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Abstract: When aiming to achieve consistency in fractal characteristics between different models,
it is crucial to consider the synchronization of Julia sets. This paper studies the synchronization of
Julia sets in three-dimensional discrete financial models. First, three-dimensional discrete financial
models with different model parameters are proposed and their Julia sets are presented. According
to the model forms, two kinds of synchronous couplers that can achieve synchronization of Julia sets
between different models are designed by changing the synchronization parameters. The proposed
synchronization method is theoretically derived and the efficiency of different synchronous couplers
are compared. Finally, the effectiveness is verified by Julia sets graphics. This method has reference
value for theoretical research into financial models in the field of fractals.
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1. Introduction

The financial system plays an important role in the global economic market, and
research on the financial system has developed rapidly in recent decades. In the early
years, traditional economic theory usually used the linear analysis method to linearize
the system and simplify the analysis. However, with the globalization of the economy,
the global economic market presents greater diversity and complexity, and the financial
system can no longer be simply analyzed by linear methods. Combined with the progress
of computer technology, nonlinear analysis methods have received more attention and
gradually become a new discipline called nonlinear dynamics. Scholars have used computer
technology tools and methods to conduct research on nonlinear economic phenomena
and considered financial systems as complex nonlinear dynamic systems [1–3]. In 1993,
Huang [4] proposed a differential equation model for chaotic financial systems in which the
long-term behavior is irregular and highly sensitive to initial state values and parameter
changes. Based on this nonlinear financial system, Ma and Chen [5,6] proposed a study
on the bifurcation chaotic topology and global complexity of the system. Subsequently,
many scholars have conducted multifaceted research on this financial system with the
aim of analyzing its dynamic behavior. For example, Gao [7] considered a continuous
financial system with delayed feedback and studied the stability and Hopf bifurcation of
the controlled system by combining bifurcation theory and chaos theory. Kai [8] studied the
impact of double-delay feedback on the nonlinear dynamic behavior of financial systems,
suggesting that double-delay feedback can effectively control the unstable behavior of
financial markets and pointing out that time delay can be an effective method to control the
stability of financial markets. The above research results indicate that the study of nonlinear
dynamic behavior in the financial system has expanded in many different directions.

Fractal theory is an important branch of nonlinear science. Classic fractal geometry
can be divided into three categories: escape-time systems, iterated function systems, and
attractors. Escape-time systems typically involve the convergence boundary of complex
iterations, such as the Mandelbrot set and Julia set. Well known fractals in iterated function
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systems include the Cantor set, Koch snowflake, and Peano curve, all of which can be
achieved by “substitution” with simple geometries [9]. Attractors are usually structures
obtained by iterating points, such as the Lorenz attractor. These unsmoothed sets or curves
are generated by simple rules, with infinitely fine and extremely complex structures and
self-similarity characteristics [10,11]. Julia sets are important fractal sets in fractal theory,
named after the French mathematician Gaston Julia [12]. Their fine and complex structure
is widely used in various fields, including biology [13], physics [14], cryptography [15],
and others. Julia sets can display the dynamic characteristics of systems, and are often
used for theoretical research on nonlinear dynamic systems. Julia sets of several functions
have been discussed in recent years [16–18]. In the past two decades, the study of control
and synchronization problems of Julia sets for different models has become a new field
gradually being explored by many scholars. For example, Sui [19] proposed the control
of Julia sets generated by the typical complex iteration function zn+1 = zn

2 + c, using
appropriate mathematical transformations to achieve the amplification and reduction of the
Julia set based on complex iterative functions to achieve control of the Julia set. Zhang [20]
introduced the visualization of the Julia set of a complex discrete Henon mapping system
with two variables, and introduced the optimal control function method into the system to
achieve control and synchronization of its Julia set. Sun [21] studied the Brusselator model
with forcing terms from the fractal perspective, introduced the Julia set, and used feedback
control to control the Julia set of the model. Then, a coupling term was designed to achieve
synchronization between two Julia sets with different parameters. These studies on Julia
sets are of great significance for the development of nonlinear dynamic systems. In recent
years, research related to the synchronization of Julia sets has been extended. In [22], the
authors introduced the consensus of Julia sets of multi-agent systems. In [23,24], Wang
used adaptive control methods to discuss the synchronization and anti-synchronization
problems of Julia sets in different systems.

Based on this research background, it can be seen that the financial system, as a
complex nonlinear dynamic system, is in a stage of continuous expansion into various
fields. By combining fractal theory, this paper establishes discrete financial models based
on a classic three-dimensional financial model, then provides Julia sets of the models with
different parameters and discusses the synchronization problem of Julia sets. In Section 2,
the necessary definitions of a Julia set are provided. In Section 3, three-dimensional
discrete financial models are proposed and Julia sets of the models with different model
parameters are presented. In Section 4, two kinds of synchronous couplers are designed to
achieve synchronization of the Julia sets and theoretical proofs are provided. Finally the
effectiveness of the synchronization couplers is verified through Julia set graphics, then the
efficiencies of different synchronous couplers are discussed.

2. Basic Theory
2.1. Julia Set

The essential definitions of the Julia set are provided below.
Assume that f : D → D is a continuous mapping and denote f k as the k-th iteration

of f, which means

f 0(ω) = ω, f 1(ω) = f (ω), f 2(ω) = f ( f (ω)), · · · , f k(ω) = f ( f (· · · ( f (ω)) · · · )),

where the iterative function graph
{

f k
}

is called a discrete dynamical system.
A point ω is referred to as a fixed point if it satisfies the equation f (ω) = ω. On the

other hand, ω is considered a cyclic point if there exists an integer p such that f p(ω) = ω,
where p is greater than or equal to 1. Moreover, p is termed the period of ω if there is a
minimum p that satisfies the equation f p(ω) = ω.

The classical Julia set is defined in the complex plane, as follows.



Fractal Fract. 2023, 7, 872 3 of 14

Definition 1 ([25]). The filled Julia set of function f is defined as K( f ), which satisfies

K( f ) =
{

z ∈ C
∣∣∣ f k(z) 9 ∞, k→ ∞

}
,

where C is a complex field and f k(z) is the k-th iteration of the mapping f.
The Julia set of function f is the boundary of K( f ), that is

J( f ) = ∂K( f ).

2.2. Synchronization of Julia Sets

When different models exhibit different features or performances, it is possible to study
the relationship between the Julia sets of different models in order to improve their perfor-
mance. In this case, it is necessary to consider the problem of synchronizing the Julia sets
of the models. The synchronization of Julia sets belongs to fractal synchronization; through
appropriate fractal control methods, it is possible to ensure that the geometric structure
and fractal features of Julia sets originating from different systems remain consistent [26].

Consider the following two three-dimensional discrete systems H and L, where system
H is

H =





xn+1 = p(xn, yn, zn),
yn+1 = q(xn, yn, zn),
zn+1 = s(xn, yn, zn),

(1)

and system L is

L =





Xn+1 = P(Xn, Yn, Zn),
Yn+1 = Q(Xn, Yn, Zn),
Zn+1 = S(Xn, Yn, Zn).

(2)

When the system parameters are provided, their corresponding Julia set is determined
as well. Define the Julia sets of system (1) and system (2) as J(H) and J(L), respectively,
and add the coupling term O(·) to system (2) to associate the Julia sets J(H) and J(L) of
the two systems. Then, system L∗ can be obtained as

L∗ = L + O(xn, yn, zn, Xn, Yn, Zn; k), (3)

where k is the uncertain coupling parameter. When the coupling parameter k is determined,
the Julia set of the system L∗ that added the coupling term O(·) is determined as well, that
is, J(L∗).

Definition 2. For a constant k0, the synchronization between the Julia sets of system (1) and system (3)
occurs if

lim
k→k0

(J(L∗) ∪ J(H)− J(L∗) ∩ J(H)) = ∅

or
(J(L∗) ∪ J(H)− J(L∗) ∩ J(H))|k=k0 = ∅.

It is evident that the boundedness property of the trajectories of points within the
filled Julia set is distinct from those outside of it. Thus, the way to achieve synchronization
between J(H) and J(L∗) is to achieve trajectory synchronization. In trajectory synchro-
nization, the variation of the coupling parameter k reflects both the trajectory variation of
system (3) and the variation of the Julia set J(L∗) of system (3).

Theorem 1 ([27]). For a constant k0, synchronization between the Julia sets of systems (1) and (2)
occurs if ∀v0 ∈ R3 such that

lim
n→∞

lim
k→k0

∣∣∣∣(L∗)n(v0)− Hn(v0)

∣∣∣∣= 0
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or
lim

n→∞

∣∣∣(L∗)n(v0)|k=k0 − Hn(v0)
∣∣∣= 0.

3. Julia Sets of Discrete Financial Models

In the literature, it is possible to find established financial models consisting of a pro-
duction sub-block, monetary sub-block, securities sub-block, and labor sub-block (see [5,6]
for more details). These model depict the temporal changes of three state variables: the
interest rate x, the investment demand y, and the price exponent z, as follows:





.
x = z + (y− a)x,
.
y = 1− by− x2,
.
z = −x− cz,

(4)

where a is the amount of savings, b is the cost of investment, and c is the elasticity of
commercial demand.

By selecting a suitable coordinate model and assigning appropriate dimensions to
each state variable [28], we can derive the simplified finance model:





.
x1 = α(x1 + x2),.
x2 = −x2 − αx1x3,
.

x3 = β + αx1x2,
(5)

where α and β are the parameters of the model.
In this paper, our discussions are based on this simplified financial model.
Due to the fact that the Julia set is defined by an iterative algorithm, discrete points

are more advantageous for computers to implement the iterative process. At the same time,
combined with the good research value of discrete fractional calculus, in this paper we
consider the discrete form of the model (5). We discretize the equation using

.
xi →

xi(t+ M t)− xi(t)
M t

, i = 1, 2, 3.

We replace x1(t), x2(t), x3(t) with xn, yn, zn and x1(t+ M t), x2(t+ M t), x3(t+ M t) with
xn+1, yn+1, zn+1. Then, M t is expressed by γ, obtaining the discrete version of model:





xn+1 = (1 + γα)xn + γαyn,
yn+1 = (1− γ)yn − γαxnzn,
zn+1 = zn + γβ + γαxnyn,

(6)

where α, β, and γ are the parameters of the model.
In fractal theory, the definition of the classic Julia set in the complex field is analogized

to establish the Julia set of the three-dimensional discrete financial model (6). Therefore,
the Julia set of the model (6) can be described as follows.

Definition 3. The filled Julia set of model (6), represented as K, is defined as the following set:
K =

{
(x, y, z) ∈ R3 | the iteration {(xn, yn, zn)}∞

n=1 remains bounded with the initial points
(x, y, z)}.

The Julia set of model (6), denoted as J, refers to the boundary of the filled Julia set K, i.e.,
J = ∂K.

Figure 1 shows the Julia sets of model (6) when the model parameters are taken to be as
follows: (a) α = 1.1, β = 3.5, γ = 0.05, and (b) α = 1.7, β = 5000, γ = 0.05. In this paper, the
graphics of the Julia sets uniformly use the spatial coordinate range [−100, 100]× [−1000, 1000]×
[−2000, 2000].
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(a) α = 1.1, β = 3.5, γ = 0.05 (b) α = 1.7, β = 5000, γ = 0.05

Figure 1. Julia sets of the financial models (6) with different model parameters.

4. Synchronization of Julia Sets between the Financial Models

For the financial model (6), it is necessary to design a synchronous coupler to achieve
synchronization of Julia sets between models with different model parameters in the same
structure. For example, Figure 1a,b shows two different Julia sets of financial models with
different model parameters. The desired effect is to add a synchronous coupler to one
model, causing its Julia set to change to the Julia set of the other model.

The drive system is




xn+1 = (1 + γα)xn + γαyn,
yn+1 = (1− γ)yn − γαxnzn,
zn+1 = zn + γβ + γαxnyn,

(7)

where the model parameters are taken to be α = 1.1, β = 3.5, γ = 0.05.
The response system is





Xn+1 = (1 + γA)Xn + γAYn + un,
Yn+1 = (1− γ)Yn − γAXnZn + vn,
Zn+1 = Zn + γB + γAXnYn + wn,

(8)

where the model parameters are taken to be A = 1.7, B = 5000, γ = 0.05 and where
un, vn, wn are the added synchronous coupling terms.

When un = 0, vn = 0, wn = 0, that is, without adding a synchronous coupler, the Julia
sets of model (7) and model (8) are shown as (a) and (b) in Figure 1. Next, two kinds of
synchronous couplers are designed based on the overall terms and partial nonlinear terms
to achieve synchronization of the Julia sets for two financial models.

4.1. Synchronous Coupler (I)

The synchronous coupler (I) is based on the following overall terms:




un = k(((1 + γα)xn + γαyn)− ((1 + γA)Xn + γAYn)),
vn = k(((1− γ)yn − γαxnzn)− ((1− γ)Yn − γAXnZn)),
wn = k((zn + γβ + γαxnyn)− (Zn + γB + γAXnYn)),

(9)

where k is the synchronization parameter.

Theorem 2. For the synchronous coupler (9), |Xn+1 − xn+1| → 0, |Yn+1 − yn+1| → 0 and
|Zn+1 − zn+1| → 0 when n → ∞ and k → 1, respectively, that is, synchronization of the
trajectories of the drive system (7) and response system (8) is achieved.

Figure 1. Julia sets of the financial models (6) with different model parameters.

4. Synchronization of Julia Sets between the Financial Models

For the financial model (6), it is necessary to design a synchronous coupler to achieve
synchronization of Julia sets between models with different model parameters in the same
structure. For example, Figure 1a,b shows two different Julia sets of financial models with
different model parameters. The desired effect is to add a synchronous coupler to one
model, causing its Julia set to change to the Julia set of the other model.

The drive system is




xn+1 = (1 + γα)xn + γαyn,
yn+1 = (1− γ)yn − γαxnzn,
zn+1 = zn + γβ + γαxnyn,

(7)

where the model parameters are taken to be α = 1.1, β = 3.5, γ = 0.05.
The response system is





Xn+1 = (1 + γA)Xn + γAYn + un,
Yn+1 = (1− γ)Yn − γAXnZn + vn,
Zn+1 = Zn + γB + γAXnYn + wn,

(8)

where the model parameters are taken to be A = 1.7, B = 5000, γ = 0.05 and where
un, vn, wn are the added synchronous coupling terms.

When un = 0, vn = 0, wn = 0, that is, without adding a synchronous coupler, the Julia
sets of model (7) and model (8) are shown as (a) and (b) in Figure 1. Next, two kinds of
synchronous couplers are designed based on the overall terms and partial nonlinear terms
to achieve synchronization of the Julia sets for two financial models.

4.1. Synchronous Coupler (I)

The synchronous coupler (I) is based on the following overall terms:




un = k(((1 + γα)xn + γαyn)− ((1 + γA)Xn + γAYn)),
vn = k(((1− γ)yn − γαxnzn)− ((1− γ)Yn − γAXnZn)),
wn = k((zn + γβ + γαxnyn)− (Zn + γB + γAXnYn)),

(9)

where k is the synchronization parameter.

Theorem 2. For the synchronous coupler (9), |Xn+1− xn+1|→ 0, |Yn+1− yn+1|→ 0 and |Zn+1−
zn+1|→ 0 when n→ ∞ and k→ 1 , respectively, that is, synchronization of the trajectories of the
drive system (7) and response system (8) is achieved.
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Proof. For model variables xn+1 and Xn+1, we substitute the coupling terms into

Xn+1= (1 + γA)Xn + γAYn + k(((1 + γα)xn + γαyn)− ((1 + γA)Xn + γAYn))

= (1− k)((1 + γA)Xn + γAYn) + k((1 + γα)xn + γαyn),

xn+1= (1 + γα)xn + γαyn.

Subtracting between two equations, we have

Xn+1 − xn+1= (1− k)((1 + γA)Xn + γAYn) + k((1 + γα)xn + γαyn)− ((1 + γα)xn + γαyn)

= (1− k)(((1 + γA)Xn + γAYn)− ((1 + γα)xn + γαyn))

= (1− k)(Xn − xn + γAXn − γαxn + γAYn − γαyn).

Because
γAXn − γαxn= γ(AXn − Axn + Axn − αxn)

= γA(Xn − xn) + γ(A− α)xn,

γAYn − γαyn= γ(AYn − Ayn + AYn − αyn)

= γA(Yn − yn) + γ(A− α)yn,

the formula can be simplified as

Xn+1 − xn+1= (1− k)(Xn − xn + γAXn − γαxn + γAYn − γαyn)

= (1− k)((1 + γA)(Xn − xn) + γA(Yn − yn) + γ(A− α)(xn + yn)).

Taking the absolute value, we obtain

|Xn+1 − xn+1|= |(1− k)((1 + γA)(Xn − xn) + γA(Yn − yn) + γ(A− α)(xn + yn))|
≤|1− k||1 + γA||Xn − xn|+|1− k||γA||Yn − yn|+|1− k||γ(A− α)||xn + yn|
≤|1− k||1 + γA||Xn − xn|+|1− k||γA|(|Yn|+|yn|)
+|1− k||γ(A− α)|(|xn|+|yn|).

The Julia set is defined based on the iteration of points within a specific bounded region. Let D
denote this bounded region and consider the iteration of points within D. It is important to note that,
in accordance with the characteristics of the Julia set, only the iteration of points with trajectories
that remain within D should be considered. This requirement arises from the fact that if there exists
n0 such that f n0 (z) /∈ D for some z /∈ J, then the Julia set remains unaltered. Additionally, the
boundedness property of D guarantees the existence of a constant W > 0 such that |z|< W for
arbitrary z ∈ D.

Because D is a bounded region and the value of the model parameters γ, A and α are bounded,
there exists W1 > 0 and W2 > 0 for all non-negative integers n such that

|γA|(|Yn|+|yn|) ≤W1,
|γ(A− α)|(| xn|+|yn|) ≤W2.

Then, we have

|Xn+1 − xn+1|≤ |1− k||1 + γA||Xn − xn|+|1− k||γA|(|Yn|+|yn|)
+|1− k||γ(A− α)|(|xn|+|yn|)
≤|1− k||1 + γA||Xn − xn|+|1− k|W1 + |1− k|W2

=|1− k|(|1 + γA||Xn − xn|+W1 + W2)

≤|1− k|(|1 + γA|(|1− k|(|1 + γA|| Xn−1 − xn−1|+W1 + W2)) + W1 + W2)

=|1− k|2|1 + γA|2|Xn−1 − xn−1|+|1− k|2|1 + γA|(W1 + W2)

+|1− k|(W1 + W2)

≤ · · ·
≤|1− k|n|1 + γA|n|X1 − x1|+|1− k|n|1 + γA|n−1(W1 + W2)

+ · · ·+|1− k|2|1 + γA|(W1 + W2) + |1− k|(W1 + W2)

=|1− k|n|1 + γA|n|X1 − x1|+
|1− k|(W1 + W2)(1−|1− k|n|1 + γA|n)

1−|1− k||1 + γA| ,
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for k > γA
1+γA , and we obtain (1− k)(1 + γA) < 1. As n→ ∞ , the limitation of the right side of the

above equation is |1−k|(W1+W2)
1−|1−k||1+γA| . Obviously,

|Xn+1 − xn+1|→ 0 , as k→ 1 .

Similarly, for the model variables yn+1 and Yn+1, we substitute the coupling terms into

Yn+1= (1− γ)Yn − γAXnZn + k(((1− γ)yn − γαxnzn)− ((1− γ)Yn − γAXnZn)),

yn+1= (1− γ)yn − γαxnzn,

Yn+1 − yn+1= (1− k)(((1− γ)Yn − γAXnZn)− ((1− γ)yn − γαxnzn))

= (1− k)((1− γ)(Yn − yn)− (γAXnZn − γαxnzn)).

Taking the absolute value, we have

|Yn+1 − yn+1|≤ |1− k||1− γ||Yn − yn|+|1− k||γA XnZn − γαxnzn|.

According to the previous discussion, there exists W3 > 0 satisfying

|γAXnZn − γαxnzn|≤W3.

Then,

|Yn+1 − yn+1|≤ |1− k||1− γ||Yn − yn|+|1− k|W3

≤|1− k||1− γ|(|1− k||1− γ||Yn−1 − yn−1|+|1− k|W3)+|1− k|W3

≤ · · ·
≤|1− k|n|1− γ|n|Y1 − y1|+|1− k|n|1− γ|n−1W3

+ · · ·+|1− k|2|1− γ|W3 + |1− k|W3

=|1− k|n|1− γ|n|Y1 − y1|+
|1− k|W3(1−|1− k|n|1− γ|n)

1−|1− k||1− γ| .

As n→ ∞, |Yn+1 − yn+1|→ |1−k|W3
1−|1−k||1−γ| , obviously,

|Yn+1 − yn+1|→ 0 , as k→ 1 .

Similarly, for the model variables zn+1 and Zn+1 we have

Zn+1= Zn + γB + γAXnYn + k((zn + γβ + γαxnyn)− (Zn + γB + γAXnYn)),

zn+1= zn + γβ + γαxnyn,

Zn+1 − zn+1= (1− k)((Zn + γB + γAXnYn)− (zn + γβ + γαxnyn))

= (1− k)(Zn − zn + γB− γβ + γAXnYn − γαxnyn).

Taking the absolute value

|Zn+1 − zn+1|≤ |1− k||Zn − zn|+|1− k||γB− γβ + γA XnYn − γαxnyn|,

according to the previous discussion there exists W4 > 0 satisfying

|γB− γβ + γAXnYn − γαxnyn|≤W4.

Then,
|Zn+1 − zn+1|≤ |1− k||Zn − zn|+|1− k|W4

≤ |1− k|(|1− k||Zn−1 − zn−1|+|1− k|W4)+|1− k|W4

≤ · · ·
≤ |1− k|n|Z1 − z1|+|1− k|nW4 + · · ·+|1− k|2W4 + |1− k|W4

= |1− k|n|Z1 − z1|+
|1− k|W4(1−|1− k|n)

1−|1− k| .
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As n→ ∞, |Zn+1 − zn+1|→ |1−k|W4
1−|1−k| , obviously,

|Zn+1 − zn+1|→ 0 , as k→ 1 .

Therefore, this paper successfully demonstrates the synchronization of trajectories between
system (8) and system (8), leading to the synchronization of Julia sets between the two models. �

Thus far, we have provided theoretical evidence supporting the notion that the synchronous
coupler (9) is capable of achieving the synchronization of Julia sets between the driving system (7)
and the response system (8). Additionally, owing to the flexibility in terms of model parameters, the
synchronous coupler (I) can facilitate the synchronization of Julia sets between two financial models
characterized by differing parameter configurations.

Next, visual representations of the Julia sets are utilized to validate the efficacy of the syn-
chronous coupler. Specifically, the Julia set corresponding to the driver system (7) is depicted in red,
while the Julia set associated with the response system (8) is depicted in blue. As the synchronization
parameter k is varied, the Julia set of the response system undergoes corresponding changes. In line
with the theorem mentioned earlier, as the synchronization parameter k tends to 1, the Julia sets of
the two models are expected to achieve synchronization, that is, the blue graph should tend towards
consistency with the red graph.

From Figure 2, it can be observed that as k tends from 0 to 1, the blue Julia set of the response
system (8) gradually expands to be exactly the same as the red Julia set of the driving system (7).
Therefore, the graph demonstrates that the Julia set has achieved synchronization.
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4.2. Synchronous Coupler (II)
The synchronous coupler (II) is based on the partial nonlinear terms





un = h(xn − Xn) + k(γα(xn + yn)− γA(Xn + Yn)),
vn = k((−γαxnzn)− (−γAXnZn)),
wn = h(zn − Zn) + k((γβ + γαxnyn)− (γB + γAXnYn)),

(10)

where k is the synchronization parameter and h ∈ (0, 1) is the arbitrary constant.

Theorem 3. For the synchronous coupler (10), |Xn+1 − xn+1|→ 0, |Yn+1 − yn+1|→ 0 and |Zn+1 −
zn+1|→ 0 when n→ ∞ and k→ 1 , respectively, and h is an arbitrary constant from (0, 1), that is, the
synchronization of trajectories of system (7) and system (8) is achieved.

Proof. For model variables xn+1 and Xn+1, substituting the coupling terms into

Xn+1= (1 + γA)Xn + γAYn + h(xn − Xn) + k(γα(xn + yn)− γA(Xn + Yn)),

xn+1= (1 + γα)xn + γαyn,

Xn+1 − xn+1= (1− h)(Xn − xn) + (1− k)(γA(Xn + Yn)− γα(xn + yn)).

and taking the absolute value, we obtain

|Xn+1 − xn+1|≤ |1− h||Xn − xn|+|1− k||γA (Xn + Yn)− γα(xn + yn)|.

According to the previous discussion, there exists W5 > 0 satisfying

|γA(Xn + Yn)− γα(xn + yn)|≤W5.

Then, we have

|Xn+1 − xn+1|≤ |1− h||Xn − xn|+|1− k|W5

≤ |1− h|(|1− h||Xn−1 − xn−1|+|1− k|W5)+|1− k|W5

≤ · · ·
≤ |1− h|n|X1 − x1|+|1− h|n−1|1− k|W5 + · · ·+|1− h||1− k|W5 + |1− k|W5

= |1− h|n|X1 − x1|+
|1− k|W5(1−|1− h|n)

1−|1− h| .

For 0 < h < 1, we obtain 0 < 1− h < 1. As n→ ∞, |Xn+1 − xn+1|→ |1−k|W5
1−|1−h| , obviously,

|Xn+1 − xn+1|→ 0 , as k→ 1 .
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For the model variables yn+1 and Yn+1, we have

Yn+1= (1− γ)Yn − γAXnZn + k((−γαxnzn)− (−γAXnZn)),

yn+1= (1− γ)yn − γαxnzn,

Yn+1 − yn+1= (1− γ)(Yn − yn) + (1− k)(γαxnzn − γAXnZn).

Taking the absolute value

|Yn+1 − yn+1|≤ |1− γ||Yn − yn|+|1− k||γα xnzn − γAXnZn|,

according to the previous discussion, there exists W6 > 0 satisfying

|γαxnzn − γAXnZn|≤W6.

Then, we obtain

|Yn+1 − yn+1|≤ |1− γ||Yn − yn|+|1− k|W6

≤ |1− γ|(|1− γ||Yn−1 − yn−1|+|1− k|W6)+|1− k|W6

≤ · · ·
≤ |1− γ|n|Y1 − y1|+|1− γ|n−1|1− k|W6 + · · ·+|1− γ||1− k|W6 + |1− k|W6

= |1− γ|n|Y1 − y1|+
|1− k|W6(1−|1− γ|n)

1−|1− γ| .

As n→ ∞, |Yn+1 − yn+1|→ |1−k|W6
1−|1−γ| , obviously,

|Yn+1 − yn+1|→ 0 , as k→ 1 .

For the model variables zn+1 and Zn+1, we have

Zn+1= Zn + γB + γAXnYn + h(zn − Zn) + k((γβ + γαxnyn)− (γB + γAXnYn)),

zn+1= zn + γβ + γαxnyn,

Zn+1 − zn+1= (1− h)(Zn − zn) + (1− k)((γβ + γαxnyn)− (γB + γAXnYn)).

Taking the absolute value

|Zn+1 − zn+1|≤ |1− h||Zn − zn|+|1− k||γβ + γα xnyn − γB− γAXnYn|,

according to the previous discussion, there exists W7 > 0 satisfying

|γβ + γαxnyn − γB− γAXnYn|≤W7.

Then, we obtain

|Zn+1 − zn+1|≤ |1− h||Zn − zn|+|1− k|W7

≤ |1− h|(|1− h||Zn−1 − zn−1|+|1− k|W7)+|1− k|W7

≤ · · ·
≤ |1− h|n|Z1 − z1|+|1− h|n−1|1− k|W7 + · · ·+|1− h||1− k|W7 + |1− k|W7

= |1− h|n|Z1 − z1|+
|1− k|W7(1−|1− h|n)

1−|1− h| .

For 0 < h < 1, we obtain 0 < 1− h < 1. As n→ ∞, |Zn+1 − zn+1|→ |1−k|W7
1−|1−h| . Obviously,

|Zn+1 − zn+1|→ 0 , as k→ 1 .

Consequently, the synchronization of trajectories between system (7) and system (8) is attained,
resulting in the synchronization of Julia sets between the two models. �

Thus far, we have successfully demonstrated that the synchronous coupler (II) can achieve
the synchronization of Julia sets between two financial models characterized by different model
parameters.
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According to the above theorem, for arbitrary constant h ∈ (0, 1), when the synchronization
parameter k tends to 1, the Julia sets of the two models are synchronized. Due to the presence of
arbitrary constant h ∈ (0, 1) uncertainty in the synchronous coupler (II), we continue to discuss the
impact of the value of h on the synchronization effect of the Julia set. For the arbitrary constant
h ∈ (0, 1), the first column takes a value of h = 0.2, the second column takes h = 0.5, and the third
column takes h = 0.8. In the graphics of each column, as k varies from 0 to 1, as shown in Figure 3,
the blue Julia set of the response system (8) gradually expands to exactly the same shape as the red
Julia set of the driving system (7).
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It is difficult to see the impact of the value of the constant h on the synchronization effect of the
Julia set from the picture; it can only be seen in the row where the synchronization parameter k = 0.1
that the blue Julia set in the right column is closer to the red Julia set at the sharp tip than the blue Julia
set in the left column. It can be inferred that the larger the constant h, the faster the synchronization
speed. This paper further investigates the impact of the value of the arbitrary constant h in the next
section.

4.3. Comparison of Synchronous Couplers (I) and (II)
In the above two subsections, we designed two types of synchronous couplers and proved

through theoretical derivation that they can achieve synchronization of Julia sets between the financial
models. In the graph, it can be seen that the synchronization rates of the two types of couplers are
similar, and small differences cannot be better depicted in the three-dimensional graph. Here, we
consider taking z = 0 to draw the two-dimensional section of the Julia sets to better display the
synchronization effect differences between couplers (I) and (II).

As shown in Figure 4, when the synchronization parameter k = 0.1, the two-dimensional section
of the Julia set of the driving system is red and the blue Julia set section of the response model with
synchronous couplers presents different shapes, indicating that the synchronization efficiency of the
two types of couplers is different. Comparing the effects of synchronous coupler (II) under different
constants of h, it can be seen in in Figure 5b–d that when the constant of h ∈ (0, 1) is larger, the blue
Julia set is more similar to the red Julia set and its synchronization effect is better. The same result
appears in Figure 5, where the synchronization parameter k = 0.5.
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5. Conclusions

In real financial problems, the differences in various factors can lead to different
phenomena and characteristics. If it is hoped that problems will develop in the desired di-
rection, it is necessary to generate similar or even identical states between different financial
models, that is, to consider the synchronization of Julia sets between the financial models.
To achieve the synchronization of financial models with different model parameters, we
have two types of synchronization couplers: coupler (I), based on the overall terms, and
coupler (II), based on the partial nonlinear terms of the model. In order to better compare
the performance of the two synchronous couplers, we provide a two-dimensional section
of the Julia sets that effectively reflects the differences between the two couplers.

In summary, this paper focuses on achieving the synchronization of Julia sets in a
three-dimensional discrete financial model. Two types of synchronization couplers are
designed, and the synchronization parameters are adjusted to achieve the synchronization
of Julia sets. The effectiveness of these synchronization couplers is demonstrated through
theoretical analysis and graphical representation of Julia sets. The results are innovative
and universal, creating certain value for subsequent research on Julia sets.
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This phenomenon is further analyzed in the process of proving Theorem 3. When n→ ∞ ,
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1−|1−h| ; at this time, for any 0 < h < 1, the larger h is, the smaller the value of
|Xn+1 − xn+1|. The same is the case for |Zn+1 − zn+1|. Thus, when the constant h ∈ (0, 1) is larger,
the efficiency of trajectory synchronization is faster. From the graph, it can be seen that when the
value of h is larger, the blue Julia set is closer to the red Julia set.

5. Conclusions
In real financial problems, the differences in various factors can lead to different phenomena

and characteristics. If it is hoped that problems will develop in the desired direction, it is necessary
to generate similar or even identical states between different financial models, that is, to consider the
synchronization of Julia sets between the financial models. To achieve the synchronization of financial
models with different model parameters, we have two types of synchronization couplers: coupler (I),
based on the overall terms, and coupler (II), based on the partial nonlinear terms of the model. In order
to better compare the performance of the two synchronous couplers, we provide a two-dimensional
section of the Julia sets that effectively reflects the differences between the two couplers.

In summary, this paper focuses on achieving the synchronization of Julia sets in a three-
dimensional discrete financial model. Two types of synchronization couplers are designed, and
the synchronization parameters are adjusted to achieve the synchronization of Julia sets. The effec-
tiveness of these synchronization couplers is demonstrated through theoretical analysis and graphical
representation of Julia sets. The results are innovative and universal, creating certain value for
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