the global dynamics and bifurcations of certain
second-order rational difference equation with quadratic terms of the following form

Cn—1
c = 7
n+1 px% +an—1 Fr ( )

Recently, in [9], Kulenovic et al. studied the Neimark-Sacker bifurcation of the follow-
ing second-order rational difference equation with quadratic terms

R
PCnCpn—1+ qcifl +r

®)

Cnt+1 =

Considering the rational difference equation of the fifth order is motivated by the

above work
GCn+Cn—g
c == 9
n+1 p Cn1 ( )

with positive parameters ¢ and p and non-negative initial conditions ¢_4,c_3,c_3,c_1, co.
Camouzis and Ladas in [1] have conjectured that the difference equation

_ & + YCn—3

p+ Qcu 10

Cn+1

for some parameters and initial conditions, it has unbounded solutions. This paper will
not prove this conjecture. Equation (9) is a special case of v = Q = 1 in the previous
equation. Numerical simulations showed that for the range of parameter p < p* in
Figure 1, the solution of Equation (9) is unbounded. As a result, there is no parabolic shape
near the bifurcation value. As you can see in Equation (1), ¢+ is based solely on ¢, _» and
cy—3, but in Equation (9), ¢,41 is dependent on ¢y, ¢;,—1, and ¢;,_4. To prove the existence of
the Neimark-Sacker bifurcation, the same steps are used, including demonstrating that a
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complex conjugate pair of modulus one eigenvalues exists as well as studying the direction
of the bifurcation. However, the calculations differ. Similar equations can be studied using
the details of the calculations. A positive equilibrium ¢* = « + ¢ — 1, is formed when
¢+ 1 > p for Equation (9). The next section examines the local stability of this equilibrium.
We then demonstrate that this equation undergoes Neimark—Sacker bifurcation when p
crosses a certain critical value p*. Next, we study the direction of the bifurcation. Finally,
we present some numerical simulations that support our theoretical analysis. As a discrete
time population model, difference equations have a long history [10]. In most cases,
these equations describe autonomous, discrete-time dynamics and assume that the only
temporal change in vital rates is due to population density (thereby leading to nonlinear
difference equations). Vital rates, however, are affected by a variety of other mechanisms
and circumstances. In addition, the population’s physical and biological environment can
fluctuate, either systematically (such as daily, monthly, or seasonal changes) or randomly
(such as stochastic weather fluctuations, resource availability, etc.). For more results, we
refer to [11-21].

1 Lt i N i
0.9 0.9z 0.54 0.96 0.98 1.02
A

Figure 1. Bifurcation diagram of Equation (9) in (A,x) plane.

1.2. Structure of the Paper

The structure of this paper will be as follows: In the following section, we will examine
the fixed points along with a linearized form of Equation (11) and apply the jury conditions
to evaluate the stability of the system. In Theorem 3, we examined the periodic solution
of the model (11). In Section 3 we studied the existence and direction of the Neimark—
Sacker bifurcation. The theoretical results are numerically verified in Section 4, whereas the
conclusion of the paper is given in Section 5.

2. Main Results
j +u
Dynamics of cyq = %
In this section, we study stability and bifurcation analysis rational difference equation

of fifth order n
GCn T Cp—4
n+1 p +cn 1 ( )
with positive ¢ and p parameters and non-negative initial condition cp,c_1,c_2, c_3,c_4,
finding equilibrium points of (11)

SO
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c(p+c) =(c+1)c"
c(pt+c’)—(c+1)c" =0
So, it contain two fixed points,
c*(0,0,0,0,0) and ¢*=(¢c—p+1, ¢c—p+1, ¢—p+1, ¢c—p+1)

When ¢ + 1 > p having a unique positive fixed points, let ¢ +1 > p.

Suppose
Un Cn
On Cn—1
Wn = Cn—2
Zn Cn—3
tn Cn—vg
So its change into
GUy+ty
Uni1 =T
Un+1 Up
Wn+1 = On (12)
Zn+1 Wy
(] Zn

Theorem 1. Positive fixed point is stable at ¢ > ¢*, and unstable at ¢ < ¢*, where

. 5p2+13p+6

p+1
Proof. (12) has a Jacobian matrix
c-pAl 1
g1 —Cdm) 00 =
1 0 0 0 O
Stm=10 1 0 00
0 0 1 0 0
0 0 0 1 0
The characteristic equation’s Jacobean matrix is
S() = 11 = 1|
—(c=p+1) 1
crimn —gr 00 0 o
1 —y 0 0 0
St =10 1 -7 0 0
0 0 1 /I
0 0 1 |
¢ 4 6P+l 3, 1
S — —
(1) = (55 =+ ) + 5
S 4, (57P 3 1
S(y) =(—— - —
() = (55 =t + () e+ =5

Let
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—p+1 1
S — 5 _ 6 4 6P _
(1) =1 g+1’7 + ¢+1 T ¢+1

The jury conditions are used to investigate the stability of c*.

(1) necessary condition.
(2) sufficient condition.
O

Theorem 2. Polynomial which is in the form of
S(t) = jut" + juat" +j1t + jo
For stability necessary conditions are:
S(1) > 0and (-1)"S(—-1) >0

By forming table sufficient condition for stability is obtained by.

rows t0 t U e T L
1 ]:0 . 1 . ... jn.,k jn.,l ]:n
2 Jn a1 Jn-2 Jk - J1Jo
3 ko kq k> ki kn—1
4 kn-1 kn—a knz ... ke ... ko
6 [ S lo
2n—5 | my my my M3
2n—4 | mj my my  mg
2n—3 ng n My
Now general form of sufficient condition is, where
o gnk| | ko knak| g | o liak
Jk jn jk Tk k-1 ke | k ln—2 I

For stability the sufficient conditions are given by

ljol > jn, kol > [kn-1l, [lo] > [ln—2|.....[n0] > |n2]

Apply the necessary condition

(@)
S(1) = (WP - 5t S -
s = 1_gil+g;—}:r1_gi1
5(1) g;%“>0.
(ii)
(F1S(=1) = (1) | (=1)° = S5+ LR
ST T
c+1
_o Pl

(13)
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Now the necessary conditions are satisfied, we now apply sufficient condition

—-p+1 1
S — 5 ¢ 4 9 p o
() = g+117 + c+1 T c+1
. 1 . c—p+1 . . . ¢ .
= — ’ == y = 0’ = O, = —_——, = 1
Jo g+1]1 11 J2 J3 J4 g+1]5
75| > ljol, kol > lkal, llo] > |13],|do| > |d2]
k0:]:O ]:5: 79% 1 = 1 — :_QZ_ZG
js Jo 1~ (c+1) (c+1)?
. . 1
k1:].0 ].4 = _Qﬁ _Q%ll :7_(‘;24—}?_1
js i 1 < (+1)?
. . 1
-1 0
k= [0 Bl = |71 =0
2 B2 1 0
jo 2| _|-=x O
ke = |10 2| = |7 cH -0
> 5 J3 1 0
. . — 1
SR T = | PHepto—p+1
5 Ja 1 o (c+1)2
o— | ko ke
7| ks ko
2 +2¢ —(+epte—p+1) 2 2
G R _ [g2+29} _[€2+€P+9—p+1]
—tepeptl ek (T+¢)? (c+1)2
o e PP 2t pta2p ]
(c+1)
2 +2¢
T T N I B 0 0
ki Ky —(PHepte—p+l) _ F-ptl
(6+1)? (¢+1)?
= & 2046 ¢t —2p 2
(1+¢)*
¢2+2¢
lZ = ko k2 = B (1+g)2 0
ki ko _eptepil
(¢+1)?
L=0
_ 42 _¢optl
| R0 k|| T (tc)?
| ks ks _Gtepteptl
(¢+1)?
oo SHEPTE 22 —gptmp ]

(1+¢)*
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Now check for sufficient condition

(@)
75| > 1ol
1
1 >|-——
1>~ =5
1
1> —
¢c+1
(i)
kol > [ka]
‘_g”+% >|_§+ﬁp+9—P+H
(¢ +1)? (c+1)
3 -1
cteop+ I; >0
(1+¢)
(i)
|lo| > [I5]
23+ —Pp—FpP 2+ pP+2p -1 >+ﬁ4+§P+§—Q§P+G+%f—Qﬁ—P+1
(c+1)* (1+¢)*
¢+ +3—3p -2 - — P42
(1+¢)*
Theorem 3. The difference equation ¢, 11 = % has no solution of period 2.
Proof. Proof On contrary suppose it is period 2 solution i.e,, ......e,r,¢e,7,...... where e # r
__ Gr+r
then e = e
We have
rlg+1) =ep+e® (14)
_ gete
andr = g SO we have,
elg+1)=rp+r (15)

solving (14) and (15) these equation we get
(e—r)(p+e+r+¢+1)=0.

But
(p+e+r+¢+1)>0,

so, (e — r) = 0 which implies e = r. Which completes the proof. [

3. Existence of Neimark-Sacker Bifurcation of ¢,,+1 = %

In this section, we will look at the Neimark-Sacker bifurcation of (11) which occurs at
p = p* as p is bifurcation parameter. Note that Equation (11) has no positive prime period
two solution. Hence, we focus our attention on Neimark-Sacker bifurcaton

Theorem 4 ([13] (Viete formula)). For any general degree n

() = jut" + juo1t" " o at F o
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The polynomial coefficient ay, is related to the signed sum by the Viete formula. The following
are the products of its roots t;j—1 o .

_ —in—1
o+t 4.ty + = ;
In
(hh+hh+w,+ﬁM)+Uﬂy+h%+“.+QM)+”jmﬂn:k?%
n

Hbp ..ty = (—1)"2
In

Proof. Proof suppose that 771, 2, 773, 4, j5 are the roots of (4.1.1) where 71 =y and 73 = ¢
by viete theorem by polynomial
c—p+1 5 B 1

¢+1 ¢+1

5(’7):’75—gi1’74+

where jo = — b, jo = 0,j3 = S, ja = — 57, j5 = 1if 1| = [n2| = |3| = 1] = 1 and
5 = ¢, we obtain .
771+772+773+774+775=*].*4 (16)

J5

mm+mm+mm+m%+mm+mm+m%+mm+m%+m%:ﬁ (17)

11213 + 1214 + 11215 + 114314 + 114315 + H114l5 + 121374 + 121]37]5

+WW%+%W%:—% (18)
mm%m+mm%%+m%m%+m%m%=%— (19)
nin2131at]s = o (20)
J5
G
=—-—2_ 21
m+n2+1n3+1n4+15 C+1 (21)
M2 + 4113 + 1144 + 1175 + 172113
—p+1
+W%+W%+%M+%%+M%:i£%* (22)
mn213 + N14214 + N14215 + §14374 + 111315 + M11415 + 121314
+121315 + N24aljs + 13145 = 0 (23)
M121314 + 11721315 + 1131415 + Hah3tals = 0 (24)
mmn2nstats = 11
Iml| = ln| = |3l = |mal =1
1
75 = (26)

o+l
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- 1
1+1+1+1+1+1+Wy+m+ﬂy+mM5=£E£¥—
m+m+n+n=7+5—p (27)
7456 —pt(——) =~
c+1 ¢c+1

. 5¢2+13c+6
c+1

. 5pP+13p+6
N p+1

Because roots are formed in a unique way, the above change indicates the presence of
a complex conjugate pair in the unit circle. Consider ¢’ and e =" are roots S(7) on ¢* so

50 6 40  S—PH1ap ¢

_ - —
¢t+1 ¢+1 ¢+1
0850 +isin50 — —° (cos46 +isin4h) + w(cos% +isin360) —  —0
+1 c+1 ¢+1
Make a distinction between the real and imaginary portions.
— 1
cos 50 — glCOS49+%COS39—g%:O (28)
— 1
sm59fgjlsm4a+52£%;sm39:0 (29)
Rewrite the following two equation in the form of
G c—p+1 G
0 — 460 =—-=—"—— 0+ ——
cosb 1 cos ] cos 30 + c+1 (30)
— 1
sin50 — —°sindf — — P Gn3g 31)
¢+1 ¢+1
square (30)
2 2
— 1
<c0559 — c j_ 1 cos49) = (ggf——: cos 30 + gj—l)
cos? 50 + 6 cos? 460 — 2 3 cos 50 cos 460 (32)
¢+1 ¢+1
= —MCOS?)Q 2—1— 5 2—2 coptl 5 cos 36
B c+1 c+1 c+1 ¢+1
square (31)
6 ’ ¢—p+1 ?
(sin 56 — sin 49) = ( ~———sin 39)
¢+1 ¢+1
¢ \? 6 c—p+1
snﬁse—-<) sin®460 — 2 sin50sin40 = =—C sin36 (33)
¢+1 ¢+1 ¢+1

add (32) and (33) solve
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2
c05259—|—Lcoszéw—ZLc0559cos49+sin259— (g) sin?40 — 2 6 sin 50 sin 40
G c+1 c+1 c+1

+1

2 2
_(_ c—p+1 c L (s—pt1 G c—p+1 .,
—< 7€+1 cosBG) +(g+1> 2< 1 11 c0539+7g+1 sin” 30

2
1+ <gj_1) —Zgj_1(cos56cos46+sin5esin46)

1 \? —p+1)\2 —p+1 —p+1)\2
= <> + (ggf_—:’[—) COSZSG_Zﬁcos:aQ—I— (%) sin239

2 2 2
g ¢ 1 c—p+1 2 .2 c—p+l1
1 -2 0= 0 6) —2°—F " cos36
+<g+1> g+1cos (g+1> +( 1 > (cos?) —i—sm3> C+1)2 cos 3

2 2
¢ 1 2 (¢—p+1 G c—p+1
1 — — =2 0—22 1~ o530
+(g+1) (€+1) ( c+1 c+1°" (c+1)2 °°

2 2 2
¢ 1 c—p+l G c—p+1 3
1 - - =2 e TP Ty _
+<€+1> (G+1) ( c+1 cr1 T Ty [ cos™6 —3cost

- © _ge TPt gt P L
_c039{2g+1c059 8 (g+1)2 cos 0 +6 (€+1)2

2 — .
:(:039[2g +86 6p+678g P+21
c+1 (c+1)

cos? 9]

Now consider

2 — —
cosG{Zg +8—6p+6  c—p+1
c+1 (c+1)2

cosf =0, §=cos1(0), 8= (7‘[ 3”)

2'2
2g2+8€_6p+6—8g_p+1c0526:0
¢+1 (¢ +1)?
2¢2 —
s = = 8¢ —6p+6
8(c—p+1)
2 _
2C0529 M
2(c—p+1)
2
¢“+4c—-3p+3
14+cos20 = =2—2 © —
2(c—p+1)
2
4c —
cos20 = M_l
20¢—p+1)
0820 — ®44c—3p+3—-2c+2p—2
B 2(c—p+1)
o = lesletDop
2 2(c—p+1)
7T 371
=327
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Note ¢ik? # 1 for pe(0,1) where k = 1,2, 3,4. Next we show that
dn> .
ap lo.p" #0
+1 1
S — 5 _ g P _
(n) T g+177 c+1 U c+1
dlp* _ dypr] O e
dp dg é¢ o¢
dln|? 5,(n*)  on* op(11) oy
R oIRNe e
4 P op(n*) 1)
. _’7*3 1 ]+17* _773 1
’ " 4 3(g—p+1)y*? ’ 4 +1)52
¢+1 (54 — ng 4+ 3 5“)'7 ) ¢+1 5yt — 9'7 4+ 3 g’ilm
_ —1*? N —1?
% 4, *3 3(c— 1 *2 4, 3 3(c— 1 2
6+ )Gy = " + MEPI) (e + 1)yt~ Eh + NPT
" 4 +1) " 4cy*d | B3(c—p+1)y*?
— 2(5’14—5214‘ gng ’]) 2 (5 — 511 4 36 gpﬂ)ﬂ )

. 1 403 | 3(c—p+1)p?
(c+1)(5y — % g+1 4 3 gpil)ﬂ )(5,74_%+ (¢ gﬁ )17)

_ S+ Dp*+4on —3(c—p+1) —5(c+ Dy +4cn" —3(c—p+1)
(5(c+1)n** —4gn*3 +3(c — p+ 1)y*2) (5(¢ + 1)y* — 4gn +3(g — p + 1)y?)

—5(c+1)p* +4cgn —3(c—p+1) —5(c+ )" +4cn* —=3(c —p+1)
M

where

M = (5(c+ 1)y —4e7 +3(c — p+ 1)) (5(c + Dy —4on* +3(c — p+ V1)

M = 25(c+1)2=20(1+¢)n* +15(1+¢)(¢ — p+ 1)** —20g(1 + ¢)n* + 16¢
—12¢(c—p+ 1" +15(1+¢) (g — p+1)y* = 205(1 + ¢)y +9(gc — p+1)*

M=25(¢c+1)2+16¢>+9(c —p+1)>+15(1+¢)(c — p + 1) [1*? + 47
—206(1+¢)(n+n") —126(¢c —p+ 1)y +17]
7*2 4+ 1% = (cos® — isin0)? + (cos B + isinh)?
2 4% =2(2cos? 6 — 1)
741" =cosf —isinf + cosf + isin
n+n* =2cosf
M =25(c+ 1) +16¢> +9(c —p+1)2+15(1 +¢) (g — p + 1)[2(2cos® 8y — 1)]
—20¢(1+4¢)(2cosby) —12¢(¢c — p+ 1)[2 cos 6]

M=25(c+1)2+16¢2+9(c —p+1)>+30(1+¢)(c — p+1)[2cos’ by — 1)
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—406(1 4 ¢) cosby — 24¢(¢c — p+ 1) cos by

d|17|2| «  —20(1+ ) cos? 6 + 8¢ cos by + 2(2¢ + 3p* +2)
dp P~ M

2
Suppose that % lo, p* = 0 and suitable substitution.

Consider
3(5¢% +13¢ +6)

c+1
(264+2)(¢+1)+3(¢+2)(5¢ +3)
¢c+1

4(¢+1)?+3(c+2)(5¢ +3)
c+1

26+3p*+2=2c+2+

—20(1 + ¢) cos? 6y + 8¢ cos By + =0

4(¢+1)2+3(c+2)(5¢ +3)
c+1

¢ +4¢—3p*+3

=0
4c—p+1)

—20(14¢)

+8¢(0) +

¢2+4c—3p* +3 +4(g+1)2+3(g+2)(5g+3)

=0
4(c—p+1) ¢+1

—20(1+g¢)
Now )
. _ 5¢-+13¢ +6
c+1
Put and find

20¢* 4 45¢3 + 134¢2 + 125¢ + 66 N 4(¢+1)2+3(c+2)(5¢ +3)

=0
1662 + 44¢ + 20 ¢+1

(¢ +1)(20¢* + 95¢3 + 13462 + 66) + (1662 + 44¢ + 20)4(g + 1)% + 3(g +2) (5¢ + 3)

>0
(¢ +1)(16¢2 + 44¢ + 20)

206° + 553¢* + 1912¢3 + 329462 + 22096 + 506 -

0
1663 4+ 960¢? + 64¢ + 20

Here p* contradicts, so

dly®, .
0
dp lo.p" #
We have demonstrated that the system goes through a Neimark—sacker bifurcation. [

Direction of Neimark—Sacker Bifurcation

In this part, we will look at the Neimark-Sacker bifurcation of (11) and we use normal
form theory to find it. In [13], the stability of invariant closed curve of bifurcation from
positive fix points is investigated. Now we shift fixed point to the origin take

Xp u, —u*
Yn Vi —V*
Zn = w, — W* (34)
Wy Zy—7Z%

Ty T, —T*
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Xn+1
Yn+1
Zp+1
W41
Tn+l

Can be written which as

c(xn+X*)+tu+X* — X*
p+yn+X*

Xn

Yn

Zn

Wn

un+l = Suy, + Q(un)

So
1 1
Qly) = 5 L(U,U) + MU, U, U) +O(|u]P)
cun+Ty
p+Un
Xn
u” == ]/n
Zn
Wn
[ Ly(U,U)
0
L(uu)y =10
0
| 0
[ My(U, U, U)
0
MU uu) =10
0
| O
where )
_ 0-U;g
Li( = Zm‘FO(r]sk)
and
(r,s,t) Zag agkag lo=0(rjsit)
—¢ - P+l —1
Li(u,v) = ST P2 -
1(.” 1/) (g+1)3 (‘1/121/1 +V11’l2)+ (€+1) "le Vo + (g+1)3
Ml(]/l % T) — M(FZVZTZ) +
o (c+1)* (¢+1
2
+m (M3v3T5 + Hs5v3T3 + H3V5T3)

Let Sh* = e'on*, STg = e~

sponding ¢/ and e~ solve (S — yI)h* = (S — e I)h* =0
g%_eieo (ggp+1) 0 0 T}H
1 —eff 0 0 0
0 1 —e% 0 0
0 0 —e% 0 0
0 0 0 1 —ef

(35)

(36)

(u3vs + psv3)

2
7>4(V3V3T2 + Uav3T3 + y3vzr3)

i where h* and g are eigenvectors to eigenvalues corre-
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taking equations by multiplying the second and third row to the first column

ni —e®n =0 (37)

ny —e®ny =0 (38)

Consider h] =1,
now from Equation (37)

1—e%ns =0 hy =e
now from Equation (38)

s —e™h; =0 Iy = e 2%

similarly
1 = )
h; — 6741’90
we obtain
1
o~ i
* —2i6
h* ~ | e <%
—3i
o—4i

Note the choice of i* amuse the first equation has a non-zero solution of (K — nI)h* =
0. The (K — 5I) matrix must be singular so (K —#I) =0

G 00 ( ,4i c—P+1 5 1
K—nll = (—2— — pifo oy =PV p20 -
|K —nl| (g+1 e™0)(e*) Trc ¢ c+1

Now the first equation becomes

Gibo| S il S P + 1872190 n 1 o0 —

c+1 1+g c+1

Also solving

= elfif’o 1 0 0 0 @
— + .
—5 e 0 0 0 %
0 1 —e % 0 0 83
0 0 0 —e7 1 84
= 0 0 0 —e s | [ g5
taking equation by multiplying first row to first column
& —if _
cr1 ¢ s +8& =0 (39)

taking equation by multiplying third row to first column

—e gyt gy =0 (40)
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taking equation by multiplying fourth row to first column
—e gy +¢5=0 (41)

taking equation by multiplying fifth row to first column

81— eii9°g5 =0 (42)

¢+1

let g1 = 1 from (39) equation

¢ —ifp _ _ __S —if
2 e gy =0,90 = — +¢ i
c+1 §2= 082 = 3¢
from (42) equation
¢if
BTt
put in (41) and get
2216
BT
put in (40) and get
2360
BT
Choice of this g satisfy the equation
1
e
23ify
&~ | ol
22160
+1
iiQO
[

To normalize of g ana h* we must < g, i >= 1, where < . > represents scalar product
in C®

Kk = <gh" >
1

. . . eiiGO
_ (1 g + e—iQO 63160 62190 3190 > 6721'90
g+1 g+1 g+1 g+1 6_3i90
e—4i90

K=2— _5 e 42 ! 4o 4 —3i%

¢+1 ¢+1 ¢+1

Now consider & = x~1h*, where k! = 1/x:
The critical T corresponding #; 5 is two-dimensional. Any vector uep* may be decom-
posed as
u=th+th+1

where teC! and theT¢,leT®. We have

t = <gu> B
I = t—<gu>h—<gt>h
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In these coordinates, the map (4.26) given from

{

Previous system which can be written in the form off

= ety < g H(th+th+1) >
= SI+H(th+th+1)— < g H(th+th+1)>h— <g H(th+th+1)>h

~| |

t elfor 4 %Hzofz + Hyqtt + %HOQEZ + %H21t2f+ < Hy,l > t+ < Hpy, 1 >t
1 = SI+ %5201’2 + Siqtt + %SO2E2 + %SzltZE

where
{ Hy = <glL(

L(h,h) >, Hiy =< g, L(h,h) >,
Hyp = <g,L( ( h

h,h
h,h) >, Hy =< g,M h,

{ Soo = L(hh)— <g,L(hh)>h— <3 L(h)

>h
Siu = L(hh)—<g L(hh)>h—<gLhh) >h

{ <Hjpv> = <glL(hl) > <Hpy,l>=<gL(hl) >
And scalar multiple in C3 is used. W¢ can be almost as by center manifold theorem

1 1
U=V(tT) = szotz + Wit + Ewoztz

so, < h, wij > 0. The vectors wi]-eC3 find linear equation

wy = (HI3—k)"1Sy
w = (B=5)"'Sy
w = (%13 —k)1Sp

Now f can be show as
_ P | -1
F=clfF + EHZOtz + htt + §H02t2

5 (o 42 < g L, (1= 8)7411) > + < g, LR, (290179 15) )27

peceived into identities

(I-8)"1h= 1y, (e¥] —8)~1h = e
1 — eifo eifo —1
and "
_ 1 _ . _ e~ o _
ST 2i00 1 _ o\-17 —
(I-S)"'h= 1_ei60h’ (e7™[ - S) h_@ieo_l

We show t using map

_ ; 1 i
t — 19()[, e tkt]
R RR

Direction of closed curve can be commuted via
o (e gy (1 — 2¢i%) 1, o 1,
¢(p*) = Pe(2> - Pe<2(1_ei90)g20811 - §|811| - 1|802|
Theorem 5. If ¢(p*) < 0, Neimark-Sacker bifurcation at p = p* is supercritical and sub-

critical and exist a exclusive closed curve that bifurcation is asymptotically stable from fixed points
(respectively unstable).
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4. Numerical Simulation

In this section, we give numerical examples which support our result in previous
section. For sake of simplicity, we take ¢, = x,, ¢ = B,¢* = B*and p = A.

Example 1. Let B=1and 0.9 < A < 2, then

Xn + Xp—4

43
AT, (43)

Xn+1 =

with the initial conditions xo = x_1 = Xx_p = x_3 = x_4 = 1. (see Figure 2)

0.5 o 1

Figure 2. Neimark—Sacker bifurcation of the map xn+1:%x:’:*, where B=1and 09 < A <2, we

can see that chaos shifted to stability at point A = 0.989.

Example 2. Let B = 0.9 and A = 1.234, then

0.9x;, + x,,_4

=— 44
Yl = 1034 1 %, 4 @4)
with the initial condition xg = x_1 = x_3 = x_4 = x_5 = 50. (see Figure 3)
Example 3. Let B =0.889 and 0.9 < A < 2, then
0.889x) + x4
= 45
il = 71108 + 1, (45)
with the initial condition xg = x_1 = x_3 = x_4 = x_5 = 50. (see Figure 2)
Example 4. Let B =1and A = 0.889, then
Xn + Xp—4 (46)

Xppl] = ————
" 0.899 4 x,_q
with the initial conditions xg = x_1 = Xx_3 = Xx_4 = x_5 = 1.7. (see Figure 4)

5. Conclusions and Findings

We present some numerical simulations that support our theoretical results about the
Neimark-Sacker bifurcation of model (11). We see a bifurcation diagram in Figure 1 in the
(A, x41) plane. In this figure, B = 1, so the critical value of A at which Neimark-Sacker Bi-
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furcation occurs is Ax = 0.9, and the initial conditionsarec_4 =c_ 3=c o, =c_1=¢y = 1.
A > 0.9 ensures the asymptotic stability of the positive fixed point. In Figure 3, we plot
phase portrait by assigning the values A = 1.234, B =0.9,c_4 =c_3 =c_p =c_1 = ¢p =50.
Note that, for this value of A, the positive equilibrium point is asymptotically stable.
Figures 4 and 5 illustrate phase portraits by assigning values of A near the bifurcation
point. In Figure 4, A = 1.1103, B = 0.889, c_4 = c_3 = c_p = c_1 = cp = 50 while in
Figure5, A =0.889,B =1,c_4 =c_3 =c_» = c_1 = ¢g = 1.7. It is noticeable that we move
away from the fixed point that the closed invariant curve disappears, which means the
curve is subcritical (unstable). By virtue of Theorem 1, supported by Figure 1, the unique
positive equilibrium (1.1,1.1,1.1,1.1) in Figure 3 is unstable whereas in Figure 4, it is stable.

oFrar
OFrE[
[ ] .
= *
" . a .
— DPER - " B e . .
— - + 1
-E‘- \ . ."‘::-:.. . .
2} . . Cm g a
SRR
= afs ' .
- . - -i...-:..."'- " N
- . [ :. .
i (R . "- & s
OTaE [ .
- B
o7eE H H H H H H i
oFe a.ma2 o7 0. 7as oyes 7T oFra Q.774
|

1aor

j L-]u]

140

120
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a1

an

a0 : H
4oF PR

f“j-r
| [ w1
=0 S A,

s lgq--’
[ aiu. ik b N Emaiptw prejmes wdegds = "“f‘*m

a 20 4 a0 B oo iza 140 ima iEd
W]

Figure 4. Phase portraits of the map x,,;1 = 0.8999x,, + x,,_4/1.1103 + x,,_1, for B = B*.
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Figure 5. Phase portraits of the map x,, 1 = xy + x,,-4/0.889 + x,,_1 for B = B*.
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