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Abstract: Viscoelastic (VE) dampers show good performance in dissipating energy, being widely used
for reducing vibration in engineering structures caused by earthquakes and winds. Experimental
studies have shown that ambient temperature has great influence on the mechanical behavior of
VE dampers. Therefore, it is important to accurately model VE dampers considering the effect
of temperature. In this paper, a new fractional-order Zener (AEF-Zener) model of VE dampers is
proposed. Firstly, the important influence of fractional orders on the energy dissipation ability of
materials is analyzed. Secondly, an equivalent AEF-Zener model is developed that incorporates the
ambient temperature and fractional-order equivalence principle. Finally, the chaotic fractional-order
particle swarm optimization (CFOPSO) algorithm is used to determine the model’s parameters. The
accuracy of the AEF-Zener model is verified by comparing model simulations with experimental
results. This study is helpful for designing and analyzing vibration reduction techniques for civil
structures with VE dampers under the influence of temperature.

Keywords: viscoelastic damper; energy dissipation; temperature-order equivalent principle;
fractional-order vibration system

1. Introduction

Earthquakes and wind are among the most catastrophic natural hazards that affect
civil engineering structures. Therefore, developing new strategies for protecting build-
ing structures from damage caused by disasters has become a very important research
topic [1,2]. In recent years, several control methods have been proposed to reduce structural
vibrations in civil engineering structures, such as active [3,4], semi-active [5], passive [6,7],
and hybrid vibration control [8]. Among them, passive control has been broadly used [9,10].
Indeed, passive vibration control devices emerged as a promising solution, and VE dampers
became widely applied in building structures due to their relatively low cost and good
energy dissipation performance [11].

Research on VE damping systems focuses on three main aspects, namely (i) develop-
ment of VE materials with high energy dissipation, (ii) mechanical design, and (iii) analysis
of the controlled structures [12,13]. In reference [14], different materials were studied under
experimental dynamic loading of full-scale dampers, and a model of the dampers was
developed. In references [15,16], the VE parameters of sandwich structures were identified,
while a new inverse technique and an adjoint-based gradient method were developed. The
dynamics of a structure with VE dampers can be well-described by differential equations of
fractional order. The spline collocation method for solving systems of multi-term fractional
differential equations was proposed and studied in [17]. In reference [18], several types

Fractal Fract. 2023, 7, 714. https://doi.org/10.3390/fractalfract7100714 https://www.mdpi.com/journal/fractalfract

https://doi.org/10.3390/fractalfract7100714
https://doi.org/10.3390/fractalfract7100714
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-8110-5378
https://orcid.org/0000-0001-7359-4370
https://doi.org/10.3390/fractalfract7100714
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract7100714?type=check_update&version=1


Fractal Fract. 2023, 7, 714 2 of 23

of VE materials based on different matrix rubbers were optimized and developed, and
the mechanical behavior and energy dissipation ability of VE dampers built from these
materials were tested. The aforementioned research showed that VE dampers can buffer
buildings efficiently against earthquakes due to their large damping capabilities. However,
the properties of VE dampers are highly influenced by ambient temperature and excitation
frequency, which affect their behavior. Therefore, it is crucial to accurately model VE
dampers considering the effect of temperature.

Traditional VE models, such as the Kelvin and Maxwell ones, are unable to accurately
capture the frequency-dependent behavior of VE materials [19]. In the past few decades,
fractional calculus emerged in scientific and engineering practices [20] due to its ability
to model long memory effects, enabling description of the behavior of VE dampers for
a wide range of frequencies. Thus, several types of fractional-order constitutive models
have been established [21]. However, the effect of ambient temperature on the performance
of VE materials is still neglected in most fractional-order models, while in some previous
works, it was considered through a shift factor defined by the Williams–Landel–Ferry
(WLF) equation [22,23].

The fractional-order Zener model has more degrees of freedom than many other
models and can better describe the dynamics of VE materials [24,25]. Indeed, the fractional-
order Zener model can well-characterize the influence of frequency [26]. However, it
cannot characterize the influence of temperature. In reference [27], a constitutive model
was proposed to describe the self-heating effect in elastomeric materials subjected to cyclic
loading. In paper [28], the frequency-temperature correspondence principle was adopted,
and a method for analyzing the dynamics of structures with VE dampers was addressed.
Furthermore, in references [29,30], VE damper models were developed based on molecular
chain network micro structures and the temperature-frequency equivalence principle.

In the above references, the influence of temperature usually considers the frequency-
temperature equivalence principle. However, temperature and frequency may influence
each other, and the physical meaning of equating the influence of temperature to frequency
is unclear. Therefore, the accuracy of existing models may be insufficient, and a new
approach to effectively model VE dampers is required. In fact, the fractional order has
certain geometric and physical significance related to the VE properties of materials [31,32].
A higher order leads to stronger viscosity and stronger energy dissipation, while a lower
order causes stronger elasticity and weaker energy dissipation. Therefore, the fractional-
order variation in the model can characterize the effect of ambient temperature on the
dynamics of VE dampers.

Motivated by the above discussion, a new AEF-Zener model is proposed in this paper.
The ability to dissipate energy from VE materials characterized by different fractional
orders is analyzed, and the relationship between energy dissipation and fractional order is
discussed. Furthermore, based on the temperature-order equivalence, a functional relation-
ship between fractional-order and temperature is established to indirectly characterize the
impact of ambient temperature on the performance of VE dampers. The proposed model
has a clearer physical meaning and higher accuracy, especially for characterizing the loss
factor parameters related to energy consumption, compared to other existing models.

The most important contributions of the paper are:

(a) The influence of fractional order on the energy dissipation capabilities of VE materials
is analyzed in the time and frequency domains.

(b) A novel AEF-Zener model is proposed, and the model’s parameters are determined
by using a CFOPSO algorithm.

(c) The accuracy and effectiveness of the AEF-Zener model is verified by comparing model
simulations with experimental results and with models that use the temperature-
frequency equivalent principle.

The paper is structured into seven main parts. Section 2 recalls some elemental
concepts of fractional calculus. Section 3 presents the mathematical equations of fractional-
order Zener VE dampers. Section 4 analyzes the influence of fractional orders. Sections 5
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and 6 describe and determine the AEF-Zener model and its parameters, respectively.
Section 7 draws the conclusions.

2. Preliminary Concepts of Fractional Calculus

Fractional calculus emerged as an important tool with applications in scientific and
engineering fields [33–36]. Some basic definitions concerning fractional calculus are given
here for understanding later calculations and analysis.

Given a function x(t) : R→ R, it is referred to as Ck-class if its derivatives x(1), x(2), . . . ,
x(k) exist and are continuous (except for a finite number of points). In the following, we
adopt the notation x(t) ∈ C0, C1, and C∞ to denote the classes of all continuous, continu-
ously differentiable, and smooth functions, respectively [37].

The Riemann–Liouville fractional integral of order α > 0 of a continuous function x(t)
is [38]:

0 Iα
t x(t) = D−αx(t) =

1
Γ(α)

∫ t

0
(t− s)α−1x(s)ds, (1)

where Γ(·) is the gamma function.
The Riemann–Liouville fractional derivative of order n − 1 < α < n, n ∈ N, of a

continuous function x(t) ∈ Cn[0, t] is [39]:

RL
0 Dα

t x(t) =
1

Γ(n− α)

dn

dtn

∫ t

0
(t− s)n−α−1x(s)ds. (2)

In discrete time, the Grünwald–Letnikov fractional derivative of order α0 of a function
x(t) can be approximated by the truncated series [40]:

GL
0 Dα

t x(t) ≈ 1
Tα

r

∑
k=0

(−1)kΓ(α + 1)x(t− kT)
Γ(k + 1)Γ(α− k + 1)

, (3)

where r is the truncation value, and T corresponds to the sampling period, respectively.
If x(t) ∈ Cn[0, t], then [37]:

RL
0 Dα

t x(t) = GL
0 Dα

t x(t). (4)

The Riemann–Liouville fractional derivative verifies [41]:

dn

dtn

(
RL
0 Dα

t x(t)
)
= RL

0 Dα
t

(
dnx(t)

dtn

)
= RL

0 D(α+n)
t x(t). (5)

For zero initial conditions in the Laplace domain, we have [42]:

L(Dαx(t)) = sαx(s). (6)

3. Equation of Fractional-Order Zener VE Damper
3.1. Dynamic Equation in the Time Domain

The relationship between strain σ(t) and stress γ(t) is characterized by the following
fractional-order Zener constitutive equation (see Figure 1) :

σ(t) + p1Dασ(t) = q0γ(t) + q1Dαγ(t), (7)

where α ∈ (0, 1) is the order of the Riemann–Liouville fractional differentiation (Equation (2)),
and p1, q0, and q1 are positive constant coefficients determined by the VE material’s perfor-
mance parameters E1, E2, and η.
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E1

η  , α

E2

σ σ

Figure 1. Fractional-order Zener model.

Figure 2 illustrates a one-degree-of-freedom fractional-order Zener damper system
consisting of a mass and a damper. The strain and the stress are determined as:

σ(t) =
fd(t)

A
, γ(t) =

x(t)
L

. (8)

Combining Equations (7) and (8) results in:

fd(t) + p1Dα fd(t) =
Aq0

L
x(t) +

Aq1

L
Dαx(t), (9)

where L and A stand for length and area, respectively, fd(t) denotes the damping force,
and x(t) represents the displacement of the damper.

m
keq

ceq  α

f(t)

Figure 2. A single-degree-of-freedom fractional Zener VE damper system.

By Newton’s second law, the dynamic equation of the damper is:

mẍ(t) + fd(t) = f (t). (10)

From Equations (10) and (5), one has:

p1mD2+αx(t) + p1Dα fd(t) = p1Dα f (t). (11)

Equations (10) and (11) give:

p1mD2+αx(t) + mẍ(t) + fd(t) + p1Dα fd(t) = p1Dα f (t) + f (t). (12)

Substituting Equation (9) into (12) and letting k = Aq0/L and c = Aq1/L leads to:

p1mD2+αx(t) + mẍ(t) + cDαx(t) + kx(t) = p1Dα f (t) + f (t), (13)

where f (t) is the disturbance force, and p1 falls into either Case 1 or Case 2:
Case 1. If p1 = 0 or p1 → 0, then Equation (13) can be rewritten as:

mẍ(t) + cDαx(t) + kx(t) = f (t); (14)

Case 2. If p1 > 0, with the following state transformation, then:

x(t) = p1Dαy(t) + y(t). (15)
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Substituting Equation (15) into Equation (13) leads to:

mp1D2+αy(t) + mÿ(t) + cDαy(t) + ky(t) = f (t). (16)

With mp1D2+αy(t) + mÿ(t) = mẍ(t), let cDαy(t) = c
′
Dαx(t), ky(t) = k

′
x(t),

Equation (16) can be equivalently transformed into:

mẍ(t) + c
′
Dαx(t) + k

′
x(t) = f (t). (17)

From the above, we establish the equivalent dynamic equation of the fractional-order
Zener VE damper with a single degree of freedom:{

mẍ(t) + ceqDαx(t) + keqx(t) = f (t),

fd(t) = keqx(t) + ceqDαx(t),
(18)

where ceq is the damping, and keq is the equivalent stiffness, which are related to the values
of α, p1, q0, q1, frequency ω, and temperature T. We usually analyze them in the frequency
domain.

3.2. Dynamic Equation in the Frequency Domain

The Laplace transform (Equation (6)) on Equation (7) results in:

σ(s) + p1sασ(s) = q0γ(s) + q1sαγ(s). (19)

Therefore, the transfer function of Equation (19) is:

G(s) =
σ(s)
γ(s)

=
q0 + q1sα

1 + p1sα
. (20)

By replacing s with iω, with iα = cos(απ/2) + i · sin(απ/2), we obtain the complex
modulus:

G∗(ω) = G1(ω) + iG2(ω), (21)

where i =
√
−1, and the storage and loss modulus, G1(ω) and G2(ω), are the real and

imaginary components of the complex modulus, respectively. Hence, we have:

G1(ω) =

[
q0 + p1q1ω2α + (q1 + p1q0)ω

α cos απ
2
][

1 + p2
1ω2α + 2p1ωα cos απ

2
] ,

G2(ω) =
(q1 − p1q0)ω

α sin απ
2[

1 + p2
1ω2α + 2p1ωα cos απ

2
] ,

η =
(q1 − p1q0)ω

α sin απ
2[

q0 + p1q1ω2α + (q1 + p1q0)ωα cos απ
2
] ,

(22)

where η = G2(ω)/G1(ω) is the loss factor.
Then, the mechanical properties of the VE damper, namely the equivalent stiffness

and damping, keq and ceq, respectively, can be calculated and analyzed with the following
equations:

k
′
eq =

nv · G1 · Av

hv
, (23)

c
′
eq =

nv · G2 · Av

ω · hv
, (24)
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where nv is the number of layers of VE material between the steel plates that compose the
VE damper, and Av and hv are the shear area and thickness of each VE layer, respectively.

4. The Influence of Fractional-Order α

Numerical simulations are carried out to demonstrate the influence of the fractional
order α on the VE damper energy dissipation capacity. From Section 3, one can observe
that the fractional order α is related to the dynamic properties of the VE material in the
time and frequency domains.

4.1. Analysis in the Time Domain

The coefficients in the fractional-order model of the Zener VE damper (Equation (18))
are taken as m = 1, ceq = 0.5, keq = 1, and α ∈ (0, 1), and the disturbance is assumed to be a
step signal:

f (t) =
{

0, 0 < t < 1,
10, 1 ≤ t.

(25)

It follows from Equation (18) that:

x(t) =
1

keq
( f (t)−mẍ(t)− ceq · RLDαx(t)). (26)

Figure 3 illustrates the Simulink block diagram programming adopted for the fractional-
order equation with zero initial values. The fractional-order operator Dα can be approx-
imated using MATLAB2019a programming based on Equations (3) and (4). Vibration
responses of the fractional-order Zener VE damper with different fractional orders are
shown in Figure 4. One can see that the energy dissipation capacity of the VE damper is
stronger with the increase in the fractional order α.

Fractional 

Der s^α

1/keqdx/dt

ceq

dx/dt

+

_

_

Interference signal

Out1m
X(t)

X(t)

Figure 3. Simulink block diagram for the fractional equation with zero initial values.

0 5 10 15 20 25 30
Time
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t a
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itu

de

Figure 4. Vibration responses of the fractional Zener VE damper with different fractional order α.
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4.2. Analysis in the Frequency Domain

In this simulation, the coefficients of the fractional-order Zener VE damper (Equation (22))
are taken as p1 = 0.0015, q0 = 0.5, q1 = 1.25, ω ∈ (0.1, 2], and α ∈ (0, 1).

The responses of the storage modulus and loss factor, G1 and η, respectively, of the
fractional-order Zener VE damper with different fractional orders are shown in Figures 5 and 6,
respectively. Figures 7 and 8 show two responses with different fractional orders and frequen-
cies. From Figures 5 and 6, we verify that the fractional order α has a positive correlation with
the change in G1 and a negative correlation with the change in η. Figures 7 and 8 indicate that
frequency also has a great influence on the dynamic performance of the damper.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.5

1

1.5

2

T
he

 s
to

ra
ge

 m
od

ul
us

 (
G

1)

w=0.1
w=0.2
w=0.5
w=1.0
w=1.5
w=2.0

Figure 5. The storage modulus G1 of the VE damper at different frequencies and fractional orders.
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w=1.0
w=1.5
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Figure 6. The loss factor η of the VE damper at different frequencies and fractional orders.
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Figure 7. The storage modulus G1 of the VE damper at different fractional orders and frequencies.
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Frequency

0

0.5

1

1.5

2

Figure 8. The loss factor η of the VE damper at different fractional orders and frequencies.

The above simulations confirm that the fractional order α is related to the energy
dissipation capacity and dynamic performance of the damper. The higher the order is, the
stronger the viscosity and the energy dissipation are.

5. Temperature-Order Equivalent Mathematical Model
5.1. Temperature-Order Equivalent Principle

Experimental results show that temperature and frequency affect the dynamics of VE
dampers and that temperature has a more prominent effect, as illustrated in Figures 9 and 10 [29].
From Equation (22), it can be seen that the influence of frequency is described well. However,
the fractional-order Zener model can not characterize the effect of temperature. Therefore, we
establish the necessary relationship by introducing a new mathematical model that considers
the temperature change and fractional-order equivalence, given by:{

G1(ω, T) = G1(ω, α1(T)),

η(ω, T) = η(ω, α2(T)),
(27)

where α1 and α2 are: {
α1(T) = ∑5

i=1 aiTi + b1,
α2(T) = 1− (∑5

i=1 ciTi + b2).
(28)

-10 0 10 20 30 40
Temperature 

0

0.2

0.4

0.6

0.8

1

1.2

1.4

w=0.2
w=1.0

Figure 9. The loss factor η of the VE damper at different temperatures.
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Figure 10. The storage modulus G1 of the VE damper at different temperatures.

Thus, Equation (22) can be rewritten as:
G1 =

[
q0 + p1q1ω2α1 + (q1 + p1q0)ω

α1 cos α1π
2
][

1 + p2
1ω2α1 + 2p1ωα1 cos α1π

2
] ,

η = G2/G1 =
(q1 − p1q0)ω

α2 sin α2π
2[

q0 + p1q1ω2α2 + (q1 + p1q0)ωα2 cos α2π
2
] .

(29)

5.2. Model Modification

As the influence of temperature on the properties of VE dampers is related to frequency,
the temperature and fractional-order equivalent relationship with frequency correction can
be obtained as: {

G1(ω, T) = G1(ω, α∗1(T, ω)),

η(ω, T) = η(ω, α∗2(T, ω)).
(30)

For simplifying the analysis, we first fix ω = 0.5. Then, α∗1 and α∗2 are calculated as:{
α∗1(T, ω) = α1(T, 0.5) + k1(ω− 0.5),
α∗2(T, ω) = α2(T, 0.5)− k2(ω− 0.5),

(31)

where k1 and k2 are determined by:{
k1 = ∑5

i=1 a∗i Ti + b∗1 ,
k2 = ∑5

i=1 c∗i Ti + b∗2 .
(32)

Therefore, by considering the temperature effect and the frequency modified model,
the new AEF-Zener model is given by:

G1 =

[
q0 + p1q1ω2α∗1 + (q1 + p1q0)ω

α∗1 cos α∗1 π
2

]
[
1 + p2

1ω2α∗1 + 2p1ωα∗1 cos α∗1 π
2

] ,

η = G2/G1 =
(q1 − p1q0)ω

α∗2 sin α∗2 π
2[

q0 + p1q1ω2α∗2 + (q1 + p1q0)ω
α∗2 cos α∗2 π

2

] .

(33)

Further, we have:

k
′
eq =

nv · G1(ω, α∗) · Av

hv
, (34)
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c
′
eq =

nv · G2(ω, α∗) · Av

ω · hv
, (35)

where the values of parameters p1, q0, q1, α∗1 , and α∗2 in Equation (33) are used to define
the material properties. It should be noted that this model reflects the impact of ambient
temperature on the dynamic behaviors of the VE dampers through the fractional order.

6. Parameter Identification and Experimental Comparison

In this section, the storage modulus and loss factor, G1 and η, respectively, that
represent the mechanical properties of the VE damper are used to determine the parameters
of the equivalent model. The experimental data from the dynamic tests in reference [29]
were used. Herein, we propose a new chaotic fractional-order particle swarm optimization
(CFOPSO) algorithm to accurately determine the model’s parameters.

6.1. Parameter Identification with the CFOPSO

The PSO is a simple and easy-to-implement algorithm. The PSO can be generalized
using fractional-order tools to yield the fractional-order PSO algorithm, which can better
balance global and local searching capabilities [43]. Chaotic mapping can be used to
generate evenly chaotic numbers between 0 and 1, as shown in Figure 11. The population
initialization is carried out by using chaotic sequences contributing to an increase in
the performance of the algorithm [44]. The values are mapped to initialization particle
individuals according to the following formula:{

yi+1 = µyi(1− yi),

χ = χLb + (χUb − χLb)yi+1,
(36)

where i is the number of iterations, and µ is the bifurcation parameter. The symbols χUb
and χLb are the upper and lower limits of each individual in each dimension, and yi+1 is
the mapped individual.
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y

Figure 11. Chaotic mapping generating chaotic numbers.

The velocity and position of the particles are updated using:{
Dαυij(t + 1) = c1φ1[Pbij(t)− χij(t)] + c2φ2[Gbgj(t)− χij(t)],

χij(t + 1) = χij(t) + υij(t + 1),
(37)
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where Pbij(t) is its best position for each particle found so far, Gbgj(t) is the best position of
the swarm, c1 and c2 denote the coefficients of the particle acceleration, and φ1 and φ2 are
random numbers in the interval [0, 1].

Considering the first four terms of the differential derivative given by Equation (3),
one has:

υij(t + 1) = αυij(t) +
1
2

α(1− α)υij(t− 1)

+
1
6

α(1− α)(2− α)υij(t− 2)

+
1
24

α(1− α)(2− α)(3− α)υij(t− 3)

+ c1φ1[Pbij(t)− χij(t)] + c2φ2[Gbgj(t)− χij(t)], (38)

where α at the i-th iteration is:

αi = αmax −
αmax − αmin

imax
i, αi ∈ [0.4, 0.9], (39)

with imax denoting the maximum number of iterations.
The parameter values are found by minimizing the fitness function, f (.), which

represents the error between the calculated (G1(i), η(i)) and experimental (Ĝ1(i), η̂(i))
values, as defined in:

min f (·) = min
M

∑
i=1

[
|G1(i)− Ĝ1(i)|+ |η(i)− η̂(i)|

]
, (40)

where the symbol M is the number of sampling points. Figure 12 schematically illustrates
the CFOPSO algorithm. Table 1 lists the parameter values of the CFOPSO algorithm.

Iter>maxiter
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Optimization 

objective function

Calculated value 

G1, η

Experimental value 

G1, η

Update velocity and

location of particles

Iter=Iter+1

 Particle swarm
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Pbest and Gbest 
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 Chaotic fractional order 

particle swarm optimization
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Figure 12. Flowchart of the CFOPSO algorithm.

Table 1. Parameters of the CFOPSO algorithm.

CFOPSO Parameter Value

Number of particles N = 50
Number of iterations/Repeated experiments i = 200/E = 40

Scaling factors c1 = c2 = 1.5
Chaotic bifurcation parameter µ = 4.0
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The experimental data with a displacement of 1.0 mm are adopted for parameter determi-
nation and fitting. With reference to the parameter values in previous fractional models, the
range of current parameter values is set as p1 ∈ (0, 2.5× 10−6], q0 ∈ (0, 2], q1 ∈ (0, 5], α1 ∈ (0, 1),
and α2 ∈ (0, 1). The process of model parameter determination and fitting is:

Step 1: Determine the parameters p1, q0, q1, α1, and α2 in Equation (29) with T = 10 ◦C
and ω = 0.5 rad/s using the CFOPSO algorithm;

Step 2: With fixed parameters p1, q0, and q1, determine the values of α1 and α2 with
T = −10 ◦C,−5 ◦C, 0 ◦C, 5 ◦C, 20 ◦C, 30 ◦C, 40 ◦C, and ω = 0.5 rad/s;

Step 3: Use curve-fitting to find the parameters in the functions that relate α1 and α2 to
temperature T;

Step 4: Repeat Steps 1 to 3 with ω = 0.1 rad/s, 0.2 rad/s, and 1.0 rad/s, with the fixed
parameters p1, q0, and q1;

Step 5: Set the model at ω = 0.5 rad/s as the reference model. Fit the effects of other
frequencies into the fractional orders α∗1 and α∗2 through two slope functions. Use curve-fitting
to determine the parameters in the functions that relate k1 and k2 to temperature T.

Finally, the new AEF-Zener model’s parameters in Equation (33) have been determined.
Table 2 lists the parameter values of the AEF-Zener model (ω = 0.5 rad/s) obtained

with the CFOPSO algorithm. The values of k1 and k2 determined by slope curve-fitting are
shown in Table 3.

Table 2. Parameters of the AEF-Zener model (ω = 0.5 rad/s).

Parameters P1 q0 q1 a1

Values 1.02× 10−6 0.651 3.849 −6.82× 10−9

Parameters a2 a3 a4 a5

Values 4.076× 10−7 1.369× 10−5 −0.0013 0.0301

Parameters b1 c1 c2 c3

Values 0.6526 −7.37× 10−9 7.039× 10−7 −1.449× 10−5

Parameters c4 c5 b2

Values −0.454× 10−3 0.0213 0.574

Table 3. Parameters of the modified AEF-Zener model (k1, k2).

Parameters a∗
1 a∗

2 a∗
3 a∗

4

Values 4.911× 10−8 −4.656× 10−6 1.537× 10−4 −0.00212

Parameters a∗5 b∗1 c∗1 c∗2
Values 0.00995 0.2227 −4.314× 10−8 4.291× 10−6

Parameters c∗3 c∗4 c∗5 b∗2
Values 0.2227 0.001589 0.004628 −0.1724

6.2. Comparison between Numerical and Experimental Results

To assess the accuracy of the proposed AEF-Zener model, the parameters G1 and
η with varying loading frequencies and ambient temperatures were computed based
on Equation (33). The numerical calculations and experimental data are compared in
Figures 13–16 and Table 4. It can be seen that the model has high precision.
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Figure 13. Comparison between numerical and experimental results of G1 (ω = 0.1, 0.5).
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Figure 14. Comparison between numerical and experimental results of G1 (ω = 0.2, 1.0).
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Figure 15. Comparison between numerical and experimental results of η (ω = 0.1, 0.5).

-10 0 10 20 30 40

Temperature (
o
C)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

w=0.2(Experimental results)

w=0.2(Model results)

w=1.0(Experimental results)

w=1.0(Model results)

Figure 16. Comparison between numerical and experimental results of η (ω = 0.2, 1.0).



Fractal Fract. 2023, 7, 714 14 of 23

Table 4. Comparison between experimental data and numerical results for the AEF-Zener model.

Storage Modulus, G1 (MPa) Loss Factor, η

ω (rad/s) T ( ◦C) Experimental Numerical Experimental Numerical

0.1

−10 2.2740 2.2129 0.7765 0.6886
−5 1.6951 1.7699 0.4904 0.5591
0 1.5043 1.3159 0.4012 0.4321
5 1.1530 1.0412 0.3170 0.3498

10 1.0232 0.9092 0.2681 0.2985
20 1.0037 0.9068 0.2413 0.2447
30 0.8111 0.7819 0.2201 0.2306
40 0.7360 0.7014 0.1940 0.2157

0.2

−10 2.8233 2.7623 0.9332 0.9156
−5 1.9408 2.1160 0.6119 0.6533
0 1.7612 1.5584 0.5132 0.4863
5 1.2341 1.2118 0.3573 0.3831

10 1.1123 1.0350 0.2905 0.3190
20 1.0481 0.9313 0.2612 0.2566
30 0.9068 0.8531 0.2380 0.2412
40 0.8034 0.7221 0.2121 0.2245

0.5

−10 3.8227 3.7887 1.1168 1.1153
−5 2.5560 2.7139 0.7635 0.8305
0 2.1240 1.9211 0.6923 0.6135
5 1.3250 1.4382 0.4423 0.4618

10 1.1710 1.1824 0.3353 0.3641
20 1.1262 1.0158 0.2940 0.2817
30 1.0231 0.9062 0.2693 0.2640
40 0.9114 0.8565 0.2433 0.2429

1.0

−10 4.7551 4.4795 1.2049 1.2601
5 3.0626 3.2987 0.9186 0.9722
0 2.6408 2.5450 0.8185 0.8356
5 1.4614 1.3090 0.5468 0.5912

10 1.2840 1.1941 0.3848 0.4322
20 1.1967 1.0929 0.3274 0.3176
30 1.0897 1.0123 0.2920 0.2968
40 0.9786 1.0116 0.2605 0.2690

The root-mean-square errors between numerical and experimental results are given
in Table 5. When the frequencies are chosen as 0.1, 0.2, 0.5, and 1.0 rad/s, the errors for
the values of G1 are 9.65%, 11.16%, 11.63%, and 15.41%, respectively. The errors for η are
4.47%, 2.23%, 3.89%, and 3.64%, respectively. As the frequency increases, its impact on the
parameters may increase, which may lead to an increase in errors for high frequencies. In
addition, the relative errors of the storage modulus and loss factor, G1 and η, at various
frequencies are less than 20%, which are within the requirements usually adopted in
engineering applications.

Table 5. Root-mean-square error of G1 and η.

Storage Modulus, G1 Loss Factor, η

Frequency (rad/s) Root-Mean-Square Error (%) Root-Mean-Square Error (%)

0.1 9.65 4.47
0.2 11.16 2.23
0.5 11.63 3.89
1.0 15.41 3.64

To further verify the effectiveness of the AEF-Zener model, taking the frequency
of 1.0 rad/s, we compare its results with those of the EFMCS model (that considers the
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temperature–frequency equivalent principle) [45] and the experimental data. The storage
modulus and the loss factor for the displacement of 1.0 mm and temperatures of −10 ◦C to
40 ◦C are illustrated in Figures 17 and 18, respectively, and summarized in Tables 6 and 7.
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Figure 17. Comparison between numerical and experimental results of G1 with T(◦C) = −10, −5, 0,
5, 10, 20, 30, 40 when d = 1.0 mm and ω = 1.0 rad/s.
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Figure 18. Comparison between numerical and experimental results of η with T(◦C) = −10, −5, 0, 5,
10, 20, 30, 40 when d = 1.0 mm and ω = 1.0 rad/s.

Table 6. The experimental and numerical results comparison of G1 for different frequencies when
d = 1.0 mm and ω = 1.0 rad/s.

Storage Modulus, G1 (MPa) Error

T(◦C) Experimental AEF Model EFMCS Model AEF Model EFMCS Model

−10 4.7551 4.4795 4.4803 5.80% 5.78%
−5 3.0626 3.2987 3.2900 7.71% 7.41%
0 2.6408 2.5450 2.5777 3.63% 2.39%
5 1.4614 1.3090 1.7995 9.28% 23.14%

10 1.2840 1.1941 1.5653 7.00% 21.73%
20 1.1967 1.0929 1.3847 8.67% 15.71%
30 1.0897 1.0123 1.1218 7.10% 2.95%
40 0.9786 1.0116 0.9389 3.37% 4.06%
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Table 7. The experimental and numerical results comparison of η for different frequencies when
d = 1.0 mm and ω = 1.0 rad/s.

Loss Factor, η Error

T(◦ C) Experimental AEF Model EFMCS Model AEF Model EFMCS Model

−10 1.2049 1.2601 1.3549 4.58% 7.52%
−5 0.9186 0.9722 1.0225 5.83% 11.31%
0 0.8185 0.8356 0.7666 2.09% 6.34%
5 0.5468 0.5912 0.4608 8.12% 15.73%

10 0.3848 0.4322 0.3784 12.32% 1.66%
20 0.3274 0.3176 0.3234 3.00% 1.22%
30 0.2920 0.2968 0.2597 1.64% 11.06%
40 0.2605 0.2690 0.2253 3.26% 13.51%

For the storage modulus, at different temperatures, the average and the maximum
errors between experimental data and simulation results for the AEF-Zener and the EFMCS
models are 6.57% and 10.40%, and 9.28% and 23.14%, respectively. For the loss factor, the
average and the maximum errors are 5.11% and 8.54%, and 12.32% and 15.73%, respectively.
This shows that both errors for the AEF-Zener model are smaller than those for the EFMCS.

Additionally, at the temperature of 20 ◦C, the AEF-Zener model simulation results
are compared with those obtained with Xu’s model [29] and with experimental data.
Figures 19 and 20 depict the storage modulus and the loss factor when the displacement is
1.0 mm and the frequencies vary between 0.1 rad/s and 1.0 rad/s, respectively. Tables 8 and 9
summarize the results.

For the storage modulus, the average and the maximum errors for the AEF-Zener
and the Xu models are 7.23% and 9.34%, and 11.14% and 11.80%, respectively. For the loss
factor, the errors are 2.59% and 3.90%, and 4.18% and 9.07%, respectively. This confirms
that the AEF-Zener model is better than the Xu model.
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Figure 19. Comparison of numerical and experimental results of G1 with ω = 0.1, 0.2, 0.5, 1.0 when
d = 1.0 mm and T = 20 ◦C.

Table 8. The experimental and numerical results comparison of G1 for different frequencies when
d = 1.0 mm and T = 20 ◦C.

Storage Modulus, G1 (MPa) Error

ω (rad/s) Experimental AEF Model Xu’s Model AEF Model Xu’s Model

0.1 1.0037 0.9068 0.9128 9.65% 9.05%
0.2 1.0481 0.9313 1.0119 11.14% 3.45%
0.5 1.1262 1.0158 1.1784 9.80% 4.63%
1.0 1.1967 1.0929 1.3379 8.67% 11.80%
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Figure 20. Comparison of numerical and experimental results of η with ω = 0.1, 0.2, 0.5, 1.0 when
d = 1.0 mm and T = 20 ◦C.

Table 9. The experimental and numerical results comparison of η for different frequencies when
d = 1.0 mm and T = 20 ◦C.

Loss Factor, η Error

ω (rad/s) Experimental AEF Model Xu’s Model AEF Model Xu’s Model

0.1 0.2413 0.2447 0.2390 1.41% 0.95%
0.2 0.2612 0.2566 0.2646 1.76% 1.30%
0.5 0.2940 0.2817 0.2977 4.18% 4.28%
1.0 0.3274 0.3176 0.2917 2.99% 9.07%

From the above analysis, we verify that the numerical results obtained with the
proposed AEF-Zener model are close to the experimental ones, which means that the
temperature-order equivalence principle can well characterize the effect of temperature
for VE dampers. In addition, by comparing the new model with the EFMCS and the Xu
models, we confirmed that the AEF-Zener model has superior accuracy and availability. In
general, the AEF-Zener model is accurate enough to reflect the mechanical behavior and
energy dissipation ability of VE dampers at a low frequency. The model can be conveniently
applied to the dynamic analysis of structures with VE dampers.

7. Simulation Analysis of Structures with VE Dampers

In this section, simulations of structures with and without VE dampers under earth-
quake action are carried out. The equation of motion of the structure with VE dampers can
be written as:

Mẍ(t) + Cẋ(t) + Kx(t) + cd ẋ(t) + kdx(t) = −Mlẍg, (41)

where x, ẋ, and ẍ ∈ Rn×1 stand for displacement, velocity, and acceleration vectors of the
building, respectively; M, C, and K ∈ Rn×n are the mass, stiffness, and damping matrices,
respectively; l is a vector with all elements equal to 1; and kd = diag(kdi, . . . , kdn) and
cd = diag(cdi, . . . , cdn), with kdi and cdi standing for the sum of equivalent stiffness and
damping of all VE dampers in the i-th floor for i = 1, . . . , n, are parameters.

The ground acceleration ẍg is modulated with amplitude 0.24 g and 0.12 g to adopt
the El Centro and Taft earthquake seismic waves for 25 s and 30 s, as shown in Figure 21.
In addition, the Rayleigh damping is given by C = α1M + β1K, where α1, β1 ∈ R are
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calculated from the damping ratio of the modes of vibration. Matrices M and K can be
represented by:

M =


m1 0 · · · 0 0
0 m2 · · · 0 0
...

...
...

. . .
...

0 0 · · · mn−1 0
0 0 · · · 0 mn


n×n

,

K =


k1 + k2 −k2 · · · 0 0
−k2 k2 + k3 · · · 0 0

...
...

. . .
...

...
0 0 · · · kn−1 + kn −kn
0 0 · · · −kn kn


n×n

.
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Figure 21. El-Centro and Taft earthquake seismic waves.

Example : The application of the AEF-Zener model for a three-story building structure
with 10 VE dampers on each story is illustrated in Figure 22. The parameters of the structure
are summarized in Table 10. The sizes of the VE dampers are nν = 2, Aν = 0.36 m2, and
hν = 10 mm, respectively. The VE dampers can be placed in any location where shear defor-
mation of the VE layers is allowed to occur. The ambient temperature is set as T = 7.3 ◦C.
The first natural frequency of the vibration mode is ω = 0.881 rad/s. Equations (33)–(35)
can be used to calculate the equivalent stiffness and damping.
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Figure 22. A three-story building with VE dampers.
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Table 10. Building parameters for the example.

Floor 1 2 3

Quality (kg) 2.40 × 105 1.20 × 105 1.20 × 105

Rigidity (N/m) 1.08 × 106 3.60 × 105 2.16 × 105

Figures 23–25 show the displacements of the first to third floors, without and with
VE dampers, respectively, in the El Centro earthquake. Figure 26 show the maximum dis-
placements in the El-Centro earthquake. The corresponding floor displacements in the Taft
earthquake are shown in Figures 27–29, respectively. Figure 30 show the maximum displace-
ments in the Taft earthquake.
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Figure 23. First floor displacement of the building in the example in the El Centro earthquake.
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Figure 24. Second floor displacement of the building in the example in the El Centro earthquake.
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Figure 25. Third floor displacement of the building in the example in the El Centro earthquake.



Fractal Fract. 2023, 7, 714 20 of 23

The third floor The second floor The first floor
0

0.05

0.1

0.15

0.2

0.25

M
ax

im
um

 d
is

pl
an

ce
m

en
t (

m
) Without EV dampers

With EV dampers

Figure 26. The maximum displacement of each floor in the El Centro earthquake.
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Figure 27. First floor displacement of the building in the example in the Taft earthquake.
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Figure 28. Second floor displacement of the building in the example in the Taft earthquake.
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Figure 29. Third floor displacement of the building in the example in the Taft earthquake.
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Figure 30. The maximum displacement of each floor in the Taft earthquake.

It can be seen that the structure with VE dampers has good seismic performance at the
ambient temperature T = 7.3 ◦C. Indeed, compared with the case without VE dampers, VE
dampers reduce the maximum displacement of each floor by more than 45.4%, 36.67%, and
22.97%, respectively, in the El Centro earthquake. Moreover, the maximum displacement
decreases by more than 20.5%, 29.84%, and 11.53% under Taft wave excitation, respectively.

It is obvious that VE dampers are effective for seismic reduction, and the proposed
AEF-Zener model can be applied to the analysis of the seismic performance and the design
of structures with VE dampers in consideration of ambient temperature.

8. Conclusions

A new AEF-Zener model of VE dampers that takes into account temperature and
the fractional-order equivalence principle was proposed. Firstly, the relationship between
fractional order and energy dissipation of VE materials was analyzed in the time and
frequency domains. Secondly, based on experimental data, the relationship between
ambient temperature and energy dissipation of VE materials was analyzed. Finally, with
the equivalence principle of temperature and fractional order, a new model able to describe
the influence of temperature was established, and the model parameters were determined
using a CFOPSO algorithm. Comparing the numerical results of the new AEF-Zener model
with those of other models and with experimental data, it was shown that the proposed
AEF-Zener model has good accuracy and availability, particularly in characterizing the loss
factor for energy consumption. The proposed AEF-Zener model can be applied to design
VE dampers in consideration of ambient temperature.
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