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Abstract: We present a significant example to show that the class of v-generalized b-metric spaces
properly contains the class of v-generalized metric spaces as well as b-metric spaces. This is
accomplished because the example provided by Dosenovi¢ et al. (2020) is insufficient to expose the
generality of v-generalized b-metric spaces over the existing related spaces. Therefore, we establish
fixed point theorems by defining generalized almost contractions of rational type and Reich type in
v-generalized b-metric spaces. Moreover, we compare the proven results with the already existing
fixed point theorems in this space by presenting suitable examples. As a consequence of these fixed
point theorems, we further develop some common fixed-point results that ensure the existence and
uniqueness of coincidence points and common fixed points for a pair of self maps. Finally, we use the
outcome to check that the given Fredholm integral equation has a solution and that it is also unique.

Keywords: b-metric spaces; generalized metric spaces; v-generalized b-metric spaces

1. Introduction

There are many generalizations of metric spaces in the literature. Among these, one
significant generalization is b-metric spaces, which was introduced by Bakhtin [1] in 1989
(see also Czerwik [2]), who developed the Banach contraction principle in this newly
defined extension of metric spaces. In the notion of b-metric spaces, the authors replaced
the triangle inequality with s-type inequality as stated below.

Definition 1. “Let A be a nonempty set and p : A X A — [0,+00) be a mapping. Then the map p
is said to be a b-metric on A, if for all {, &, w € A, the following axioms are satisfied

1. p(§,8) = Oifand only if { = ¢,
2. p(6,6) =p(E8),
3. p(g,¢) <slp(g,w)+ p(w, )] for some real number s > 1.

The space A endowed with metric p is called a b-metric space and it is denoted as (A, p)”.
In 2000, Branciari [3] announced another useful generalization of metric spaces, namely,
v-generalized metric spaces, defined as follows:

Definition 2. “Let A be a nonempty set and p, : A x A — [0,4-00) be a mapping such that for all
C,¢ € A, the following conditions are satisfied:

1. po((,§) =0ifandonly if { =,

2. po(8,8) = po(S,0),

3. p0(C,8) < po(C,w1) + polwr, w2) + ... + po(Wy—1,wo) + p(wo, ), for all distinct points
0,8, wy,wy,...,wy_1,wy in A, where v € N (the set of natural numbers).
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Then the map p, is called a v-generalized metric and the space A equipped with such metric is called
a v-generalized metric space which is denoted by the pair (A, py)”.

The analogue of the Banach fixed point theorem was proved by Branciari [3] in the
context of v-generalized metric spaces. Itis interesting to note that both spaces, viz., b-metric
spaces and v-generalized metric spaces, played a key role in the further development of
fixed point theory, as they enlarged the domain of the mapping for which the fixed point
is being investigated. The domain is enlarged in the sense that every metric space is a
b-metric space and a v-generalized metric space, but the converse is not necessarily true
(see [4] and Example 39 in [5]). Further, the metric function defined in the case of b-metric
spaces and v-generalized metric spaces is not continuous in general. For more details
about these spaces, one can refer to [6-18] and the references therein. In 2017, Mitrovié
and Radenovi¢ [19] introduced a new type of space, namely, the v-generalized b-metric
space, by unifying both aforementioned spaces and establishing fixed point theorems for
Banach and Reich contractions in this newly defined space. Recently, many authors have
studied different properties of this space and proved several fixed point theorems for this
(refer to [19-22]). In the sequel, the aim of this paper is to define the notions of generalized
almost contraction of rational type and generalized almost contraction of Reich type in the
context of v-generalized b-metric spaces. Then, we ensure the existence and uniqueness of
fixed points for these contractions and expose the generality of the proved results over the
existing ones.

2. v-Generalized b-Metric Spaces

The following basic details about the v-generalized b-metric spaces are required in the
sequel.

Definition 3. [19]: “Let A be a nonempty set and let v € N. Assume p, : A X A — [0,400), then
the pair (A, py) is called v-generalized b-metric space if for all {, & € A, the following hold:

1. po(G,¢) =0ifand only if C = ¢,

2. pv(C/ C) = Pv(gz C)/

3. 00(0,8) < s(po(l,wr) + polwr, wr) + . + po(wy—_1,wo) + po(wy, §)) for some real
number s > 1and ¥V w1y, wy,...,wy_1,wy € A such that {,wq,ws, ..., wy_1, Wy, G are
all distinct.”

It is clear from the definition that for v = 1, the v-generalized b-metric spaces reduce
to b-metric spaces, and for s = 1, they reduce to v-generalized metric spaces. Therefore, the
class of v-generalized b-metric spaces contains the class of b-metric spaces and v-generalized
metric spaces; in addition, it is pertinent to mention that there are some v-generalized
b-metric spaces that are neither b-metric spaces nor v-generalized metric spaces. This is
shown by the following example.

Example 1. Let A be a subset of R™(m € N) such that

A={(0,00--,00lUQUQU---UQy,

where )y = {({1,0,0,---,0); 0< ¢y <1},
QZ = {(€11€2/0/' o /0); 0< gl/éZ S 1}/
Q3 = {(€11€2/€3/ o /0); 0< €11€2/€3 S 1}/

Qm = {(CII€ZI€3/"'/€m); 0<€1r€2/"'/€m Sl}
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Whereo < €1r€21"' /gm/érZr"' ;ij < 1/5] # %l gl

In addition, map pyp : A X A — [0,4-00) is defined as p,({, ) = 0, po(Z, &) = pu(E, {) for all
’,¢ € Nand

Pv((O/O/OI te /0)/ (5110/0/ te

pv((O/O/O/' o /0)/ (glroror' o /0))

pz;((;,O,O,"',O (21,0,0,--,0)

po((21,0,0,---,0), (%1, 42,0, -
00((21,22,0,- -+ ,0), (21,82, L3, - - -

Po((C1,82,83,- -+ ,0),(1,82, 83,/ Tm))

pv<(§,0,0,~ - ,0>, <Z,C2,C3,' . §m>>

pv((l'lf L. 71)' (él/ éZr §3r' o rgm))
00(, )

1
= C1;0<€1<1r€17£;/n€N/

1 1
= 7/’ = -, N,
2n G n " <
1 1
= 7,' = -, N,
2n 4 n ne

= (2;0<01,00<1,
= (3,0<01,02,03<1,

- ém;0<€1/52/§3/"'15m§1/
= 1/0<€2/€3//€m§1/

= 2,0<0,02,03
= 5; otherwise.

'/ém<1r

Now, we observe that (A, py) is not a v-generalized b-metric space forany v € {1,2,--- ,m,m+

Al = (gll €2/ €3/ e /gm)/
Am = (gll 0/ 0/ e /0)/
Npyr = (7111,0,0,---,()),
1
Am+4 - (1/12,0,0,"',()),
1
Am+6 = <n2/€2/€3/"'/0>/”'/

-,2m,2m + 1} and s > 1. In point of fact, consider the following 2m + 3 points of A:

A2 = (€11€2153/'°' /0)/'°' 7
Am+1 = (OIO/O/"' /0)/

2
Apys = <3,O,O,~ . ,0),

1
Am+5 = (712/62/0/ e /0)/
1
A2m+3 == (nzr 62/ 63/ e /€m>/

%; n € Nandnq,ny € Nwithny # ns.

Then, we have py(A1, Aam+3) =5 and py(A1,A2) + po(A2, A3) + -+ + po(Am, Aps1)

00 (Amt1, Am+2)
00(Amts, Amre) + -+ + Po(Aamya, Aamta) = Gm + Gmoa + -+ + 1+ g + 2

+ o (Am+2r Am+3) +

G2+ 83+ +Cm
If (A, po) is a (2m + 1)-generalized b-metric space with some coefficient s > 1, then we must

have

+  po(Amia Am+15)+
+ g+

00 (Amy3, Apsa)

1,1 1
5§s(§m+§m1+-~+§1++++§2+«§3+~~+§m),

2111 21/11

2112

which is not possible for sufficiently small values of Cu, 1, ,C1, ﬁ, 2171, ﬁ, €2,83," "+, Cms
hence, (A, py) is not a (2m + 1)-generalized b-metric space.
However, (A, py) is a (2m + 2)-generalized b-metric space for any s > 5. For this , consider

2m + 4 distinct points Pj, Py, - -
0o, one of the distances among p,(P1, P2), v (P2, P3), - - -

: /PWZ/Pm—I—ll"'

, Pom+3, Poyyta. Clearly, by the definition of

/PU(sz pm+1)/ T /PU(P2m+3/ P2m+4)

must be greater than or equal to 1; thus, for any s > 5,

po(P1, Poays) <5 <

s(0u(P1, P2) + po(P2, P3) + - - - 4 0o (P, Prs1)

4+t PU(P2m+3/ P2m+4>)‘
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Remark 1. In Example 1 in Dosenovic et al. [20], the authors claim that (A, d) is a v-generalized
b-metric for v = 5 is not correct. If we take the following seven points in A:

A (C1,82,C3), Ay = (01,02,0),
Az = (01,0,0), Ay = (0,0,0),
As = (£1,0,0), Ae = (61,62,0),
NVERES (51152153)

where 0 < {1,02,03,C1,C2,G3 < 1, then there is no s > 1 such that the following inequality is true
for sufficiently small values of C1, (2, (3,81, C2,G3:

d(A1,A7) =4 < S(d(Al,A2)+d(A2,A3)+d(A3,A4)+d(A4,A5)+
d(As, Ng) +d (N, A7)
= 5(Za,+0+ 0+ 8+ 8+ 8).

In fact, this is a v-generalized metric space for v = 6; hence, this is not a suitable example
to show that the class of v-generalized b-metric spaces properly contains the class of v-generalized
metric spaces as well as the class of b-metric spaces.

Definition 4. A sequence {x, } in a v-generalized b-metric space (A, p,) is said to be the following:

1. A convergent sequence that converges to a point x in A if for given € > 0, there exists a
positive integer N such that p,(x,,x) < € for all n > N. It can be written as x, — x
whenever n —+-oo.

2. A Cauchy sequence if for given € > 0, there exists a positive integer N such that
po(xn, xp) < € forall n,p > Nj it is denoted as py(xy, Xp) — 0 whenever n, p —+oo.

Space (A, py) is said to be complete if every Cauchy sequence in A converges to a point
in A. It is very interesting to note that in v-generalized b-metric spaces, the convergent
sequence is not necessarily Cauchy, and the sequence may converge to two or more distinct
points. This is seen in the following example.

Example 2. If pair (A, py) is as defined in Example 1, then sequence <(%, 0,0,--- ,0>> N in
ne

A converges to points (0,0,0,---,0) and (%, 0,0,--- ,O) of A; thus, the limit of the convergent
sequence is not unique.

Moreover, forn, p € N, pv(<%,0, o,--- ,O), (%,O, o,--- ,0)) converges to 5 as n —+oo. Hence,
< (%, 0,0,---, 0) > N is not a Cauchy sequence in a (2m + 2)-generalized b-metric space.
ne

Now, to overcome the situation of the non-uniqueness of the limit of a convergent
sequence, we prove the following lemma with some special assumptions that help to obtain
our main results.

Lemma 1. Let (A, py) be a v-generalized b-metric space and {{, } be a Cauchy sequence in A such
that {, # Cy for all distinct m,n € N. Then, {{, } can converge to at most one point.

Proof. On the contrary, suppose that lim;,, ;o {4 = ¢ and lim,_, o { = ¢ such that { # C.
As Cyy # Cy and ¢ # ¢, then there exists [ € N such that all the terms of sequence (;, for
n > [ are different from ¢ and ¢. If such I does not exist, then { = ¢.

In addition, as {{,} is a Cauchy sequence, for given € > 0, there exists p; € N such
that

Pv(gnfgp) Vn,p>pr.

(v—|—1)
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Since ¢, — ¢ and (, — ¢, there exist po, p3 € N such that

Po(Cn, §) < S( Vn > po,

_ €
v+1)
and

Po(Cn, ) < o Vn>ps.

_ €
v+1)
Choosing r = max{l, p1, p2, p3}, then foralln > rand v > 2,

pﬂ(g/ C) < S[Pv(gz €n+‘U72) + Pv(gnJrva/ 5n+073) +
+00(Cn+1,Cn) + 0o(Cn, &r) + 0o (Cr, €)]

€ € €
S[s<v+1> Tsern T s

:e[

and forv =1,

00(8,¢) < s[eo(, Cm) + po(Cm,C)]

< o[ie g
2s  2s)]

For all the values of v, as € is arbitrary, we obtain

Pv(g/ér) =0 = C = g/
which is a contradiction. [

3. Almost Contractions in v-Generalized b-Metric Spaces

In 2004, the notion of weak contraction was initiated by Berinde [23] in the framework
of metric spaces. Thereafter, to ensure the uniqueness of fixed point, a slightly stronger
contractive condition than a weaker contraction was introduced by Babu et al. [24] in 2008.
Berinde [25] retitled the term weak contraction as almost contraction. Now, we start our
work by defining a version of almost contraction in a v-generalized b-metric space, which
is as follows.

Definition 5. Let (A, py) be a v-generalized b-metric space. A map T : A — A is said to be a
generalized almost contraction of rational type if there exists a constant & € [0,1) and L > 0
such that

po(TL,TE) < 5max{p ”(g’g)’pv(glrlff)ajgf(grg)}

+Lmin{p,({,T¢) + po(&,TE), 00(,TG), 00(8,TT) }, 1)
forallZ,¢ € A.

It is clear from the definition that the Banach contraction in a v-generalized b-metric
space is a generalized almost contraction of rational type, but the converse assertion is not
true in general. This is shown by the following example.

Example 3. In Example 1, if we take m = 2, then the set A C R2
is given as A={(0,00}UQUQ,, where O = {({1,0);0<¢ <1} and
Oy ={(01,02); 0 < {4,02 < 1}. In addition, we define py : A X A — [0,+00) in such a
way that pv(gr g) = O/ Pv(g, C:) = Pv(g, g)fOT’ all grg € Aand

P2((0,0),(21,0)) = ¢, 0<81 <1, {1 # %, neN,
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1 1

r2((0,0),(21,0)) = %;Clzz,nGN,

() n) - o=

po((C1,0),(C1,02)) = (20<{1,02<1,

(G () - ma<sn

po((L,1),(01,82)) = 2,0<01,02<1,
p0(C,&) = 5, otherwise.

Then, it is clear from Example 1 that (A, py) is a 6-generalized b-metric space for s > 5.

Now, we defineamap ' : A — Aas

IZ_ (1r1)r €:(0,0)
B (2%) TeO U0,

Then, we discuss the following possibilities:

Case 1. If{ = (0,0) and & € Oy, then

(TgIeg) =2
and
po(C,¢) € (0,1)
Pv(grrg) =5
po(¢,IC) € {;,1,5}
Pv(grr‘:) =5
po(C,T¢) € {1,5}
Therefore,

0o(TZ,TE) < 5“‘*”‘{””@’5)’pv(gllﬁfg(g)j@}

+Lmin{p,({,T7) + p0(8, ), 00(8, 1), (G, TT) }
for6>2€(0,1)and L > 1.

Case2. If{ € O and { = (0,0), then as in Case 1, by symmetry, we have

urere) < omax{pue.), GG

+Lmin{py (g, T¢) +00(¢,TC), p0(C,TC), 0(¢, T}

foré > % €0,1)and L > 1.
Case 3. If{ = (0,0) and & € )y, then

0o(I'C,TG) =2

and

pv(glg) = 5
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Pv(grrg) = 5
po(6,T¢) € {0,5}
po(G,TC) = 5
po(¢,TC) € {0,2}.

Therefore,

urere) < omax{pue.), GG

+Lmin{p,(Z,TZ) + po(,T), p0(5,TE), (&, TT)}

for&E%anszo.

Case 4. If{ € Opand { = (0,0), then as in Case 3, by symmetry, we have

I (L v

+Lmin{py(g,T¢) +00(¢,TC), p0(L,T¢), 0(¢, T}

foré > %(mdL > 0.
Case 5. If {,¢ € ()1 U (), then we have

Therefore,

rere) < omax{pue.), TR EE

+Lmin{py(g,T¢) +00(¢,TC), p0(L,TC), 0(¢, T}
foré €[0,1)and L > 0.

From Cases 1-5, we obtain

po(I,T¢) < 5max{Pv(§r ¢) pU(Cl, S_gi,vfg(g = }

+Lmin{py(g,T¢) +00(¢,T¢), 00(C,T¢),0E,TE)}
for6>2€(0,1)and L > 1.

However, T does not satisfy the ordinary Banach contraction—for instance, take { = (0,0),

&= (%,O),and po(TC,TE) =2 > }1 = p0(G,6)-

Theorem 1. Let (A, py) be a complete v-generalized b-metric space and T : A — A be a generalized
almost contraction of rational type. Then, I has a unique fixed point.

Proof. Let {y € A be arbitrary. Define sequence {{, } with {11 = I'{, for all n > 0. Then,
by (1),

00(Cnt1,Cn) < 5maX{Pv(Cn,§n_1), Pv(gn{%;zé’jz%(fnl—)llén)}

+Lmin{py(3n, Cnt1) + 00(Cn—1,Cn)s 00 (G, Cn)s Po(Cn—1,Cnv1) }
dmax{po(Cn,Cn-1),00(Cn, Cnv1) }- )

IN
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If max{pv(Cn, Cn—1),0v(Cn+1,Cn)} = Po(Tn+1,Cn), then (2) becomes

Po(8ns1,Cn) < 0p0(Cns1,Gn),

which is a contradiction, as § € [0,1); thus,

Pv(gn—&-l/ gn) < (SPU (gn/ Cn—l)-

Therefore, we have

Pv(§n+1,Cn) < ‘5an(€1/€0)- (3)

Suppose u, = uy, for some n # m. Without loss of generality, we assume that
n > m. Then, there exists k > 1 such that n = m + k and so {;; = (. Thus, we have
I'lm = I'{,y1k, which implies {11 = {pyikr1- It follows that

0o (Cmt1,Cm) = Po(Cmiks1s Gmik) < 5ka(€m+1/Cm) < 00(Zm+1,Cm),

which is a contradiction. Thus, we obtain {,, # {, for all distinct n,m € N.
Now, using conditions (1) and (3), we have

00(Cm,Cn) < 5max{pv(§m1,€n1)’Pv(im;lf;fzél-_pﬁ(gin_—ll)/Cn)}

+Lmin{ 0y (Zm—1,Cm) + 00(Zn=1,Cn), 00 (Cims Cng1), 0o (T Cmg1)
5pv(€m—1r @n_l) + 5PU(C’”—1’ ém) 'pv(én—lf Cn)

= 1 +Pv(€m711§n71)
+L{Pv(€m—1/ gm) "’Pv(gn—l/ gn)}

< 600(Cm-1,Cn-1) + 000 (Cm—1,Cm) - Po(Cn-1,Cn)
+L{6" 1o (C1,20) + 0" 00(21,20)}

< 600(Gm-1,Tn1) + 68" p0(21,20) - 6" 10 (T2, 0)

+L{6"™ 1 py(21,00) + 0" 00(21,00)}
= 0po(Cm—1,Cn1) + 8" N (00(21,20))* + L(6™ 1 4+ 6" V) po(21, C0)

and
po(Cmi1,Cni1) < 000(Cm Cn) + 10" (00 (21, 20))* + 18V LL(8™ + 6™)po (21, o)
00 (Cmi2,Cnr2) < 00p0(Cms1,Cny1) + 5m+n+3<Pv(€1/€0))2 + L(‘smH + 5n+1)Pv(§1r§0)
< 61000 (ms Cn) + 0" (05(21,0)) + L™ + 6™)po (81, C0)]
+0" 3 (0, (21, 80)) + L6 + 6" 1) o (81, Zo)
< 8200(Lm, Tn) +2- 8™ 2 (05(21,80))* +2- 27 L(6™ + )00 (21, Qo)
00 (Coskr Gnk) < 8 00(Tons Gu) + 5™ (00(C1,G0))? + k8T L(8™ 4 6")po (81, C0)- (4)

Since (80, I'Co) = po(Co, 1) <409, then, by applying n —+co in (3), we obtain

im 0y(Cn,Cny1) = 0.

n—r—+00

Now, we prove that {(,} is a Cauchy sequence in A. Meanwhile, if {{,} is a non-
Cauchy sequence on the contrary, a positive € and subsequences {{;, } and {, } of {C,}
can be obtained, such that m, is the smallest cardinal, with m, > n, > A,

00 (Zmy,Cny) > €
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and
pv(ém,\ -1, ng)\) < €.
Then, it follows that

€ < po(Gmy, Cny) < 8[0o(Gmys Gny+o) + 00 (Tny 0, Gy +o—1) + -+
+00(Zny 42, Cny+1) + 00(Cny41,Cny)1s

which gives

© | m

S lim sup pv(gm,\/ C?’l/\'i‘v)'
A—+oc0

If § = 0, the proof is trivial. So, leté € (0,1). Since lim, 1 6" = 0, there exists
ng € N such that

0<é™-pu<l1, p=s. (5)

Now, consider the following two cases:

Case 6. When v > 2, by condition (3), we obtain

o (Cmy Cny+) < 000(Cmy—1, Cnyro1) + "™ FMFT N (p4(21, ) )

FL{&™ 4 5" o4 (24, o)

38[00(Zmy—1, Sy +19—1) + P (Comy +19—1 Ty 1)

+00(Cny+ngr Cny+20-3) + Po(Cny+20-3, Cnyr20-4) +

+00(Cny+0+1, Cny+0) + o (Gny+0, Cny+o-1)] + 5mA+n)‘+v_l(Pv(§1r§0))2
HL{e™ 4+ 5 o (24, o)

< Os[{0™ L po(Lngs Qo) + (mp — 1)8"™ 7Y (04(21,80))

+(m)\ - 1)5m)‘72L{5n0 + l}PU(gLCO)} =+ {5n0pv(gm)flr€m>
MM (5, (7, 20))% 4 18" LL{O™ Y 4+ 8" Y0,(2,Co) }
H{0" 00 (Cngs Ca0-3) + 1A 6™ F1F2 3 (0, (21, 20))?

+1) 6" TIL{E™ + 673}y (31, 80) } + 8" T 400 (21, Qo) + - -
+6"MFp4 (L1, 0o) + 80 L0(21, 80)] + ™M FMAY Y (04(21, 8p) )
+L{"™ T + 6 Y, (21, 0o)

3s[{0™ 0o (Lny, G0) + (my — 1)5"™ 07 (0, (21, 8o) )

+(my — 1)8™M2L{8" + 1}p(Z1, Go) } + {00 + mgd™ ™+~ (p, (23, 2))?
+100™ L™ 4 6" 0,(81, 8o)

+{0" o (Sngs G20-3) + 8" 2073 (04 (24, 9) )

18" IL{8™ + 67730 (81, Go) } + 0" T 04 (81, Go) + -

F00(E1,80) 6 (G, Co)] 4 8 (1, 40))?
LM 4 5 Y, (24, 8o).

IN

A

By taking the upper limit as A — o0 on both sides of the above inequality, we obtain

lim sup o (Gmy, Cny+0) < sotle <

€
A——+o0 5
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pv(émy gn;;H)

Case7. Whenov =1,

S[pU(CmA,gmA+no_1) + Pv(@mﬁ-no—l/gnﬁ-l)]

s[00(Zimysr Ty +no—1) + 5400 ( Ly +10—1, Gy +10)

+00(Zny+10r Cny+1) }

500 (Cmys Cmymg—1) + 52Pv(€m)\+n0—l/€m+no)
+52Pv(€nA+norgnA+1)

5{6™ po (Lng—1,C0) + mr8™ "0 (021, 20))

+mp 8™ LT + 130 (21, G0) } + 52 {600 (T —1, Gy )
+no(5mA+n)‘+"°_l(pv(Cl,CO))Z + nO(S"O_lL{y"A_l +6"}00(C1,C0)}
+82{8" 00 Gy, C1) + 1A 04 (04 (21, 8o) )

410" IL{6™ + 6}0,(C1,00)}

< s{0"™ 0 (Zng—1,80) + mad™ 10 (py(24,80))*

+mp ™ L™ + 130, (81, Qo) } + $2{8™0€ + mgd™ T (0y(24, £))?
+18"0 T L{S™ T 4+ 6" }00(81,C0) }

+52{6" 00 (g, G1) + 120" T4 (04(24,80))?

+128™ L8 + 6} 0,(C1, o) }-

<
<

IN

Aguain, by taking the upper limit as A —+-co on both sides of the above inequality, we have

Limsup po(Cimy, Qnyvo) < s26M0¢

A—+o00
€
< -
S
Thus, in both cases, we obtain
€ . €
g < hmsuppv(gm,\/ gn/\-i-v) < g/

A—+o0

and thus the presumption of {(, } being a non-Cauchy sequence is imprecise; so, {{, } is
Cauchy in A. Then, the completeness of A provides us with an element {* € A such that

limy, 400 P (Gn, C*) = 0.

Now, we verify that I'(* = {*. On the contrary, we assume that I'{* # *. Then, owing
to Lemma 1, we can say that the terms of sequence {(, } are different from {* and I'{* for
sufficiently large values of n. Thus, it is obtained that

po(C5TC7) < s[oo(C7, Cnv1) + 00(Cnt1, Cnr2) + Po(Cuta, Cuta) + - -
+pv(€n+072/ Cngo-1) + Pv(gn—&-v—l/ Cno) + Po (Cnto, TTF)]
s[eo (8", Cnt1) + 0o (Cns1, Cnv2) + Po(Cnt2, Cnis) + -+
+00(Cnto0-2, Cnto—1) + Po(Cnto—1,Cnto) + 0o (Tnso-1, rg*)]
< 8[po(87, Cnt1) + 00(Cut1, Cnv2) + Po(Gnt2, Cnts) + -
+00(Gnto—2,Cnvo-1) + Po(Cnto-1,Gnto)

o\bn+ov—-1,6n+v) " Pou *,r*
N

+L min{pv(gnﬂ,,l, gn-i—v) + 0o (g*/ Fg*), Pv(gnqtvfll Té*), Pv(g*r gn-&-v)}}-

Since limy,— 100 0o (*, n) = 0 and limy—, 4o 05(Cn, {na1) = 0, we have

po(C7,TC7) =0 — TT" =7
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Aliter: Consider
In =T0u1 =Ty p=---=T",
then
lim pv(€n1€*> = O _— ngTwpv(rngolg*) = 0'

n—-+oo

Now, take

n+1 * n * pv(rn€0/rn+1€0)'pv(g*rrg*)
Pl ) < smax{ (7, ), P L) Pl TE

+Lmin{p, ("o, T""20) + 0o (£*, TT*), 0o (T" 20, TC*), po (C*, T" 1 20) }.

By taking the limit as n —+o0, we obtain

lim p,(I""1gy,TZ*) = 0.

n——+o0o

Thus, sequence u, — I'C*, but due to Lemma 1, sequence {u,} has a unique limit;
hence,

po(C7TC7) =0 = IT" =17

Finally, we prove that the fixed point thus obtained is unique. For this, let g be another
fixed point of I'. Then,

po(C5q) = po(IC5,Tq)

o \ Po(T5TT) - pu(q,Tq)
(Smax{pU@ ,q), 1+ po(C%,9) }
+Lmin{p, (", ") + po(q,Tq),00(C7, Tq),00(q,TC7) }
= 0po(0",q) <ol q),

which is a contradiction. Therefore, p,({*,q) = 0, thatis, {* =¢q. O

IN

Now, we present the following example in support of the proved result.

Example 4. Let A = QUY U®, where
1
Q = {n;n€{7,8,9,10}},
1
Y = |51
2

4
and ® = {3}

Define py : A x A — [0,400) such that p,({, &) = pu(E, Q) forall ,& € A and

n(L2) = n(hh) —om
(L) = n(hE) = oo
Pv<;/;> = pv<;,110) = 0.015,
Ov (110, ;) = 042

with p,(3,&) = (T —&)*+ |7 — &|, otherwise.
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Then (A, py) is a 2-generalized b-metric space with coefficient s = 2 > 1. However, (A, py) is

not a 2-generalized metric space, as

11 1 1\*> |1 1] 175
P”<9’2> = (9‘2) +’9_2‘_324_0‘5401’
11 1 1\* |1 1] 9
w(32) = (5-2) |7 2l= s =0
= 0o (; ;) = 0.5401 > 0.01 + 0.015 4 0.4847
_ Ty L1y, (11
= Pel\grg)TPe\g7) TP\72)
Ifmap T : A — Ais defined as:
g CeQ
(=43 (€Y
&, CE€o.

Then, we have the following cases:
Case 8. If both {, ¢ belong to any one of (0, ©, or Y, then

po(IC,TE) = 0
and so, po(T7,T¢) < 5maX{Pv(C,C)/pU

(A)9) -PU(C,TC)}
1+05(2,8)

+Lmin{p,(Z,T) + po(&,TE), po (L, TE), po(&,T)}

holds for any 6 € [0,1) and L > 0.

Case9. If{ € Qand ¢ €Y, then

1 4\% |1 4
00(TZ,TE) = ( — 3) + ‘8 - 3’ = 2.6684
and
0o(0,8) = ({87410 —¢l € [04847,1.71],
00(¢,T7) = (g,é) € {0,0.01,0.015,0.38},
4\2 4
po(,T¢) = (C—3) +1 - 3| € [0444,1.5278],
2
00(¢,TE) = (g —i) +1C —% € {0.42,2.6077,2.668,2.716},
2
00(&,T7) = (g—;) + 5—% € [0.5156,1.6406).
Therefore,

0,(TZ,TE) < 5max{p o(8,8), pv(gl,lfiz;(pg,(g)’rg)}

+Lmin{py(Z,TC) + p0(8, 1), 00(3,TE), 00(,TT) }

forany 5 € [0,1)and L > 7.



Fractal Fract. 2023, 7, 60

13 of 28

Case 10. If{ € Qand ¢ € O, then

pol0,10) = (5 35) =038

and
4 4
00(2,4) (é 3> ‘g - 3‘ € {0.42,2.6077,2.668,2.716},
po(C,Tg) = (g ;) € {0,0.01,0.015,0.38},
ple1e) = (555) =042
po(,TE) = (g 110> € {0,0.01,0.015,0.38},
4 1\* |4 1
po(, 1) = <3 - 8) + ‘3 - 8‘ = 2.6684.
Therefore,

ptrere) < oma{pute ), B EEEET

+Lmin{Pv(§r rg) + Pv(gz Fg)'pv(ér rg)er(‘gr rg)}
foré > ¥ e0,1)and L > 0.

Case1l. If{ € Yand ¢ € O, then

and
4 2
po(0,8) = (C 3> ‘C‘ [0.444,1.528],
2
00(C,T0) = <€—:> +‘§—3‘6[0.444,1.528],
Po(8,T¢) = (;110)—0.42,
1\2 1
po(0,T¢) = (C—lo) +‘§—10 [0.56,1.71],
plere) = (33) =0
Therefore,

Pv(gz rg) Pv(gfrg)
Pv(rgrr‘:) < 6max{pv(§,§), 1+Pv(§/§) }

+Lmin{po(,T) + po(& TE), p0(Z, TE), po (&, TT)}
for6 >3 €[0,1)and L > 0.
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Case 12. If{ € Yand ¢ € Q, then as in Case 9, by symmetry, we have

00(TZ,TE) < 5ma"{’o o(6,8), pv(gl,lf;z;(pg,(g)’rg)}

+Lmin{py(Z,TC) + p0(8, 1), 00(3,TE), 00(,TT) }

forany 5 € [0,1)and L > 7.

Case 13. If{ € © and { € (), then as in Case 10, by symmetry, we have

0,(TL,TE) < 5maX{Pv(€' &) pv(gi rf;yfg(g) = }

+Lmin{py(Z,TC) + p0(8,TE), 00(3,TS), 00(S,TT) }

for & > % €10,1)and L > 0.

Case14. If{ € ®and ¢ € Y, then as in Case 11, by symmetry, we have

po(Ig,TE) < 5max{Pv(€/ <) pv(gll lf;yg)g,(g), = }

+Lmin{py(Z,T7) + 00(¢,TC), 00(Z, T¢), 00 (S, TT) }

foré >3l €[0,1)and L > 0.

From Cases 8-14, we obtain

0o(TZ,TE) < 5“‘”{‘”’@’6)’ pv(gilf;;fg,(gfrg)}

+Lmin{py(Z,TC) + p0(8, 1), 00(3,TE), 00(,TT) }

foré > % €[0,1),L>7,andall7,& € A.
Hence, T satisfies all the conditions of Theorem 1; therefore, it has a unique fixed point at

=%

The following remarks reveal the importance of Theorem 1 in comparison with the
existing fixed point theorems in v-generalized b-metric spaces.

Remark 2. Let set A, metric p,, and map I be as defined in Example 4:
1. Iff= %andé = % then, we have

2
00(3,8) = (; - ;) + ’; — ;’ = 0.4846

and
1 4

1 4)\?
po (I, T¢) = (8 - 3> Tz 73
This proves that the ordinary Banach contraction is not satisfied; hence, Theorem 2.1 in [19] is
not applicable to Example 4.
2. Ifg= 11—0 and ¢ = %, then we have

1 1\* |1 1
Po($,8) = (10—2) +’10—2':0.56,
0,(,T) = 038,

1 4\? 4
p0(¢,T¢) = (2—3) +‘2—3‘—1.5278,
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and
(rg,re) = L 24—1—é*26684
pollete) = \873) Tlg 3"~
0.38 x 1.5278
> 5max{0.56, H056}
po(8,TT) - po(¢, 1) }
= Jmax ,C),
{lee) S
forany é € [0,1). Thus, Theorem 2.7 in [20] does not ensure the existence of a fixed point for
r

3. If¢= %andé =1, then we have

2
po(8,6) = (;—1> +‘;—1‘:1.6406,
p"U(g/rC) - 0/
2
po(,IC) = (1—§> +‘1—‘—0.444,
1 4\ |1
po(g,TG) = (8—3 +‘8—‘:2.6684,
2
Po(¢,T0) = (1; +’1‘:1.6406
and
1 4\%* |1 4
po(TC,TE) = (8—3> +‘8—3‘—2.6684

> O max{1.6406,0,0.444,2.6684,1.6406}
= maX{Pv(gl g)/ Pv (gl rg)/ Pv(ér ré)' Pv(gr Fé), Pv(gr rg)}

forany 6 € [0,1). Thus, Theorem 3 in [21] does not ensure the existence of a fixed point of
map I
4. IfC= % and ¢ = 1, then we have

2
00(E,TC) = (1— ;1) + 1—‘;‘ = 0.444
and
2
po(T,TE) = (é — i) + % — i’ = 2.6684
> 0.0158 + 0.444

forany B+ v < 1; thus, Theorem 2.5 in [19] is not applicable to Example 4.

Remark 3. In Example 4, map I does not satisfy contractive condition 4.1 in [22] at { = % and
¢ =1, as the inequality

po(TE,TE) < Smax{ po (¢, €), = ERHITLALIEN, LelErLLTe@rOl 11 min{po(£,T0), po(E,T0))

gives 2.6684 < §(1.6406), which is not possible for any 6 € [0,1). Thus, Theorems 4.2 and 4.3
in [22] are not applicable to Example 4.
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Now, we state another version of almost contraction in v-generalized b-metric spaces.

Definition 6. Let (A, py) be a v-generalized b-metric space. Amap T : A — A is said to be a
generalized almost contraction of Reich type if there exist constants «, B,y € [0,1) and L > 0
such that

po(T0,TC) < apu(L, &) + Boo(G,TT) + 7100(E,TE)
+Lmin{py(Z,TC) + p0(8,TE), 00(,TS), 00(S,TT) } (6)

forall{,& € A, wherea + B+ v < 1.

By setting m = 1 in Example 1, we present an example of generalized almost
contraction of Reich type.

Example 5. Tuke A C Ras A = {0} U Qy, where Q1 = {1, 0 < {3 < 1} and the function
Po 1 A X A — [0,400) is defined as p,({,0) =0, po({, &) = po(E, Q) forall ,& € Aand

1
po(0,61) = Cu0<Oi <L G# ,neN,
1 1
p?}(olgl) - E/ Cl - El ne N/
2 1 1
Pv<3/€1) - %/ gl - E! ne I\I/
23
Po <3/ 4) = 1,
2
po(L81) = 20<h<La#3,
po(C, &) = 5, otherwise.
Then, clearly, (A, po) is a 4-generalized b-metric space for s > 5 as shown in Example 1. Now,
definel' : A — Auas
1, (=2
Then, we consider the following cases:

Case15. If{ € [0,2) and & = 2, then

0po(IC,TC) =2

and
piee) e {35)
piere) e {35}
po(8, 1) = 2
po(C,TC) € {;2}
o(¢,T0) = 5.

Therefore,

po(TC,TE) < apo(, &) + Bpu(T,TC) + 700 (E, TE)
+Lmin{py(g,T) +00(8, TE), 00(5, T¢), (¢, TC) }
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fora:%, [5:%, 'y:%,ansza
Case16. If{ = 2 and & € [0, 2), then as in Case 15, by symmetry, we have

po(TC,TE) < apu(T,G) + Bpo(E,TT) + 700 (¢, TE)
+Lmin{py(Z,TT) + po(&,TE), po(4,TE), p(E,TT)}

fortx:%, /3:%, yzé,andLEB.
Case17. If{ = 2 and ¢ € (2,1], then

po(I'7,TC) =2

and
Pv(é,ﬁ) = 5
Pv(éfl"é) = 2
po(¢,T¢) € {0,1,2,5}
Py(g,r(:) = 5
po(8,T7) € {O,;,Z}.
Therefore,

po(TC,TE) < apo(C,8) + Bpo(G,TC) + vpu(¢,TE)
+Lmin{po(Z,T¢) + p0(¢,TE), 00(5, TE), 06, TT) }

fortx:%,[%:O,'y:O,anszO.

Case18. If{ € (%,1] and & = 2, then as in Case 17, by symmetry, we have

po(TC,TE) < apu(T,G) + BPo(E,TT) + 700 (¢, TE)
+Lmin{py(Z,T¢) + 00(8,T¢), 00(5,TG), 05, TE) }

forzx:%, =0, v=0and L >0.
Case19. If{, € A — %, then we have
po(TL,TE) = 0.
Therefore,

po(TC,TE) < apo(C,8) + Bpo(G,TC) + vpo(6,TE)
+Lmin{po(Z,TC) + p0(,TE), 00(G, TE), 06, TT) }

forany a4+ B+ €[0,1) and L > 0.
From Cases 15-19, we obtain

po(TG,TC) < apo(C, ) + BPo(G,TT) + 700 (S, TE)
+Lmin{po (¢, ) +po(8,TE), 00(C,TE), 06, TC)}

fora:%,/%:%,'y:%,ansz&
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So, map T is a generalized almost contraction of rational type. However, I does not satisfy the

Reich contraction. For this, we take points { = 0,¢ = %, which implies that T'{ = %, I'¢ =1, hence,

we obtain that p, (g, &) = %, po(T¢,TE) = 2, and po(,T) = 3, pu(&,TE) = 2. Thus,
po(TC,TE) > ap(l, &) + Ppo(C,TT) + 7100 (E,TC)
forany o+ B+ €[0,1).

Theorem 2. Let (A, py) be a complete v-generalized b-metric space with coefficient s > 1 and
I': A — Abea generalized almost contraction of Reich type with the condition that min{p, vy} < %
Then, T has a unique fixed point.

Proof. Let {y € A be arbitrary. Define sequence {{, } with {11 = I'{, for alln > 0. Then,
by (6),

00(Zn+1,Cn)

IN

an(gn, Cnfl) =+ ﬁpv(gnr €n+1) + ')’Pv(gnflz gn)
+L min{pv(gﬂ/ én-ﬁ-l) + Pv(gn—lz gn)/ Pv(gn/ gn)/ (%% (én—l: Cn-&-l)}
= (&+7)po(Gn Cn-1) + Bpo(Cn, Cnt1)

and so for each n € N, we obtain that

Ov (€n+1/ gn) < %Pv (gnr €n+l)-

Thus, we obtain
Pv(§n+1/ Cﬂ) < Unpv(glr §o), (7)

where ¢ = T_r—g € [0,1). By following steps similar to those we followed in Theorem 1, it
can be obtained that {;, # (, for all distinct n, m € N.
Now, using conditions (6) and (7), we have

00(Cm, Gn) < apo(Cm—1,Gn—1) + Boo(Tm—1,Cm) + Y00 (Tn—1,3n)
+Lmin{Pv(€mflr gm) + p’U(gi’lfl/ gl’l)/ Pv(gmflr gn)rpv(gnflr gm)}

< apo(Gm-1,Gn-1) + B0 1 00(1,C0) + 70" 00 (81, Go)
+L{o" pu(Z1,00) + 0" po(C1, 00) }
= 2po(Tm-1,Gn1) + (@ B+ L) + " (v + L))po(Z1, Q0)-
This implies that

00(Cms Cn) < 000 (Cm—1,Cn-1) + (5m71(ﬁ +L)+ 5! (v +L))po(G1,00),

where 6 = max{a, c}. Similarly, we can have

00 (Cms1,Cn1) < 000(Qms Cn) +1- 51 (0"™(B+ L)+ 3" (v +L))po(Z1, Co)-

Then, by repeating the same argument, we obtain that

00(Cms2,Cnr2) < 0p0(Cms1s Cug1) + (6" (B + L) + 8" (v + L))po(Z1,Z0)
< 6[6p0(Gm, Cn) + (6" (B+ L) + 6" (7 + L))po(G1,C0)]
+(0™ (B + L) + 8" (v + L))po (81, Qo)
= 0%00(Cm, n) +2- 87 (8" (B+ L) + 6" (v + L))pu(Z1, Qo)

oGk Curk) < 8 po(Guns Cn) + KOO (B+L) + 6" (v + L))po(G1,80)- ()
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pU(Cm/\/ gﬂ/\Jer)

Pv(CmN gn)\—H)

Since py(C0,T'C0) = po(Co,{1) <+oo, then by applying n — o0 in (7), we obtain

im 04(Cn, Cnt1) = 0.

n—+oo

Now, we prove that {(,} is a Cauchy sequence in A. Meanwhile, if {{,;} is a non-
Cauchy sequence, on the contrary, a positive € and subsequences {{, } and {Z,, } of {Zx}
can be obtained, such that m, is the smallest cardinal, with m, > n, > A,

00 (Gmy,Cny) > €

and
00(Cimy—1,Cny) <€ )
Then, it follows that

€< Pv(gmygn,\) < S[Pv@m,\/ém—kv) +Pv(§m+v/ gi’l)ﬁ‘rvfl) + -
+Pv(€m+2r éﬂ)ﬂ“l) +Pv(€n,\+1/ gﬂ)\)]/

which gives

© | m

S lim sup pv(gm/\/ €HA+U)'
A—r4-00

If & = 0, the proof is trivial. So, leté € (0,1). Since lim,_, 1 6" = 0, there exists
ng € N such that

0<dm. - u<1, u=s (10)

Now, consider the following two cases:

Case 20. When v > 2, by condition (3), we obtain

< 800(Gmy -1, Gy 1) + L™ TH(B A L) + 8 (y + L)oo (01, C0)

< 5S[Pv(§mAflr gm;ﬁnofl) + Pv(gm,\JrnO—lr gn)\+n0)

+00(Cny+ngs Cny+20-3) + 00 (Cny+20-3, Gy 420-4) + -+
+Pv(§nA+v+lr€nA+v) =+ Pv(gmﬂn gnfrv—l)]

+{" B+ L) + 8" (v + L) }u(81, Go)

3s[{8™ 00 (Tngs o) + (ma —1)8™ {8 (B + L) + (7 + L) }po (81, Go) }
H{6"000(Cmy—1,Gny ) + 106" O™ (B4 L) + 6™ (7 + L) }po(81,Go) }
+{6"00(Cngs C20-3) + 128" 8™ (B + L) + 62> (v + L) }pu (81, G0) }
T2 0,(84,80) + -+ - 4+ 8" P00(81, Qo)

+6"M 0o (01, Go)] + {8 (B + L) + "™ (v + L) (@1, Co)-

IN

Now, firstly using relations (9) and (10), then taking the upper limit A —4-c0, we obtain

limsup 0o (G, , Gny+0) < 6™ le
A—+o0

Case 21. Whenov =1,

< 8[eo(Cmy s Cmy+mg—1) + P0Gy +1g—1, Gy +1)]

< 8[00(Cmys Sy +no—1) +8100(Limy+1—1, Cny )
+Pv(€n,\+norgn)\+1)}}

800 (Cmy émﬂrnofl) + Szpv(gmﬂrnofl/ Tnytmo)
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+529v(5n,\+n01§m+1)
< 5{6"™po(Gng-1,C0) + mp™ T H{E (B4 L) + (v + L) }po(81,G0) }
+52{6"00 (T, 1, Cny ) + 1o8™ 8" (B + L) + 6" (v + L) }po (21, 00) }
+52{6" 00 (Zng, 1) + 12 8™ {8" (B + L) +6(7 + L) }po(81,80) }-

Again, using relations (9) and (10) and then taking the upper limit A —4-00, we have

limsuppy<€m/\, gn}\_l,-v) < SZ(SnOG

A— 400
€
< -
S
Therefore, in both the cases, we obtain that
€ . €
g < lim sup Pv(ém/\/ CnAJrv) < gz

A—>+oco

and thus the presumption of {{,} being a non-Cauchy sequence is imprecise; so, {{}
is Cauchy in A. Then, the completeness of A provides us with an element {* € A such
that limy,—, yo0 po(n, ¢*) = 0. Now, we verify that I'{* = {*. If we take I'(* # (*, then on
account of Lemma 1, it follows that {,, # I'C* and {,, # {* for sufficiently large n. Thus,
we have

Po(85,TC") < s[oo(T", Cuv1) + Po(Gnt1, Cnt2) + 0o (Cnv2, Cnss) + -
+Pv(€n+072, én—l—v—l) + Pv(§n+v—1/ €n+v) + Pv(CnJrvr FC*)}

= 5[00(0%, Cny1) + 0(Tut1, Cnv2) + 0o(Gns2, Cnya) + -+
+00(Cntro-2,Cnvo-1) + 00 (Cnto-1,Cnto) + Po(T8nt0-1,TC7)]
sleo(C7, Cnt1) + Po(Cnt1, Cns2) + 00 (Cnr2, Cnva) + -
+pv(€n+z)721 gn—l—v—l) + Pv(én-&-v—l/ €n+v)
+a00(Cnt0-1,C") + Boo(Gnto—1,Cnto) + 700 (0, TTT)
+Lmin{py(Gnto-1,Cn+o) + 0o (85, TC7), po(Cno-1,TC), 00(0", Cnto) H-

IA

Since limy,—s o0 p(C*, {n) = 0 and limy,—s 1 0 P ({n, {nv1) = 0, we have

L pu(€,TT) < ool ). )

Again, if we consider the following;:

po(IT5,07) < s[po(TT7, Gnt1) + Po(Gnt1, Cnta) + Po(Gnt2, Cnvs) + -+
+PU(§n+072/ €n+v—1) + Pv(én—i—v—l/ Cl’l+0) + Pv(énﬂn 6*)]
= 5[00(IC%,TCn) + po(Cnt1, Gn2) + po(Cnv2, Turs) + -+
"’"Pv(én—&-v—Z/ €n+v71) a4 (€n+vflr €n+v) + P‘U(én—i—vz g*)]
< slapo(T5,8n) + Boo(C7,TC) + 100(8ns Cnt)

Lmin{po(C*,TC*) + 0o (Gns Cnt1), 00(8" 1), 00 (8n, TT) }
+Pv(€n+1/€n+2> + Pv(€n+2/ €n+3) +oee
+00(Gnto-2,Cnro-1) + Po(Cnto-1,Gnto)

+a00(Cnto-1,0") + Boo(Gnto-1,Cnto) +700(C, TTT)].

Then, by letting n —+-co on both sides of the above inequality, it follows that

“pulT2,57) < BpolTTCY). 12)
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Due to inequalities (11) and (12), we have %pv(l"g*, ") < min{B,v}p. (", TT*) <
%pv(l"é *,C*), which is a contradiction; hence, I'(* = ¢*. Finally, we prove that the fixed
point thus obtained is unique. For this, let g be another fixed point of I'. Then,

po(C", q)

Pv(rg*rrq)

apu (3", q) + Beo(T,TCY) + 100(q,T9)
+Lmin{p,(*,TC") +po(q,Tq),00(",Tq),00(q,TC") }
= apo(C7,q) < po(C"9),

IN

which is a contradiction. Therefore, p,({*,q) = 0, thatis, {* = g.
Hence, the proof. O

Corollary 1. Let (A, py) be a complete v-generalized b-metric space with coefficient s > 1 and
I' : A — A be a mapping such that

po(TG,TE) < apo(§,§) + Lmin{py (L, TC) +00(8, 1), 00(8,TE), 00(E, 1)}, (13)
forall (,¢ € x, where 0 < a < 1and L > 0. Then, T has a unique fixed point.

We present the following example in favor of Corollary 1; hence, it supports
Theorem 2.

Example 6. Let A = QUOUY, where

o = {111;71 € {2,3,4,5}},
.- [3)
andY = B,l].
Define py : A X A — [0,4-00) such that p,(,&) = po(E, Q) forall {,¢ € A and
(12) = w(L) = oo
f(B1) = a(L1) - oo
(1) - n(d) -
pv<§, i) = 0.005, py <152, i) = 0.007,
with p,(3,&) = | — &P 4 (,&)?, otherwise.

Then, (A, po) is a 2-generalized b-metric space with coefficient s = 5 > 1. Howeuver, it is not a
2-generalized metric space, as

12 1 22 /1 2\? 425
pv<4,3) _ ’4_3 +(4_3> — o = 0246, and
12 1 212 /1 2\* 7
22y - 2.2 %) = —0032
p”(z’s) ‘2 3 +<2 3> 216~ 008

12
= v <4, 3) = 0.246 > 0.03 + 0.02 4- 0.032
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11 11 12
Pv<4/ 3) +Pv(3, 2) + po (2/ 3>~ (14)

We definemap I’ : A — Aas

&, (€O
[(=1:3% (€O
i, eV

Now, we discuss the following possible cases:
Case 22. Ifboth {,¢ € Qor®orY, then

po(IC,TE) = 0
s0, po(T,TE) < 0po(L,6) + Lmin{po(,TT) + po(8,T8), po(Z,TE), pu(E,TC)}

holds for any 6 € [0,1) and L > 0.

Case23. If{ € Qand ¢ € O, then

5 3
po(IC,I¢) = (12,4) = 0.007
and
513 52
p0(C,8) = ‘é -1 +<g—12) € {0.0075,0.0324, 0.057},
53 52
00(C,T0) = ’C T +<§ —12) € {0.0075,0.0324,0.057},

p0(¢,TC) = (152,3:0.007,

3 2
0o(Z,TE) = ‘g —Z + (g— i) € {0.0781,0.2459,0.375,0.4688},

5 5
P0(8,T0) = (12,12):0‘
Therefore,

po(T,TE) < 6po(Z,€) + Lmin{p, (L, TT) + 00(¢,TC), 00(,T), po(8,TT) }
fors > 1 e0,1)and L > 0.

Case 24. If { € © and { € Q, then as in Case 23, by symmetry, we have

0o(TG,TE) < 0p0(C,6) + Lmin{py (3, TC) + 00(8,TE), 00(,TE), 00(S,TE) }
fors > 1 e0,1)and L > 0.
Case 25. If( € Qand ¢ € Y, then

5 2

Pv(rgz Fg) =175 " 2

3 2
5 2
53 +<12—3> —0.078

and

00(3,8) = [C—eP+(—8)*€[0.032,1.152],



Fractal Fract. 2023, 7, 60 23 of 28

5
¢~ 12

3 2 2
+ (g’: - 3) € [0,0.148],

3 2
+ (g - 5> € {0.0075,0.0324,0.057},

p0(0,TC) = 1

pulETE) = |52

3 2
2
+ (é — ) € {0.0324,0.1481,0.2459,0.3194},

puLTE) = fo-2 :

5|2 52
P(ET0) = (G 55| + (6_12> € {0.007} U [0.078,0.539].

Therefore,

po(T,TE) < 6p0(¢, ) + Lmin{po(C, TC) + 00(8,TC), 00(C,TE), 0o (8, TE) }
forany § € [0,1) and L > 12.

Case 26. If { € Y and ¢ € Q, then as in Case 25, by symmetry, we have

po(TC,TE) < 6po(Z,€) + Lmin{p, (L, TT) + 00(&,TC), 00(,T), po(8,TT) }
ford €[0,1)and L > 12.

Case27. If € ®and ¢ €Y, then

00(TZ,TE) = (i;) = 0.005
and
5 3 5 2
P2(0,8) = o6t (12 — > € {0.007} U [0.078,0.539],
5 3
po(0,T0) = <12,4) = 0.007,
23 2\?
po(6 1) = |E—3| + (g— 3) € [0,0.148],
5 2P /5 2\?
po(0,T¢) = 2 3 + (12 - 3> = 0.078,
3 2
po(6,T7) = é‘—% + (é— i) € [0,0.078].
Therefore,

00(TZ,T¢) < 80u(E,¢) + Lmin{py (L, TT) + 00(8,TE), 00(2,TC), 00(8,T) }

foré6 >3 €[0,1)and L > 0.
Case 28. If{ € Yand ¢ € O, then as in Case 27, by symmetry, we have

00(TZ,TE) < 60y(¢, &) + Lmin{py(Z,TZ) + pu(&,TE), 00(Z,TE), 00(8,TT) }

foré6 >3 €[0,1)and L > 0.
From Cases 22-28, we obtain

00(TZ,TE) < 60y(¢, &) + Lmin{py(Z,TZ) + pu(E,TE), 00(Z,TE), 00(8,TT) }
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foré > % €1[0,1)and L > 12andall I, € A.
Hence, I satisfies all the conditions of Corollary 1; therefore, I has a unique fixed point at

¢=3

Remark 4. In Example 6, we examine that at points { = % and ¢ = %

po(C,8) = ;—§3+<;—§)2—0032,
0o(2,T7) = ;—1523 (;—152>2=00075,
polETE) = §§3+(§§)2=o,
00(0,TE) = ;—§3+(;—§)2:0032,
po(6, 1) = ;—1523+<§—152>20078

Then, we can draw conclusions on the following inequalities:

1. po(TC,TE) < apy(T,8) + Bpo(C,TY) + vpu(E,TE) = 0.078 < 0.032a + 0.00758 is
absurd; thus, the Reich contraction is not satisfied. Therefore, Theorem 2.4 in [19] does not
guarantee the existence of a fixed point for map I.

2. p(Tg,Tg) < dmax{pu(Z,5),00(4,TC), 00(8,TG)} + Lmin{py(L,TT),00(5, 1),
po(¢,ITC)} = 0.078 < dmax{0.032,0.0075,0} + L min{00075,0,0.078} = 0.0329,
which is not true for any 6 € [0,1) and L > 0. So, Corollary 2.6.2 in [20] does not work to
ensure the existence of a fixed point for the given map I'.

4. Consequences

Suppose that A is a nonempty setand I', I : A — A are self maps. A point { € A is
called a coincidence point (common fixed point) for maps I'and [ if I'{ = I{ ({ =T¢ = I{).
Moreover, maps I' and I are called weakly compatible if they commute at every coincidence
point. In 2011, Haghi et al. [26] proved that some common fixed point theorems are the
consequences of existing fixed point theorems. This was ensured by proving the following
lemma.

Lemma 2. Let I be a self map defined on a nonempty set A. Then, there exists a subset I1 of A such
that T(IT) = I'(A) and the map T : IT — A is one-to-one.

As a consequence of the main results proved in the previous section, we obtain some
common fixed point theorems.

Theorem 3. Let (A, py) be a v-generalized b-metric space and T, I be self maps defined on A such
that

po(TG,TC) < apo(IE, IE) + Bpo (15, TC) + 700 (IE, I'C)
+Lmin{py(1Z,T7) + po (I, TE), po(17,TE), po (IE,TT) } (15)
forall{,¢ € A, wherea + B+ < 1,L > Owithmin{B,7} < L. IfT(A) C I(A) and I(A) is

complete, then T and I have a unique coincidence point. Moreover, I and 1 have a unique common
fixed point if they are weakly compatible maps.
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Proof. By Lemma 2, there exists a subset IT of A such that I : IT — A is one-to-one and
I(IT) = I(A). Consider amap p : I(IT) — I(II) defined as p(I{) = I'{. Then, clearly, p is
well defined, as I is one-to-one. Further, we obtain that

po(p(10),p(I5)) = po(IC,TE)
< apy(Ig, I18) + Boo (1, TT) + vpu (15, TC)
+Lmin{p,(1{,TE) + po(I&,TE), 0o(18,TE), 00 (1, TT) }
a0 (1, 1) + Boo(1G, p(IZ)) + 100 (I8, p(IS))
+Lmin{ps(1g, p(I7)) + po (18, p(IS)), po (1T, p(15)), po (IS, p(10)) }

for all I7,I¢ € I(IT) = I(A). Asa+ B+ < 1, L > 0 with min{g,7} < i, then p
is a generalized almost contraction of Reich type on I(A). Furthermore, since I(A) is
complete, then on account of Theorem 2, there exists a unique point x* € IT C A such
that p(Ix*) = Ix* that gives Ix* = Tx*. Thus, x* is a unique coincidence point of I'
and I. Denote w = Ix* = I'x*, then as I and [ are weakly compatible, it follows that

T'w =T'Ix* = IT'x* = Iw. Therefore,

po(Tw,w) = py(Tw, Tx")
< app(Iw, Ix*) 4+ Bpo (Iw, Tw) + ypo (Ix*, Tx™)
+Lmin{p,(Iw, Tw) + po(Ix*,Tx™), po(Iw, Tx*), po (Ix*, Tw) }
< apy(Tw, w), (16)

which is true for a € [0,1) if w = T'w = Iw; hence, w is a common fixed point of T and I,
and it is also unique. O

If we take L = 0 in Theorem 3, then we obtain the following corollary which is an
extension of Theorem 2.4 in [19].

Corollary 2. Let (A, py) be a v-generalized b-metric space and T, I be self maps defined on A such
that

po(IC,TC) < apu(IZ, 1) + Bpo(1Z,TT) + 700 (1S, TT) (17)

forall {,& € A, where w + B+ < Lwithmin{B, v} < 1. IfT(A) C I(A) and I(A) is complete,
then T and I have a unique coincidence point. Moreover, maps I and I have unique common fixed
points provided that they are weakly compatible.

Remark 5. If (A, py) is a v-generalized b-metric space and T, I are self maps on X satisfying
po(TC,T¢) < kmax{p,(Ig, ), 00(1C,TC), po (I, TC)}, forall {,& € A, where k € [0,1), then
it is obvious that p,(T'{,T¢) < ap, (1T, IE) + Boo(1Z,TT) + vpo(IE,TE) for some non-negative
«, B,y such that o« + B+ v < 1. Thus, it is concluded that Corollary 2.6.1 in [20] is a particular
case of the above corollary.

Theorem 4. Let (A, py) be a v-generalized b-metric space and T, I be self maps defined on A such
that

peTe) < smax{pulc 1), TR CETE )

+Lmin{py (I, T7) + po(IE,TE), po(1,TE), po(1E,TT)} (18)

forall g,¢ € A, where é € [0,1) and L > 0. IfT(A) C I(A) and I(A) is complete. Then, T and I
have a unique coincidence point. Moreover, I and I have a unique common fixed point if they are
weakly compatible maps.
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Proof. By following the argument as we mention in Theorem 3, it is easy to verify that map
p : I(IT) — I(IT) defined as p(Ig) = I'C is a generalized almost contraction of rational type
on I(A). Then, on account of Theorem 1, there exists a unique coincidence point, e.g., x*,
of I'and I. As maps I and I are weakly compatible, it is easy to examine that they have a
unique common fixed point. O

5. Application to Fredholm Integral Equation

Now, we shall discuss the existence and uniqueness of the solution of the Fredholm
type of integral equation.

Let us consider space A = Cla,b] = {C| { : [a,b] — R is continuous on [a,b]} and
integral equation

b
() = (1) + / k(t,s,0(s))ds fort,s € [a,b] (19)

where T € Aand k : [a,b] x [a,b] x R — R. Define p, : A X A — [0,+0c0) with

po(Z, &) = sup [¢(t) — E()]°, Y, & € A

tela,b]

Then, (A, py) is a complete v-generalized b-metric space for v = 1 and s > 4. In
addition, consider a self map I' : A — A defined as

b
re(t) = t(t) —0—/a k(t,s,{(s))ds fort,s € [a,b].

Then, it is clear that the solution of integral Equation (19) is nothing but the fixed point
of map I

Theorem 5. Suppose that

1
3

k(t,5,6(5)) = k(t,5,E(5)] < (mN(Z, ) +xalg — &) 20)

for some k1 > ﬁ, Ky < ﬁ and for all t,s € [a,b]; {,& € A, where N({,&) =

min{p,(Z,T) + po (&, TE), po (L, TE), po (&, TC) }.Then, there exists a unique solution for integral
Equation (19).

Proof. We consider

Tg(t) —Tg(HP < ( b\ktSC k(t,s,G(s) d5>3
b 1 3

< (ﬂ (K1N5§ +12|0 = sds)

3

< (N8 +ml - él)(/u )

< (b—=a)’[KIN(Z,8) + K200(C, 8)].

Therefore, map I satisfies inequality (13) for any x; > ﬁ, Ky < ﬁ ; hence, all
the hypotheses of Corollary 1 are satisfied. Thus, Fredholm Equation (19) has a unique

solution. O

6. Conclusions and Open Problem

In the present work, we deal with v-generalized b-metric spaces of [19]. Firstly, by
providing a relevant example, it is made clear that v-generalized b-metric spaces are proper
extensions of standard metric spaces, b-metric spaces, rectangular b-metric spaces [27],
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and v-generalized metric spaces. Thereafter, we discuss the existence and uniqueness of
fixed points for generalized almost contractions of rational type and Reich type defined
in v-generalized b-metric spaces. Consequently, the coincidence point and common fixed
point are guaranteed to exist and to be unique for any pair of mappings fulfilling certain
hypotheses in these spaces. Additionally, it is made obvious by providing a number of
significant examples that the contractions addressed in this paper are crucial in extending
the fixed point theorems of the aforementioned spaces. Furthermore, we deduce that the
proven results ensure the existence and uniqueness of the solution of the Fredholm integral
equation. Moreover, this work leads to the following open problems for the possible scope
of research on v-generalized b-metric spaces:

1. Isit feasible to relax the hypothesis min{g, v} < 1 in Theorem 2?
2. Is the existence and uniqueness of fixed point for a generalized almost contraction of
Ciri¢ type in v-generalized b-metric spaces, i.e., amap I' : A — A satisfying
po(T,TE) < Amax{po(C,E), 00(E, 1), 00(E,TC), 0o(E,TE), 00(E,TC) }
+Lmin{py(§,T) + 00 (6, 16), 00(C, 16), 00 (&, TC) ),

forsome A € [0,1),L > 0and all {,{ € A, guaranteed or not?
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