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Abstract: In this paper, the existence of a unique solution is established for a coupled system of
Langevin fractional problems of \-Caputo fractional derivatives with generalized slit-strip-type
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theorem. After that, Ulam—Hyers stability is discussed. Finally, to provide additional support for the
main results, pertinent examples are presented.
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1. Introduction

Higher-order derivatives and n-fold integrals in ordinary calculus are considered only
for the particular case when the order belongs to a set of natural numbers. Integrations
and derivatives of any real number « > 0 are discussed in fractional calculus, in which the
ordinary definitions of derivatives and integrals are considered as special cases, i.e., for
when « belongs to a set of natural numbers. Fractional calculus has become increasingly
significant owing to its wide-ranging uses in science. In the literature, there are more
precise and mathematical representations of a range of phenomena modeled with the help
of fractional derivatives [1-3]. Among the different qualitative properties of Fractional
Differential Equations (FDEs), researchers investigated the existence of unique solutions to
and stability analyses of FDEs under different conditions [4-8].

The Langevin equation is a great method for describing phenomena related to Brown-
ian motion, and it may be used to successfully describe processes by economists, engineers,
doctors, and other professionals. It was discovered that the Langevin equation, which
was initially formulated by Langevin in 1908, is a useful tool for accurately describing the
evolution of physical processes, including stochastic difficulties in various disciplines, in-
cluding mechanical and electrical engineering, chemistry, physics, military systems, image
processing, and astronomy. When the random oscillation force is assumed to be Gaussian,
it is also utilized to characterize Brownian motion. For more details, see other studies [9-11].
Coupled system of FDEs are used in a variety of physical and practical models, including
those that simulate diseases [12,13], the environment [14], chaotic systems [15], and many

Fractal Fract. 2023, 7, 837. https:/ /doi.org/10.3390/fractalfract7120837

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract7120837
https://doi.org/10.3390/fractalfract7120837
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0003-3009-4047
https://orcid.org/0000-0002-2556-2806
https://orcid.org/0000-0001-8042-1806
https://orcid.org/0000-0002-4336-3544
https://doi.org/10.3390/fractalfract7120837
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract7120837?type=check_update&version=2

Fractal Fract. 2023, 7, 837 2 of 40

more. Ahmad et al. discussed basic applications of slit strip conditions in imaging and
acoustics using strip detectors [16,17].

The authors of [18] investigated the existence of a unique solution to the follow-
ing problem:

D, (o) = f(o, p(0),“DY, (0)), o € [0,1],

9'(0)=0,9"(0)=0,..,9"2(0) =0,
1
5(0)+5'(0) =x(s), | plodo=m,
where D, and CD([)S . are Caputo Fractional Derivatives (CFDs) of order a withn-1 < « <
n(n>2)and 0 < B <1, respectively. m € Rand f: [0,1] x RZ — R,x:C([0,1,R) - R
are continuous functions.
A coupled system of nonlinear FDEs was studied by Ahmad et al. [19],

Dip1(o) =hilo,p1(0),2(0)), 0€[0,1], 1<a <2
{CDEW(U) =hy(0,91(0),92(0)), 0€(0,1], 1 <B <2,
with the coupled and uncoupled boundary conditions of the type:
p1(0) =0, p1(v)=d; fgpz(s)ds+d2f go(s)ds, 0<u<v<vy<l,
£2(0) =0, po(v)=dy fg‘pl(s)ds+d2f p1(s)ds, 0<pu<v<vy<l,
p1(0) =0, p1(v)=d; fgpl(s)ds—kdzfvl p1(s)ds, 0<pu<v<vy<l,
$2(0) =0, pa(v) =dy [§ pa(s)ds+dy ﬁ,l p2(s)ds, O<p<v<vy<l,

where D and CDB are CFDs of order «, B3, respectively. hy,hy : [0,1] x R?2 — R are
given Contmuous functlons and dq,d; € R.
A coupled system of hybrid nonlinear FDEs was investigated by Ahmad et al. [20].
“Dilp1(0) —hy (0, p1(0), p2(0))] = 61(0, p1(0), p2(0)), 0 €[0,1], 1<

a <2,
CDg[m(G)—hz(G,pl(G)/zpz(U))] =02(0,91(0),92(0)), 0€0,1], 1<

<
<2,
with coupled slit-strip-type integral boundary conditions:

91(0) =0, p1(n) =dq [§" 02(s dS+d2f pa(s)ds, O0<vy<pu<vy<l,
92(0) =0, po() =dyq )" #1(s dSerzf p1(s)ds, O0<vi<p<vy<l,
where CD(‘)" with order o and CDg with order  are CFDs. 6;,h; : [0,1] x R?2 — R are

continuous functions such that h;(0,737(0),J,(0)) =0,i=1,2and d;, d> € R.
In 2022, Zhiwei et al. [21] studied the following coupled system:

Dy lp1(0) ~hy(0,01(0), D& 1 (0))] =j; (0, p1(0), “ D& 1 (0)), 0 € (0, 0k11], k=0,1,...,p,
C@Ek‘,"c[pzm—hz(o #2(0 ), S DB 02(0))] =1, (0, 92(0), “DE Y 02(0)), 0 € (0, 01 11], k=0,1,...,p,
91(0) =0, p1(n) = a1 fc p1(0 d0+azf52kk++1] p1(0)do, o <Oy <M < ki1 < Ok,
92(0) =0, p2(n) =ay [3* (0 d0+a2f52kk“1 2(0)do, 0 <8k <M < B < Okt
Apr(oy) = g1(07) = p1(0y) = L(91(0%)), ( oK) = /1( )—p,(07) =Tklgor(o)), k=1,2...,p,
Apa(oy) = a0y ) - (o;)zlf;(pz(okn, 9,(01) = o5 (0 ) =5 (07) =Ti(g2(0n)), k=1,2,...,p,
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where ¢D g‘;‘g and CDEQI)G denote the -CFD of order «, 3 € (1,2],and J = [0,R] withR > 0,
hy,j;,h,j, : 3 x R x R — Rare given continuous functions with hy (0, 1 (0), CDg‘k,Gpl(O))

0=hy(0, 92(0), C@gk,gzpz(O)) and a; are real constants fori =1, 2.
In [22], Almaghamsi et al. investigated the following system:

DYIR(EDOH + o) @i(t) = Zilt, @1(t), @2(t), t€labl, i=12.
with boundary conditions

pifa) =0, TVHe;i(b) =0,
4
CDOUHp; (a) = KJ @3 (s)ds.

a

where fori=1,2,°DYi'* and “D%H are u- CFD,0< 03,72 <1,1<vy1 <2, o5,k € R.
In this paper, we investigate the coupled system of Langevin fractional problems of
-CFDs with generalized slit-strip-type integral boundary conditions and impulses:

DY DBV + o)p(0) = Fi (0, 9(0),3(0)), o€ (03,0411, k=0,1,...,p,
CD&:“’(C@Ei:Maz)H() Fa(0,9(0),3(0)), o€ (0k,011), k=0,1,...,p,

9(0) =0, p(n) —a1f ()dt+a [ p(0)dT, 0 < Oy <N < Boky1 < Ok,

3(0)=0, Im) = 1f62k"( )dT+azf5k“ J(t)dT, ok < <M < Bkt1 < Ok41
ploy) = plof) —plop) = L(ploy), A (o) =9 (67)—¢ (07) =Jilplow)), k=1,2,....p,
(o) =3(0y)-3(oy) =L (I(ox)), AT (oy) =T (o) =T (o) =J;(3(oy)), k=12,...,p,

@

where CD}/L’ & and CDE;’% denote the P-CFD with B; € (0,11, v; € (1,2]. J = [0, T] with
T>0,F,F: ] xR xR — Rare given continuous functions and ay, a; are real constants.

The subsequent sections of the paper are structured as follows: Section 2 presents
some basic materials relevant to our results. The proof of a lemma that characterizes the
solution of our problem is found in Section 3. In Section 4, the Shaefer fixed point theorem
and the Banach contraction principle are applied to prove the existence and uniqueness of
the problem, while Section 5 presents Ulam-Hyers stability for problem (1) and Section 6
provide examples, demonstrating our findings.

2. Preliminaries and Notations

Several definitions and results from this section are required later.

Definition 1 ([23]). Let F : [0,1] — R be an integrable function and \ : [ag, bgl — R be an
increasing and differentiable function such that ' (o) # 0 for all o € [ag, bgl. Then, the left-sided
V—Riemann-Liouville (RL) fractional integral of order (o« > 0) is defined by

I F(0) = o | W (1)bl0) ~1h(r))*Firldr,

where " denotes the Euler Gamma function.

Definition 2 ([23]). Let Fand { € C"([ag,bol, R) (n € N) be functions where (o) is increasing
and ' (o) # 0 forall o € [ag, bgl. Then, the left-sided \p-RL fractional derivative of order « of a
function F is defined by

o o 1 i nn—oc,tl)
Pay+Flo) = (w'(c) dc) g+ L)

= ! LA\ 7y n-o-1
- r(n—oc)<q)’(g)dg> J P (1) (h(0) = (r))"*F(r)dr,

ao
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where n = [«] + 1 and [o denotes the integer part of the real number o.

Definition 3 ([23]). Let Fand 1 € C"([ag,bgl, R) (n € N) be functions where (o) is increasing
and ll)/(O') # 0 for all o € [ag,bgl. Then, the left-sided \p-CFD of order o« (x € (n—1, n)) of a
function F is defined by

n-1 F[H(ao)
DV Flo) = DY [B(o)- )
1=0

(W(0) - W(ag)),

1!

where F (o) = (s s (o) andn = [ed +1for e ¢ N,n = cfor a € N.

(0) do

Further, if F € C™([ag, bol, R) and o« ¢ N, then

ey _ g 1 i "
PDat Flo) = Tat (w’(c)do> Fo)

S | v e vt

Mn-o) Ja,

Thus, if x =n € N, the”CDawF( )= FEIr)ﬂ( )

Lemma 1 ([23]). For o« >0,
IfF € C(lag, bol, R), then DY I&PF(0) = F(o), o € lag, by).
IfF € C"([ag,bol, R), n—-1 < & < n, then

IS eDIVE(o Z (b (a0))!, © € [ag, by,

pllGag)
where ¢ = —Y—
1 I

Lemma 2 (Contraction theorem [24]). Let a metric space X be complete and P : X — X be a
contraction on X. Then, P has unique fixed point.

Lemma 3 (Arzela—Ascoli theorem [24]) Assume that X is a compact set in R", n > 1. Then, a
set S C C(X) is relatively compact in C(X) if and only if the functions in S are umformly bounded
and equicontinuous on X.

Lemma 4 (Schaefer’s fixed point theorem [24]). Let P : X' xY =X xY bea completely
continuous operator. Consider a set G(P) = {(p,7) € X' x Y/; (9,7) =AP(p,7);0 <A < 1}. Then,
either P has at least one fixed point or the set G(P) is unbounded.

3. Main Results

For o € Jisuchthat0) =o0p <071 <0y <...< op = Tand J = 30U31u...u3p,
where Jg = (0,01], 31 = (01, 02],..., dp = (0p, crpH] andg =9J- {00, 01,...,0p}, we define
the space X = {9 :J = Rlyp € PC([J,R]), such that the right limits p(c{f), p/(O'l_('_) and
left limits p(oy), o (0}) exist and Ap(oy) = p(oy) - p(oy), Ap'(0x) = ¢ (0]7) =9 (07),
k=1,2,...,p} Then, clearly, X' is a Banach space equipped with the norm | | p(o) | | =
maxgeg | p(o) . Similarly, define the space Y = {3:9—RIT7ePC([J,R]), the right limits
3(0'1_('_), Jl(of) and left limits J(oy), J (O‘k) exist and AJ(oy) = J(Gk )=3(oy), AT (o k) =
al (Gl‘(F ) - 3 (cri), k=1,2,...,p}. Then, clearly, Y' is a Banach space equipped with the norm
L13(t) | = maxgeg 13(0) 1.
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Lemma 5. Let Fy, Fy be real-valued continuous functions on J. Then, the coupled system:

CZDqu’(CDﬁl‘b—l—oq)p(G):F1(U), c€],o#0, k=0,1,...,p, @
Cﬁgi?(cﬂgi?Jrocz)J(a):Fz(cr), oel, o040, k=01,...,p,
equipped with the boundary conditions given in (1) only has one solution, which is given by
1+B J ()Y PR, (1)
P
j () P p(r)dr + ((w(o)—wwk)) £ (0loy) —xp(oi_l)))
i=1
1 - no _ 1+B1-1 __ % no _ B1-1
x A{ o HS1)kap(r)(w(n) BT el | 0 0 -0 P
+i(l Jgi (1) (W (07) = (r)) Y PTE (r)dr + ri (1)
S \T +81) oy, 1 ! F(B1) Joy,
N Bi-1 PYm)-(oj) % N 1+ B1-2
(b(61) b (x)) P plr)dr-+ - PHOD Lilw(r)(w(ol) ()Y PI2E, (r)dr
o (i) —wlo) [0 e b -ble), )
AT Lilw(rnw(ol) ()P () + 5 (o)) + L (o)
- r% 1r W' (1) (W (1) ~ (1) VPR (r)dr
! oK I(v1+B1) ok !
__% A _ o ) — 1+B1-1
r(rleLk”’(”(“’(T) b(r) dr+Z( yﬁBl)L”w(rJ(w(m) () V1P, (1)dr
X1 Oi ’ N Bl_
Frpy |, W e - br)PrTarar
WO -Wo)) [ e OB
+w’(ol)rm+61)J ' (1)((07) ~(x)) Y1+ BI2F, (1)dr WJ ' (1)(W(07) ~(x) 1L p(r)dr
. ) M. ) _ Tkt # T _ 1+B1-1
() + L(p(ol)))}dr asz{ o Bl)Lkw(r)w(T) ()Y PTE, (1) dr
_* T _ o ) — 1+B1-1
s | o - dr+Z( Fyr ) Y ) 0l BT
o o, N Bi-1 (P(t)-P(0y)) o N Yi+B1-2
+a Bl)me ()001) ) P p(ryde S +fsl)L< ' (1) (o) ~b(r)) Fy (r)dr
o [T N b(r)) Bl (olg) 4 P —w(oi) )}]
F(BnL_l“’(””’w W) P g+ Kp(oy) + L0 ol ) [
P . )
# o N 1+B1-1 o [T N B1-1
+§<F(Y1+Bl) Jo‘i_lw(r)h\b(o—l) Ib(r))‘YJr Fl(r)dr+r(ﬁl) J’0‘1_111)(I')(LI)(O_I) w(r)) p(r)dr
W(O)=(o)) [ e (o) (o) [T
TP 5 PLo) | ¥ D00 P 2R e SRS i
(W (01) ~ () P-2p(r)dr + T (p(0) + (")(ﬁ,;;‘f)("i))Ji(p(ci))), )
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J(o) =

B S Y _ 2+ Bo-1 X [T ~ Baly (
T o W () b)Y PRy e [ ) ) )P (e + (o)

! T] i

D 1 1 n . o
“0ow) + Y (bloi) -wloia))) 5 [()j WD) () P (e 2 [y ()
¥

- Flya+ B2 F(B2) Jo,

Oj ,

(b(m) =w(r)P15( dr+Z (1) (W(07) = (r)) V2P Ey (r)dr + 2 Jiw’(r)

Iyo + 132) Li_l I'(B2) Jo,

PYmn)-(oj)
P (o) (v2+B2-1)

I

j 'V )(W(03) ~ () Y2 B2, (r)dr

Oi-1

(W(07) (1)) P2 13(r)dr +

. i) Llwrnw(q)—w( 1)P223(r)dr + I (3(o ))+“)(le,‘(;':)(“”1:‘(3( i)))
| 6Zk{ o | Y b P - :ku/(r)(w(w)—w(r))ﬁz-lﬁ(r)dr
+§(rmlwJ::lw’(r)(w(oi)—w(r))wﬁrlFQ( dr+ o2 :1w’(r)(w(oi)—w(r))ﬁz-lrf(r)dr
e ri ¥ (b (01) - ()72 B2 Eafr)de - 22 : ' (1) (b(03) ~ () P13 (r)dr

*(5( o Y(m) —(oj) « _ Ot 1 T _ Ya+B2-1
1 3oy + L mcl)))}dr azj%{ e L W (1) (1) —(r)) Fy(r)dr

7

_r(“z J W (1) (W () = (r)) P13 dr+Z( Bl Jm P (1) (W(07) = (r)) Y2 P21y (r)dr

ok Oi-1

o (G N Ba-15(r\d (W(t)=b(oy) ([
Li_l‘“”(‘l’("” V) P mﬂsz)J

s [ v o) - B ot 1 9e) + 2D 30y ) e

W' (1) (W(0y) - (r)) Y2+ B22F, (r)dr

i1

]
: Jci / i Yo+ B2l x2
( [ W o -win) o (r)dr +

s ) — Bz—lﬁ
I(y2 + B2 rp JGi_lw ) (P (o;) =P (r)) "2 3 (r)dr

(
D™ i

Oi1

(
2)
(o) =(0y)) o N Yo+ Ba-2 ) P(o)-1v
V(0T (va + Ba—1) Lﬁ"(””’w b)) B = T Ba—1)

(W(01) = (r)) P23 (r)dr + I (3(0y)) + ' Ji*moi))), @
where

Ok+1 p

Sk p
A = alJ ((ﬂ)(T)—lb(Gk))+Z(¢(Gi)—1b(01_1)))dT+a2J ((ﬂ)(T)—lb(Gk))+Z(1J)(Gi)—lb(01_1)))dT

Ok i=1 Sokt1 i=1
P
—((m) =P(o)) + (o)) =P(oi))),

i=1
and it is assumed that
A #£0.

Proof. Let
DY (CDEIY | o)) (o) = Fy(0).



Fractal Fract. 2023, 7, 837 7 of 40

Then, using Lemma 1 in the differential Equation (2), for any o € Jy, there exist
constants ¢, c; € R, such that:

p(0) = V1TBUPE (0) - g TP p(0) + o + c1 (W(0) =W (0p)).

_ 1 7 _ 1+B1-1
50) = Fryr ) Jo, ¥ (D) 0PI (s
a0 J P (1) (P(0) = (1) Pl p(r)dr + ¢ + ¢ (W(0) ~P(og)),  (5)
r(ﬁl) (9]
Using the initial condition p(0) = 0, we get cg =0, so
_ 1 7 _ 1+B1-1
olo) = +r31)LO”’(”“"(‘” $(1)) Y1 PR (r)dr
o [T (Bl _
r(ﬁl)LO”’(””’(‘” P(1) P17 p(r)dr + ¢ (W(0) - 1(0p))-
Furthermore, we obtain
! _ 1 e _ 1+B1-2
p (o) = r(vl+61—1)LOWW") $(1)) Y1 P1=2F, (r)dr
% "0 _ B1-2 '
oy ), ¥ ) -0 P 2ol s et (o).
For o € {1, there are dy, di € R such that
I S Y (e Y Bi-
o0) = iy Jo, ¥ ()0 P s
_—_ j P (1) (W(0) = (1)) Pl p(r)dr + dg + di (W(0) - 1(0p)).
F(Bl) oo
/ B 1 o 1+B1-2
p (o) = I«(YH_Bl_l)Lolb(r)(ll)(ﬁ)—lb(r))YJr Fy(r)dr
B 1) Loﬂ”(r)w(c) ~(r)P12p(r)dr + di'(0).
Hence, it follows that
1 o1
plo]) = wLOw (1)((o1) ~(r)) Y1+ P11y (r)dr
o [ (Bl _
r(ﬁl)LO‘“””’("” P(1)P1 1 p(r)dr + ¢ (W(01) —P(0y)),
p(o]) =do
o'(07) = rmfﬁl_l)LO]w’(r)(w(on—w(r)>V1+61-2F1(r)dr
—m;’l‘l_l)L:xp’(r)(w(cl)—w(r))ﬁ%(r)dwclw’(m,

/

9 (07) =y (o9).
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Using
{ Ap(o1) = p(0y) = p(o7) = T (p(01))
A (01) =g (6] ) - (07) =J1(p(01))
we obtain
1 o1

dy = WJ ¥ (1) ($(01) ~H(r) VBT, (r)de

T J1w’(r)(w(m—w(rnﬁl-lp(r)dwcl(w(cl)—xp(co))+11(p(cm),

F(Bl) (o)

_ 1 e (Y1 B2

G = e e Low(r)(wm) P(r)) VP12, (r)dr

X1 or _ B1-2 1
)J b (r)(b(o1) = ¥(r)) p(r)dr+C1+7¢,(Gl)h(zp(01)).

P (o) (By -1
Thus,

plo) =

v Py ()Rl a7y ()Pt o
Oy 00 b)Y B (e s | 0)0(0) )Pl

J W (1) (o7) ~ ()1 PIIE (r)dr -~ J1w'(r)(w(cn)—w(r))ﬁl-lp(r)dr+c1(¢(cl)—w(cro))

(&)

11 (9(01)) + €1 (4(a) = blor)) + T );f)(;;‘i?l” 1)J "9 (1) W (1) —(r)YPI2E, (r)dr
(b(0) = (o1))

V' (07)

Jilp(o1)), o€]i.

o1 (o) =P(oy)) (1~ B1-2
WV (o1)T(B1-1) Loﬂ) (r)(W(oq) —P(r) P p(r)dr +

Similarly, for o € J, k=1, 2, ..., p, we have

p((f)
B Lk“’ =0 O ks [ ¥ e w0 e 4o
(80)+ 3 (bl bis )+i1jm W (o) () PR (e + 3
= - Fv1+81) oy, 1 ! £ T(p1)
J’o‘:_l ll)/(r)(lb(o_i)_ll)( dr+Z y1 +(Bl)) 1)J i wl(r)(ll)(o‘i)—ll)(r))lerBl_zFl(r)dr
_w(gi))]i(p(ﬁi))-

p . p
o alO) (o) [T e (¥(0)
> ol 1) Lilw(r)(wm b(r)P2p(r) r+; oo+ 3

(6)



Fractal Fract. 2023, 7, 837 9 of 40

Finally, applying p(n) = a; f T)dt+ap jé K1 o(t)dT, we get the value of ¢; as

it M. _ yi+B1-1 S T LY _ B1-1 p (
{rmﬂsﬂj ¥ (1) (W) - (o)) Fy (r)dr r(Bl)Lkw(r)(w(n) o) p(r)dr+§

1 o ) — Y1+B1-1 %1
s L ¥ (1) (W(03) () F(r)dr + =2 L
/ _0(1(11)( )

(i) -lo) [ (YR g (o))
o v + B1-1) Li_f“r)“"(“” b)) e P By 1) Ll )

N (o), ,)_ 5Zk{ 1T
(W(03) ~(r)) p(r)dr+11(p(aln+—¢,(gi) Ti(o(o3) alLk ! +61)J6w(r)(¢(r)

_ 1+B31-1 __% * .
()Y PE, (1) r(ral)Lﬁ"(”“"“) () dr+Z< Y1+61)Ll_¢(r)(tb(dl)

Oj ,

P (1) (W(o;) — (1) P17 p(r)dr

b)) YRl L N B1-1 (W) —(oy)) [
Bl e s | (o) i) P+ o r EEEEE |

() () P2y ey SO J,. W o0 P2t + (510

+ ¥ (o) L(p(o'l)))}d’t aZJ'ZSZkH{ (Vl*ﬁl)J P (r)(WP(t) =P(r)) F;(r)dr

_u j ¥ (1) (0 (1)~ () Pl dr+Z< 1+I31JL-_1

r(p1) ok

% (1) (o) = b(r) P (DD =0(01) [ o) (e V1 B2
s [ bl )P ptride + I ™y ) ) B2
({1 (o))

P (o)l (B1-1)

Oi-1

/

P (1) (W(0y) =P (1) Y1 PR (r)dr

Oi-1

|7 0 o) ()P 2t 4 Toter)) + PO (o) ) o . 7)

Putting (7) in (6), we obtain our required result (3) and similarly, we get (4). The
converse of the lemma follows by direct computation. This concludes the proof. [

4. Existence Results for the Problem (1)
Here, we consider some hypotheses.

Hypothesis 1. For each o € J and 91,9, € X, 31,37 € Y', there exist positive constants
Mf1 >0, Nf1 > 0, such that

IF1(0, 91(0),31(0)) = F1(0, 92(0), I2(0)) | < My, I91(0) = p2(0) | +Ng, 1T1(0) =T(0) .

Hypothesis 2. For each 0 € J and 91,9, € X, J1,37 € Y', there exist positive constants
Mg, >0, Ng, > 0, such that

I F3(0, 91(0),31(0)) = Fa(0, 92(0), J2(0)) | <M, [91(0) = g2(0) | +Ng, 1T1(0) =T(0) .
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Hypothesis 3. For every 91,97 € X and J1,7 € Y, there exist constants A1, Ay, A3, A4 >0
such that

I (p1(01) =Tk (92(01)) | < Aqlgr(oy) —p2(oi) 1,
i (p1(01)) =Ti(g2(01)) | < Az lgr(ow) —g2(ow) 1,
1T (31 (0k)) L (Ta(0)) | < Azl Tq(oy) —Talog) |,
T (31 (01)) =T (T2(01)) | < Ay 1T (o) —To(og) .

Hypothesis 4. There exist constants 6, 01 and 0, such that
IF1(0, 9(0),3(0)) 1 <Bp(0) +01(0) I p(0) | +02(0) 1T(0)1,
with SUP s¢j 0o(0) =05, SUP ;¢ 01(c) =07, SUp ¢y 02(0) = 05.
There exist constants 03, 04 and 05 such that
IF3 (0, 9(0),3(0)) | < 03(0) +04(0) I 9(0) | +05(0) 1T(0) I,

with SUP ¢ 03(0) =03, SUP ;¢ 04(0) =0, SUP ¢y 05(0) = 053.

Hypothesis 5. For each p(0) € X', 3(0) €Y', there exist constants As, Ag, A7, Ag, N1, N, N3,
Ny > 0 such that the functions I, Ji, I, Ji : R — R are continuous and satisfy the inequalities:

(o)) | < Asle(o) I + Ny, ilp(ow)) ! < Aglp(o) | +Ny,
I (I(oy)) | < A71T(0) I +N3, 1J5(T(op)) | < AglT(o) ] + Ny,
fork=1,2,...,p.
Let us define an operator P : X xY — X x Y such that
Ple,3)(0) = (P1(p,I)(0), P2(p, I)(0)),

where
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Pilp,3)(0) =

F BT o, W OO0 BIE ), e~ s | 0 1)) b)) P
p 1 1M

+((w(c>—¢(ok))+§(¢(oi)—w(ci_l))).A[wj W () bm) ()Y BTE (5, (),

endr— % [y )BT ( L (e V1B
3(r))dr r(rsl)Lk“’(”“"(”) () dr+Z Yl+61j ' (1)(W(07) ~ ()

P, 900,306 + 2 | () ) =) P gl +

(W(oy) = (1)1 FBI2E (v, o(r), 3(r))dr -

P(m)-(o;)
V' (0y)

b —wlo) [T
w'(oi)rwﬁﬁl—l)J b

o1 (W(m)=(oy)) [ N .
lb'(Gi)F(Bl—l)J P (1) (Y(o3) —p(r)) P17=p(r)dr

o2 1 A +Bi-1
Ji(zp(om)—alL {WJ ()0 (1) ()Y B (5, (),

Oj-1

+li(o(oi)) +

J(r))dr—

|| W @00 0P tpimdr + Z( e L

Ok

I'(B1)

Fi (1, (r), 3(0))dr + S

(W(07) = (1)1 PI2Fy (1, o(r), 3(1))dr — 2 J

I'(B1)
WL(@(%)))}dT—azJ {rml |© W 0 -t PR i), 30

52k+ +Bl) Ok

o N B1-1 (W(r)=W(oy)) [
Lilw (1)0b(o3) = 0(e)) P plr)de-+ L +61)L”¢(r)

Oj ,

P (1) (W(oy) =P (1) P17l p(r)dr + L (p(0y))

Oi-1

+

| v mem - dr+Z< s J L () W0~ () VPR 1, (),

~ I N Bi-1 (W(T)=W(oy)) (%1 - N 1+ B1-2
3(r))dr + Lilw(r)up(cl) P(r) P lp(r)dr + w’(oi)rwﬁrsnj W (1) ((07) ()Y

Fy(ep16), 300)dr— el [ /010000 ) P+ o)) + LD 50, ) e

Oi-1

Oj ,

p .
# Y ) — Y1+B1-1 ~ x1 ‘
+§ ( Fv1 T o) Lil P (r) (W (o3) —(r) Fi(r, p(r),3(r))dr + B Jcm WV (1) (W(oy)

B (b(o) (o)) [ Nyt Br2 .
() E gl + e +Bl_1)Li_1w(r)(w(ol) H(r)) T PI2E (1, p(r), 3(r))dr

o1 (Y(o) =Y(ay)) (1 - N B2 L, [Wle) = P(oy)
V(0B =1) Li_lll)(r)(tl)(ol) (1)) sa(r)dr+11(p(cn))+—w/(0i)
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Pale,3)(0) =

# s - Y2+B2-1 ~ B
I(y2 + B2) L Y (r)(b(o) =(r)) Fy(r, (1), 3(r))dr

o

I'(B2)

J V(1) (0) ~(r) P13 (r)dr

Ok
p

1 1 no 2+B2-1
+((¢(a)—w(ok))+§(¢(ai)—¢(oi_m).A{WJ R R A )

% [Ty a1y
30— s Lk“’“)(“’” -t dr+Z

o ) Y2+B2-1
(Fre |, w0 -vte)
P - (o)

oi N B 1~ d
J, ¥ bl v Pamar s BRI

oo (Wm) =W(oy) [ N o
w/(Gi)r(ﬁz—l)J V¥ (1) (W(o;) —(r))P223(r)dr

* : M,*~ ) - 62k{1 A _ Yo+ PR2-1
I (3(03) + : L(J(GI)Q aljck m%z)J W (1) ((1) ~h(r)) Fa(r,

Fa(r, p(r), 3(r))dr +

(BZ) ) J.O'i_1ll) (r)

(W(0y) =W (1)) Y2 TP22E, (1, p(r), 3(r) )dr -

01

o), 30r)dr - o2 | 9 0 in) - 0P dr+Z< j P (1) (b (03)

I(v2 + B2)

o N Ba-1y (W(t) =W(oy))
J, W mee) b Ptamar ST

Oj

!

P (1) (W (oy) =P (1)) P2LI(r)dr

N ) Y2+B2-2 __%2
J, ¥ (o0 0t By o), e s |

b w0, w1 (T e
17 (3l + LSy (J(m)))}dT aszH {(Y2+62)J ¥ (1))~ b (r))

|| v mwm-w et dr+Z( T Jiw’(r)(w(m)

o N Ba-1y (b(1) -P(0y))
o Lil“’(”(‘“"l) ) Tty + Bo)

| 0 000 0 P2, (), S0 s | (o)~ () P S

ey W) (o) ”( o (g Y2 Bl
17 1909) + L e )}dT}; yﬁwj W (1) (o) ~(r))

(1)) Y2 P2 LEy (1, o(r), 3(r) )dr +

Fy(r, p(r), 3(r))dr + r("gz)

(W(o;) =W () Y2 B22F, (1, (1), 3(r) )dr -

(o) = (oy)) . )
e 0.

Our first result is stated as follows.

oy 3 wle)Balg (W(o)-(o)) [
J, W men b Ptamar s bR |y

ap(w(o)-w(oy) [ - N _w(r)) P25
w’(oi)rusz—nj P (1) (W(03) = (r)) P23 (r)dr

Oi1

+I¥(3(0y)) +

Theorem 1. Assume that the conditions (Hy) and (Hy) are satisfied, and
Q =max{Qq,Qy,Q3,04} <1, (8)

where the proof includes (1, Qy, Q3, and Q4. Then, (1) has a unique solution.
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N

Proof. Let (p,7), (p,3) € X x Y. Then,

|P1(p,3)(0) = P1($,3) (o) |

1 7 _ v1+B1-1 J(r)) — a(r). 5
Fy1 7 L) Lkﬂ) (r)(W(o) —(r)) IFy(r, p(r),3(r)) = F1(r, p(r), 3(r)) I dr

o p
i [0 00 -0 ) gt -+ ()=l + Y ol

noy
“b00)) 5 | iy | ¥ 000 =00 B ), 300)

_ no, P
—F1(r, §(r), 3(r)) ldr + r(?n J P (@) m) - ()P p(r)—p(r) ldr+ ) (
Ok i=1

!

ﬁ J: ¥ ()W (0) = ()P (1, o(r), 3()) ~ Fi (x, 9(r), 3(0)) 1 dr

L N Bi-1 e P(m) -(o;) o
+r(fsl)Li_]”’(””’("l) D) 1 g(r) "’(r)'d”w’(oi)rmﬂsrnJ v

(b (0) () P12 1Py, i), 306)) < Fa (), 3(6) -+ S0
J f W' (1) (W(05) = () P12 1 p(r) = p(r) Idr + 1Ti(p(03)) = Ti((03)) | + W

521( T ,
mipte)-gipe! ) +ar | s [ v e e P R
Ok Ok

510, 3(5)) = Fa(r, (), 3(6) e+ ks [ 0 0 8p() =) i) - i) e+

p )
1 o N Y1+B1-1 _ () 7 Id
g (F(yl B0 Lu P (r)(b(o5) =(r)) Fi(r, 0(r),3(r)) = F1(r, (1), 3(r)) I dr

o [0 I N G I AL A
+r(rs1)Li_f"(””’(“” 9017 p(r)=pl0) e+ oY +r51)Li_

(W(03) () Y1T P12 | Fy (1, p(r), 3(r)) - Fy (1, §(x), 3(x)) I dr + r((?;l) J .i P (r)(b(oy)
Pm) -(oj)
V' (0y)

Ti((07)) |)}d’f+az L {rmlﬂm j ¥ (1) (1)~ (1) B R (1, 0(r), (1))

(r)

<

“P() P17 1 p(r) - p(r) Idr + 1 Ti(p(0y)) ~Li(H(oy)) | + 1Ti(p(0)) -

X1

~F1(r, 9(r),3(r)) Idr + r(Bq)

Ty 3 (e yitBi-l e A A
Fyrt B1) LHU) (r)((0;) = (1)) I Fy(r, p(r),3(r)) - F1(r, p(r), I(r)) I dr

' (W(1) —(0j)) r‘ '
)

o [ A Bi-1 e
+r(61)me<rJ(w(q) D) P17 ()= () ke SO

(b(o3) = () P12 By 1, pl0), 3(6) P, 0, 306 e+ s |

Pm)-(o;)
P’ (0y)

Oi-1

1Ti(9(07)) = Ji(
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p .
I T L N e N
+£ (F(v1+[31)J . Y (1) (W(03) = (r) V1P E () p(r), 3(r)

~Fi(r, p(r), 3(r)) Ids + (an L () (0) )P p(r) - plr) L dr

N (W(o)-1(03))
P (o)l (v1 +B1-1)

J 1 B (1) (W(07) = ()Y B2 I Fy (1, p(x), 3(r))

Oi-1

i w(B(0) (o) [ o
“Fi(r, o(r), 30) 1dr+ LSO mem(“” W)PI2 1 p(r) - p(r) | dr
1L (p(00) ~Ti(B(op) | + PO =lo)) o ))—Ji(@(ci))l).

V(o)

171 (e, 3)( ) P1(8,3)(0)

(‘Ll)(o') 'YIJFBl ))Bl ]
< (Y1+ﬁ1+1 <Mflllp I +Ng 1T~ jll)—i— f51+1 | lp—pl |
; 1 (o)1
+((¢ +§ V(o )>|AI{ Foyit B+ 1) (Mflllp ol
~ A o (W) - (oy)) P ( Yo q))Y1+B
+Ng, 117 3||>+ Byt 1) e p||+Z Y1+f51+1)

sl bl Hosl ]
M(py+1)

(Mf1| lo-p! 1 +Ng 113731 |>+

_ . ) . 1+B1-1
(Pb(n) w(cill))/)((;l‘))(&lw)/l;b({il)_1))y * (Mfll o=l 1 +N; 113-31 |)
o1 (W) —W(0y)) (W(oy) (i) Pt _ _ (b(m)—P(oy))
llp—pl +A11 lo—pl | + A, WPV
CANC L
_ 1+B1+1
| 1p—pl |) +ag (wxlfé(zg(z)k)d()ijki)g;z; (Mf1| lp-p! 1 +Ng 11731 |>
a1 (B(821) —W(oy)) P11 ( P(oj_p)) V1P
I N
Voripi+2) 0P *Z v1+l31+1)
_ = ocl(lb(m)—lb(ffl_l))ﬁ
(Mflllp—pll—FNflllﬁ—JII)—!— M1+ 1)
(W(07) =W (01)) Y TR (P (81) — W (07))? _ - =
- V' ()W (81T (v1 + B1) (Mfll el Ny =31 l)
+0<1(1b(01)—lb(Gi_l))Bl‘l(lb(ézk)—11)(01))2
V' (o)) (51 )T(B1)
(b () ~W(03))? | lopl |) a0k 1) =~ (o) P — (4 (Spc.4) (o)) VP
P (0% (81) 2 Mly1 + By +2)
_ - & o1 (W(orp1) =W (o)) B+ — (W (S 1) =W (o)) B
(Mf1||p—p||+Nf||J—J||>+ B2

+

+

(82K — o)

(So—oy )l Tp—pI |

o=—pl 1 +A71 lp—p1 1 (5o —0) + Ay

o)) Y1HB1 . —
I 1p- p||+Z< y1+[311+1) (01— 02k4+1) | Mg, I lp—9 1 I +Ng [ 13311
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o1 (W(03) —P(oj1))P1 _ (W(oj) =P (03q))Y1HP11
e I S U Fly1 + By)
(W(0ks1) —W(07))* (11’(52k+1)—11>(61))2}<M Noeal | 4N | 1751 I>
{ V' (og1) V' (8k41) PPN, J
o1 (P(03) —P(oj_1)) P11 { (W(opg1) —W(o;))* (lb(5zk+1)—1b(<fi))z} gl
F(B1)W (o) V' (03 41) V' (82+1)
_ Ayl lp-pll {(¢(Gk+1)—¢(ﬁi))2 (1b(52k+1)—1b(01))2}>}
[ 1p—90l1 - -
FATe RO =bac T 7 ¥ (o) W (5211

V(05— 1))Y1+f51< . . >
+ Mi I =91 I +N¢ I 1T=T11
Z( V1+l31+1) iLETP f

o (P(03) =P (031))P1 o—pl |+ (W(0) =P (07)) (W(0;) =P(051)) V1 HB1-1
Fpr+1) P (07)T(v1 + B1)
o (P(0) = (07)) (P(0y) =P (05-1)) P1?
V' (7)1 (B1)

+

lp—pll

(Mf1| lp-pI 1 +Ng 1 13731 |> +

FAL gl |+ A, WOZWlO)) o o |>.
VP (o3)

|P1(p,3)(0) = P1($,3) (o) |

(P(6) - (o) VP o ((0) — (o)) P (
< [Mfl + + (Wio)=wlod) + Y (lo)
My +B1+1) rpr+1) g

‘ 1 (W) =(o) P () =ploy)P | o
bl ) oy {Ma R R+ 2

(B(0y) = (05-1)) V1B n o (P (o) —P(031)) B
FMy1+B1+1) By +1)
() =(07)) (W (07) = (039)) Y1 P11 n o (p(M) =P (03) (W(03) —P(051)) P11
V' (o)1 (v1 + B1) V' (03)T(B1)
(w(n),—w(oi))) agm, (020 = (@) o (8 ~ (o)) Pt
P (oj) Lo (8T (v1 + B1+2) V' (83 )T (B1 +2)
- ¥(05)) V1P o (P(o7) —p(054))P1
+Z< 1+r31+1) Pa=o) + =g T

+ Mfl

+A1+ A

(82K = 0%)

(W (o)~ w(ol_l))wﬁl- (W (530) ~h(07))2
V' (o)W (81T (v1 + B1)
o1 (W(07) =W (oi_1)) P17 (W (81) —W(0))? (11’(52k)—1b((7i))2>
Aq(05, — A
* ¥ (o) (52T (1) A2 O A )

Jrl\/[f1




Fractal Fract. 2023, 7, 837 16 of 40

(W(0pp1) =W (o)) VIR (8914 1) — (03 ) Y1 HR1HL
Fy1+B1+2)

0 (((0141) =b(03)) P~ (0 (8] = (o)) ¢ (Mﬁ
1

+ap Mfl

M(B1+2) 2

i=

) — . B1
(Ok1 = O2k41) + al(ﬂ)(g})ﬁlﬁ(f{l)) (Ok1—02k41)

(lb(Gi)—lb(Ui—l))Y1+Bl_1{(II)(UkH) P(o3)? _(¢(52k+1) - (0y))? }
I(y1+B1) P (0%41) (52k+1
+°¢1(1|)(0'i)—11’(0'i—1))[31_1{N)(O'k+1) -1(0;))?
r(B1)v (oy)

+A1(0K1 = doxp1) +

(W(o;) - P(oyq)) Y1 R
Fy1+B1+1)

+Mg,

)
G 52k+1 )

V' (0y41) 52k+1

A {(IP(UkH)—lI)(Ui))z_(¢(52k+1) P(o; J)2}>}
P(oj) P (03 41) V' (8ok41)

)=o) YTTPL g (P(03) —(031)) P
+Z(Mf1 vl+61+1) TS

(W(o) - ﬂ)(Ul))(lb(Ui)—11)(01_1))““31_1+061(11’(0)—11)(01))(11)(01)—11)(01_1))51_1

! V' (03)T(v1 + B1) P (0;)T(B1)
(blo) ~w(oi)) 5 (W(0) ~1p(oy)) '+ P < )

2 (o) )}"@ @"+{Nf1 gD T (@)= Pow)

P p

1 (bm) =P(oy)) Y1 P (b(01) =P(059)) Y1 P
+§W“”'“’(Gi‘“)>IAI{Nﬁ M1 +Br+1) *g(Nﬁ M1+ Br o+ 1)

(II)(T]J—ll)(Ui))(ll)(Ui)—¢(Gi_1))y1+[31_1)+ N (W (8) =W (o)) Y1 B1FL
V' (03)T(v1 + B1) B (5p )T (v + B1 +2)

p
(W(oj) —P(o31)) Y1 P
+Z (Nfl Fy1+B1+1)

(W(03) = P(0319) V1B (4 (8 ) —(07))?
! ' (o)W (81T (v1 + B1)
(W (k1) =W () YTFBIH - ((8gp 1) (03 )) Y1 HPrH + ) <N
f
i=1

+M;

(82K — o)
i1

+N;

) + aszl

Iy1+B1+2)

) — ) 1+B1 ) — ) 71+|31—1
e )R O b))

Iy1+B1+1) (Y1+f51)
{(ﬂ)(ﬁkﬂ)—ﬂ)(ﬁi))z _ (k1) -W(o }) } +Z ( —P(0jq)) V1P
V' (oh11) 11)/(52k+1) Vl +P1+1)
(W(0) =(03) (W(03) = (04)) Y1 FR17 )} .
N [1T=T11.
B W (o) (v1 + B1) o

Let
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SR ISR (v o o)
g st £ s
™ (11’(”]—11)(ii})()é:l)’#?;)];‘l’éf;—l))mﬂs] n oq(w(n)—¢(lL7}2)cil)blf(?i)—11)(01-1))6”1 LA
R L e

(o) (o)) P o b (o) b lom))P

Fyi1+B1+1) r(:+1)

M (P (01) =W (o DB (P (80 ) W (03))2 | o1 (W (07) =P (071)) B (W (8o ) — W (03))2
f, +

V' (07)P (8)T(v1 + B1) P (o)’ (82)T(B1)
(¥ (521) W (07))? (W (0141) =W (0 ))YTHBIFL = (P (Spsq) = (03 ) ) Y1 HP1H]
(82 ) +A2m> My Flyi+B1+2)
0 (W (4 1) =W (03)) P11 = (W (Bp 1)~ (03))P1H1) & (W (o) =W (o5q)) V1 HR
N (1 +2) +;(Mﬁ FlyitBrr1) ok o)
o (W (o) - (05)) P (W (03) =W (o)) 1B [ (W (opy1) - (0))?
T e Ok da) My Fly1+ B1) { ¥ (Ore1)
_(w(szk+1)—w(ai))2}+ oq(w(cm—w(ci_l))ﬁl-l{(w(crkm—w(ci))z ) (¢(62k+1)—¢(ci))2}
V' (Sx41) T'(B1)W (o3) V' (ox41) P’ (82k41)
~ A (w(crkm—wwi)ﬂ_(w(ézkm—w(oi))z})} p(
+A(okn 52k+1)+1b(61){ V' (0x41) W' (82k+1) +-Z M,
(W (07) - (oiq))V 1Tk +“1(11’(0'i)_11’(0-i—1))61 M (W (o) - (07)) (W (0;) - (oiq))Y1HErl
M(y1+ p1+1) r(pr+1) f W (0T (v1 + B1)
o (W (0) =W (03)) (W (07) ~(071))Pr (xp(a)—w(cri))ﬂ
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Then,
| P1(p,T)(0)-P1(8, 3o <Ol lp-pl 1l +Q51 1T F11.
Similarly,
ITz(p,j)(G)—Tz(p,ﬁ)(G)l <Ozl lp=-p1 1 +Qy4! 13-311,
where
Q3 =
(W(o) -(03))Y2 P2 ap(h(0) —P(oy)) P2 1
B Tat ot D) T(Bat 1) *(“" biow] +Z bloi )) IAI{MfZ
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(W(n) - (m))) (W (8a1) b (03)) Y2 B2+ oy (1 (855) () ) B2 & (
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A ey ) MR M Bt T W Bas) e (Maao o
(W(oi) —(0; ))YZHSZ+0¢2(¢(Ui)—¢(01-1))62 (6o — o) + M (W(07) =W (011)) Y2 P2 (4 (85 ) - (03))?
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(W(op 1) = (03)) V2T B2 — (1 (8, 1) — (o)) Y2 P21
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P
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(W(o) —(0)) (W(o) —P(oq)) V2R n o (W(0) = (o)) (W(o;) —W(oyq)) B2
P (0T (v2 + B2) ¥ (0)T(B2)
(w(ﬁ)—ﬂ)(ﬁi)))]
V' (0y) ’

(W (82x) —(07))?

* ¥ (o0 (501)

+ A3 (8K~ 01) + Ayg
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Q4=
_ Y2+ B2 b
g, (A ()= (ow) + (o1 - bloia))
i=1
1 (W) —(oy))Y2 P2 (b(oj) —W(051)) Y2 P2
X|A|{Nf (Y2+f52+1 +Z< My2+B2+1)
() =(03)) ((o1) ~ {0y 1)) 2" P=1 ) (9 (821) = (03)) Y2+ P
N | N,
IR V(o) (v2 + Ba) T T 6T (v2 + B2 +2)
P _
(W(oj) = W(oiq)) Y2t P2 (Ib(Ui)—lb(Gi—l))V2+ﬁ21(¢(52k)—11)(01))2>
E(Nfz Mo+ Bor1) oW NG (00 (60T (v2 + B2) Ny

(Wlor1) =W(01)) Y2 B2t — (8 1) (o)) Y2+ P2t +Z —P(0jq)) Y21 P2

N 9 -d
T'(y2 + B2+ 2) f2 Y2+f52+1) (Ok1—02k+1)

+Ng,

(W(0;y) =P (0oj_q)) Y2t B2l { (W(0x41) —W(03))? (W (8px41) = (03)) }) } n i <N
vz + B2) V' (0x41) V' (8k41) £

((01) ~(030)) Y242 o (w(o)—w(ci))(w(cri)—w(ci_lmz*ﬁz-l)}
Mlyz + B + 1) f W (0T (y2 + B2) '

As it is assumed that

max{Ql,Q_z, Q3, Q4} =Q0Q<1.
we have
[P, ) (0)=P(p,3)(0)l <Q(llp=gl I +113=F11).

Then, from the above inequality we get that P is a contraction mapping and by the
contraction principle P it has a unique fixed point. [J

Theorem 2. Assume that the conditions (H1)—(Hs) are satisfied, then the coupled system (1) has
at least one solution.

Proof. To prove that the coupled system (1) has at least one solution, we use Schaefer’s fixed
point theorem. As Fy, I and J are continuous functions, so P; is continuous. Furthermore,
from the continuity of F,, I*, J*, the operator P, is continuous. This shows that P is
continuous. Consider a set:

Qs =103 eX xY : (9,311 <s}.

For any o € [0, T], we have
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P19, 3) (0

o
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P (1) (W (o) —(r)) P!
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(BI)J | V' (1) ((07) ~p(r)) P17 T p(r) I dr

)J L (o) ()Y P2 E (), 3(r) e+

O ,

Ny (e Y1+ BT ~ o [T
|dr+Z ( RN Lilll) (1) (W (o3) =(r)) | Fy(x, p(r),3(r)) Idr + B Lilll) (r)

(W(t)=(oy)) [ N B X
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s [ o) 9P (e e+ Ti(p(op) | + L0 5oy )}dwazj

(W(oy) =) P17t p(r) Idr +
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a N Y1+B1-1 5 *1 A
ldr+Z( Ry ). Y 0 =0l 1By 00, 3000 e s [ i)
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- Ty ) — 1+B1-2 ~
P (o)l (y1 + Bl)J Y (1) (W(o;) = (1) | Fy(r, o(r),3(x)) I dr

(W(oy) =) P17t p(r) Idr +

1 0j , N Bi-1 ‘ ' M >} } P<
+F(Bl)Li_lw(r)(w(cl) () FI p(r) e+ (o) -+ =2 52 il dr| +)

_ [y - 1+B1-1 5 oa [ 3 B1-1
B ), ¥ o) b P IFe(e),300) e s | ) b(on) i)

(o) —p(oy)) [ B2
lolr) ldr o SR L”w(r)(w(m) B0 B2 E (1, p(r), 3(r)) | ds
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o B Jgilw(r)(w(ol) 0P ) e+ Tplon) |+ = 8
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Similarly,
[Pa(p,3)(0) | < Fo,

where
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For=
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+sp (8o — o) +

(03 + 0351 +0z5sp)

+s2 (Ok+1=02k41)

F(B1+2) 2\ T B )
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{ Gkﬂakﬂgq ~(( 52k+(132k+1§€71 2}+ (A7sy +N3) (0141 - 62k+1)+w
2 1 1
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+52a1(1p(?i()[5_11_b|_(f)i_1))61 +( Y(o) - (lp))(g))( (1)/1+551) ))V”ﬁl (8 + 8351 + 62s))
+Szoc1(w(o)—w(ii,)()éjﬁc(ré)lgw(m_l))ﬁl-l g )+ gy g ()
Now, let max{f 1,/ 5} = £ . Then, we have
1P, )1y < F

The aforementioned inequality indicates the boundedness of the operator P. The
operator P must then be demonstrated to be equicontinuous. For this, let w1, wy € Ji such
that wy < wy, wherek =0,1,...,p.

Let (p,T) € Qg; then, we have
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~

P o
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P (1) (W(0) =P (1)) P12 p(r)dr + L(p(0;))

(W(wyr) = (o})) = (P(wq) —P(o;))
V' (o3)

From above inequality, if w; — wy, we can deduce that

lplop) + ( ]i(zp(di))>‘.

IP1(, 3)(w2) = Pr(e, I)(wq) I — 0.
In the same way, we can prove that

IP2(p,3)(w2) = Palp, I)(wq) | — 0.

Therefore, P1 and P, are completely continuous according to the Arzila—Ascoli theo-
rem. Thus, P is completely continuous.
Now, let us define a set:

G={(p3) eX xY;(p3) =AP(p,3);0<A<1}.
We need to prove that the set G is bounded. For o € J and (g,J) € G, then (,7J) =
AP(p,T),1.e.,
p(0) = AP1(g,T) and I(0) = AP>(g,T). Now,

lp(o) | = IAP1(p,T) 1.

A

p(o)
[11) )Yithr | . o (P (o) — (o)) P

v1+f31+1 (60 67 Tolr) | + 03 13(r) 1) + =g =77y ""(””((“’(“)—w(ak))
P

1 [ (m)-b(o )1 Hhr i o (W) - (o)) P
+> (o) - (o5 )>|A|{ Fy 1 By 1) (65 + 07 lp(r)| +0513(r)1)+ e lo(r)

—_

i

P
(o)1 B " o (P (o) —P(031)) P
+Z< Y1+f31+1) (6g + 07 lo(r) I +6513(r) 1)+ FBt D) lo(r) |

i=1
(11’(11) (0:))(W(07) =P (09)) Y1 P11 o1 (W) =W(0y)) (W(oy) (i) P17t
ﬂ)( 0i)l(y1+ B1) ¥ (03)T(B1)
(Wm) -P(oy)) (W(8p) —W(oy ) Y1 Bl

—_ 0 07 | |
Vo) Y (5T + By 5 2) 0 HeLTR)
“1(¢(52k)—ﬂ)(0k))61+1 ( (o)) Y1 TR

r) |
W (03T (B +2) +Z v1+rs1+1)

(0% + 0% 1 p(r) | +0513(r) 1)+

lp(r) | +Asl (o)l + N7 + (Aglp(o) ] +N2)> +

+0513(0) 1) + (51— 0w ) (8 + 0% 1 p(r) |
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oq(w(clfi()ﬁ—lxi(;i_mﬁl (51— o) ()| 4 (001 _ﬁ(?ol)ﬁy(;f)rz Sf(fzgl))—w(oi))z
+0f (1 -+ 03 13(r) 1) - S Vo8 o P L0 (o)
8O0 1)) 3 B OB 9] bl 70
(0 + 07 19(r) 1 + 83 13(r) 1) 4 <L) _w(ok))[:(; Tg e e

Yi+B1 N | 5,
+Z < KC% +(;114)r)1) (Ok+1—02k+1) (65 + 67 To(r) | +0513(r) 1) + 0‘1(1b(<;1()[311i(;7)1_1)) (Ot

(xp(cri)—w(ai_l))yﬁﬁl-l{(w(ck+1)—w(oi))2 (w(ézkﬂ)—xp(ai))z} —

- lo(r) |
Mlv1 +B1) V' (03 y1) U (S311) (69 + 67 1o(r)
1o313(1) 1) + SaLblo) —Wloig))Pr { (0w 1) -W(0i)?  (W$(8our1) —W(o3))?

! ! - 7 | | Ac | |
F(B1)w (o3) P (0)y1) V' (8141) } p(r) | + (As 1 o(r)

(Aglp(r)l +Np) { (W(owp1) - W(0)? _ (W (1) —W(0))? })}
P(oj) V' (o)1 1) V' (82141)
D . Y1+B1 D . B1
+y (N’(Grlz wloia)) (03 + 07 1 p(r) | +e;|3(r)|)+“1(”)(‘;1()[51”;(%‘1” lo(r) | +
(W(0)=W(0;)) (W(o;) —(og)) V1P .1 a1 (W(0) =P (o)) (W(0oy) —W (o)) P17t
0% + 0% 1 o(r) | + 0% 13(r) |
V(o) (vs + B1) (80 + 61 Tolr) [ +63 13(r) 1)+ V(0 (B1)

lp(r) | + (Aslp(r) | +N7) +

+0513(r) 1) +

(69

lo(r) I + (As To(r) I +Nqp)(8ax — 0%) +

lp(r)|

—Oppe+1) lo(r) | +

+N1) (0% 41— 02k4+1) +

(W(0) —(0j))

(A pin) | +No) )

Let

M* =

LD(0) ()BT o (h(0) —(oy)) B
A[el v tpitl) | TBi+ D) *(N’ blow) +Z bloia ))

1 [ ()=o) 1B o (pm) - P xp(ollmﬁﬁl
IAI{G Pyt ity rusl+1 +Z< Y1+(51+1J

-1
o1 (W(oy) =W(oig))P1 (W) =w(o;)) (W(o;) —(ojq))Y1HR11

ICE W (o) (v1 + B1)
+cx1(¢(n)—w(ii,)()é:l;ﬁc(rgl—)w(oi_l))51-1 AsiAL (w(ﬂ/—(i)(ci)) ) rmt wufé(zgz)k;ﬁ()xkl);iﬁ;)ﬂ
S £ (e, ) s,
o N)(Gi)_w(/( 1)?(6;5) (Sf(fzr;)) w(m))zﬂl(wwi)_ﬁ ((Gl_)))(éz;( ((gfl)() Yt
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A ogw (o) ) T2 Fyr+ Br+2)
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(Ok1—02k41)

o (P (011) =P (03)) P11 = (W (8331) ~ (0 ))P1H) & <*(1l)(01)—1b(01_1))yl+51
! (61 +2) N\ Byt D)
061(11)(01)—11)(01—1))[31(0 C6yq) 0t (U)(Gi)—lb(ﬁi_1))Y1+B]_l{(ll)(GkH)—lb(Gi))z
F(p1+1) e F(y1+61) V' (ops1)
(W (Saq1) —W(03))? } n o (Y(03) —(ojq)) P17t { (W(org1) = W(03)* (¢(62k+1)_¢(0'i))2}
V' (8ok 1) F(B1)v'(o;)

P (og41) V' (8ok 1)
Ag { (W(ogy1)-(07))? ~ (W(dok41) ~P(07))? })}
P (o) P (03 41) V' (8k41)
+Z ( ~P(oi )R o (P(oy) (i) P Lo (W(o) —(07)) (W(o;) —P(oyq)) V1R
vl +B1+1) F(B1+1) ! V' (0T (y1 + B1)
Oq(ll)( ) =(07))(W(o;) —(oyq)) P17

(w(a)—xp(cm))
A Ag——mF— ).
i W (o) (B1) TR )

+A5(0K1 = doxp1) +

lp(o)l

A {(¢(®‘¢(W<))W+ﬁl
1= My1+B1+1)

1 f () =p(oy)) V1 +Ps Do )HE
IAI{ My; +PB1+1) (8 + 03 13(r) Z( v1+f31+1) (0% +0513(r) 1)

1+B1-1 _ .
L (b() = (09))((3) =l 1) V1 (eg+e;|z(r)|)+Nl+N2(‘””) bio))

V' (0T (v1 + B1) V' (0y)

(D (8ox) = W(oy)) Y1 FPaHL Y(opq))Y1+B L
(W(07) = (031)) V1P ((8) — (7)) (W(d1) —II)(Gi))2>
P (0% (81)T(v1 + B1) P (03))" (8x)
(o 1) =0 )V B — (P (S 1) = P[0y )1 HPIHT | u ( o) -
M1+ B1+2) (8 + 831300+ 2 (T S
) -

(tb(ﬁi)—lb(ﬁi-1))yl+'31‘l{(11)(Gk+1)—1b(61))2_(11’(521<+1 P(oj ))}
I'(y1+B1) V' (o)1) V' (8ok41)
N, {(¢(0k+1)—1b(01))2 (¢(52k+1)—ﬂ)(01))2})}

P(oj) P (0 41) - P (8ox41)

(00) (o )P o ((0) = (03)) (b(o3) ~(034)) Y+ 1!
+Z< ey (0O W' (03)M (y1 + B1)
WW>:Z

' (03) v

/A

(eg+e;|3(r)|)+((w P(oy) +Z V(0o ))

(8 +6513(r) 1) +Nq (52— 0k) + Np

+

Yo 1))Y1+[31

+a2

(0%+1=02k41) (6 + 03 13(x) 1) +

(95 + 9; [T3(r) 1) +N1((Yk+1 _62k+1) +

(05 +0513(r) 1)

+N1+N»

Thus, there exists a positive constant Z1, such that | Il 1,/ < Z3.
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Similarly, there exists Z, such that | [J| IY' < Zp, where

Zp =
A (o) (o))t o ;

e | RO o + 05 10t 1) + <(¢(o)—wwkn+;(w(oi)—w(oi_l)))
1 ()~ (o)) Y2+ B2

x5 l{(63+94| (r) 1)

IMy2+B2+1)

o; + _

P(0jq1))V2 P2 " % Wm) = (o) (W (o) —P(o5_q)) Y2 P21
+051 )+

Z ( YZ [32 1) (63 64 SJ(I') ) Ib/(oi)l (PZ |32)

(ll)(ﬂ)—lb(ﬁi)))Jra (W (i) — 0y ) Y2t B2t
(o) U (5p T (v2 + B2 +2)

i=1

-

(03 4+ 05 lp(r) 1)+ N3+ Ny (03 4+ 05 lp(r) 1)

Wlopy))Y2+ 2 . (W(01) = (01 ¥2+ B2 (1 (53 ) ~ P (07))2
do1 — 0 05| |
+Z< Vz+f52+1) (B2 =1 (03 03 Telr) 1) + W (000 (5207 (2 + B2)

(W(8ox) - 11)(01))2> tap (W(oq1) =W(0w)) Y2 B2t — (8 1) (o)) Y2 T P2t

(63 + 63

Lo(r) 1) + N3 (8 — 0y) + Ny

P (o)W (82) Iy + B2 +2)
p _
PY(oyq))Y2HR2 £ o (W(oj) —W(oj_1)) Y2 P21
(05 + 03 1 p(r) +IZ< Y2+f32+1) (041 =82141) (63 + 01 Tp(r) 1) + Fva + B2)
(ll)((fkﬂ) ¥(oy))? (11’(52k+1)—11’(01))2} * g% | B Ny {(¢(0k+1)—11)(01))2
[ Vo 85+ 19(6) )+ Na(oia =)+ s Tt
(¢(62k+1) 11’(0-1 })} ( O-1 1))‘Y2+62 * *l | * *l |
V' (82141) +Z Y2+f32+1) (63 05 1p(r) 1) + (85 + 63 Tlr) 1)
(W(o)=W(o;))(W(o;) - ﬂ)(Ul—l))VﬁBZ_ (11’(0)—11)(01)))
7 N Ny——F—7—7-—.
W (o) vz + Ba) TN T o)
and
N* =
L (o) =0y )2 B2y (W(o) —P(oy)) B2 1 X
M Tt patl) T TR+ D) +<“') blow) *Z hlor ))II{GS
(Wm) - (o)) Y2tB2 . o (b(n) - i < - (o5 1))””52 n oo (Y(o;) =P (oy_1)) P2
Iy2 + B2 +1) (Bz+1 = Y2+[32+1) IB2+1)
L (M) =W(01)(W(o;) = (031))Y2 P21 () —(a;)) (W(oy) — (i) P2t
0 A A
B W (o) vz + Ba) (03T (B2) A7 A
(11)(11)—11)((71))) o (W(8ox) =W (oy)) Y2 B2t oy (P (8 ) — W (o)) P2+ < ;) —W(ojq1)) Y2t h2
Wi ) Y o T2+ B2 t2) W (oM (B2 +2) *Z Y2+f52+1)
N . B2 ) — . 2+B2-1 2
oy 4 2O D) (o) (o) (bl530-b(o)
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o (W(07) W (031)) P (W (81) — W (07))? (11)(521()—11)(01))2)
7 7 A 6 - A 7 7
" W (0 (02T (B2) A7 o) AT G (5
(W0 y1) = W(01)) Y2 P2 — (P (84 1) — W (0y) ) Y2 H P2+
I(y2 + B2 +2)
+062((1b(0k+1)—¢(0k))62+1—(lb(52k+1)—ll)(0kl)ﬁz+1) +i (9* (W(oj) —P(03q)) Y2 HP2
r(2 +2) =\ Ty +p2+1)

« (W(0y) = (0y9)) 2Bl { (W(ogy1) —(0y))?

+ap 9;

(Ok1—02k+1)

+0€2(11’(Ui)—ll)(01—1l)62

FBp 1) o~ o2ker) 05 ey W (0ks1)
(W (5ok41) —P(07))? } n oo (P (0;) (i) P21 { (W(owp1) —W(01)? _ (lb(52k+1l—l|)(01))2}
V' (8k+1) F(B2)w' (o3) V' (og1) V' (82k41)
B Ag [ (W(ogp1)—W(o3)? (11’(52k+1)—1|)(01l)2}>}
TA7(0 62k+1)+1b(01){ VP (0h41) V' (8ok41)
-P(0i1))2B2 (o) -(oi1))P2 L (W(0)-(0y)) (W(0y) —(oy1)) V2T B2l

+Z( Y2+l32+1) T e 5 W (012 + B2)

o (P(0) = (0;)) (W (0;) =P (0j1)) P2 (11’(0)—11)(01)))

Ay +Ag—F—F————— ).
* V(0T (B2) AT o
Let max{Zq,2,} = Z. Then, we have | | (g, J) | |X’><Y’ < Z.

Thus, the set G is bounded, and the operator P has at least one fixed point according
to Schaefer’s fixed point theorem., i.e., the problem (1) has at least one solution. [

5. Ulam’s Stability Results

This section is concerned with the Ulam-Hyers stability of problem (1). First, we
present some definitions introduced in [25].

Definition 4. For € = max{ey, €2}, consider the system of inequalities

|DYYE (“DoLs +oa)o(o) ~Fi(0,9(0),3(0)) | < €1, 0 € 0k, 0],

|A(p/(0‘k) Ix(plo))l <e1, k=1,2,...,p,

1 Ap (03] =T (lox)) | < eq.

epyb epBad ~ ©)
1“Doy,o (“Doyo + x2)I(0) -Fa(0, 9(0),3(0)) | < e, 0 € (0x, Ox11l,

|A3(o) - L (3oy)) | <eq, k=1,2,...,p,

AT (o3) =JE (T(oy)) | < eq.

The system ( 1)is called Ulam—Hyers stable if we can find ¥ > 0 such that, for each solution

(873 € X xY of (9), there exists a solution (p,J) € X xY of the system (1) satisfying
1 1(p,3)-(p, )|I<19e

Remark 1. (§,3) € X' x Y is a solution of the system of inequalities (9) if and only if there exist
functions o, d* € C((oy, oy 1),R) such that | $| < ejand | d* 1 < ey, 0 € (0}, Oy 1] and

CDV“"(CD&;MM) (¢) = F1(0,9(0),3(0)) + b(0), o € (04, 011, k=0,1,...,p,

AKJ/(O'k)_Ik( plo)) +di(o), k=12,...,p,

Ap (o) =Jx(ploy)) + by (o). (10)
CDKﬁ‘é’(CDEkahaz) (0) = Fa(0, 9(0),3(0)) + d*(0), 0 € (0, 1),k =0,1,...,p,

Aj(ck)_lk( (o)) +dj(0), k=1,2,...,p,

AY (ox) _]k( (Uk))+d)k( o).

Theorem 3. System ((1)) is Ulam—Huyers stable if (H1) and (Hy) are met.
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Proof. Suppose that (§,7) € X' x Y'is the solution of the following inequality:

DY (CDEVY + o1 )p(0) ~Fi(0,9(0),3(0))| < €1, 0 € (0h, 0kp1),
lAp(o)-Ik(p(o))l <e;, k=1,2,...,p,

1A' (01) ~Ji(p(01)) ] < €. (1)
1D (cDEXY + 0y)T(0) ~Fa (0, 9(0),3(0))| < €2, 0 € (0%, Oxs1),

IAT (o) -Ti(T(oy)) | <e1, k=1,2,...,p,

1AT (o) =T (T (o)) | < €.

From inequality (11)

DYWL (EDEVY + o1)p(0) =Fi(0,9(0),3(0)) + b(0), 0 € (ok, 041l k=0,1,...,p,

Ap(oy) =Llp(o) + dr(0), k=12...,p,

Ap' (o) = Jlp (1)) + bi(0). (12)
DL (eDEXY 1 x;)T(0) = Fa(0,9(0),F(0)) + d*(0), 0 € (0, 0411, k=0,1,...,p,
AJ(oy) = (T(o)) + di(o), k=1,2,...,p,

AT (o) =TE(3(0n)) + by (o).

Using Lemma 1, we get:

X1

I(B1)

] J P (1) (W ()= (1) P By (1, 9(x), I (1)) + b (r))dr—

- o /7 _ [371
Tt B Jo, [IRGCIIR R

P o) ,
p(r)dr + ((w(o)—w(ck))+Z(¢(ai)—w(m_m)%{mj W' (1) )~ (1)) P (1, (),

i=1

__x Ty _ L ) — Y1+B1-1
3(1)) + b (r))dr r(fsnLk“’ (1) (W (1) - (1)) P dr+Z( y1+BI)LHw(r)(w(m (1))

(Fr (5, (1), 3 (1)) + (1)) j W (1) (W (0) = (1)1 o (r)dr + P =W (o)

P’ (03)T(y1+ B1-1
o (W)= h(o)) [
W (o) (Bi-1) d
W ()T (B1-1) Luwu(w( 01) b (1)) P12 (r)dr

Fp) )f ()

(W (03) =W (£)) P12 (Fy (1, p(r), I (r)) + b (r) )dr -

dok

+L(p(am+¢i(oi)+W(mmcm+¢i(ci)))—a1Lk {fos . ()i Brl
(Fu (5,50, 3(0)) + 60— o [ 4 (000 (1)) dr+Z (Frea J:l W' (1) (o3)
()Y B 1, (), 3 () 4+ 6 ()dr + 2L J B () (b (03) = (1) P o (r)dr + %
Jo (0 R 1 (0, 300 b (0)dr T [ 1) 0000 )
(o) + ulos) + PV () +¢i(oi)>}dT—azJ:: {mL W (1) ()

T P
()P (Fy (1, (x), 3 (x)) + (r))dr— o j W' (1) (W (1) - (1) Prlp(r)dr+ Y
Ok i=1

r(B1) FY1+I31)

J " (@) (W (0) (1) VP (Fy (1), 3 (1)) + b (1)) dr + J 0 (o) - ()P p(r)dr

i

(WD) -w(a)) [ N »
—w/(cri)rwwrsnja,l‘l’ (1) (W (03) —b (1)) P12 (Fy (1, (1),

Oj

61
X1

J r(ﬁl)L”
P

(1)) + ¢ (r))dr V' (1) (b (ay)

= B1-1 (p(o; (o) + 2V ZRL0 (4 (o
NPT p(edr +oto) + dilon) + PO oto) 4ot ) far] X (o gy

| 00 = ) P (B (1), 300) b < [ o) = ()P )

(W(o)-wlo)) [ . o ieis ! (b (o) - (o))
*w/wi)rmwl—nL,l“’ (1) (03) = (1) P2 (Fa 1, 9(0), 300 + () e - S =L
, (b (o)~ (o))

J W (1) (W (1) = (1) P2 (r)dr + T (9(01)) + i) + i(sl m+¢i(cm),

oia W' (o3)
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J(o) =

1 7 _ Y2+ B2-1 ~ * _
My + Ba) L Y (1) (P(o) =(r)) (Fa(r, p(r), 3(r)) + ¢*(r))dr

X2

I'(B2)

J (1) ((0) ~p(r)) B2]

Ok

s 1 1 K 2+PB2-1
3(r)dr+((w(o)—w(ok))+§(w(oi)—w(oi_l))).A[wj W () 0bm) = 0(6)) Y7 B (B, (),

* _ (%9 n ! [32—1~ ( gi ! N Y2+ B2-1
) + e s |- dr+§ e I AULCARG]

~ * x [0 N Bo-ly P(m) -(oj) o
(Falr, 9(x) ) + 6" (1)) + 2 Li_lw (1)0(01) () P19 (e)dr o P L_lw (©)

($(03) = ()2 P2 (Fy(r, p(r), 3(x)) + ™ (r))dr - fﬁ(i(’;ﬁ[ﬁf(ﬂ%) Jci ¥ (1) (W(03) ~$(r) P23 (r)dr

Ym) —b(oi) s . *(g:) ) — 62k{1 i _ Ya+B2-1
g o) + 0 o) - | { gy [ @ 00 -

01

+1§ (3(03)) + & (03) +

(Fa(r, p(r), 3(r)) + ¢* (r))dr - F((Xﬁzz)

|| W mpem-w et dr+Z( AT J " ) (o)

Ok

L (b =th(ey)
(o] Lil‘“”(w‘”) b e G tva + Ba)

| @0 -0 B2 B, 0, 30)) + 0 (e - 2 [ ) 001) i) B (e

Oi-1 (62) i1

WO 0lo) e NV (P 1 [T
D) 5 (3(n)) + 07 01 ) fete-a I (i [ W

—(r))Y2 B (Fy(r, p(r), 3(r)) + ™ (r))dr +

(e Y2 B2 ~ « X [T Ba-1 o
(0> B, (), 30) + 6 (1)) dr— 2 Lkw(r)wm )P dr+Z( B

[0 50000 ) P (B, (), 301) £ 60 s | (1)l = ) P ()l

(W(1) —(0j)) r‘ ' - . o J"i /

N 2+ P22 _ .
(0 (2 Ba) GHIP (1) (W(oj) = (x)Y (Fa(r, p(r),3(r)) + d™(r))dr By P (r)(b(oy)

oy Bat TR 101) o 10/ )}] P( 1
()P r)dr T (3(00) + 4 (03) + = e =207 (301)) + 7 o) ) e +§ T

[0 50000 ) P (B, (), 30)) + 6 0 s | (1)l = ) P ()l

T [ 0) loi) b)Y+ B2, ), 30) + ) k- 2SO

o, V(0T (Ba=1)
j L (1) (0 (01) ~ () P23 dr + I (3(03)) + b7 (07) + LD ZROD) g5 ) +q>i*(oi)).

Oi-1 1.')/(0-1)

Oi-1

+

Now, as (g,J) is the solution of (1) and (§, J) is the solution of (11). Then,
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32 0f 40

lp(o)-p(o)

(W(0) = (0} )) V1P o1 (Y(0) = P(oy))B1

Fy1 i By 1) <Mf1||p—@||+Nf1||j—j||+|¢(r)|)+ E) llp—pl |
P 1 [(() - (o))" P
_ )= (o p-pl

(i $low)) + 3 (9o bloia)) ) 7 | DT (Mfl o~
+N ||3_ﬁ||+|q>(r)|>+“1(11)(”)_11’(“1<))B | 1p- p||+Z< LGV

f F(p1+1) Y1+Bl+1)

B1

(Mf1| lo—p1 1 +Ng 113-311 + |d)(r)|> + “1(“’(‘;1()6111;(3‘1” lp-pl 1

(b () = (o)) (b 03) = (1)) V1 +Br-? ] o
' W (o) (y1 + B1) (Mfl"8’-@"+Nf1"J—JH+I¢(r)|)

o1 (W(M) = W(0y)) (W(oy) P (oj 1)) Pt
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Thus, system (1) is UH stable. O
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6. Example
Example 1.

DI (PP 4

We see in the proposed problem that 31 = pp = %,yl = %,yz = %,n = %and ay =a = 15

1

—=)plo) =

130

2
p /0-6[0/1]/0—¢71

220(1+3(0)) 3
cos(0)J 2
m, oel0,1],0# 3’
p(o) Jo(2) = p(o)
150+ (1p(0) 1)’ '3 7 160+ (1p(0) 1)’
1 L2 1
170+ [3(0) 1" 19G3) = 1507 13(0) 1

IF1(0,9(0),2(0))~F1(0,8(0),3(0)) | < 55 19(0)=9(0) | + 5513(0)~T(0) |, Vo< 0,¢],
IF2(0,5(0),9(0)) ~Fal0,5(0),3(0)) | < 52 19(0)~5(0) | + 225 13(0) (o)1,
e -ne) < slplo)-plo)],
Moo < s 1plo)-plo)],
IITJ(gj—F{ﬁ §)| < 1170|3(0)—3(6)|,
|]1‘3(g)-]{3 %)I < %&)Ij(o)—j(o)l.
From the above inequalities, we obtain that Mg, = 21T0'NF1 ﬁ,MF2

_ 7 _ 1 _ 1 _
NF2 —m/Al = m,Az = m,AB -

T
330

%,AAL = 1%80. On calculating Q1, Qy, Q3 and Qy,

we have Q1 = 0.268317 <1, Q, = 0.173521 < 1, Q3 = 0.321975 < 1 and Q4 = 0.576319 < 1.
Then, max{Qq, Qy, Q3,Q4} < 1, and the coupled system (1) has a unique solution.

Furthermore, on calculating & = 47.29356436833 and e = 0.01276, we get Ve = 0.60346588134
> 0. Therefore, the coupled system (1) is Ulam—Hyers stable.
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Example 2.
cmde® cmler 1 sin(p +7J) 3
DI’ (epyie’ § = _SwT) z
VDR A g )elo) 360(in(o) + 1)’ ° € 097 5
ended emled | 1o B arctan(o) 3
Die (¢D2 +210)J(6) = —450—|—|p+3|166[0,1]’67£5’
3 1 3 1
I - = —_— ), =)= ==,
1#9(5) 20+ o001 5 = S50 e
3 1 3 1
I*~ e — - * Y- -
19(3) 8807 300)1” 1°G) = 5105 301
1 i 3
o(0) =0, plz) = | plxdre | plridr,
)
1 i 3
3(0)=0, 3(3) = J J(T)dT+J1 3(t)dr.
0 2

We see in the proposed problem that 1 = fp = %,yl = %,yz = %,n = % anda; = ap = 1.

LIzp(cr)—@((r)l +L|3(0)—

IF1(0,9(0),3(0)) ~F1(0,0(0),3(0) | < 555 w4 3(0)-3(0)1, Vo el0e,
IFa(0,9(0),3(0)) ~F2(0,8(0),3(0)) | < 2251p(0)=p(0) | + 225 13(0) = (o)1,

LoD -p(2)| < 5o l9(0)-8(0)],

Moo < g5 lol0)-plo)],

|1>f3(§)—1>{:r(§)| < Sé—om(a)—j(on,

TR < 5519(0)-3(0)

= 1N 1M T
3607 Vi 360 Vi 3507
Ng, = 755, A1 = 41%,A2 = Sé—O,Ag, = 81@,A4 = ﬁ. On calculating Qq, Qp, Q3 and Qy,
we have Q1 = 0.177405 < 1, Q, = 0.04251 < 1, Q3 = 0.169955 < 1 and Q4 = 0.09639 < 1.
Then, max{Q4, Qy, O3, 04} < 1, and the coupled system (1) has a unique solution.
Furthermore, on calculating & = 32.71784770711 and ¢ = 0.002385, we get
Ye = 0.07803206678 > 0. Therefore, the coupled system (1) is Ulam—Hyers stable.

From the above inequalities, we obtain that Mg,

7. Conclusions

The existence of a unique solution to a coupled system of Langevin fractional problems
of P-Caputo fractional derivatives with generalized slit-strip-type integral boundary condi-
tions and impulses was examined. We have used Schaefer’s fixed point theorem for the
existence of at least one solution to our proposed problem. We applied the Banach contrac-
tion principle to ensure that the solution of the proposed problem was unique. Additionally,
we investigated the Ulam-Hyers stability of the suggested problem. The Ulam-Hyers
stability guarantees that we can achieve an exact distinction for any approximation in a
given region, allowing us to use the results in approximation theory and numerical analyses
of related problems. Lastly, we presented illustrations to support the results.
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