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W N e

Abstract: The propagation of optical soliton profiles in plasma physics and atomic structures is
represented by the (1 + 1) —dimensional Schrédinger dynamical equation, which is the subject of
this study. New solitary wave profiles are discovered by using Nucci’s scheme and a new extended
direct algebraic method. The new extended direct algebraic approach provides an easy and general
mechanism for covering 37 solitonic wave solutions, which roughly corresponds to all soliton families,
and Nucci’s direct reduction method is used to develop the first integral and the exact solution of
partial differential equations. Thus, there are several new solitonic wave patterns that are obtained,
including a plane solution, mixed hyperbolic solution, periodic and mixed periodic solutions, a mixed
trigonometric solution, a trigonometric solution, a shock solution, a mixed shock singular solution,
a mixed singular solution, a complex solitary shock solution, a singular solution, and shock wave
solutions. The first integral of the considered model and the exact solution are obtained by utilizing
Nucci’s scheme. We present 2-D, 3-D, and contour graphics of the results obtained to illustrate the
pulse propagation characteristics while taking suitable values for the parameters involved, and we
observed the influence of parameters on solitary waves. It is noticed that the wave number « and
the soliton speed j: are responsible for controlling the amplitude and periodicity of the propagating
wave solution.

Keywords: first integral; Nucci’s direct reduction method; nonlinear dissipative Schrodinger model;
new direct extended algebraic method (NDEAM); analytical solitary wave solutions

1. Introduction

The Schrodinger equation is one of the fundamental equations in quantum theory.
In quantum physics, the Schrédinger equation is frequently employed to determine a
wave function’s progression over time. In other words, the primary application of the
Schrodinger equation is to the prediction of the trajectory of a particle’s motion, and these
findings play a significant role in the advancement of modern physics, as well as applied
mathematics [1]. It is also characterized as a classical field equation. One of the applications
is the comparison of the propagation of light in a planar waveguide with a nonlinear optical
fiber [2,3]. The study of wave theory shows that the the nonlinear Schrodinger equation
(NLSE) is a feasible tool for the demonstration of self-monochromatic waves in a dispersive
medium. The NLSE is more common in the disciplines of plasma physics, matter physics,
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Heisenberg spin chains, deep water waves, computer networking, and optical communica-
tion (Seadawy et al. [4], Liu et al. [5], and Wang et al. [6]). The dissipative NLSE is extremely
helpful for the modeling of amplitude in the study of dispersive and dissipative media.
Therefore, the d-NLSE is a viable technique for the modeling of dissipative self-modulating
monochromatic waves with dispersion. The estimation of quasi-monochromatic waves’
packets with slow alterations in nonlinear systems is provided by the NLSE’s linear and
nonlinear dispersive and dissipative effects (Ma et al. [7]; Mo et al. [8]; Jiang et al. [9]).

Meanwhile, numerous researchers have worked on distinct forms of NLSEs. Chen et al. [10]
gave interactions and a general periodic solution of the NLSE. The d-NLSE’s asymptotic
behaviors were studied by Cazenave et al. [11]. Keller-Segel dynamics were studied by
Lopez with the NLSE [12]. Weng et al. [13] also conducted an asymptotic analysis with
some semi-rational vector solutions of the n-component NLSE, and some of the optical
solutions were given by Savaissou by using a power law [14]. Seadway found soliton
solutions of the Korteweg-de-Vries-Zakharov—-Kuznetsov equation [15]. Akram worked
on the CGL equation and obtained optical solutions, and they also used the Triki-Biswas
equation to study ultrashort pulse propagation in optical fiber frameworks [16-18]. Kumar
studied higher-order equations, such as the Chaffee-Infante equation, BLMP equation,
and rdDym equation, with different approaches [19-21]. Imran explored an improved
perturbed Schrédinger equation with the use of the Ker law [22] and examined the Chen-
Lee-Liu dynamical equation with Nucci’s reduction approach [23]. Adil et al. [24] obtained
the traveling wave solution of nonlinear directional couplers and studied fusion and
fission reactions with soliton solutions [25]. The bright and dark soliton solutions of the
(2 4+ 1) —NLSE were studied by Wazwaz [26].

The optical solution of the (3 + 1) NLSE was given by Lanre [27]. Kudryashov gave
the solutions of periodic and solitary waves by using a reduced form of a higher-order
NLSE, and he also vigilantly worked on a resonant NLSE for optical solitons [28,29]. Wang
worked on a chiral NLSE and figured out its abundant solutions [30]. Faridi et al. [31]
analyzed the isotropic bi-quadratic Heisenberg spin chain phenomenon and found soliton
solutions, and they also analyzed propagating wave structures of cold bosonic atoms
and obtain soliton solutions [32]. Tahir worked on different models and found their
soliton solution with the help of updated techniques [33-35]. In parallel to this, there are
multiple researchers who have worked on different linear and nonlinear equations, such as
Akgiil [36], who worked on the nonlinear stochastic Newell-Whitehead-Segel equation, an
HIV/AIDS model [37], pseudo-parabolic differential equations [38], the fractal-fractional
Klein-Gordon equation [39], and the kernel Hilbert space method [40]. Cubic—quintic
nonlinear Schrodinger equations were also studied by Fabio [41], and he obtained the dark
and bright solutions of the nonlinear Schrodinger equation [42], etc.

The considered model was studied by Seadawy. He produced the bright and dark
soliton solutions by using ansatz function methods [43]. To obtain the soliton solutions in
the current work, a novel direct extended algebraic method is applied to the model.

In the present study, Section 2 presents the model and its structure. Section 3 portrays
a detailed description of the proposed technique and solutions of the model with graphs of
the solutions. A graphical discussion is included in Section 4. At the end, Section 5 contains
the summary as a conclusion.

2. Description of the Model
We consider the dissipative NLSEs

. 1 .
zut+§uxx+mu‘2:o, i=+/—1, (1)
and ,
iy — U + U[U? =0, i=+—1 )

2
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The (1 +1)—dNLSE is [43],
iUs(x,t) + allyy(x, ) + b|U(x, t)[*U(x,t) + icU(x,t) =0, i = /—1, )

where the dispersion is represented by a, b is a non-linearity constant, and the dissipative
effects are shown by c. If the dissipative effect is weak, c = 0. This effect can also be shown
for various forms of signs of ab < 0and ab > 0. The exact localized traveling wave
solutions can be generated for the NLSE [43]. There are also some chances of significant
modification of the pulse shape if the absorption is reduced and the nonlinear term is made
comparable to the dispersion term. The shape of the stationary solution is affected by
the sign of a. In fact, if both a > 0 and b > 0, then one can determine the group of exact
solutions, which are localized and stationary.

3. Computation of Soliton Solutions
3.1. Description of the Method

Assume a general NPDE of the type:
Y(U, U, Uy, Upt, Uxx, -+ ) =0, 4)
which can be transformed:
M(R,R,R",---) =0, ©)
by using the following transformation:
U(x,t) = U(x)e'®, (6)

where ¥ = kix + kot and @ = ksx + ky4f, where the prime sign represents the order of
differentiation for different attributes in Equation (5). Assume that Equation (5) has a
solution of the form:

U(x) =} ar(P(x))", @)
r=0

where
P'(x) = In(p) (@ + v P(x) +¢(P(x))?), p 0, 1. ®)

In addition, ¢, v, and ¢ are real constants. The general forms of the solutions of
Equation (8) w.r.t the real parameters ¢, v, and ¢ are as follows:

1. Forv? —4¢c <0and¢ #0,

Pi(x) = —% + 2—ch tanp< - ;CDK>, )

Py(x) = -2 — ¥ _Q‘D cotp< v ;‘%) (10)

Pa(x) = =2+ Y2 (tany (v=ax ) & Vimmsee, (v=ax)), @D
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Py (x) = —21 - \é? coth, (fk),
Pg(x) = —% + T(—tanhp(\/ax> +i mnp(\/ax)>

Pyo(x) = —% - \4{? (tanhp (@K) + coth, (

For ¢ > 0and v =0,

Pi3(x) = \/?(tanp(Z\/@K) + V/mnsec,(2\/9¢ x)),

Py (x) =

Pi5(x) =

For p¢ < 0and v =0,

Py (x) = \/f tany (\/GE ),

P12(K) = —\/fcotp(\/ﬁ;{),

i

Ve

2

)~ coty

4

Ve

2

Pig(x) = — 4 /—% tanh, (\/—¢cx),

Ve <_ coth, (ﬁx) + /mn, (\/57()),

)

\/f(_ coto(2y/@C ) + Vi csey(2,/pC ),

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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Pi7(x) = —, /—g cothy, (\/—¢cx), (25)
Pig(x) = 1/—g(— tanh, (2,/—g¢cx) j:i\/%p(Z,/—(pgK)), (26)
Pio(x) = | /—%(— cothy (21/=g¢ ) + /mn, (2,/—(pg1{)>, (27)
Pao(x) = —% —% (tanhp (V_Z‘ng) + coth, (V;"’QK» (28)
5. Forv = Oand ¢ = g,
Pa(x) = tany (gr), )
Py(x) = — coty (@x), (30)
Py(k) = tan,(2¢x) £ /mn sec,(2¢x), (31)
Poy(x) = — coty(2¢x) £ /mnescy (29 x), (32)
Pys(x) = %(tanp(§1<> - cotp(§7€>). (33)
6. Forv = 0andg = —g¢,
Pys(x) = — tanh,(g@x), (34)
Par(x) = — cothy(gx), )
Py(x) = —tanhy(2¢x) +i+/mn,(2¢x), (36)
Pyg(x) = — cothy (2¢x) £ /mn,(2¢x), (37)
Pyo(x) = —;(tanhp((sz) + cothp((sz)) (38)
7. Forv? = 4¢g,
Py (k) = —2pluxin(p) +2) (39)

v2k In(p)
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8. Forv=p,¢=pq (9#0),andg =0,
Py(x) = p"* —¢. (40)
9. Forv=¢=0,
Ps3(x) = gxIn(p). (41)
10. Forv=¢ =0,
) = @)
cxIn(p)
11. For¢g = Oandv # O,
mv
P = — , 43
%K) ¢( cosh,(vk) — sinh,(vk) + m) )
Pyl) = — v( sinh,(vk) + coshy(vk)) . m
¢(sinh, (vx) 4 cosh, (vK) 4 n)
12. Forv=p,¢c=pq, (g# 0and ¢ =0),
___mp”
inhy () = "0 0T o) = T Ty = TR T g
S1 o = 2 , COS. o = 2 , tan 0 = mpK+np(_K)/
_ 2 _ 2 _ mp*+mnp~*
p(x) = ) oK) = ok cothy (x) = mpF — np—x’ (47)
] msz _ np(—ix) mpiK + np(—ix) .mpl'K _ np(—iK) 18
sin, (k) = % , cosy(K) = — tan, (x) = —zW, (48)
; i (—ix)
cscp(x) = K#(_K) secy (k) = K;(_K), coty(x) = i%, (49)
mp* —np mp* 4+ np mp™ — np

where m and n are arbitrary constants that have a value greater than zero, and they are also
known as deformation parameters.

3.2. Imposition of the Technique on Equation (4)

In order to find the solution, we used the ansatz in Equation (3),
U(x,t) = U(k)e,x = ax + ut, ® = kyx+At, (50)

where « is the wave number and y is the speed of the soliton. By imposing the considered
transformation in Equation (50) on Equation (3), we produce the following real parts:
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ae®U" — (ak} + 1)U + bUP = 0. (51)

The homogeneous balancing constant of Equation (51) is one; thus, the solution is
given as follows:
U(x) = ag + a1P(x), (52)
where,

P'(x) = In(p)(¢+ vP + ¢(P(x))*. (53)

By plugging in the solution of Equation (52) along with Equations (51)-(53) and by
calculating the coefficients of the different powers of P(x), we get the system of equations.
This system is a system of algebraic equations, and it was solved with the help of the
Mapple software; the results are as follows:

a, = Av, a1 = 2Ag, (54)

where A = £,/ aln(p).
We get the general solution of Equation (3) by plugging Equation (54) into Equation (52):
U(x, t) = Av + 2A¢P;(x), (55)
2

Here, ® = v° — 4¢c. It should be seen that by placing different values of P, from
Equations (9)—(45), we can get many solutions.

(1) Forv?> —4¢p¢<0,c#0,

Un(x, 1) = [AM tanp( “’K)]e (56)
Us(x, t) = — [AM cotp< ‘°K>]e (57)
s(x, 1) = |av=a (tany (v=aox ) + Vinmsegy (V=) ) e, 69
Uy, [ V75 (ot (vIaK) & vimessy (van) |, 69)

(5

(2) Forv?> —4¢¢>0,c#0,

K) — cot, ( \/?K) ) } e®. (60)

Us(a, 1) = = [av@tanh, (V2] | e, 61
Uy, 1) = = [av@cotn, (V7 )] e, ©
Us(x, 1) = [V~ tanty (V&) £ 1, (V) )| e, (63)
Us(x, t) — {Aﬁ(—coth,,(@x)i\/%p(\/ak))} 3 (64)

Up(x, t) = [é\/a(tanhp (\{?K) + coth, (\{FK) )} e®. (65)
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@) Forgc>0andv 0,
tnx, 1) = 20759 (any(vgen) )| €2, (66)
Una(x, £) = — {ZAF (cotp(f K)ﬂe@, (67)
Un(x, 1) = [287E tany(2/580) = Vimisecy (2/5E0) ) | 0, (69
Ua(x, 1) = |28V ( — con (2/7ER) & Vimnese, 27N )| €, (69
b < (o () (T oo

(@ Forgc < Oandv = 0,
tho(x, 1) = 28/ =g tanty (v =gem) ) | e, 7
Uiy (x, 1) = =20/ =6 cothy (v/=gex) ) | e, 72
ths(x, 1) = |28/~ — tanty (2/ =96 ) £ Vi, (2y/gen) )| e, 73
Uro(x, t) = [m@(_comp(zm@i 1o (2/—gcx ))} et (74
e 0 = /e oty (V) 4oty (V)Y 0.9

) Forv — Oand c= g,
Un(x, 1) = [2A(p<tanp(qm))] o, 76)
Un(x, t) = —[2A<p(cot (qmc))] e?, (77)
Usa(r, 1) = (200 (10, (29x) + Vi secy(29m) )| €2, 78)
Usa(r, 1) = |20 — coty(2gx) & Vi cscy(29m) )| €2, (79)
Uss(x, t) = [Ago(mnp(g’n) —cotp(gx)ﬂ e, (80)

6 Forv — Dandc — —g,
Un(x, 1) = [2A(p<tanhp(gm<))] o, 81)
(v, 1) = 29 (coty () ) | e, )
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Uxg(x, t) = — [2Ago( — tanh,(2¢x) + i/mn sechP(Z(pK))] e®, (83)
Up(x, t) = — [2Aq)<—cothp(2q)1<) + mn cschp(Z(pK)ﬂ ¢?, (84)
— f f 1P
Uzo(x, t) = |Ag tanhp(zK) +cothp(21<) e, (85)
(7) Forv? = 4gc,
_ —2A s
U31(x, l’) = |:K l}’l(p):| e . (86)
(8) Forv = p,¢ = pgandg = 0,
Un(x, t) = [Ap] . (87)
9) Forv =¢ =0,
U33(x, £) = 0. (88)
(10) Forv = ¢ =0,
_ 2A 1D
Usy(x, t) = |:K ln(p)] e, (89)
(11) Fore = Oand v #0,
Uss(x, 1) = £Av|1 — 2 ¢® (90)
A cosh, (vi) — sinhy(vk) + m ’
U 0 — +A0l1 _ o coshy (vx) + sinhy(vk) B o1
(% t) = +bv|1 = cosh, (vi) + sinhy(vk) + n ¢ Gb
(12) Forv = p,¢ = pq,whereq#0andg = 0,
- _ _2map” | e
Usy(x, t) = Ap [1 p— nquK] e (92)

3.3. The First Integral and Exact Solution with Nucci’s Reduction Method

This portion contains the application of Nucci’s reduction method, along with the
implications of this technique. Let us assume the change of variables ¥;(x) = U(x),
¥,(x) = U'(x), and we get a dynamic system of ODEs of the first order by using the
following Galilean transformation:

o,

In =1,

93
d¥, ak}+A b oo ®3)
Tk T e 1T gEir

Since this is an autonomous system of equations, we can assume that ¥; is a new
independent variable. At the same time, Equation (93) can be simplified to

& _ ak% + /\ . b IIJ'Z
d‘Pl a“I’zzx2 ! 61“1’20&2 r

(94)
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Equation (94) is a separable ODE, and exact solution is acquired through an integra-
tion process:

\/E\/mx (2a%2k3 — b¥T + 20 a0 + 21 ¥2)
V2au !

with an arbitrary constant 6. The first integral can be obtained with a constant value of 6:

Y, (Y1) =

(95)

¥2(2ak? —b¥2 427
0 — 1(alalx 1+ ) (96)

Substituting Equation (95) into Equation (93) yields

dTl (K) 1
15— \Aa¥i - 20% + 40 Y] + 4o, (97)

Equation (97) is also a first-order separable equation, and with same pattern, we can
get the general solution as follows:

4ark? 4272 + a2k? + a2k
U(x,t) = 2aaQ) ke / (98)
4a*atb?(a2k] + 2aAk2 + A2) + 4 02a%02b(ak? + 1) + O4
In(2)aa— azax2k12+am{2/\
whenever 8 = 0and Q) = e~ aw
U(x, ) = V20 an

\/aklz + \/a2k14 +2anbhd +2ar k> + A2 — A

99)

\/_aklz E-A)x 204 oo 2 2 - 2
]acobiSN( ( ) ,\/_a ky* + Baky? + aa b0 + 2aA ky? + EA + A )

2au an bo

whenever § # 0 and E = \/a2k14 +2an b +2ar ki + A2

4. Graphical Discussion

In this section, we present a detailed graphical analysis of the model under discussion.
The complex solution Us(x, t) is graphically presented by taking appropriate values of
p=5m=7mn=2a=5b=040=23=2v =4k =2,y=02 and A =5.
Figures 1 and 2 presented the graphical impact of the wave number on the propagating
wave profile for the real part of the solution Us(x, t). Figures 3 and 4 presented the graphical
impact of the wave number on the propagating wave profile for the imaginary part of the
solution Us(x, t). Figures 5 and 6 presented the graphical impact of the soliton speed on the
propagating wave profile for the real and imaginary parts of the solution in Equation (98)
ata =0.09,0 =5,a=050b=04,0=3,k; =0.1,and A = 5.
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-10 -5 L] 5 10

(a) 3D wave profile at « = 0.02 (b) Contour wave profile at &« = 0.02 (c) 2D wave profile at & = 0.02

h n n )
-10 -5 [ 5 10 -3

(f) 2D wave profile & = 0.09

/\ ﬂ /\ fuﬂ f‘q\

i

TR VJ

AN
] AR
\5’ H

-10 -5 o 5 10

(g) 3D wave profile « = 0.2 (h) Contour wave profile « = 0.2 (i) 2D wave profile &« = 0.2

Figure 1. 3D, Contour and 2D impact of wave number « on the Real part of solution Us.
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Figure 2. The influence of different wave numbers « on the Real part of solution Us.
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(a) 3D wave profile at « = 0.09 (b) Contour wave profile at &« = 0.09 (c) 2D wave profile at « = 0.09
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(d) 3D wave profileat a = 0.9 (e) Contour wave profileat « = 0.9  (f) 2D wave profile at a = 0.9
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(i) 2D wave profile at & = 0.2

-10 ] o 5 10

(g) 3D wave profile at & = 0.2 (h) Contour wave profile at & = 0.2

Figure 3. 3D, Contour and 2D impact of wave number « on the Imaginary part of solution Us.
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(g) 3D wave profile at & = 1.9 (h) Contour wave profileata = 1.9 (i) 2D wave profile at & = 1.9

Figure 4. The effect of different wave numbers & on the Imaginary part of solution Us.
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(a) 3D wave profile at velocity (b) Contour wave profile at ve-(c) 2D wave profile at velocity
u=0.09 locity p = 0.09 u=0.09

(d) 3D wave profile at velocity (e) Contour wave profile at ve-(f) 2D wave profile at velocity = (g) 3D wave profile at velocity
=209 locity 4 = 0.9 u=209

u=19

-10 -5

[ 5 10

(h) Contour wave profile at ve-(i) 2D wave profile at velocity
locity u = 1.9 u=19

Figure 5. For the real part of solution Equation (98), the impact of velocity is seen in 3D, 2D,
and contour.
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(a) 3D wave profile at velocity (b) Contour wave profile at ve-(c) 2D wave profile at velocity
u=0.09 locity p = 0.09 u=0.09

(d) 3D wave profile at velocity (e) Contour wave profile at ve-(f) 2D wave profile at velocity  (g) 3D wave profile at velocity
=209 locity 4 = 0.9 u=209 u=19

(h) Contour wave profile at ve-(i) 2D wave profile at velocity
locity u = 1.9 u=19

Figure 6. For the Imaginary part of solution Equation (98), the impact of velocity is seen in 3D, 2D,
and contour graphs.

5. Conclusions

In this research, we utilized generalized approaches to examine the nonlinear dissipa-
tive Schrodinger equation. The established solitonic structures and exact solutions were
addressed with a new extended direct algebraic equation technique and Nucci’s reduction,
respectively. As a result, we obtained:

*  The mixed complex solitary shock solution, singular solution, mixed shock singular
solution, mixed trigonometric solution, mixed singular solution, exact solution, mixed
periodic solution, and mixed hyperbolic solution, as well as the periodic solution.

*  The first integral was developed for the nonlinear dissipative Schrodinger equation.
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* A 2D, 3D, and contour visualization was presented, and it was observed that the dis-
sipative parameter and velocity of the soliton were responsible for controlling the
amplitude of the propagating wave.

It is hoped that this study will be important for analysts and researchers for improving
experimental work, and that it can be expanded in a way that includes multiple solitons,
lump interactions, and rogue wave breather types.
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