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Abstract: In the paper, we investigate a kind of Hilfer fractional g-difference equations with nonlocal
condition. Firstly, the existence and uniqueness results of solutions are obtained by using topological
degree theory and Banach fixed point theorem. Subsequently, the existence of extremal solutions in
an ordered Banach space is discussed by monotone iterative method. In that following, we consider
the Ulam stability results for equations. Finally, two examples are given to illustrate the effectiveness
of theory results.
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1. Introduction

Fractional differential equations have a deep physical background (see [1-4]), which
are more accurate in describing many natural phenomena as compared to integer ones.
Many scholars have been devoted to the study of nonlocal Hilfer fractional differential
equations (see [5-13]). Fractional g-calculus theory is an important branch of discrete
mathematics. With the increasing popularity and development of information technology,
g-differential is increasingly applied to natural science and engineering, especially in
mathematical physical models, dynamical systems, quantum physics and economics, the
literatures [14—-17] were first detailed the definition and introduction of the g-calculus.

With the attention of many experts and scholars on fractional q-difference, rich results
have been achieved on fractional g-difference equations via g-Gronwall equality (see [18]),
the existence and stability of the solutions for Riemann-Liouville fractional g-difference
equations (see [19-33]), Caputo fractional g-difference initial boundary value problems
(see [34-39]). In [40], Boutiara explored the mixed multi-term fractional q-difference equa-
tions with g-integral boundary conditions by using topological degree theory. However,
there are few studies on the problem of Hilfer fractional g-difference equations. In [41],
Ahmed et al. introduced the definition of Hilfer fractional g-derivative, and discussed the
uniqueness of solution for Hilfer fractional hybrid g-integro-difference equation of variable
order:

DEOPLx(t) = £(1,x(8)] = g(t, x(8), P x(8), te(0,T],
A0 =x0, & TVFO,x(0)) = fo, (1) =alt) + B—a(t)p,

where 0 < a(f) <1,0<B<1,0<g< 1
Based on the above discussion, the main objective of the paper is to study the non-
local initial value problem and Ulam stability for Hilfer fractional g-difference equation

as follows.
+DiPu(t) = F(t,u(t), Hu(t), Gu(t)),

a+1,§17“)(17ﬁ)u(11+) = g Au(rm), € (a,T),
i=1

1

tel=(aT]
(1)
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where a+Dg'ﬁ denotes the Hilfer fractional g-derivative of order « and type § with lower
(1-a)(1-p)

limit a, ,+I, is the Riemann-Liouville fractional g-integral as presented in Section 2.
0<a<1,0<B<1,0<g<L0<A< l,thegivenfunctionf:I><R3 — R, and
{m;,i=1,2,--- ,m} are fixed points satisfying a < 711 < --- < 7, < T. The operators H
and G are give by

Hu(t) = /at (t— qs)gflh(t,s,u(s))dqs, Gu(t) = /at (t— qs)g’*lg(t,s,u(s))dqs,

h,g: xR — R,0< 9w < 1. In this work, different from the previous results, we
mainly studied the existence and uniqueness of solution in a weighted space of continuous
functions for the nonlocal problem (1). Moreover, we give the sufficient conditions to
discuss the existence of extremal solution in an ordered Banach space, and the solution of
nonlocal problem (1) is Ulam—-Hyers stable under some certain conditions.

The remaining structure of paper is organized as follows. In Section 2, we introduce
some notations and recall some definitions and lemmas. Subsequently, we obtain the
existence and uniqueness results of solutions to nonlocal problem (1) in Section 3. Moreover,
in Section 4, we discuss the existence of extremal solutions of nonlocal problem (1) in
an ordered Banach space. In Section 5, we also consider the Ulam-Hyers stability and
Ulam-Hyers—Rassias stability results for nonlocal problem (1). Two examples are given to
illustrate theory results in Section 6. Finally, some conclusions are given.

2. Preliminaries

In the section, we will give some notations, definitions and lemmas for fractional
g-calculus.

Let0<a < T < 400, I'=[a,T], X = C(I'’,R) be the Banach space of all continuous
functions from I’ to R with the norm ||u||c = max{|u(t)| : t € I'}. C"(I',R) denotes the
space of n times continuously differentiable functions on I’, D¢ represents the class of all
bounded mapping in C(I’, R).

Fory=a+B—aBf,wehave0 < y <1,y >a7>8 (1-a)(1-8)=1—79<
1-B(1—u).

We consider the weighted space of continuous functions:
Cy(I')={u:I1—=R|(t—a)Ju(t) e C(I'R)}, 0<y<1
and
Iy ={ueC" N(LR)|u™ eI}, CUI')=Cy(I'), neN.
with the norms

n—1

lullc, = It =a)ju®)llc and Juller = Y 1@ )¢ + [u®]|c,-
k=0

Moreover,

Cl(I') = {u € Cro(I'), ;sDju € C1_(I')}, C;‘ﬂ(l’) ={uc cl_y(l’),ﬁD;"ﬁu € G, (I},

these spaces satisfy the following properties:
CIY—W(I/) < Ci‘i([’), Cp(I') CCu(I), 0N <7

Let BrCl”(I’) ={ueC_,(I'): |ullc,_, <r}isbounded convex and closed subset of

Ci_,(I).
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Definition 1 ([14]). Fora € R, let [a]; = L0 The q-analogue of the power (t — s); is

1—-q-
n—1
(t=s)g=1, (t—s)i= [T(t—4's), neN,
k=0

) K
(t—s)y =1t TI ti%is’ 0<s<t, waecC\{£n}, (C bethesetof complex numbers).
k=0

Definition 2 ([14,17]). For | q |< 1, the g-Gamma function is defined as

1—«
T,(a) = (1:‘7;% xeC\{-n:ne Ny}

Notice that the g-Gamma function satisfies

Fy(+1) = [a],T(a) = 1‘_‘7;rq(a), L) =1 a>0.

Definition 3 ([14]). Forany a, 8 > 0, q € (0,1), the g-Beta function is defined by
! a—1 p-1
By(a, ) = /O 11— gt g,

Tg(a)Tq(B)

in particular By(«, B) = T, (atp)

Let a typical g-geometry set be the time scale set defined by T; = {0,4" : n € Z},
where0 < g<1,Z={0,£1,£2,--- }.

Definition 4 ([14]). For u : T; — R, the g-integral of u is defined as:
t o
fyu(t) = [ u(s)dys = (1= )t Lg'ulea),
1=

for0<aeT, f; u(s)dgs = fot u(s)dgs — [y u(s)dgs.
Definition 5 ([14]). The g-derivative of function u : T, — R is defined as:

dgu u(t)—u
Dyu(t) = § = "0+ e T,\{0},

_ dgu qeu(tg™)—u(0)
Dq”(o)*diqth:of;}g&%, t#0.

the higher order q-derivatives Dyju(t) is defined by Dgu(t) = u(t), Dju(t) = Dq(Dg’lu)(t),
n>1.

In particular DyI, f(t) = f(t), if f is continuous at 0, then I;D, f(t) = f(t) — f(0).

Definition 6 ([17]). Let u : T, — R, & # —k, k € N, then Riemann—Liouville fractional
g-integral of order « > 0 is defined as

aHgu(t) = ey /ut (t— qs)g‘*lu(s)dqs,

(t=a)g

in particular 415 (1) = T,(ar) t>0.
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ﬂ+Dq u+1au = a+Iq

Definition 7 ([17]). Let u: T; — R, a > 0, n = [a] is a minimum integer greater than or equal
to the w, then the Riemann—Liouville fractional g-derivative of order « of function u is defined by
Du(t) = u(t), and

o D3u(t) = Df Iy <t>—rq(;_@<j:t> [ = a9y ey,

Definition 8 ([16]). The Caputo fractional g-derivative of order « > 0 of function u : Ty — R is
defined as CD,?u(t) = u(t), and

CiDgu(t) = 1) “Djtu(t), t e 1.

Definition 9 ([41]). The Hilfer fractional g-derivative of order 0 < & < 1and 0 < f < 1 with
lower limit a of function u(t) is defined by

DyPu(t) = (I Dy (1 P (1),
where D, = %.

Remark 1 ([41]). The Hilfer fractional g-derivative can be viewed as a generalization of the
Riemann—Liouville and Caputo g-derivative:

(i)  The operator a+Dg’ﬁ also can be rewritten as
a+D3'ﬁu(t) _ (ﬂJJé%(lfrx)Dq(a+1£§1*,3)(171x)u))(t) _ a+15(17“)a+Dgu(t), y=a+p—ap.

(ii)  Let B = 0, the Riemann-Liouville fractional q-derivative can be presented as ,+Dy := a+D$’O.
(iii) Let B =1, the Caputo fractional g-derivative can be presented as ‘%Dg‘ = a+I;”"Dq.

Lemma1([17]). Let0 <a <1, 0 <y < 1. Ifu € Cy(I') and ;1= *u € C3(I'), then

a+lq17au(a+)
Tg(a)

Lemma2 ([17]). Leta >0, B >0, y =a+p—apf, Ifuc C¥_7(I’), then

(t—a)* 1, tel

(u*Iga+Dgu)(t> =u(t) - q

1—
17 i DJu(t) = o I8 D5Pu(t), DY Ifu(t) = D5 Vu(t).

Lemma 3. Let u € LY(I') and a+D5(1_7)u € LY(I') existed, then

Dy il = (1P L Dp Yy,

Proof. By the literature [17], we have HDg‘HL’;u(t) = ngﬂxu(t) (B > « > 0), which
obtains

Dy (P ey = o 1D, (ol P = g

O

a+Dq

Lemma 4 ([34,38]). Suppose « > 0, ¢(t) is a nonnegative function locally integrable on a <
t < T(some T < +o00) and m(t) is a nonnegative, nondecreasing continuous function defined
ona <t <T,w(t) < K(constant), and suppose u(t) is nonnegative and locally integrable on

a <t <Tuwithu(t) <w(t) +m(t),+Iu(t), then u(t) < w(t) + z-)i:oo (m(t)rq(a))iag{;aw(t).
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Next, we introduce some propositions and definitions about the Kuratowski non-
compactness measure @ : D¢ — [0, 00) in [42,43].
@(U) = inf{e > 0: U can be covered by finitely many sets with diameter < €}.

Proposition 1 ([42,43]). The Kuratowski measure of non-compactness ssatisfies some proposition:

(i) UcV=wl) <o(V) UVCCX

(i) @ (U) = 0if and only if U is relatively compact,

(i) @(U) = @(U) = @(conv(U)), where U and conv(U)] represent the closure and the convex
hull of U, respectively,

(iv) o(U+V)<ol)+w(V),

(v) @(AU) = [A|o(U), A € R.

Definition 10 ([42,43]). Let U : U — X be a bounded continuous map and U C X. The operator
U is w-Lipschitz if there exists constant | > 0 such that @(U(V)) < lwo(V), V C U. Moreover,
U is called a strict @-contraction if | < 1.

Definition 11 ([42,43]). For bounded and non-precompact subset V of U, the mapping U is said
to be @-condensing if @(U(V)) < @(V). That is, @(U(V)) > @(V) implies @(V) = 0.

Proposition 2 ([44]). (i) If U,V : U — X are w-Lipschitz with constants Iy and I, respectively,
then U +V : U — X is w-Lipschitz with constant I + I.

(i) If U - U — X is compact, then U is @-Lipschitz with [ = 0.

(iif) If U : U — X is Lipschitz with constant I, then U is @-Lipschitz with constant I.

Lemma 5 ((Topological degree theory) [44]). Let F : U — X be w-condensing and
Q= {u e U: thereexists ¢ € [0,1] such that u = {Fu}.
If O is a bounded set in X, then there exists ¥ > 0 such that Q) C B,(0), and the degree
deg(I — ¢F,B,(0),0) =1,V¢ € [0,1].
Consequently, ¥ has at least one fixed point and the set of the fixed points of F lies in B,(0).

3. Existence and Uniqueness of Solution

In the section, we obtain the equivalent Volterra integral equation corresponding to
the nonlocal problem (1), and further obtain the existence results of solution. Throughout
the article, we let f, () = f(t,u(t), Hu(t), Gu(t)).

Now, we introduce some hypotheses as follows.

(Hy) f : I x R® — R satisfies f € Cf(};“) (I') for any u € C;_,(I'). For each u,v €
Ci—,(I"), there exists constant L > 0 such that

|f(t,u, Hu, Gu) — f(t,v, Hv,Gv)| < L(|u — v| + |Hu — Hv| 4+ |Gu — Gv|).

(Hy) Foru,v e X, h,g: 12 x R — R are continuous functions, and there exist constants
6;,1; > 0, (i = 1,2), such that
|h(t,s,u(s)| < Orfu(t)], [t s, uls)| < b2|u(t)],
|h(t,s,u) —h(t,s,v)| <ljlu—o|, |g(ts u)—g(tsv)| <llu—o|.

Lemma 6. Let f,(t) € Ci_ (I') foranyu € Ci_(I'). u € Clv_y(l’) is a solution of the nonlocal
initial value problem (1) is equivalent to u satisfies the following Volterra integral equation

P(t—a)] !

o) = g I a9 s+ i [0 a9 s @
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1

m 1
Ta(y)— 421 Ai(mi—a)g
=

where P =

Proof. Referring to [41], We obtain the following procedure.
Since 441y "u € Cla, T] and ,DJu = Dyayly " € C1_(I'), then o 41y "u € C__ (I'),
by Lemma 1

aily Tu(a®)

o1 0 DYu(t) = u(t) — t—a)l™!, tel 3
+ig +D17 () () Pq(v) ( )‘7 ( )
By ,H_Dgu € C1—(I'), and Lemma 2 we have
aﬁgquD;” = a+Iga+D3’ﬁu = a+1$‘f, tel, (4)
by (3) and (4) we obtain
I "u(at) 1 gt
ut:Lt—aly_l—i-i/ t—gs)¥ (s, u(s), Fu(s), Gu(s))dys. (5
Substituting t = 7; into (5), we have
a-‘rlt;_lyu(lfr) y—1 1 /m a—1
u(m) = ———=(m;—a + 7T — s s,u(s), Fu(s), Gu(s))dgs
() = I s [ G )y (), Puts), Guts) )y

then it implies

a+l;_7u(a+) =T @ PY A /ﬂi (rr; — qs)g‘_lf(s,u(s),l-"u(s),Gu(s))dqs, (6)
q . Ja

where P =

&y £ dlm-af
Submitting (6) to (5), we obtain

P(t—a)] !

u(t) = ) i_ilAi/Llnf(m—qs)g—lfu(s)d,,urrql(a)/ut (= g)5 fu(s)dgs.

O
By Lemma 2, we consider the following operators A, B : X — X:

-1 m
Au(t) = Pt—a) YA [T (i —qs)8 fu(s)dgs, tel
T, (a) = iJa i~ Y4s)q u q ’

Bu(t) rq%“) f; (t— qs)g‘*lfu(s)dqs, tel,

then the right side of integral Equation (2) can be written as the operator
Fu(t) = Au(t) + Bu(t), t € L.

Obviously, by the continuity of f, operator F is well defined.
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61 (T—a)y I1(T—a)? 0>(T—a)? L(T—a)? A
Let 77]’11 - l[v]q ql 17]12 = 1[-07]qql 17g1 - Z[T]qq/ 71g2 = 2 [w]q q, A=

max{A;,i=1,2,---,m}.

Lemma 7. Under the assumptions (Hy)—(Hy), A is continuous in the weighted space Cy_.(I"),
and satisfies the inequality as below

[Aulle, . < er[L(+mm +ng)llullc, . +1fo)lle, ) uweX

where pr = 2 £ (o~ 07, fols) = £(5,0,0,0)

Proof. We choose a bounded subset Bfl’w(l’) ={ueC_,(I'): ||u\|C177 <r} C X,and

consider a sequence {u, } € Bfl’”(l’) such that lim u, = u € B,Cl”(l’), we need to prove
n—oo
that || Au, — A”Hcl,7 — 0, n — co.

By the continuity of f,, (t) and f,(t), it follows that |f,, (s) — fu(s)| = 0,as n — oo,
also

(£ =23 (fun(5) = fu(9))] < (T = @)y "1 fun () = fuls)],

which implies that the left term is bounded and integrable, by the Lebesgue dominated
convergent theorem, we obtain

a1 || fu _f”Hpr =0, n— oo,

sowe have ||Au, — Aul| C, = 0 as n — co, which implies the continuity of the operator A.
Let fo(s) = f(s,0,0,0), by the assumption (H;) and (Hp), we have

(t— a);—mu(t)‘

< g L AL O 905 ful) s
< g L AL (= 905 (1uls) — fo(s) + Lfo(s) s
< g L AL G 905 L(u()] + [Hu(s)] +1Gu(s)]) + Lfols) 1dgs
< g LA - )i By [l + 1Bl + IGul, ) + 1A, ]
< fi A= @ T L ) e, + 1AG)e, ]
where
Ji = gs)5 u()ldgs < () (= q9)5 7 (s — @) dgs)lulc,
= (t—a) " By, ) lullc, -
Letp; = ?Zgﬁi)‘ :1 Ai(m — a);“rvfl, then

lAulle, , <pr[L(+m, +1g) e, , + 1fo@)lle, |-

O

Lemma 8. Operator A : X — X is compact. In addition, A is @-Lipschitz.
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Proof. Taking a bounded subset () C BE = (I'). For any u € ), by the Lemma 7, we know
A(Q) is uniformly bounded. Next, we will show that the operator A is equicontinuity.
Taking t1,tp € I, u € (3, we have

Au(ty) = Au(t)| <l (=] = (=) ] 32 A L7 (= gs)E 1 fu(s) dgs

‘rl;‘(?ﬂ; {(tz )l = (k- a)g,l} ¥ il — “)5*7*1||f1¢(5)||c1,7f

SO
||Au(t2) — Au(t1)||clﬂ —0, t1—b

So, by Ascoli-Arzela theorem, operator A is compact. Moreover, by Proposition 2, A
is @-Lipschitz. O

Lemma 9. Assume that the hypothese (Hy) holds, then B is @-Lipschitz with constant § =
L(T—a)%
W(l + 1, + 11g, ). Moreover

1Bulle, ., < p2[L(1+m +1g) [ulle, ., +1fo(5)lc,., |,

where py = Ty(@) (T —a)

u
Ty(v+a) q:

Proof. Take u,v € X, we have

(t—a)y "(Bu(t) = Bo(t))| < (t—a)g "ty Jy (t =505 fuls) — fols)ldgs

oy L(t—a)t

< (t= ﬂ)é K rq(z)q (lu —v| + |Hu — Ho| + |Gu — Go|)
L(T—a)t _

< Fq(;)q [(t_a)‘; 7(1_"77}12 +7732)|u_0|}
L(T—a)8

< Sty ) lu—olle,_

L(T—a)% . .
Set§ = Ta)"(l + 1, + g, ), it obtain that || Bu — Bollc, < dllu—ollc,_ .

Hence, operator B is Lipschitz on X with constant J, by Proposition 2, B is @-Lipschitz
with constant §. Moreover, we obtain

(t— a);—VBu(t)\
(F =)y kg S (£ = 9057 (1fu(5) = fols)] + Lfols) s
(t—a)y i (t =) T L (ulle,, + IHulle,_ +1Gulle, ) + o) e, |

T,
< nhi (T =)L+, +1g)lulle,, +1fos)le, .

IN

IN

r
Set pp = %(T —a)g, so

1Bulle, , < o2 [L(1+ 1, +1g) ulle,, + 166, ]
O]

Theorem 1. Under hypotheses (Hy) and (Hy), nonlocal problem (1) has at least one solution
1—y

ueB (I)ifs<1.



Fractal Fract. 2023, 7, 101 90f17

IN

IN

IN

Proof. Firstly, operators A, B, F are clearly bounded and continuous and, by Lemma 8, we
obtain that A is @-Lipschitz with constant 0. By Lemma 9, B is @-Lipschitz with constant 4.
Thus, F is @w-Lipschitz with constant §, and F is strict @-constraction with constant J since
4 < 1, we obtain that F is @-condensing.

Next, considering set

Q= {u € X: thereexists ¢ € [0,1] such that u = {Fu},

we prove that () is bounded.
Letu € O, thenu = {Fu = {(Au+ Bu),and t

lulle,_,

< &(lAule,_, +Bulc, )

< pr[L ) e, + 1) e, | +p2[LQ+m, +ng) lulle,_, +1fos)le, |
<

(o1 +02) [L(1+ 11, + 1) lle, ., + 1fo(S)lle, |-

So, we obtain

p1+p2
<
lers = T T o) (O, ) 10 e

thus, we conclude that () is bounded.
Finally, by Lemma 3 and repeating the same process of proof in [6] (Lemma 2), since

uec] ,(I') and by the definition of cl ,(I'), we have +Dju € C1_,(I'), so we obtain
1—7 1—'y

u € B, o (I), it show that the solution of nonlocal problem (1) is actually in B, o (I). This

completes the proof. [

Theorem 2. Assume that (Hl) and (Hy) hold, then nonlocal problem (1) has a unique solution if

L( 4w, +1 -1
L <1, where L = # [|P\m)\( a)g T (T - a)g‘],

Proof. Taking t € I and u,v € C;_,(I), we obtain
(£ = a)y 7 (Fu(t) — Fo(t)|
o é A J (i = 4)§ 71 fus) = folS)ldgs + (= @)™ iy i (= 48)§ M fulS) = fols)ldgs

p| I ; _
rL@L) LA " (71— g5)% L (|1 — 0] + 1y [u — 0] + 17g, [u — 0])dys
1=

+(t — a),;_'yﬁ ft (t— qs)“*lL(\u — 0| + 1, [ — 0| + 17, |1 — v|)dgs

L(T—a)g
(T = )" PlmA L L+ + )l = 2le,, + Tt (1 7, + )0 = 2lle,

L(1+1m, +17g,) +y—1
TyrT) = [|P| AT —a)g ™" +(T_“)ﬂ lu—ollc,_ -

L(1+77h2+’722

Let £ = Ty(at1)

{|P|m/\( )3+A’_1 + (T—a)ﬂ,we have

[Fu(t) = Fo(t)|lc,_, < Lllu=vlc,_,

Since £ < 1, It follows that operator F is strict contraction. By Banach’s fixed point
theorem, we know that F has a unique fixed point, which implies that nonlocal problem (1)
has a unique solution. This completes the proof. [
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4. The Existence of Extremal Solutions

Let | is an ordered Banach space with the norm || - HCP7 and partial order “<” (i.e.,
forany u,v € |, u < vis equivalent to u — v < 0). In the following, we will investigate the
existence of extremal solutions for nonlocal problem (1).

Definition 12. If a function yg € Cy_.(I") satisfies

DY o (t) < £(t,uo(t), Huo(t), Guo(t)), te T,

ul (7)
u+1q(1_“)(1_ﬁ)7"0(a+) < -;1 Mio(mi), mi €L,

then it is called a lower solution of nonlocal problem (1); if all the inequalities in (7) are reversed, it
is called an upper solution of nonlocal problem (1).

Theorem 3. If nonlocal problem (1) has a lower solution yg € Cy_.(I') and an upper solution
T € Ci1—,(I") with py < 19. Suppose that conditions (Hz)—(Hs) are satisfied:
(H3) There exists a constant Y > 0 such that

f(tuy,01,21) = f(tuz,02,20) < Y(up —uy), tel
where po(t) < uy < up < 19(t), Hpo(t) < v1 <vp < Hro(t), Gpo(t) < z1 < 22 < Grot).
m
(He) (1—gq)'77 ‘21 Airti > 0.
=
(Hs) There is a positive constant h such that

@({f(t,tn,vn,20)}) < H(@({un}) + @({vn}) + @({zn})), tel

and decreasing or increasing monotonic sequences {u, } C [po(t), ©(t)], {vn} C [Huo(t), Hto(t)],

{zn} C [Gpo(t), Gro(t)].
Then the nonlocal problem (1) has minimal and maximal solutions u and i between gy and Tp.

Proof. We define operator S : [y, 7] = C1_(I’) as follows

i_i/\i /aﬂf (m; — qs)f;*l[fu(s) + Yu(s)]dys + I*,izx) /at (t— qs)g‘*l[fu(s) + Yu(s)]dys (8)

forall t € I. Since f, is continuous, it is obvious that the operator S is continuous. Next,
the proof process is divided into three steps.

Step 1. We show the operator S is an increasing monotonic operator.

Firstly, by (Hy) we know P > 0 by the below

L) = L di(m—a) " = (1= A =g)f ' = L Am(1— )]

> [(1— )7 — ¥ A min{(1— )7, (1 — L)1} > 0.
i=1 i !

In fact, for Vt € I, po(t) < ug < up < 19(t), by (H3) we have
Jfup (8) + Yua(s) = fu, (s) + Y (s),

a1y (fur (8) + Yuz(s)) = oIy (fuy (s) + Yua (s)).
So from Equation (7) we obtain that Sup > Su;.
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Step 2. We first show that p(t) < Spo(t), Sto(t) < uo(t). Let N(#) =,+ Dg’ﬁy(t) +
Yu(t), R e X, and R(t) < fiu,(s)(t, po(t), Huo(t), Guo(t)) + Yuo(t), t € 1. By Definition (7)

we have
po(t)
P(t—a)] "
o glm (= 40N s + kg 1 (= g8)5TIN(s)dys
P( )]~ m

E Ai J)7 (7t = 805 (fuo () + Yio(0)dgs + iy fi (6= 48)5 7 (fua(5) + Ypao(s))dgs
= SVO( )/ t €l

which implies that 9 < Sp. Similarly, it can be shown that Sty < 7). So the operator S is
a continuous increasing monotonic operator.
Now, we define two iterative sequences {1, } and {7, } in [uo, 1]

Hn = S;’ln—ll Ty = STn—ll n= 1/2/ . (9)
By the monotonicity of S, we have
poSp S < S <SS SHETET (10)

Step 3. We show that the sequences y, and T, are convergent in I.
Here, we obtain R = {y, : n € N} and Ro{t,—1 : n € N}, we have R = S(Rp). From
Rop = RU {pp} it follows that

@(Ro(t)) = @({pa(t) }y—p) = @({po(t)} U {pa() };21) = @({pa() };1) = @(R(1)), t € L.
Let ¢(t) := @(R(t)) = @(SRo(t)), t € I, we will show that ¢(t) = 0in I.

#(t) = @(R()) = @(S(Ro) 1))
= o {5 B L (= 9 s (9 Y a6
+ﬁ NG qs)z fun 1 (5) + Yptn1(5))dgs })
O B0 = 0905 L@ (e (90)) + @ Hp 1 (9) + @({Ga (1) +Y
<{yn 15V DMy + o L@ ({ a1 (D} + @({Hptn 1 (D) + @({Gitn 1 (1) + Yo {ptn1(5)})]

P(T —a)]~ 1§A ,H){)( (Lt 71my + 11g) +Y)@(8) + (L + 7y + 17g,) +Y) g p (1)

PmA(T— a)",frv l ”
TR (L1 + 1y +11g,) +Y)o(8) + (LT + 113, +17g,) +Y) 0t I3 p(2),

we have

IN
~

IN

IN

(P(t) < L(1+77h1+1781)+Y
T e P(T = )y T mA (L (L gy g, ) +Y)

a+1:;4>(t).

Hence, by Lemma 4, ¢(t) = 0in I, then for any ¢ € I’, u,(t) is precompact. From (10),
the sequence {y,(t)} is convergent, that is, nlgn pn(t) = u(t), t € I'. In the same way,
lim T, (t) =u(t), tel.

n—oo

Obviously, {un(t)} € Ci_,(I'), and u(t) is bounded integrable on I'. By (8) and
(9), using the Lebesgue dominated convergence theorem, letting n — oo, we obtain that
u(t) = S(u)(t), therefore u(t) € Ci_(I') and u = Su. Similarly, i(t) € Ci_,(I'), @ = Si.
Thatis, po <u <1 < 1.
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From the monotonicity of S, it is easy to obtain that u and # are the minimal and
maximal solution of the problem (1) in [y, 1p]. O

5. Ulam Stability

In the section, we will discuss the Ulam-Hyers stability and Ulam-Hyers—Rassias
stability of nonlocal problem (1).
Considering the g-difference nonlocal problem (1) and the following inequalities:

+Dyo(t) = f(t,0(t), Ho(), Go(1)| < e, tel, (11)

Dy Po() = £(t,0(8), Ho(t), Go(t))| < eq(t), te L 12)

Definition 13 ([1,45]). Nonlocal problem (1) is said to be Ulam—Hyers stable if there is a constant
ds > 0 such that for all € > 0, and for each solution v € C of inequalities (11), there is a solution
u € C of Equation (1) such that

o — “Hclﬂ <edf, telL (13)

Remark 2 ([1,45]). If the constant edy in inequality (13) is replaced with the function ds(€) €
C(R+,R+) with dg(0) = 0, then the nonlocal problem (1) is Generalized Ulam—Hyers stable.

Definition 14 ([1,45]). Nonlocal problem (1) is said to be Ulam—Hyers—Rassias stable with respect
to ¢ if there is a constant dg , > 0 such that for all € > 0 and each solution v € C of inequalities
(12), there is a solution u € C of Equation (1) such that

|v— uHCl_7 <edsop(t), teL (14)

Remark 3 ([1,45]). If the funtion eq@(t) in inequality (12) and (14) is replaced with the function
@(t), then nonlocal problem (1) is Generalized Ulam—Hyers—Rassias stable.

Remark 4 ([1,45]). If ¢(t) is a constant in the Definition 14, then nonlocal problem (1) is Ulam—
Hyers stable.

Theorem 4. Suppose that (Hy)—(Hy) hold, then nonlocal problem (1) is Ulam—Hyers stable.

Proof. Let v(t) be a solution of the inequality (11), u(¢) be a solution of nonlocal problem
(1). By inequality (11), we obtain

—e< a+D3’ﬁU(t) — fo(t) <e,

folt) =€ < wDfPo(t) < folt) +e,

we obtain

_ P(t— -1 m . _
’(t — a); v <v(t) — (rq?i'; igl A fanl (7t — qs)g‘ 1fv(s)dqs + a+I,‘;fv(s)dqs>

1— -1 (m-a)f (t—a)y
<e(t-a " (1210 -y £ At )

2 —y+1
< e\P|mA(T7a)g+(Tfa)3 T+
- Ty(a+1)

= EN],
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then

(£ =) 7 (o) = u(t))]

P(t—a)] !

= ‘(t — a);—V (v(t) B O ié A fg”i (rr; — qs)g—lfu(s)dqs + o+l fu (s)dqs> '

< = (o) = BT § A 1 (= )5 fo (8)dos + oI fo()dis
q Tolw) 27 i 48)g " Jo(8)4qS T a+lg Jo(S)dg

+ + [ = ) T IS (fols) = fuls))dgs|

o A (= ) Fol8) — () s

|PlmA(T—a)s ™" 4 (T—a)®
P L (U gy + i) llo = wl, = €Ny Mljo—ulle,

< €N+

so, we obtain
eN 1

1-M
Hence, by the Definition 13, the nonlocal problem (1) is Ulam-Hyers stable. [

||U_”HC1,7 < 1= edy.

Remark 5. Using the similar proof procedure in the Theorem 4, we can also obtain that the problem
(1) is Generalized Ulam—Hyers stable.

Theorem 5. In addition to assumptions (Hy)—(Hp), assume that
(He) there is a continuous function ¢(t) : I — Ry and p; € Ry such that A7 () < Big(t),
let p = max{B;,i=1,2,---,m}.

1

Then nonlocal problem (1) is Ulam—Hyers—Rassias stable with respect to ¢.

Proof. Let v(t) be a solution of the inequality (12), u(t) be the solution of nonlocal problem
(1). By inequality (12), we obtain

(t— a);”y (z;(t) _ P(tr;?p)j*1 ig:l A fuﬁi (7 — qs)g‘*lfv(s)dqs + H+I§‘fv(s)dqs> ‘
< e(|PImAB+ B(T —a)y "g(t) := eNag(t),

then

P(t—a)371

< ’(t — a);f"V (v(t) ) igl A faﬂi (7t — qs)%‘_lfz,(s)dqs + ,1+Ig‘fy(s)dqs)

] T o (5) — fuls))es

+

r LA e (= a)5 7 (fols) = fuls))dys
1=
< eNpo(t) + M|v— u”Cl—'y’

so, we obtain

€p(t)N;
fo—ule,., < PN — ca gir).

So, by the Definition 14, nonlocal problem (1) is Ulam-Hyers—Rassias stable. [

Remark 6. Similarly, problem (1) is also Generalized Ulam—Hyers—Rassias stable with respect to
@ in the Theorem 5.

6. Examples

Example 1. Considering the Hilfer fractional g-difference equation with nonlocal condition
as follows.
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2Dy u(t) = f(t,u(t), Hu(t), Gu(t), tel=(23],
2+Iq(1—06)(1—ﬂ)u(2+> _ 211(%),

1

1 _
4=

ZUI’I@I’E(X— 5, B=3 7
E2sinu+ 55 (Hu + Gu).

U

,v=3, w=3, f(tu(t), Hu(t), Gu(t)) = (t —2)75 +

N—

\_/II

. . 1
For each f,(t) € C% [2,3], it is obvious that (f — 2)3/15fu(t) =(t— 2)‘11;;5((1? —2)78 +

2 sinu + 5 (Hu + Gu)) € C([2,3],R), fu(t) € Caps(I'), also (t —2)5/1%,:D3/ 1 f,(t) €
C([2,3],R), thatis f € Ciﬁg(l’) Moreover

Ifu(t) — fo(t)] < {5lsinu —sinv| + 55 (|Hu — Ho| + |Gu — Gv|)
1
12

<

|
(|sinu — sinv| 4+ |Hu — Ho| + |Gu — Gu)),

Set h(t,s,u(s)) = <40 o(t,s5,u(s)) = S04 then

(t=3)s F(t—3)s’
2
bt s, u(s))| < 21u®)], [(t,5,u(s))] < ~lu()],
2 5
h(t,5,u(s)) — h(t,5,0()] < 2| o], |g(t,s,u(s)) — g(t,5,0(s))] < 2] —o],
thatis, 0 = I} = %, 0p = L=2,L= % A = 2, we obtain

Ny = N, = 0.3,1¢; = 17¢, = 0.52,

N 1 _1
~11.18—2x81| 15
Tp(a+1)=(1-¢q)""(1- Q)z_l =(1-9)*°(1- q)"q“1 ~1.37,

SO

(I, +11 +y-1
L= Afﬁﬁgiﬂmmu @)y (T a)s]
1
= xXIH0H0%) (104 1) =013 < 1.
Moreover, let ¢(t) = e for each t € I, there exists a real number 0 < ¢; < 1
such that
( ) earctant 1 (t) < ‘B ( )
2l g(t) € i < 9
! g @ ’

Hence, the conditions of Theorems 2 and 4 are satisfied, which implies nonlocal
problem (15) has a unique solution and is Ulam-Hyers-Rassias stable with respect to ¢.

Example 2. We consider the following nonlocal Hilfer fractional g-difference extremal solutions:

{yDﬁwn_f@Mmemcwm,teﬂ_paL »
16
21 P = fuB) + du(®), mer,
earctanu(s)
where x = g, B= %, v = %—1, qg= %, V= %, w= %, h(t,s,u(s)) = ! , 8(ts,u(s)) =

(t——)s

earctanu(s)
D

From the above Example 1, we know that (H;)-(Hz) hold, and for t € I,

Hupy — Huy <y, (up —u1), Guy — Guy < 17g,(up —uy),
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there exists a constant Y, it have
f(tur(t), Hup (), Gui () — f(t,un(t), Hup(t), Gua(t)) < Y(uz — uz).
In addition, when po(t) < uq(t) < up(t) < 1(t), then
Hpo(t) < Huq(t) < Hup(t) < Hro(t),

G]/lo(f) < Gu1(t) < Guz(f) < GT()([’),

the monotonic sequences {u,} C [uo(t), 0(t)], {vn} C [Huo(t), Hto(t)], {zn} C [Guo(t),
GT1o(t)]. and there will exists a constant /i > 0 has

@({f(t,un,vn,2n)}) < M(@({un}) +@({vn}) +@({zn})), tel

m
In addition, about Hy, (1 —¢)'=7 — ¥ A;j7r; > 0 ~ 0.83 — 0.75 = 0.08 > 0 holds.
i—1

i=
Therefore, by Theorem 3, the nonlocal problem (16) have minimal and maximal
solutions u and i between o and 1.

7. Conclusions

In this paper, we consider a kind of Hilfer fractional g-difference-integral equations
with nonlocal condition in a weighted space of continuous functions. Firstly, the existence
and uniqueness results of solutions are obtained by using topological degree theory and
Banach fixed point theorem. Subsequently, the existence of extremal solutions in an ordered
Banach space is discussed by monotone iterative method. We then consider the Ulam
stability results for a nonlocal problem (1). Finally, two examples are given to illustrate the
effectiveness of the theory results.

In the next work, we will continue to study the Hilfer fractional g-difference equa-
tion in-depth, considering the equations with impulsive effects, the controllability of the
equations and so on.
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