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Abstract: In order to solve parameter fluctuations and disturbances, a novel fractional order model
reference adaptive speed observer that estimates the rotor position and the angular velocity from
the stator currents is proposed for sensorless control of permanent-magnet synchronous motors
(PMSM). Firstly, a novel fractional order model reference adaptive controller (FOMRAC) for adaptive
identification is designed to achieve fast response and high precise identification of load torque in
the full speed range when the motor is running at variable-speed or variable-load. Additionally,
an appropriate adjustable matrix P is chosen to make the convergence of the adaptive law meet
the requirements. Next, an improved model reference adaptive observer (MRAO) is proposed to
suppress the serious chattering and compensate rotor position error, which can stabilize the system.
The validity of the proposed fractional order model reference adaptive sensorless control strategy for
PMSM is demonstrated with simulations.

Keywords: permanent-magnet synchronous motor; fractional order; model reference adaptive
control; model reference adaptive observer; sensorless control; adaptive identification

1. Introduction

Permanent-magnet synchronous motors (PMSMs) have been widely used in many
industrial applications due to their advantages of high efficiency, fast response and high
power density, and light weight [1,2]. In recent years, many other control approaches have
been studied for PMSM servo systems, such as robust control [3], sliding mode control [4],
adaptive control [5,6], internal model control, and [7] so on. These approaches improve the
performance of PMSM control from different aspects.

As a generalization of integer calculus, fractional calculus can describe the actual
physical objects more accurately. Fractional calculus has attracted more and more attention
in engineering and physics, such as physical modeling, controller design, chaotic systems,
and so on. For a long time, it was considered as a purely theoretical subject with nearly
no applications. However, in recent decades the application of fractional controller has
attracted increasing attention due to the greater degree of freedom that it provides [8].

Fractional operators can be found in many fields; fractional controllers have two
more parameters compared with integer-order controllers as well as fractional orders of
integral and differential parts. They provide more flexibility to achieve better robustness
and tracking performance for control systems [9].

Many articles are devoted to changing the integer order controller to the fractional
order controller to obtain a more flexible and smooth control characteristic that leads to
better system performance compared with ordinary controllers using integer operators.
In [10], fractional order PI and PID control methods focus on the parameter turning, while
the sliding mode controller in [11] and observer in [12] for PMSM make up for shortfalls of
FOPID and show great efficiency in PMSM velocity control, because in [13] the tracking
error of drive system converges to zero faster and superior than other controllers under
the existence of load disturbance. In [14], a model reference adaptive system (MRAS) was
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formed using the instantaneous and steady-state reactive powers to estimate the speed,
which caused less dependence on parameter estimation.

The kind of adaptive controller varies in accordance with the change in plant param-
eters, which contains a variety of control methods. Among all of them, model reference
adaptive control is one of the most important approaches. MRAC (model reference adap-
tive controller) is simple and requires less computation due to it forcing the controlled
system to be in a desired state using two different models. However, the simple structure
follows with much dependence on the accuracy of the model. Ref. [15] points out that the
MRAS flux observer’s sensitivity to the rotor resistance variation is much lower than that
of the conventional flux estimator, especially for low speeds of the induction motor. Plenty
of works have been performed to reduce the dependency of model accuracy in MRAS, such
as weakening the influence of parameters and stator resistance on PMSM by using reactive
power to estimate the speed, or adding more degree-of-freedom estimators [16]. That being
said, it is useful to improve the performance of MRAC by increasing the precision of the
PMSM model or using a new controller with more accuracy [17]. Very few studies in the
previous research have combined a fractional order model with MRAO due to the difficulty
of demonstrating uniform stability in the sense of Lyapunov for fractional order systems.

Many mathematicians have been attracted to estimating FOS (fractional order state)
with adaptive control and show great performance in error tracking and parameter adjust-
ment, especially in fractional order model reference adaptive control (FOMRAC) in [18,19].
In [20], the fractional order reference model in MRAC is employed and a novel rule to
demonstrate the stability of MRAS is given, but this rule has some limitations on stability
analysis in the frequency domain. Ref. [21] proposes two novel lemmas related to the
Caputo fractional derivatives that make up for the lack of fractional order extension of the
Lyapunov direct method. Additionally, this paper presents a stability analysis of FOS by
using the Lyapunov direct method. To estimate the exact initial states of FOS and deal
with the initial condition problem, [22] proposes a fixed-pole approximation method; [23]
gives a solution to estimate uncertain FOS adaptive control in SISO(Simple Input Simple
Output) and MIMO systems via the continuous frequency disturbance model and indirect
Lyapunov method, making it possible for fractional order mechanism to incorporate the
new adaptive control; In [24], the optimal control problem limited by the constraint that
the resulting controller be strictly positive real is studied; and the MRAS controller and
observer parameters are turned using the strictly positive real matrices theory in [25].

Most of the previous MRAC methods employed for PMSM control utilize integer
derivatives in their controller and adaptation mechanism. In this paper, a fractional-
order adaptive law verified strictly using the Lyapunov direct method is incorporated
into conventional MRAC to reduce the tracking error of the observer and the influence
of load disturbance. Moreover, the new fractional order adaptive law employed for frac-
tional derivatives of PMSM signals (such as speed error, reference speed) is compared
with ordinary MRAS to verify the closed-loop system robust stability under mechanical
parameter variations.

Reference [26] uses model reference adaptive control, but the accuracy of this method
depends on the accuracy of the motor parameters. Reference [27] adds sliding mode link
to the speed ring to improve the robustness of the system. In reference [28], the complex
domain is used to define the motor stator current for the adaptation mechanism of the
adaptive algorithm, and the adaptive algorithm under complex values is written for the PI
gain controller and the rotation speed is estimated, but it is only applied to the induction
motor. Regarding the comparison of different speed observers for the vector control
PMSM drive, the sliding mode observer (SMO) and the model reference adaptive system
(MRAS), a comprehensive analysis of SMO and MRAS considering dynamic, steady-state
performance and robustness as well as affectability, stability, and computational complexity
was conducted in [29]. Besides, this study optimized the traditional MRAS and sensorless
control theory, but only added a partial active anti-disturbance control, with poor robustness
and optimization degree improvement. A novel fractional order adaptive sliding mode
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controller (FOASMC) was designed to realize the speed control of a permanent-magnet
synchronous motor (PMSM) with matched model uncertainties and load disturbances
in [30], but its algorithm is only applicable to the variable flux motor with combined
magnetic poles. Therefore, the fractional order model reference adaptive controller is rarely
applied in the field of motor control, which is not only related to its own limitations, but
also related to people’s lack of understanding of fractional order motors.

The three-phase permanent-magnet synchronous motor is a multivariable system, and
there is a nonlinear coupling relationship between the parameters. It is a challenging task to
achieve high performance control of a three-phase permanent-magnet synchronous motor.
It is impossible to control the permanent-magnet synchronous motor with only a simple
control system. An excellent control strategy can not only make up for the lack of hardware
design, but also further improve the performance of the system. The control strategy plays
a vital role in AC servos. The requirements of a high-performance AC (Alternation Current)
servo system for control strategies can be summarized as follows: not only should the
system have fast dynamic response and high dynamic and static accuracy, but the system
should also be insensitive to parameter changes and disturbances.

In this paper, a comprehensive algorithm model based on the modal reference adaptive
control strategy is proposed. The research focus is the application of a fractional order
model reference adaptive controller to the closed-loop control of a permanent-magnet
synchronous motor. The important problem to be solved is to demonstrate the stability of
the closed-loop system and the design of an appropriate adaptive control rate. A stator
current observer based on the model reference adaptive method is proposed to estimate
rotor position and velocity. The state unknown motor in operation is taken as the reference
model, and the adaptive rate is designed to make the adjustable motor model approximate
the reference model. In order to ensure the effectiveness of the adaptive rate and the
stability of the designed observer, the results are analyzed by using the strict positive real
theorem. The fractional permanent-magnet synchronous motor and the model reference
adaptive observer were built on the Simulink platform to ensure that the adaptive rate
satisfies Popov’s superstability theorem. A fractional order controller based on the model
reference adaptive is proposed. An expected state is designed as the reference model of
the motor, and the running motor is taken as the adjustable model. Under this condition,
the designed control can effectively cooperate with the model reference adaptive observer
and increase the tracking accuracy of the observer. The adaptive rate was designed via the
Lyapunov direct method and the stability of the controller was evidenced using a series of
fractional order theorems.

The paper is organized as follows: Section 2 describes the mathematical model of
FOPMSM under the Caputo fractional derivative and some lemmas about the fractional
order extension of the Lyapunov direct method. Rotational speed estimation based on
the model reference adaptation observer (MRAO) is introduced in Section 3. A speed
estimation scheme of FOMRAC based on MRAO is introduced in Section 4. Simulation
results given in Section 5 demonstrate the efficiency of the proposed method. Conclusions
including a discussion on future perspectives are given in Section 6.

2. Fractional-Order Calculus Fundamentals
2.1. Mathematical Model of FOPMSM

Assuming that the surface-mounted PMSM has symmetrical structure and symmet-
rical three-phase current, the PMSM operating environment is stable, and the iron losses,
eddy-current losses and saturation effect are ignored, we can then ignore the impact on coil
resistance. The d-q axis voltage equations can be expressed as follows:

pid = −RS
Ld

id +
Lq

Ld
ωiq +

1
Ld

ud (1)

piq = −RS
Lq

iq +
Ld
Lq

ωrid +
1
Lq

uq −
ωrψr

Lq
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The mechanical motion equation of PMSM is written as follows:

Te =
3
2

pn(ψriq + (Ld − Lq)idiq) (2)

pωr = −
B f

Jm
ωr +

Te

Jm
− TL

Jm
(3)

where ud, uq, id, iq represent the stator voltages and stator currents under the d-q axis; Rs
represents the stator resistance; Ld, Lq represent the d and q-axis stator inductances; ωr
represents the rotor angular velocity; ψr represents the permanent magnet flux linkage; Jm
represents the moment of inertia; Te represents the electromagnetic torque; B f represents
the viscous friction coefficient; and TL represents the load torque.

The variation of the inductances is slower than the current fluctuation, so the model
can be rewritten in a linear and time-invariant plant to employ the model reference adaptive
controller, given by:

is(t) = Ais(t) + Bu(t)

is(t) =
(

i′d
i′q

)
=

(
id +

ψr
Ld

iq

)
, A =

(
− RS

Ld

− Ld
Lq

ωr

Lq
Ld

ωr

− RS
Lq

)
, B =

(
1
Ld

0
0 1

Lq

)
, u(t) =

(
u′d
u′q

)
=

(
ud +

RSψr
Ld

uq

)
(4)

To describe the fractional-order system model in detail, we introduce the Caputo
definition in [26]. Compared with the Riemann–Liouville (RL) definition, the Caputo
definition contains the initial condition of x(t) in α > 0 derivative and the behavior of
ordinary RL and RLC circuits in the fractional order is 0 < α < 1 [2]. The equivalent circuits
of PMSM can be considered as RL circuits, so the Caputo definition is widely used in
engineering applications.

Definition 1. (Caputo fractional derivative [26]) The Caputo fractional derivative of order
α∈R+ on the half axisR+ is defined as follow:

C
t0

Dα
t =

1
Γ(n− α)

∫ t

t0

x(n)(τ)

(t− τ)α−n+1 dτ, t > t0 (5)

with n = min{k ∈ N/k > α}, α > 0.

Therefore, the mathematical model of fractional-order PMSM can be written as:

C
t0

Dα
t

(
i′d
i′q

)
=

(
− RS

Ld

− Ld
Lq

ωr

Lq
Ld

ωr

− RS
Lq

)(
i′d
i′q

)
+

(
1

Ld
0

0 1
Lq

)(
u′d
u′q

)
(6)

Considering physical significance, the fractional order in the d-axis should be equal to
the q-axis, because they are the components of the same current in the d–q coordinate system.

2.2. Miscellaneous Concepts

Lemma 1. (Ref. [27]) Let x(t)∈R+ be a differentiable vector. Then, for any time instant
t ≥ t0

1
2

C
t0

Dα
t [x

T(t)x(t)] ≤ xT(t)C
t0

Dα
t x(t), ∀α ∈ (0, 1) (7)

Theorem 1. (Fractional order extension of Lyapunov direct method [5]). Let x = 0 be an equilibrium
point of the non-autonomous fractional order system C

t0
Dα

t x(t) = f (x, t). Let us assume that there
exists a Lyapunov function V(x(t),t) and class-K functions γi(i = 1, 2, 3) satisfying:

γ1(‖x‖) ≤ V(x(t), t) ≤ γ2(‖x‖)
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C
t0

Dα
t V(x(t), t) ≤ −γ3(‖x‖)

where α∈ [0,1]; therefore, the origin of the system is asymptotically stable.

Lemma 2 (Ref. [20]) Let x(t) ∈ <n be a vector of differentiable functions. Then, for any
time instant t ≥ t0, the following relationship holds:

1
2

C
t0

Dα
t (xT(t)Px(t)) ≤ xT(t)PC

t0
Dα

t x(t) ∀α ∈ (0, 1], ∀t ≥ t0 (8)

where P ∈ <n×n is a constant, square, symmetric and positive definite matrix.

Lemma 3 ([Ref. [20]]) Let A(t) ∈ <m×n be a time-varying differentiable matrix. Then, for
any time instant t ≥ t0, the following relationship holds:

C
t0

Dα
t [tr

{
AT(t)A(t)

}
] ≤ 2tr

{
AT(t)C

t0
Dα

t A(t)
}
∀α ∈ (0, 1], ∀t ≥ t0 (9)

Theorem 2. (Popov’s hyperstability criterion [11]) The class of feedback system is said to be
asymptotically stable if the following two conditions hold:

(1) Feed-forward gain of the system must be real-positive. In other words, the transfer
function of the feed-forward linear time invariant block must be strictly positive real.

(2) The error should converge asymptotically, i.e., the nonlinear time varying block
satisfies Popov’s integral inequality:

η(0, t1) =
∫ t1

0
vTwdt ≥ −r2

0 (∀t1 > 0) (10)

where u is the input vector, x is the output vector of the feedback block, and γ2
0 is a finite

positive constant.

Lemma 4. (Strictly positive real (SPR) [29]) As for G(s) = ψ + DT(sI − A)−1b, given δ > 0,
a matrix A such that |sI−A| has only zeros in the open left half plane, a real vector b
such that (A,b) is completely controllable, a real vector D, a scalar ψ, and an arbitrary real
symmetric positive definite matrix L (L = LT > 0), then a real vector q and real matrix
P = PT > 0 satisfying:

AT P + PA = −qqT − δL (11)

Pb− D =
√

2ψq (12)

exist if and only if δ is sufficiently small and G(s) ∈ {SPR}.

3. Speed-Estimation-Based MRAO
3.1. Design of the MRAO

The block diagram of the speed-estimation-based MRAO is shown in Figure 1. This
method contains two different models (i.e., the reference model and the adjustable model).
The error between the two models is used to estimate unknown parameters. There are
two kinds of observer based on the input signal of two models: one is the current observer
and the other is the flux observer. Each of these observers’ adjustable models relies on the
unknown parameters of PMSM (in this paper the unknown parameter is estimative rotor
velocity (ω̂r). Contrary to the adjustable model, the reference model should be independent
of the speed. The output of the adaptation mechanism is the estimated quantity, which is
used for the tuning in the adjustable model and also for feedback. The stability of such a
closed loop estimator is achieved through Popov’s hyperstability criterion [11]. The method
is simple and requires less computation.
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In spite of the model of PMSM we used being fractional-order, the current signal
collected from SVPWM (Space Vector Pulse Width Modulation) is definitely not fractional-
order. Because these outputs from the reference model are normal d-q axis currents and the
aim of the adjustable model is to make its output follow the reference model outputs, the
adaptive law of the current observer can employ an integer-order mechanism.

3.2. Adaptation Mechanism

Several steps were sorted out from the previous research about designing the adapta-
tion mechanism, and one of the most important steps is to formulate the equivalent model.

Step-1: Formulation of the equivalent model
The error between two models can be written as:

ε =

[
i′d
i′q

]
−
[

î′d
î′q

]
ε =

[
i′d
i′q

]
−
[

î′d
î′q

]
(13)

Therefore, the
.
ε can be expressed by

.
ε = Amε− w.

where î′d, î′q is the estimation of i′d, i′q,Am = A =

(
− RS

Ld

− Ld
Lq

ωr

Lq
Ld

ωr

− RS
Lq

)
,

w = (ω̂r(ε, t) − ωr)Ex̂ is the output of the feedback nonlinear tine varying block with-

out having any external signal (u1 = 0) in Figure 2 and ρ =

(
0 Lq

Ld

− Ld
Lq

0

)
,x̂ =

[
î′d
î′q

]
.
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22 11

22 11

2
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qS d
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d q d

qd S
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q d q
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L L L
M
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Figure 2. Block diagram of nonlinear time varying feedback system.

According to the general structure of the adaptation law, the ω̂r(ε, t) can be expressed
in the form of:

ω̂r(ε, t) =
∫ t1

0
ψ1(v, t, τ)dτ + ψ2(v, t) + ω̂r(0) (14)
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The structure of the adaptation mechanism is able to satisfy Popov’s hyperstability
criterion. Therefore, we employ v = D(s)ε for the output of the linear block and D(s) is the
linear compensator of the non-linear time variance block in Figure 3.
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Step-2: Select the linear compensator
The selection of the linear compensator is related to the feed-forward gain of the system

and should follow Theorem 2 (1). According to Lemma 4, the transfer function matrix
G(s) = D(sI − A)−1 is strictly positively real (SPR) only if the transfer function satisfies:{

AT P + PA = −qqT − δL = −M
P = D

(15)

where M is an arbitrary real symmetric positive definite matrix, and we assume that

D ∈ <2×2 is an unknown real symmetric matrix, which can be written as D =

[
d11 d12
d21 d22

]
,

in which to simplify the equation, we make d12 = d21 = 0.
From the expressions of (14) we can obtain

M =

 2RS
Ld

Ld
Lq

ωrd22 −
Lq
Ld

ωrd11
Ld
Lq

ωrd22 −
Lq
Ld

ωrd11
2RS
Lq

 (16)

where |M| > 0 has to be satisfied, and refers to inequality (17):

D =

[ Ld
Lq

0

0 Lq
Ld

]
M =

4R2
SLdLqd11d22

L2
dL2

q
+

ω2
r (L4

dd22 + L4
qd11 − 2L2

dL2
qd11d22)

L2
dL2

q
> 0 (17)

A series of solutions can be settled from (17). Two solutions are given:

D =

[ Ld
Lq

0

0 Lq
Ld

]
(18)

D =

[
L2

d 0
0 L2

q

] (
Ld, Lq < 1

)
(19)

where the feed-forward gain of the system can be strictly positive real in these conditions.
Step-3: The solutions of ψ1(v, t, τ) and ψ2(v, t)
The feedback block satisfies Popov’s integer inequality, which is expressed in (10)
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Substituting (18) and (14) in (10), the inequality can be written as:

η(0, t1) =
∫ t1

0 vTwdt
=
∫ t1

0 [
∫ t1

0 ψ1(v, t, τ)dτ + ω̂r(0)−ωr](ρî′)T Dεdt
+
∫ t1

0 ψ2(v, t)(ρî′)T Dεdt
≥ −r2

0 (∀t1 > 0)

(20)

The above inequality can be split into two inequalities, which are described by (21)
and (22):

I1 ,
∫ t1

0
[
∫ t1

0
ψ1(v, t, τ)dτ + ω̂r(0)−ωr](ρî′)T Dεdt ≥ −r2

1 (21)

I2 ,
∫ t1

0
ψ2(v, t)(ρî′)T Dεdt ≥ −r2

2 (22)

Assuming that: { .
f (t) = (ρî′)T Dε

k f (t) =
∫ t1

0 ψ1(v, t, τ)dτ + ω̂r(0)−ωr
(23)

Then (20) can be expressed by:∫ t1

0
f (t)kI f (t) ≥ kI

2
[ f 2(t1)− f 2(0)] ≥ −1

2
kI f 2(0) ∀kI > 0 (24)

Taking derivation in both sides of the second equation in (22), then substituting the
first equation for kf(t):

ψ1(v, t, τ) = k(ρî′)T Dε (25)

Let ψ2(v, t) = kp(ρî′)T Dε (kp > 0); we can easily obtain the speed estimator:

ω̂r =
∫ t

0
kI(ρî′)T Dεdt + kp(ρî′)T Dε + ω̂r(0) (26)

Therefore, a simple PI controller in the adaptation mechanism is sufficient to satisfy
Popov’s integral inequality. However, to fulfill the other criteria of feed-forward path gain
being real and positive, the suitable linear compensator D(s) has to be selected, because it
also has influence on the stability of the system in Figure 3.

4. Design of the FOMRAC
4.1. Convergence Analysis

The current observer relies on the accuracy of PMSM model heavily and the error
of the observer could be magnified by the variation of parameters because the reference
model of the observer is the PMSM itself. To overcome this problem, multiple researches
have been performed [9,11–13,30]. Almost every article concentrates on the restructuring
of the observer to reduce the tracking error, and few of the researches pay attention to the
accuracy of the motor. The development of fractional calculus gives us new enlightenment
on MRAC. We designed a new MRAC to introduce the fractional order model.

The adjustable model of the controller is the PMSM itself, and we assume that it can
be described by the fractional order model, which is:

C
t0

Dα
t

(
i′d
i′q

)
=

(
− RS

Ld

− Ld
Lq

ω̂r

Lq
Ld

ω̂r

− RS
Lq

)(
i′d
i′q

)
+

(
1

Ld
0

0 1
Lq

)(
u′d
u′q

)
(27)

The above formula can be simplified as:

C
t0

Dα
t is(t) = Asis(t) + Bsu(t) (28)
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Then the reference model is

C
t0

Dα
t im(t) = Amim(t) + Bmr(t)

where im(t) =
(

i′d
i′q

)
, is(t) =

(
î′d
î′q

)
and r(t) is the uniformly bounded and piecewise–

continuous reference input. To control the FOPMSM, the outputs of adjustable model have
to keep pace with the reference model gradually, which means:

lim
t→∞
‖is(t)− im(t)‖ = 0 (29)

Therefore, the control input u(t) should be designed as:

u(t) = θ̂(t)is(t) + Brr(t) (30)

in which Br = Bm/Bs and θ̂(t) ∈ <2×2 are a consisting matrix of adjustable parameters.
The parameters in θ̂(t) are unknown, therefore we further assume that a constant matrix θ
exists and θ̂(t) is the estimation of θ. So θ can be expressed as:

u(t) = θ̂(t)is(t) + Brr(t)θ =
Am − As

Bs
(31)

Defining the parameter estimation error Θ(t) = θ − θ̂(t) ∈ <2×2, and the current
control error e(t) = is(t)− im(t) ∈ <2×1, the fractional differential equation describing the
evolution of the error can be expressed as:

C
t0

Dα
t e(t) = C

t0
Dα

t is(t)− C
t0

Dα
t im(t)

= Ame(t) + BsΘ(t)is(t)
(32)

The aim now is to design an adaptive law for adjusting error θ̂(t) in such a way that
all the signals in the adaptive scheme remain bounded and let the control error approach
zero. Here is the adaptive law proposed using the Lyapunov direct method:

4.2. Controller Stabilization

In this section, a fractional order based on the Lyapunov direct method adaptation
law is proposed to assure closed-loop system stability in FOPMSM.

Considering the adaptive control law as:

C
t0

Dα
t Θ(t) = −C

t0
Dα

t θ̂(t) = −BT
s De(t)iT

s (t) (33)

The Lyapunov function candidate should be written as:

V(t) = eT(t)Pe(t) + trace
{

ΘT(t)Θ(t)
}

(34)

where P is a real symmetric positive definite matrix, which is the same as the D matrix
in Section 3, and it can be easily confirmed that this Lyapunov function candidate is
positive definite.

Involving fractional order calculus in Equation (34), the expression of this Lyapunov
function is:

C
t0

Dα
t V(t) = C

t0
Dα

t [e
T(t)Pe(t)] + C

t0
Dα

t [trace
{

ΘT(t)Θ(t)
}
] (35)

According to Lemma 1,2 and 3, the (14) can be changed by inequality (36)

C
t0

Dα
t V(t) ≤ 2eT(t)PC

t0
Dα

t e(t) + 2trace
{

ΘT(t)C
t0

Dα
t Θ(t)

}
(36)
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Substituting (32) and adaptive law (33) in (36), we can obtain:

C
t0

Dα
t V(t) ≤ 2eT(t)PC

t0
Dα

t e(t) + 2trace
{

ΘT(t)C
t0

Dα
t Θ(t)

}
= 2eT(t)PAme(t) + 2eT(t)PBsΘ(t)is(t) + 2trace

{
ΘT(t)C

t0
Dα

t Θ(t)
} (37)

Then the equality can be divided in two parts, which can be described as:

2eT(t)PAme(t) = eT(t)(AT
mP + PAm)e(t) = −eT(t)Me(t) (38)

where M is an arbitrary real symmetric positive definite matrix, so the first part of the
fractional order derivative of the Lyapunov function is negative semidefinite, and the next
aim is to prove that the second part of the equality is zero or less than zero.

Combining the adaptive law (33) with (37), the rest of the Lyapunov function can be
written as

2eT(t)PBsΘ(t)is(t) + 2trace
{

ΘT(t)C
t0

Dα
t Θ(t)

}
= 2eT(t)PBsΘ(t)is(t)− 2trace

{
ΘT(t)BT

s De(t)iT
s (t)

}
= 2iT

s (t)ΘT(t)BT
s Pe(t)− 2trace

{
ΘT(t)BT

s De(t)iT
s (t)

} (39)

Now using the property for the trace: If x, y ∈ <n, then trace
{

yxT} = xTy

2iT
s (t)ΘT(t)BT

s Pe(t)− 2trace
{

ΘT(t)BT
s De(t)iT

s (t)
}

= 2iT
s (t)ΘT(t)BT

s Pe(t)− 2iT
s (t)ΘT(t)BT

s De(t) = 0
(40)

So the fractional derivative with respect to time of the Lyapunov function can be
expressed as:

C
t0

Dα
t V(t) = −eT(t)Me(t) (41)

which is negative semidefinite. Combining (40) with (34), we use Theorem 1 to prove that
the Lyapunov function is asymptotically stable.

This controller exerts reference d-q axis voltages on the FOPMSM. The error of two
models tends to zero when the adjustable parameters in the controller are suitable. More-
over, the controller only can be employed when the fractional order α∈ [0,1].

Finally, the detailed block diagram of the proposed MRAC for FOPMSM is shown in
Figure 4.
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Figure 4. Control schematic of permanent-magnet synchronous motor based on FOMRAC
and MRAO.

5. Simulation

In this section, the performances of the MRAO combined with and without the con-
troller are presented. To facilitate the analysis, the two methods are applied on the condition
that FOPMSM’s fractional derivative of order α = 1 is equal to the ordinary derivative.
Additionally, a comparison of the performance of the proposed FOMRAC on PMSM and
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FOPMSM are given with the MRAO to demonstrate the stability of the control method.
PMSM parameters used in the simulation work are shown in Table 1.

Table 1. PMSM parameters.

Parameters Values

Reference speed (N) 1500 rpm
Stator resistance (Rs) 0.93 Ω
Stator inductance (Ld) 4.13 mH
Stator inductance (Lq) 5.77 mH
Rotor magnet flux (ϕr) 0.07 Wb

Pole-pair (Pn) 5
Rotor inertia (Jm) 1.71 kg·cm2

Friction coefficient (Br) 0.025 Nm/rad/s

The analysis was performed by using three states of reference speed, including dy-
namic state, steady state and low-speed operation. More details are given in Table 2 about
the state of reference speed varying with time. The carrier frequency of PWM is set at
10 kHz.

Table 2. Reference speed.

For Dynamic State

0~0.3 s Accelerating from 0 to 1500 rpm
0.3~0.7 s 1500 rpm
0.7~1.3 s Turning from 1500 to −1500 rpm
1.3~1.5 s −1500 rpm

For steady state

0~0.5 s 1500 rpm

For low-speed operation

0~0.05 s 0 rpm
0.05~0.5 s Accelerating from 0 to 100 rpm

The PID current controllers (without FOMRAC) of the d-q axis are composed using
these parameters:

kP = 0.6, kI = 10, kD = 0
The parameters of the speed observer are:
kP = 0.8, kI = 180
switch sample period = 0.000,000,1 s.

5.1. Control Analysis in Order α = 1
5.1.1. Dynamic Performance

For the design of dynamic characteristics, the dynamic process in Table 1 is used:
First, the reference speed increases from 0 to 1500 rpm within 0~0.3 s without load torque;
after maintaining stable operation for 0.4 s, the motor reverses, the motor speed runs
from 1500 rpm to −1500 rpm within 0.7–1.3 s, and the motor finally maintains steady
operation within 0.2 s. For the dynamic process, numerical simulation was carried out
under the condition that the PMSM has a new controller and no new controller for the
model reference adaptive observer. Figure 5a shows the running speed curve of the PMSM
with PID and MRAO. Figure 5b is the speed curve of the PMSM when MRAO and FOMRAC
are simultaneously connected. As can be seen from the figure, when the FOMRAC is not
added, the observer will have a serious jitter phenomenon when the motor is running at
high speed, and its error margin is about 25 rpm. However, after FOMRAC is added, the
observer can also maintain a stable state when the motor is running at high speed, and the
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error fluctuation is reduced to 5 rpm. Moreover, at the point where the motor is switched
from positive rotation to reverse rotation, the MRAO has a serious jitter phenomenon,
which means that the motor cannot be observed when the speed is 0, but after the addition
of FOMRAC, the motor can maintain stability at the point above 0 speed. The curves of the
PMSM speed under the two conditions are as follows:
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Figure 6 shows the angle error of the motor with PID or with FOMRAO under dynamic
characteristics. It can be seen that without a new model reference adaptive controller, the
rotor position error margin of the motor is relatively high when it runs under dynamic
characteristics, reaching 0.4 rad. The rotor position error is only 0.09 rad after adding
the MRAO.
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5.1.2. Steady-State Performance

In order to study the influence of a controller on the permanent-magnet synchronous
motor under the steady-state operation condition, 1 N·m and −1 N·m load torque were
added during the stable operation of the motor (maintained at 1500 rpm within 0.5 s), and
the objects of numerical simulation experiments were all permanent-magnet synchronous
motors based on the MRAO.

Figure 7a,b shows the steady-state speed curve of the PMSM only under the condition
of PID and MRAO. It can be seen that after adding 1 N·m load torque, the speed fluctuation
range is more than 100 rpm, and the speed stays at 1500 rpm after 0.6 s. However, after the
load torque of −1N·m is added, the speed fluctuation still exceeds 100 rpm, and it cannot
maintain stable operation under the action of −1 N·m torque.
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Figure 7. (a) Normal PID control at −1 N·m; (b) normal PID control at 1 N·m; (c) FOMRAC at
−1 N·m; (d) FOMRAC at 1 N·m.

Figure 7c,d shows the speed curve of a permanent-magnet synchronous motor in
steady state operation under the condition of FOMRAC and MRAO. It can be seen that
after adding 1N·m load torque, the speed fluctuates more than 150 rpm, but recovers to
1500 rpm within 0.03 s. The torque action process of −1 N·m load is similar to that of
1 N·m, both of which can recover to a stable operating state in a short time.
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Therefore, the steady-state numerical simulation evidences that the model reference
adaptive observer can obtain better steady-state performance of a permanent-magnet
synchronous motor under the condition of a model reference adaptive controller.

5.1.3. Low-Speed Performance

In order to explore the influence of the controller on the permanent-magnet syn-
chronous motor at low speed, the permanent-magnet synchronous motor was set to run at
a speed of 100 rpm within 0.5 s.

Figure 8a shows the low-speed operation of PMSM based on a model reference adap-
tive observer with PID. Figure 8b shows the operation of the permanent-magnet syn-
chronous motor with the FOMRAC. It can be seen from the error curve that without the
controller, the speed observation error reaches 3 rpm. The observation error of PMSM with
the model reference adaptive controller is only 0.6 rpm. Additionally, the time to reach
the low-speed steady-state operation is different. The controller-less permanent-magnet
synchronous motor uses 0.12 s. The permanent-magnet synchronous motor with controller
only uses 0.05 s.

5.2. Control Analysis in Fractional Order

In this section, numerical simulation is used to verify the observability of the model
and the effectiveness of FOMRAC. Firstly, a fractional order motor model is carried out to
obtain the fractional order motor numerical simulation model without a controller. Then, a
controller is applied to the fractional order motor simulation model to obtain the fractional
order motor numerical simulation with a fractional order controller. Finally, the two are
compared to verify the effectiveness of the fractional order controller.

In order to achieve the above purpose, the following simulation experiment is de-
signed: the permanent-magnet synchronous motor speed is increased from 0 to 1500 rpm
within 0~0.3 s, the high-speed operation is maintained at 0.7 s, and the load torque of
−1 N·m is added during the high-speed operation (0.5 s).

In order to enhance the comparability with or without a fractional order controller,
eight kinds of fractional-order motors are introduced in the simulation experiment, which
are 0.92, 0.93, 0.95, and 0.97 order permanent-magnet synchronous motors without a
controller and 0.7, 0.8, 0.9, and 0.95 order permanent-magnet synchronous motors with a
new controller. All permanent-magnet synchronous motors run under the condition of a
model reference adaptive observer. The speed curves of fractional PMSM with different
orders are shown in Figure 9.
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Figure 9a shows the dynamic characteristic curve of the permanent-magnet syn-
chronous motor under the condition of using PID and MRAO. As can be seen from the
figure, with the continuous decrease in fractional order, the speed of the permanent-magnet
synchronous motor becomes more and more unstable at 1500 rpm steady-state operation,
the speed fluctuation reaches±30 rpm at 0.92 order, and the fluctuation amplitude increases
to ±50 rpm when the load torque of −1 N·m is added.

Figure 9b shows the dynamic characteristic curve of the permanent-magnet syn-
chronous motor under the condition of FOMRAC and MRAO. Similar to PID and MRAO,
the steady-state speed curve also shows fluctuation increase after the order of the fractional
permanent-magnet synchronous motor is reduced. However, no matter before or after
adding the load torque, the PMSM above the order 0.9 has a small fluctuation range, which
is maintained at about ±2 rpm, while the fractional order PMSM below the order 0.9 has
a relatively unstable fluctuation, but the maximum speed fluctuation is not more than
±12 rpm.

Numerical simulation evidenced that FOMRAC can make the fractional order dynamic
system of a permanent-magnet synchronous motor reach a stable operation state. When the
fractional order model has a low order, the fractional order controller is almost the inevitable
choice for control; otherwise, it is easy for the motor to enter an unstable operation state.
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6. Conclusions

Aiming at the problem that sensorless control of a permanent-magnet synchronous
motor cannot be applied in the full speed domain of the PMSM, a novel fractional order
model reference adaptive controller for adaptive identification was designed to achieve
high precision and high response identification of load torque in the full speed range when
the motor is running with variable speed or variable load. The comparison of the proposed
fractional order MRAC and normal PID is given under both MRAO based sensorless
techniques of PMSM. The proposed method gives good robust performance in actual
situations, including the external load torque and uncertainty in fractional order PMSM.
Through the comparative analysis, the following conclusions are drawn: the improved
MRAO is proposed that can suppress serious chattering and compensate for rotor position
error, which can stabilize the system. Fractional-order PMSM is more precise to the actual
running state of the motor, and it is more accurate to describe the permanent-magnet
synchronous motor with fractional theory. The simulation results show that the FOMRAC
can control the fractional PMSM and improve its stability.
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