
Citation: Hakkar, N.; Dhayal, R.;

Debbouche, A.; Torres, D.F.M.

Approximate Controllability of

Delayed Fractional Stochastic

Differential Systems with Mixed

Noise and Impulsive Effects. Fractal

Fract. 2023, 7, 104. https://doi.org/

10.3390/fractalfract7020104

Academic Editor: Vassili Kolokoltsov

Received: 30 November 2022

Revised: 28 December 2022

Accepted: 14 January 2023

Published: 18 January 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

Approximate Controllability of Delayed Fractional Stochastic
Differential Systems with Mixed Noise and Impulsive Effects
Naima Hakkar 1 , Rajesh Dhayal 2 , Amar Debbouche 1,3,* and Delfim F. M. Torres 3

1 Department of Mathematics, Guelma University, Guelma 24000, Algeria
2 School of Mathematics, Thapar Institute of Engineering and Technology, Patiala 147004, India
3 CIDMA—Center for Research and Development in Mathematics and Applications, Department of

Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal
* Correspondence: amar_debbouche@yahoo.fr

Abstract: We herein report a new class of impulsive fractional stochastic differential systems driven
by mixed fractional Brownian motions with infinite delay and Hurst parameter Ĥ ∈ (1/2, 1). Using
fixed point techniques, a q-resolvent family, and fractional calculus, we discuss the existence of a
piecewise continuous mild solution for the proposed system. Moreover, under appropriate conditions,
we investigate the approximate controllability of the considered system. Finally, the main results are
demonstrated with an illustrative example.
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1. Introduction

For a long time, the subject of fractional calculus and its applications has gained a lot
of importance, mainly because fractional calculus has become a powerful tool with more
accurate and successful results in modeling several complex phenomena in numerous,
seemingly diverse and widespread fields of science and engineering. It was found that
various, especially interdisciplinary, applications can be elegantly modeled with the help of
fractional derivatives [1–4]. See also the recent works of [5–8].

Fractional Brownian motion (fBm for short) is a family of Gaussian random processes
that are indexed by the Hurst parameter Ĥ ∈ (0, 1). It is a self-similar stochastic process
with long-range dependence and stationary increment properties when Ĥ > 1/2. For more
recent works on fractional Brownian motion, see [9–14] and the references therein.

In order to describe various real-world problems in physical and engineering sciences
subject to abrupt changes at certain instants during the evolution process, impulsive frac-
tional differential equations have become important in recent years as mathematical models
of many phenomena in both physical and social sciences. Impulsive effects begin at any
arbitrary fixed point and continue with a finite time interval, known as non-instantaneous
impulses. For more details, we refer the reader to [15–23].

The concept of controllability plays a major role in finite dimensional control
theory. However, its generalization to infinite dimensions is too strong and has lim-
ited applicability, while approximate controllability is a weaker concept completely
adequate in applications [24].

Recently, many authors have established approximate controllability results of
(fractional) impulsive systems [25–31]. For example, Kumar et al. [32] investigated
the approximate controllability for impulsive semilinear control systems with delay;
Anukiruthika et al. [33] analyzed the approximate controllability of semilinear stochastic
systems with impulses. Although several works exist in this area, the study of the approxi-
mate controllability of impulsive fractional stochastic differential systems driven by mixed
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noise with infinite delay and Hurst parameter Ĥ ∈ (1/2, 1) is still an understudied topic in
the literature. This fact provides the motivation of our current work.

We consider an impulsive fractional stochastic delay differential equation with mixed
fractional Brownian motion defined by

cDq
t z(t) = Pz(t) +F (t, zt) + G(t, zt)

dŴ(t)
dt

+ σ(t)
dBĤ(t)

dt
, t ∈ ∪m

i=0(si, ti+1],

z(t) = Ki(t, zt), t ∈ ∪m
i=1(ti, si],

z(t) = φ(t), φ(t) ∈ Dh,

(1)

where P : D(P) ⊂ Z → Z is the generator of an q-resolvent family {Sq(t) : t ≥ 0} on the
separable Hilbert space Z , cDq

t is the Caputo fractional derivative of order 1/2 < q < 1,
and state z(·) takes values in the space Z , and 0 = t0 = s0 < t1 < s1 < t2 < · · · < tm <
sm < tm+1 = T < ∞. The functions Ki(t, zt) represent the non-instantaneous impulses
during the intervals (ti, si], i = 1, 2, . . . , m, Ŵ = {Ŵ(t) : t ≥ 0} is a Q-Wiener process
defined on a separable Hilbert space Y1, and BĤ = {BĤ(t) : t ≥ 0} is a Q-fBm with the
Hurst parameter Ĥ ∈ (1/2, 1), defined on a separable Hilbert space Y2. The history-valued
function zt : (−∞, 0]→ Z is defined as zt(θ) = z(t + θ), ∀ θ ≤ 0, and belongs to an abstract
phase space Dh. The initial data φ = {φ(t), t ∈ (∞, 0]} are F0-measurable, Dh-valued
random variable independent of Ŵ and BĤ. The functions F , G, σ, and Ki satisfy several
suitable hypotheses, which will be specified later.

The work is arranged as follows. In Section 2, relevant preliminaries are given that will
be used later. In Section 3, we prove the existence of a piecewise continuous mild solution
for the proposed system (1). Then, in Section 4, we study the approximate controllability
for problem (1). In Section 5, an example is given to show the application of the obtained
results. We end with Section 6, in which we present the conclusion of our results and also
suggest directions of possible future research.

2. Preliminaries

Let L(Yj,Z) denote the space of all linear and bounded operators from Yj toZ , j = 1, 2.
The notation ‖ · ‖ represents the norms of Z , Yj, L(Yj,Z). Let (Ω,F , {Ft}t≥0, P) be a

filtered complete probability space, where Ft is the σ-algebra generated by {BĤ(e), Ŵ(e) :
e ∈ [0, t]} and P-null sets. Let Qj ∈ L(Yj,Yj) be the operators defined by Qje

j
i = λ

j
ie

j
i

with finite trace Tr(Qj) = ∑∞
i=1 λ

j
i < ∞, where {λj

i}i≥1 are non-negative real numbers

and {ej
i}i≥1 is a complete orthonormal basis in Yj. Then, there exists a real independent

sequence Bi(t) of the standard Wiener process such that

Ŵ(t) =
∞

∑
i=1

√
λ1

i Bi(t)e1
i .

The infinite dimensional Y2-valued fBm BĤ(t) is defined as

BĤ(t) =
∞

∑
i=1

√
λ2

i B
Ĥ
i (t)e2

i ,

where BĤi (t) are real, independent fBms.
Let B = {B(t), t ∈ J }, J = [0, T] be a Wiener process and BĤ = {BĤ(t), t ∈ J } be

the one-dimensional fBm with Hurst index Ĥ ∈ (1/2, 1). The fBm BĤ(t) has the following
integral representation:

BĤ(t) =
∫ t

0
KĤ(t, e)dB(e),
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where the kernel KĤ(t, e) is defined as

KĤ(t, e) = XĤe1/2−Ĥ
∫ t

e
(τ − e)Ĥ−3/2τĤ−1/2dτ for t > e.

We apply KĤ(t, e) = 0 if t ≤ e. Note that
∂KĤ

∂t
(t, e) = XĤ

(
t/e
)Ĥ−1/2

(t − e)Ĥ−3/2.

Here, XĤ = [Ĥ(2Ĥ − 1)/ξ(2 − 2Ĥ, Ĥ − 1/2)]1/2 and ξ(·, ·) is the Beta function. For
Λ ∈ L2([0, T]), it follows from [34] that the Wiener-type integral of the function Λ w.r.t.
fBm BĤ is defined by ∫ T

0
Λ(e)dBĤ(e) =

∫ T

0
K ∗
ĤΛ(e)dB(e),

where K ∗
ĤΛ(e) =

∫ T
e Λ(t)

∂KĤ
∂t

(t, e)dt.

Let ϕj ∈ L(Yj,Z) and define

‖ϕj‖Lj
2
=

[
∞

∑
i=1

∥∥∥√λ
j
i ϕje

j
i‖

2

]1/2

.

If ‖ϕj‖Lj
2
< ∞, then ϕj are called Qj-Hilbert–Schmidt operators, and the spaces Lj

2(Yj,Z)

are real and separable Hilbert spaces with inner product 〈ϕ1, ϕ2〉Lj
2
= ∑∞

i=1〈ϕ1ej
i , ϕ2ej

i〉. The

stochastic integral of function Ψ : J → L2
2(Y2,Z) w.r.t. fBm BĤ is defined by

∫ t

0
Ψ(e)dBĤ(e) =

∞

∑
i=1

∫ t

0

√
λ2

i Ψ(e)e2
i dBĤi (e) =

∞

∑
i=1

∫ t

0

√
λ2

i K
∗
Ĥ(Ψe2

i )dBi(e). (2)

Lemma 1 (See [9]). If Ψ : J → L2
2(Y2,Z) satisfies

∫ T
0 ‖Ψ(e)‖2

L2
2
de < ∞, then Equation (2) is a

well-defined Z-valued random variable such that

E
∥∥∥∥ ∫ t

0
Ψ(e)dBĤ(e)

∥∥∥∥2

≤ 2Ĥt2Ĥ−1
∫ t

0
‖Ψ(e)‖2

L2
2
de.

Lemma 2 (See [35]). For any α ≥ 1 and for an arbitrary L1
2-valued predictable process Υ(·),

sup
e∈[0,t]

E
∥∥∥∥ ∫ e

0
Υ(τ)dŴ(τ)

∥∥∥2α
≤ (α(2α− 1))α

( ∫ t

0

(
E‖Υ(e)‖2α

L1
2

)1/α

de
)α

, t ∈ [0, T].

For α = 1, we obtain

sup
e∈[0,t]

E
∥∥∥∥ ∫ e

0
Υ(τ)dŴ(τ)

∥∥∥∥2

≤
∫ t

0
E‖Υ(e)‖2

L1
2
de.

Assume that h : (−∞, 0]→ (0, ∞) with v =
∫ 0
−∞ h(t)dt < ∞ is a continuous function.

We define Dh by

Dh =

{
φ : (−∞, 0]→ Z , for any a > 0, (E|φ(θ)|2)1/2 is a measurable and bounded function on

[−a, 0] with φ(0) = 0, and
∫ 0

−∞
h(e) sup

e≤θ≤0
(E|φ(θ)|2)1/2de < ∞

}
.
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If Dh is endowed with the norm

‖φ‖Dh =
∫ 0

−∞
h(e) sup

e≤θ≤0
(E‖φ(θ)‖2)1/2de, φ ∈ Dh,

then (Dh, ‖ . ‖Dh) is a Banach space [36].
Define the space DT = {z : (−∞, T] → Z , z|Ji ∈ C(Ji,Z), i = 0, 1, . . . , m, and there

exist z(t−i ) and z(t+i ) with z(t−i ) = z(ti), and z0 = φ ∈ Dh}, with the norm

‖z‖DT = ‖φ‖Dh + sup
t∈[0,T]

(E‖z(t)‖2)1/2,

where Ji = (ti, ti+1], i = 0, 1, . . . , m.

Lemma 3 (see [37]). If for all t ∈ [0, T], zt ∈ Dh, z0 ∈ Dh, then

‖zt‖Dh ≤ v sup
t∈[0,T]

(E‖z(t)‖2)1/2 + ‖z0‖Dh .

Definition 1 (see [38]). LetM > 0, θ ∈ [π/2, π], and ω ∈ R. A closed and linear operator P
is called a sectorial operator if

1. ρ(P) ⊂ ∑(θ,ω) = {λ ∈ C : λ 6= ω, |arg(λ−ω)| < θ},
2. ‖R(λ,P)‖ ≤ M/|λ−ω|, λ ∈ ∑(θ,ω).

Lemma 4 (see [39]). Let P be a sectorial operator. Then, the unique solution of the linear fractional system{
cDq

t z(t) = Pz(t) +F (t), t > t0 ≥ 0, 0 < q < 1,
z(t) = φ(t), t ≤ t0,

is given by

z(t) = Tq(t− t0)z(t0) +
∫ t

t0

Sq(t− e)F (e)de,

where

Tq(t) =
1

2πi

∫
Br

eλt λq−1

λq −P dλ,

Sq(t) =
1

2πi

∫
Br

eλt

λq −P dλ.

Here, Br denotes the Bromwich path.

3. Solvability Results

We assume the following hypotheses.

Hypothesis 1 (H1). If q ∈ (0, 1) and P ∈ P q(θ0, ω0), then, for any z ∈ Z and t > 0, we have
‖Tq(t)‖ ≤ C1eωt and ‖Sq(t)‖ ≤ C2eωt(1 + tq−1), ω > ω0. Thus, we have

‖Tq(t)‖ ≤ M1 and ‖Sq(t)‖ ≤ M2tq−1,

whereM1 = sup0≤t≤T C1eωt andM2 = sup0≤t≤T C2eωt(1 + tq−1).

Hypothesis 2 (H2). There exists a constant NF > 0 such that

E‖F (t, ψ1)−F (t, ψ2)‖2 ≤ NF ‖ψ1 − ψ2‖2
Dh

, ∀ t ∈ J , ψ1, ψ2 ∈ Dh.
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Hypothesis 3 (H3). Function σ : J → L2
2(Y2,Z) satisfies

∫ t
0 ‖σ(e)‖

2
L2

2
de < ∞, for every

t ∈ J , and there exists a constant Λσ > 0 such that ‖σ(e)‖2
L2

2
≤ Λσ, uniformly in J .

Hypothesis 4 (H4). There exists a constant NG > 0 such that

E‖G(t, ψ1)− G(t, ψ2)‖2
L1

2
≤ NG ‖ψ1 − ψ2‖2

Dh
, ∀ t ∈ J , ψ1, ψ2 ∈ Dh.

Hypothesis 5 (H5). There are constants LKi > 0, i = 1, 2, . . . , m, such that

E‖Ki(t, ψ1)−Ki(t, ψ2)‖2 ≤ LKi ‖ψ1 − ψ2‖2
Dh

, ∀ t ∈ J , ψ1, ψ2 ∈ Dh.

Definition 2. An Ft-adapted random process z : (−∞, T]→ Z is called the mild solution of (1) if,
for every t ∈ J , z(t) satisfies z0 = φ ∈ Dh, z(t) = Ki(t, zt) for all t ∈ (ti, si], i = 1, 2, . . . , m, and

z(t) =
∫ t

0
Sq(t− e)F (e, ze)de

+
∫ t

0
Sq(t− e)G(e, ze)dŴ(e) +

∫ t

0
Sq(t− e)σ(e)dBĤ(e),

for all t ∈ [0, t1], and

z(t) = Tq(t− si)Ki(si, zsi ) +
∫ t

si

Sq(t− e)F (e, ze)de

+
∫ t

si

Sq(t− e)G(e, ze)dŴ(e) +
∫ t

si

Sq(t− e)σ(e)dBĤ(e), (3)

for all t ∈ (si, ti+1], i = 1, 2, . . . , m.

Theorem 1. Assume that conditions (H1)–(H5) are satisfied. Then, problem (1) has a unique mild
solution on (−∞, T], provided that

LR = max
1≤i≤m

{
η0, v2LKi , ηi

}
< 1,

where

η0 = 2M2
2v2

(
NF t2q

1
q2 +

NG t2q−1
1

2q− 1

)
,

ηi =

(
3M2

1LKi v
2 + 3M2

2v2

{
NF t2q

i+1
q2 +

NG t2q−1
i+1

2q− 1

})
.

Proof. We define the operator Ξ from DT to DT as follows:

(Ξz)(t) =



φ(t), t ∈ (−∞, 0]∫ t
0 Sq(t− e)F (e, ze)de
+
∫ t

0 Sq(t− e)G(e, ze)dŴ(e) +
∫ t

0 Sq(t− e)σ(e)dBĤ(e), t ∈ [0, t1]

Ki(t, zt), t ∈ (ti, si]

Tq(t− si)Ki(si, zsi ) +
∫ t

si
Sq(t− e)F (e, ze)de

+
∫ t

si
Sq(t− e)G(e, ze)dŴ(e) +

∫ t
si
Sq(t− e)σ(e)dBĤ(e), t ∈ (si, ti+1].

For φ ∈ Dh, define

g(t) =

{
φ(t), t ∈ (−∞, 0],
0, t ∈ J .
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Then, g0 = φ. Next we define

ȳ(t) =

{
0, t ∈ (−∞, 0]
y(t), t ∈ J

for each y ∈ C(J , R) with z(0) = 0. If z(·) satisfies (3), then z(t) = g(t) + ȳ(t) for t ∈ J ,
which implies that zt = gt + ȳt for t ∈ J , and the function y(·) satisfies

y(t) =



∫ t
0 Sq(t− e)F (e, ge + ȳe)de +

∫ t
0 Sq(t− e)G(e, ge + ȳe)dŴ(e)

+
∫ t

0 Sq(t− e)σ(e)dBĤ(e), t ∈ [0, t1]

Ki(t, gt + ȳt), t ∈ (ti, si]

Tq(t− si)Ki(si, gsi + ȳsi ) +
∫ t

si
Sq(t− e)F (e, ge + ȳe)de

+
∫ t

si
Sq(t− e)G(e, ge + ȳe)dŴ(e) +

∫ t
si
Sq(t− e)σ(e)dB̂H(e) t ∈ (si, ti+1].

Set D0
T =

{
y ∈ DT such that y0 = 0

}
. For any y ∈ D0

T , we obtain

‖y‖D0
T
= ‖y0‖Dh + sup

t∈J
(E‖y(t)‖2)1/2 = sup

t∈J
(E‖y(t)‖2)1/2.

Thus, (D0
T , ‖ · ‖D0

T
) is a Banach space.

Define the operator Ψ from D0
T to D0

T as follows:

(Ψy)(t) =



∫ t
0 Sq(t− e)F (e, ge + ȳe)de +

∫ t
0 Sq(t− e)G(e, ge + ȳe)dŴ(e)

+
∫ t

0 Sq(t− e)σ(e)dBĤ(e), t ∈ [0, t1]

Ki(t, gt + ȳt), t ∈ (ti, si]

Tq(t− si)Ki(si, gsi + ȳsi ) +
∫ t

si
Sq(t− e)F (e, ge + ȳe)de

+
∫ t

si
Sq(t− e)G(e, ge + ȳe)dŴ(e) +

∫ t
si
Sq(t− e)σ(e)dBĤ(e) t ∈ (si, ti+1].

In order to prove the existence result, we need to show that Ψ has a unique fixed point. Let
y, y∗ ∈ D0

T . Then, for all t ∈ [0, t1], we have

E‖(Ψy)(t)− (Ψy∗)(t)‖2 ≤ 2E
∥∥∥∥∫ t

0
Sq(t− e)(F (e, ge + ȳe)−F (e, ge + ȳ∗e ))de

∥∥∥∥2

+2E
∥∥∥∥∫ t

0
Sq(t− e)(G(e, ge + ȳe)− G(e, ge + ȳ∗e ))dŴ(e)

∥∥∥∥2

≤
2M2

2tq
1

q

∫ t

0
(t− e)q−1NF‖ȳe − ȳ∗e ‖2

Dh
de

+2M2
2

∫ t

0
(t− e)2q−2NG‖ȳe − ȳ∗e ‖2

Dh
de

≤
2M2

2tq
1

q

∫ t

0
(t− e)q−1NFv2 sup

e∈J
E‖y(e)− y∗(e)‖2de

+2M2
2

∫ t

0
(t− e)2q−2NGv2 sup

e∈J
E‖y(e)− y∗(e)‖2de

≤ 2M2
2v2

(
NF t2q

1
q2 +

NG t2q−1
1

2q− 1

)
‖y− y∗‖2

D0
T
.

Hence,

E‖(Ψy)(t)− (Ψy∗)(t)‖2 ≤ 2M2
2v2

(
NF t2q

1
q2 +

NG t2q−1
1

2q− 1

)
‖y− y∗‖2

D0
T
. (4)
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For t ∈ (ti, si], i = 1, 2, . . . , m, we have

E‖(Ψy)(t)− (Ψy∗)(t)‖2 ≤ E‖Ki(t, gt + ȳt)−Ki(t, gt + ȳ∗t )‖2

≤ LKi‖ȳt − ȳ∗t ‖2
Dh

≤ LKi v
2 sup

t∈J
E‖y(t)− y∗(t)‖2

≤ LKi v
2‖y− y∗‖2

D0
T
.

Hence,

E‖(Ψy)(t)− (Ψy∗)(t)‖2 ≤ LKi v
2‖y− y∗‖2

D0
T
. (5)

Similarly, for t ∈ (si, ti+1], i = 1, 2, . . . , m, we have

E‖(Ψy)(t)− (Ψy∗)(t)‖2 ≤ 3E‖Tq(t− si)(Ki(si, gsi + ȳsi )−Ki(si, gsi + ȳ∗si
))‖2

+3E
∥∥∥∥∫ t

si

Sq(t− e)(F (e, ge + ȳe)−F (e, ge + ȳ∗e ))de
∥∥∥∥2

+3E
∥∥∥∥∫ t

si

Sq(t− e)(G(e, ge + ȳe)− G(e, ge + ȳ∗e ))dŴ(e)
∥∥∥∥2

≤ 3M2
1LKi v

2‖y− y∗‖2
D0

T

+
3M2

2tq
i+1

q

∫ t

si

(t− e)q−1NF‖ȳe − ȳ∗e ‖2
Dh

de

+3M2
2

∫ t

si

(t− e)2q−2NG‖ȳe − ȳ∗e ‖2
Dh

de

≤ 3M2
1LKi v

2‖y− y∗‖2
D0

T

+
3M2

2tq
i+1

q

∫ t

si

(t− e)q−1NFv2 sup
e∈J

E‖y(e)− y∗(e)‖2de

+3M2
2

∫ t

si

(t− e)2(q−1)NGv2 sup
e∈J

E‖y(e)− y∗(e)‖2de

≤
(

3M2
1LKi v

2 + 3M2
2v2

{
NF t2q

i+1
q2 +

NG t2q−1
i+1

2q− 1

})
‖y− y∗‖2

D0
T
.

Hence,

E‖(Ψy)(t)− (Ψy∗)(t)‖2 ≤
(

3M2
1LKi v

2 + 3M2
2v2

{
NF t2q

i+1
q2 +

NG t2q−1
i+1

2q− 1

})
‖y− y∗‖2

D0
T
. (6)

From Equations (4)–(6), we obtain that

E‖Ψy−Ψy∗‖2
D0

T
≤ LR‖y− y∗‖2

D0
T
,

which implies that Ψ is a contraction. Hence, Ψ has a unique fixed point y ∈ D0
T , which is a

mild solution of problem (1) on (−∞, T].

Next, using Krasnoselskii’s fixed point theorem, we establish the second existence
result. At this stage we make the following assumptions.
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Hypothesis 6 (H6). The map F : J × Dh → Z is a continuous function, and there exists a
continuous function ξ1 : J → (0, ∞) such that

E‖F (t, ψ)‖2 ≤ ξ1(t) ‖ψ‖2
Dh

,

for all t ∈ J , and ξ∗1 = supt∈J ξ1(t).

Hypothesis 7 (H7). The map G : J × Dh → L1
2(Y1,Z) is a continuous function, and there

exists a continuous function ξ2 : J → (0, ∞) such that

E‖G(t, ψ)‖2
L1

2
≤ ξ2(t) ‖ψ‖2

Dh
,

for all t ∈ J and ξ∗2 = supt∈J ξ2(t).

Hypothesis 8 (H8). The inequality

LHR = 2M2
2v2

(
NFT2q

q2 +
NGT2q−1

2q− 1

)
< 1

holds and
max

1≤i≤m
{κ0, υiλ3, κi} < π,

where

κ0 = 3M2
2t2q

1

(
λ1

q2 +
λ2

t1(2q− 1)
+

2ĤΛσt2Ĥ−2
1

2q− 1

)
,

κi = 4M2
1υiλ3 + 4M2

2t2q
i+1

(
λ1

q2 +
λ2

ti+1(2q− 1)
+

2ĤΛσt2Ĥ−2
i+1

2q− 1

)
.

Hypothesis 9 (H9). The maps Ki : (ti, si] × Dh → Z , i = 1, 2, . . . , m, are continuous func-
tions and

i. there exist constants υi > 0, i = 1, 2, . . . , m, such that E‖Ki(t, ψ)‖2 ≤ υi ‖ψ‖2
Dh

for all
t ∈ J ;

ii. the set {bi : bi ∈ V(π,Ki)} is an equicontinuous subset of C((ti, si],Z), i = 1, 2, . . . , m,
where V(π,Ki) = {t→ Ki(t, yt) : y ∈ Dπ}.

The set Dr = {y ∈ D0
T : ‖y‖2

D0
T
≤ r, r > 0} is clearly a convex closed bounded set in

D0
T for each y ∈ Dr. By Lemma 3, we obtain

‖xt + ȳt‖2
Dh
≤ 2(‖xt‖2

Dh
+ ‖ȳt‖2

Dh
)

≤ 4
(

v2 sup
ν∈[0,t]

E‖x(ν)‖2 + ‖x0‖2
Dh

)
+ 4
(

v2 sup
ν∈[0,t]

E‖ȳ(ν)‖2 + ‖ȳ0‖2
Dh

)
≤ 8(‖φ‖2

Dh
+ v2r).

Let
λ1 = 8ξ∗1(‖φ‖2

Dh
+ v2r), λ2 = 8ξ∗2(‖φ‖2

Dh
+ v2r), λ3 = 8(‖φ‖2

Dh
+ v2r).

Theorem 2. Assume conditions (H1)–(H9) are satisfied. Then, problem (1) has at least one mild
solution on (−∞, T].
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Proof. Let E1 : Dr →Dr and E2 : Dr →Dr be defined as

E1(y)(t) =


0 t ∈ [0, t1]

Ki(t, gt + ȳt), t ∈ (ti, si]

Tq(t− si)Ki(si, gsi + ȳsi ) t ∈ (si, ti+1]

and

E2(y)(t) =



∫ t
0 Sq(t− e)F (e, ge + ȳe)de
+
∫ t

0 Sq(t− e)G(e, ge + ȳe)dŴ(e) +
∫ t

0 Sq(t− e)σ(e)dBĤ(e), t ∈ [0, t1]

0, t ∈ (ti, si]∫ t
si
Sq(t− e)F (e, ge + ȳe)de

+
∫ t

si
Sq(t− e)G(e, ge + ȳe)dŴ(e) +

∫ t
si
Sq(t− e)σ(e)dBĤ(e) t ∈ (si, ti+1].

For convenience, we divide the proof into various steps.
Step 1. We show that E1y + E2y∗ ∈ Dr. For y, y∗ ∈ Dr and for t ∈ [0, t1], we obtain

E‖(E1y)(t) + (E2y∗)(t)‖2 ≤ 3E
∥∥∥∥∫ t

0
Sq(t− e)F (e, ge + ȳ∗e )de

∥∥∥∥2

+3E
∥∥∥∥∫ t

0
Sq(t− e)G(e, ge + ȳ∗e )dŴ(e)

∥∥∥∥2

+3E
∥∥∥∥∫ t

0
Sq(t− e)σ(e)dBĤ(e)

∥∥∥∥2

≤ 3M2
2

(∫ t

0
(t− e)q−1de

)(∫ t

0
(t− e)q−1ξ1(e)‖ge + ȳ∗e ‖2

Dh
de
)

+3M2
2

∫ t

0
(t− e)2q−2ξ2(e)‖ge + ȳ∗e ‖2

Dh
de

+6ĤΛσM2
2t2Ĥ−1

1

∫ t

0
(t− e)2q−2de

≤ 3M2
2t2q

1

(
λ1

q2 +
λ2

t1(2q− 1)
+

2ĤΛσt2Ĥ−2
1

2q− 1

)
.

Hence,

E‖(E1y)(t) + (E2y∗)(t)‖2 ≤ 3M2
2t2q

1

(
λ1

q2 +
λ2

t1(2q− 1)
+

2ĤΛσt2Ĥ−2
1

2q− 1

)
. (7)

For t ∈ (ti, si], i = 1, 2, . . . , m, we have

E‖(E1y)(t) + (E2y∗)(t)‖2 ≤ E‖Ki(t, gt + ȳt)‖2

≤ υi ‖gt + ȳt‖2
Dh

≤ υiλ3.

Hence,

E‖(E1y)(t) + (E2y∗)(t)‖2 ≤ υiλ3. (8)

Similarly, for t ∈ (si, ti+1], i = 1, 2, . . . , m, we have

E‖(E1y)(t) + (E2y∗)(t)‖2 ≤ 4E‖Tq(t− si)Ki(si, gsi + ȳsi )‖
2

+4E
∥∥∥∥∫ t

si

Sq(t− e)F (e, ge + ȳ∗e )de
∥∥∥∥2
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+4E
∥∥∥∥∫ t

si

Sq(t− e)G(e, ge + ȳ∗e )dŴ(e)
∥∥∥∥2

+4E
∥∥∥∥∫ t

si

Sq(t− e)σ(e)dBĤ(e)
∥∥∥∥2

≤ 4M2
1υiλ3

+4M2
2

(∫ t

si

(t− e)q−1de
)(∫ t

si

(t− e)q−1ξ1(e)‖ge + ȳ∗e ‖2
Dh

de
)

+4M2
2

∫ t

si

(t− e)2q−2ξ2(e)‖ge + ȳ∗e ‖2
Dh

de

+8ĤΛσM2
2t2Ĥ−1

i+1

∫ t

si

(t− e)2q−2de

≤ 4M2
1υiλ3 + 4M2

2t2q
i+1

(
λ1

q2 +
λ2

ti+1(2q− 1)
+

2ĤΛσt2Ĥ−2
i+1

2q− 1

)
.

Therefore,

E‖(E1y)(t) + (E2y∗)(t)‖2 ≤ 4M2
1υiλ3 + 4M2

2t2q
i+1

(
λ1

q2 +
λ2

ti+1(2q− 1)
+

2ĤΛσt2Ĥ−2
i+1

2q− 1

)
. (9)

Equations (7)–(9) imply that

‖E1y + E2y∗‖2
D0

T
≤ r.

Thus, E1y + E2y∗ ∈ Dr.
Step 2. We show that the operator E1 is continuous on Dr. Let {yn}∞

n=1 be a sequence
such that yn → y in Dr. For all t ∈ (ti, si], i = 1, 2, . . . , m, we have

E‖(E1yn)(t)− (E1y)(t)‖2 ≤ E‖Ki(t, gt + ȳn
t)−Ki(t, gt + ȳt)‖2.

Since the maps Ki, i = 1, 2, . . . , m, are continuous functions, one has

lim
n→∞

‖E1yn − E1y‖2
D0

T
= 0. (10)

For all t ∈ (si, ti+1], i = 1, 2, . . . , m, we have

E‖(E1yn)(t)− (E1y)(t)‖2 ≤ E‖Tq(t− si)(Ki(si, gsi + ȳn
si
)−Ki(si, gsi + ȳsi )‖

2.

Therefore,

lim
n→∞

‖E1yn − E1y‖2
D0

T
= 0. (11)

Equations (10) and (11) imply that the operator E1 is continuous on Dr.
Step 3. The operator E1 maps bounded sets into bounded sets in Dr. Let us show that

for r > 0 there exists a r > 0 such that, for each y ∈ Dr, we obtain E‖E1(y)(t)‖2 ≤ r, for all
t ∈ (si, ti+1], i = 1, 2, . . . , m. For all t ∈ (si, ti+1], i = 1, 2, . . . , m, we have

E‖(E1y)(t)‖2 ≤ E‖Tq(t− si)Ki(si, gsi + ȳsi )‖
2 ≤M2

1υiλ3.

For all t ∈ (ti, si], i = 1, 2, . . . , m, we have

E‖(E1y)(t)‖2 ≤ E‖Ki(t, gt + ȳt)‖2 ≤ νiλ3.
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From the above equations, we obtain

‖E1y‖2
D0

T
≤ r,

where r = max{M2
1υiλ3, υiλ3}. Hence, the operator E1 maps bounded sets into bounded

sets in Dr.
Step 4. The operator E1 is equicontinuous. For all ∆1, ∆2 ∈ (ti, si], ∆1 < ∆2, and y ∈ Dr,

we obtain

E‖(E1y)(∆2)− (E1y)(∆1)‖2 ≤ E‖Ki(∆2, g∆2 + ȳ∆2)−Ki(∆1, g∆1 + ȳ∆1)‖
2. (12)

For all ∆1, ∆2 ∈ (si, ti+1], ∆1 < ∆2, and y ∈ Dr, we obtain

E‖(E1y)(∆2)− (E1y)(∆1)‖2 ≤ E‖(Tq(∆2 − si)− Tq(∆1 − si))Ki(si, gsi + ȳsi )‖
2.

Since Tq is strongly continuous, it allows us to conclude that

lim
n→∞

‖Tq(∆2 − si)− Tq(∆1 − si)‖2 = 0. (13)

Equations (12) and (13) with (H9)(ii) imply that the operator E1 is equicontinuous on Dr.
Finally, combining steps 1–4 together with Ascoli’s theorem, we conclude that the operator
E1 is completely continuous.

Step 5. The operator E2 is a contraction map. For y, y∗ ∈ Dr and for t ∈ (ti, si],
i = 1, 2, . . . , m, we have

E‖(E2y)(t)− (E2y∗)(t)‖2 = 0. (14)

Similarly, for y, y∗ ∈ Dr and for t ∈ (si, ti+1], i = 0, 1, . . . , m, we have

E‖(E2y)(t)− (E2y∗)(t)‖2 ≤ 2E
∥∥∥∥∫ t

si

Sq(t− e)(F (e, ge + ȳe)−F (e, ge + ȳ∗e ))de
∥∥∥∥2

+2E
∥∥∥∥∫ t

si

Sq(t− e)(G(e, ge + ȳe)− G(e, ge + ȳ∗e ))dŴ(e)
∥∥∥∥2

≤ 2M2
2v2

(
NFT2q

q2 +
NGT2q−1

2q− 1

)
‖y− y∗‖2

D0
T
.

Hence,

E‖(E2y)(t)− (E2y∗)(t)‖2 ≤ 2M2
2v2

(
NFT2q

q2 +
NGT2q−1

2q− 1

)
‖y− y∗‖2

D0
T
. (15)

From above, we obtain

‖E2y− E2y∗‖2
D0

T
≤ LHR‖y− y∗‖2

D0
T
.

Thus, E2 is a contraction map. By Krasnoselskii’s fixed point theorem, we obtain that
problem (1) has at least one solution on (−∞, T].

4. Approximate Controllability

We consider the following control system:
cDq

t z(t) = Pz(t) +Aû(t) +F (t, zt) + G(t, zt)
dŴ(t)

dt
+ σ(t)

dBĤ(t)
dt

, t ∈ ∪m
i=0(si, ti+1],

z(t) = Ki(t, zt), t ∈ ∪m
i=1(ti, si],

z(t) = φ(t), φ(t) ∈ Dh.

(16)
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The control û(·) ∈ L2(J ,U ), where L2(J ,U ) is the Hilbert space of all admissible control
functions. The operator A is linear and bounded from the separable Hilbert space U into Z .
Assume that the linear system{

cDq
t z(t) = Pz(t) +Aû(t), t ∈ [0, T],

z(t) = φ(t), φ(t) ∈ Dh.
(17)

Define the operator tti+1
si associated with system of (17) as

tti+1
si =

∫ ti+1

si

Sq(ti+1 − e)AA∗S∗q (ti+1 − e)de.

Here, A∗ and S∗q (t) are the adjoint of A and Sq(t), respectively. The operator tti+1
si is a

bounded and linear operator.

Definition 3. System (16) is approximately controllable on [0, T] if R(T, φ, û) = L2(FT ,Z),
whereR(T, φ, û) = {z(φ, û)(T) : z is the solution of problem (16) and û ∈ L2(J ,U )}.

The following assumption is needed.

[AC]: System (17) is approximate controllability on J .

Note that system (17) is approximately controllable on J only if

∆(Λ, tti+1
si ) = (ΛI + tti+1

si )−1 → 0 as Λ→ 0. (18)

Definition 4. An Ft-adapted random process z : (−∞, T]→ Z is called the mild solution of (16)
if for every t ∈ J , z(t) satisfies z0 = φ ∈ Dh, z(t) = Ki(t, zt) for all t ∈ (ti, si], i = 1, 2, . . . , m,
and

z(t) =
∫ t

0
Sq(t− e)[F (e, ze) +Aû(e)]de

+
∫ t

0
Sq(t− e)G(e, ze)dŴ(e) +

∫ t

0
Sq(t− e)σ(e)dBĤ(e),

for all t ∈ [0, t1], and

z(t) = Tq(t− si)Ki(si, zsi ) +
∫ t

si

Sq(t− e)[F (e, ze) +Aû(e)]de

+
∫ t

si

Sq(t− e)G(e, ze)dŴ(e) +
∫ t

si

Sq(t− e)σ(e)dBĤ(e), (19)

for all t ∈ (si, ti+1], i = 1, 2, . . . , m.

Lemma 5. For any zti+1 ∈ L2(FT ,Z), there exist φ1 ∈ L2(Ω, L2([si, ti+1],L1
2(Y1,Z)) and

φ2 ∈ L2([si, ti+1],L2
2(Y2,Z)) such that

zti+1 = Ezti+1 +
∫ ti+1

si

φ1(e)dŴ(e) +
∫ ti+1

si

φ2(e)dBĤ(e).

Next, we choose the control ûΛ(t) as follows:

ûΛ(t) = A∗S∗q (ti+1 − t)∆(Λ, tti+1
si )p(z(·)), (20)

where

p(z(·)) = zti+1 − Tq(ti+1 − si)Ki(si, zsi )−
∫ ti+1

si

Sq(ti+1 − e)F (e, ze)de



Fractal Fract. 2023, 7, 104 13 of 16

−
∫ ti+1

si

Sq(ti+1 − e)G(e, ze)dŴ(e)−
∫ ti+1

si

Sq(ti+1 − e)σ(e)dBĤ(e),

∀ t ∈ (si, ti+1], i = 0, 1, . . . , m,

and K0(0, ·) = 0, z(tm+1) = ztm+1 = zT .

Theorem 3. Assume the hypotheses (H1)–(H9) are satisfied. Then, the problem (16) has at least
one mild solution on (−∞, T].

Proof. The proof is a consequence of Theorem 2.

Theorem 4. Assume that the hypotheses (H1)–(H9) and [AC] are satisfied. Then functions F and
G are uniformly bounded on their respective domains. Moreover, the system (16) is approximately
controllable on [0, T].

Proof. Let zΛ be a fixed point of E1 + E2. Using Fubini’s theorem, we get

zΛ(ti+1) = zti+1 −Λ∆(Λ, tti+1
si )p(zΛ(·)), (21)

where

p(zΛ(·)) = zti+1 − Tq(ti+1 − si)Ki(si, zΛ
si
)−

∫ ti+1

si

Sq(ti+1 − e)F (e, zΛ
e )de

−
∫ ti+1

si

Sq(ti+1 − e)G(e, zΛ
e )dŴ(e)−

∫ ti+1

si

Sq(ti+1 − e)σ(e)dBĤ(e),

∀ t ∈ (si, ti+1], i = 0, 1, . . . , m.

The functions F and G are uniformly bounded. Hence, there exists a subsequence, still
represented by F (e, zΛ

e ) and G(e, zΛ
e ), that weakly converge to, say, F (e) and G(e) in Z and

L1
2(Y1,Z), respectively. Let us define

η = zti+1 − Tq(ti+1 − si)Ki(si, zsi )−
∫ ti+1

si

Sq(ti+1 − e)F (e)de

−
∫ ti+1

si

Sq(ti+1 − e)G(e)dŴ(e)−
∫ ti+1

si

Sq(ti+1 − e)σ(e)dBĤ(e),

∀ t ∈ (si, ti+1], i = 0, 1, . . . , m.

For t ∈ (si, ti+1], i = 0, 1, . . . , m, we have

E‖p(zΛ)− η‖2 ≤ 3E‖Tq(ti+1 − si)(Ki(si, zΛ
si
)−Ki(si, zsi ))‖

2

+3E
∥∥∥∥∫ ti+1

si

Sq(ti+1 − e)(F (e, zΛ
e )−F (e))de

∥∥∥∥2

+3E
∥∥∥∥∫ ti+1

si

Sq(ti+1 − e)(G(e, zΛ
e )− G(e))dŴ(e)

∥∥∥∥2
.

By the infinite dimensional version of the Arzela–Ascoli theorem, we obtain that

k̄(·)→
∫ ·
·
Sq(· − e)k̄(e)de

is a compact operator. For all t ∈ [0, T],

E‖p(zΛ)− η‖2 → 0 as Λ→ 0+. (22)
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By Equation (21), we get

E‖zΛ(ti+1)− zti+1‖
2 ≤ E‖Λ∆(Λ, tti+1

si )(η)‖2 +E‖Λ∆(Λ, tti+1
si )‖2E‖p(zΛ)− η‖2.

By (18) and (22), we get

E‖zΛ(ti+1)− zti+1‖
2 → 0 as θ → 0+.

Thus, the system (16) is approximate controllable on the interval [0, T].

5. Example

We consider the following fractional stochastic control system:

cDq
t y(t, z) =

∂2

∂z2 y(t, z) + Θ(t, z) +
∫ t
−∞ e4(r−t)y(r, z)dr

+
∫ t
−∞ e6(r−t)y(r, z)dr

dŴ(t)
dt

+ P(t)
dBĤ(t)

dt
,

y ∈ (0, π), t ∈ [2i, 2i + 1], i = 0, 1, . . . , m,
y(t, z) =

∫ t
−∞ Gi(r− t)y(r, z)dr, t ∈ (2i− 1, 2i], i = 1, 2, . . . , m,

y(t, 0) = 0 = y(t, π),
y(t, z) = φ(t, z), t ∈ (−∞, 0],

(23)

where cDq
t is the Caputo derivative of order 1/2 < q < 1, 0 = s0 = t0 < t1 < s1 < t2 <

· · · < tm < sm < tm+1 = T < ∞ with si = 2i, ti = 2i− 1.
Let Z = L2([0, π]) and the operator P be defined by

Pw = w′′ , D(P) = H2(0, π) ∩ H1
0(0, π).

Clearly, P is the generator of an analytic semigroup {S(t) : t > 0}. The spectral representa-
tion of S(t) is given by

S(t)w = ∑
n∈N

e−n2t〈w, wn〉wn,

where

wn(y) =
√

2/π sin (ny), n ∈ N,

is the orthogonal set of eigenvectors corresponding to the eigenvalue λn = −n2 of P . The
semigroup {S(t) : t ≥ 0} is compact and uniformly bounded, so thatR(λ,P) = (λI −P)−1

is a compact operator for all λ ∈ ρ(P), i.e., P ∈ P q(θ0, ω0). Let h(e) = e2e, e < 0. Then
v =

∫ 0
−∞ h(e)de = 1/2 and we define

‖φ‖Dh =
∫ 0

−∞
h(e) sup

e≤θ≤0
(E|φ(θ)|2)1/2de, φ ∈ Dh.

Hence, (t, φ) ∈ [0, T]×Dh. The bounded linear operator A is defined by Aû(t)(z) = Θ(t, z).
Define the functions F : J × Dh → Z , G : J × Dh → L2(Y1,Z), and

Ki : (ti, si]×Dh → Z as

F (t, φ)(z) =
∫ 0

−∞
e4θ(φ(θ)(z))dθ,

G(t, φ)(z) =
∫ 0

−∞
e6θ(φ(θ)(z))dθ,

Ki(t, φ)(z) =
∫ 0

−∞
G(θ)(φ(θ)(z))dθ.
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Assume that ∫ T

0
‖σ(e)‖2

L2
2
de < ∞.

The system (23) can be written as an abstract formulation of (1), and thus previous theorems
can be applied to guarantee both existence and approximate controllability results.

6. Conclusions

We have investigated impulsive fractional stochastic control systems defined on sep-
arable Hilbert spaces. The proposed problem is driven by mixed noise, i.e., it involves
both a Q-Wiener process and a Q-fractional Brownian motion with the Hurst parameter
Ĥ ∈ (1/2, 1). For our results, we have mainly applied fixed point techniques, a q-resolvent
family, and fractional calculus. The obtained results are supported by an illustrative ex-
ample. As further directions of investigation and continuation to this work, it would be
interesting to investigate the sensitivity on the noise range and develop numerical and
computational methods to approximate the solution. We also intend to extend our results
via discrete fractional calculus.
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